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Abstract. The goals of this paper are threefold. First, we provide a new “universal”
definition for the Racah algebra of rank 2 as an extension of the rank-1 Racah algebra where
the generators are indexed by subsets and any three disjoint indexing sets define a subalgebra
isomorphic to the rank-1 case. With this definition, we explore some of the properties of the
algebra including verifying that these natural assumptions are equivalent to other defining
relations in the literature. Second, we look at the symmetries of the generators of the rank-2
Racah algebra. Those symmetries allows us to partially make abstraction of the choice of the
generators and write relations and properties in a different format. Last, we provide a novel
representation of the Racah algebra. This new representation requires only one generator to
be diagonal and is based on an expansion of the split basis representation from the rank-1
Racah algebra.
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1 Introduction

The Racah algebra and its generalization has recently been the subject of interest in representa-
tion theory and in connection with (multivariate) orthogonal polynomials, see for example the
recent review article [6] and references therein. The title of the algebra refers to Giulio Racah,
who defined what are now known as Racah coefficients to express the recoupling of triples of
angular momentum [18]. The terminology is commonly used now to express recoupling coeffi-
cients of triples of various irreducible representations, including of quantum groups [13, 14, 15].
Back in the Istanbul Summer School [19], Racah even proposed an algebra that was closing of
degree 3, compared to the Racah algebra that closes quadratically. Later the Racah polynomi-
als, in particular their quantum versions, were defined by Askey and Wilson explicitly as “A set
of orthogonal polynomials that generalize the Racah coefficients or 6-j symbols” [1].

As is well known thanks to the work of Zhedanov, bispectral orthogonal polynomials admit
quadratic algebras [9] and the Racah algebra is the algebra associated with the classical (q = 1)
Racah polynomials. Again, it was Zhedanov [8] who drew an explicit connection between the
coefficients of Racah and the symmetry algebra. Now we understand the Racah algebra and the
Racah polynomials in particular in terms of tensor products of sl2(C) and its real form su(1, 1) [7,
10, 17]. Due to the inductive nature of the tensor product, this construction naturally generalizes
to higher rank [5, 6] and can be seen as the commutant of the diagonal embedding of sl2(C) into
the n-fold tensor product of its universal algebra [4].

From a different perspective, there has been work to define a “universal” version of the Racah
algebra [2, 4], divorced from its realization in terms of tensor products, and to understand its
representation theory [11]. This paper follows in this vein. In particular, we define the rank-2
Racah algebra R(4) as an associative algebra with a set of generators and relations and show
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that it is equivalent to the definition given in [4]. In addition, we use the Jacobi identity to
recover relation (3.9) of [4] and show that the Jacobi identity for all commutation relations is
satisfied modulo this relation.

As with the motivation for the rank-1 case, we are interested in understanding the represen-
tation theory of this algebra. To this end, we discuss possible choice of linearly independent
generator and give a novel representation based on the split basis representation of the rank-1
algebra [11].

The manuscript is organized as follows. In each section of the core of this manuscript, we
first review some characteristics of the rank-1 Racah algebra before tackling the rank-2 case. In
Section 2, we propose a new universal definition of the rank-2 Racah algebra as an extension of
the rank-1 case, and we explore its properties and relations. In Section 3, we consider a special
set of generators to construct the rank-2 Racah algebra, the contiguous basis. The goal of this
section is to partially make abstraction of the choice of generator using discrete symmetries.
In addition, we use these symmetries to further explore the properties of the Racah algebra of
rank 2. In the last core section, Section 4, we provide the assumptions of how we obtained a new
representation. The explicit coefficients of the representation can be found in Appendix B, and
some proofs from Section 2 are provided in Appendix A.

2 Definition and properties of Racah algebras

2.1 The rank-1 Racah algebra

Definition 2.1. The Racah algebra of rank 1, denoted R(3) is defined to be the unital, as-
sociative algebra over a field K with generators CI with I ⊂ {1, 2, 3} satisfying the following
relations:

[Ci, CI ] = 0 for all i = 1, 2, 3, [C123, CI ] = 0, (2.1)

C123 = C12 + C23 + C13 − C1 − C2 − C3, (2.2)
1
2 [Cjk, [Cij , Cjk]] = CikCjk − CjkCij + (Ck − Cj)(Ci − Cijk), i ̸= j ̸= k ̸= i, (2.3)

where [·, ·] is the regular commutator.

To simplify the notation, we omit the set notation and write Cij = C{i,j}, although it is
important to remember that the generators CI are symmetric in the indices. Indeed, it is worth
noting that the set of equations (2.1)–(2.3) are invariant under the group of permutation P3
acting on the indices. In addition, the maximal elements C123 and the elements with one index,
Ci, i = 1, 2, 3, are in the center of the algebra. Furthermore, one should note that the Racah
algebra is not a Lie algebra as it closes quadratically.

Often, an additional linearly independent element is introduced to avoid commutators of
commutators, that is,

D123 ≡ 1
2 [C12, C23], (2.4)

which satisfies

D123 =
1
2 [C23, C13] =

1
2 [C13, C12], (2.5)

as a consequence of relations (2.1)–(2.2). With this definition, we can express (2.3) as

[Cjk, Dijk] = CikCjk − CjkCij + (Ck − Cj)(Ci − Cijk), (2.6)

and cyclic permutations thereof. Note that unlike the C generators, the element D123 is not
fully invariant under P3. Non-cyclic permutations of the indices 1, 2, 3 change the sign of the
element D123.
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With this definition, it is possible to chose a linearly independent basis of generators, for
example including the central elements C1, C2, C3, C123 and the non-central ones C12, C23,
and D123.

Lemma 2.2. In the algebra R(3), the Jacobi identity is satisfied without additional constraints.

Proof. We need to check only the non-central terms C12, C23, C13 and D123. The first case to
check is

[C13, [C12, C23]] + [C12, [C23, C13]] + [C23, [C13, C12]]

= 2[C13, D123] + 2[C12, D123] + 2[C23, D123]

= 2 (C12C13 − C13C23 + (C1 − C3)(C2 − C123) + C23C12 − C12C13

+(C2 − C1)(C3 − C123) + C13C23 − C23C12 + (C3 − C2)(C1 − C123)) = 0.

Here, we have used (2.6) and the symmetry of D123 (2.5).
The second (and last) case to check is a pair of C’s with the D. Up to permutation, it is as

follows:

[C12, [C23, D123]] + [C23, [D123, C12]] + [D123, [C12, C23]]

= [C12, C13C23 − C23C12]− [C23, C23C12 − C12C13] + 0

= −D123C23 + C13D123 −D123C12 + C23D123 −D123C13 + C12D123

= [C13, D123] + [C12, D123] + [C23, D123] = 0.

We have shown in the rank-1 Racah algebra, the commutation relations satisfy the Jacobi
identity without further constraints. ■

We finish our discussion of the rank-1 case by noting that the algebra possesses a Casimir
operator, that is,

C = D2
123 − 1

2

{
C2
12, C23

}
− 1

2

{
C2
23, C12

}
+ C2

12 + C2
23 + {C12, C23}

+ 1
2(C1 + C2 + C3 + C123)({C12, C23} − 2C12 − 2C23)

+ (C2 − C3)(C123 − C1)C12 + (C2 − C1)(C123 − C3)C23

+ (C1 + C3)(C123 + C2) + (C1C3 − C123C2)(C123 − C1 + C2 − C3), (2.7)

where the last line involves only central elements. If one uses the su(1, 1) approach to construct
a representation of a Racah algebra, see, e.g., [7], then it has been shown that the Casimir
operator will take a value of 0, which corresponds to the so-called special Racah. However, in
this paper, we will not start from su(1, 1), but from a definition of the algebra, both for the
rank-1 and rank-2 cases.

2.2 The rank-2 and higher Racah algebras

For the higher-rank extension, we extend the indexing set in the natural manner and replace the
decomposition (2.2) and quadratic relation (2.3) with multi-indices. The commutation relations
are extended in a manner that agrees with the coupling structure of the tensor product. That
is, for any triple of disjoint subsets I, J , K, the subalgebra generated will be isomorphic to the
rank-1 case. This would be analogous to reducing these factors into irreducible components and
then taking their tensor product.

Definition 2.3. The Racah algebra R(n) is defined to be the unital associative algebra over
a field K with generators CI with I ⊂ {1, 2, 3, . . . , n} satisfying the following relations:

[CI , CJ ] = 0 for all I ⊂ J or I ∩ J = ∅, (2.8)
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CIJK = CIJ + CJK + CIK − CI − CJ − CK , (2.9)
1
2 [CJK , [CIJ , CJK ]] = CIKCJK − CJKCIJ + (CK − CJ)(CI − CIJK), (2.10)

where I, J and K are disjoint subsets in equations (2.9), (2.10). For notational convenience, we
omit the set notation and union sign and express IJ = I ∪ J .

Lemma 2.4. The following relations hold in the algebra R(n):

[CIJ , CJK ] = [CKI , CIJ ] = [CJK , CKI ].

Proof. This follows directly from the commutation (2.8) and decomposition relations (2.9). ■

Lemma 2.5. The following relation holds in the algebra R(4):

1
2 [CKI , [CIJ , CJK ]] = CIJCKI − CKICJK + (CI − CK)(CJ − CIJK). (2.11)

Proof. From (2.10) with K → I → J , we have

1
2 [CKI , [CJK , CKI ]] = CIJCKI − CKICJK + (CI − CK)(CJ − CIJK).

The resulting identity follows from the relations in Lemma 2.4. ■

Lemma 2.6. The quadratic relations (2.10) and (2.11) satisfy the Jacobi identity.

Proof. This proof is directly analogous to Lemma 2.2 with indices replaced by subset. Rela-
tion (2.10) is a straightforward computation that follows from symmetry of the commutator

[CJK , [CIJ , CJK ]] + [CIJ , [CJK , CJK ]] + [CJK , [CJK , CIJ ]] = 0.

Relation (2.11) is less obvious. We check

[CKI , [CIJ , CJK ]] + [CIJ , [CJK , CKI ]] + [CJK , [CKI , CIJ ]]

= 2(CIJCKI − CKICJK + (CI − CK)(CJ − CIJK) + CJKCIJ − CIJCKI

+ (CJ − CI)(CK − CIJK) + CKICJK − CJKCIJ + (CK − CJ)(CI − CIJK)) = 0.

Thus the triple commutation of any of the generators satisfies the Jacobi identity identically, as
expected in an associative algebra. ■

As in the rank-one case, it is often useful to include additional generators so that the quadratic
relations (2.10) become commutators. These new elements are

Dijk ≡ 1
2 [Cij , Cjk], 1 ≤ i < j < k ≤ n.

Note that unlike the C’s, these elements are defined for a trio of distinct ordered indices. How-
ever, we see that they are invariant under cyclic permutations as a result of Lemma 2.4

Dijk = 1
2 [Cjk, Cik] =

1
2 [Cik, Cij ].

As has been observed by others, it can simplify expressions to introduce new shifted generators

Pij = Cij − Ci − Cj , i, j ∈ {1, 2, 3, 4}. (2.12)

Note that with this definition the choice of repeated subscript Pii = −Ci.
With these definitions, we can express the quadratic relations for singleton subsets as

[Pjk, Dijk] = PjkPki − PijPjk − 2PjPki + 2PijPk. (2.13)
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We will sometimes refer to these as interior quadratic relations because they agree with the rank-
one quadratic relations restricted to the subset {i, j, k}. However, they do not span the full set of
commutation relations. In particular, they do not include commutators of the form [Pkℓ, Dijk]
for distinct choices of i, j, k, ℓ. These can be obtained by taking appropriate linear combi-
nations of (2.10) and higher-order implications of the commutation (2.8) and decomposition
relations (2.9).

For example, we can obtain the following identity using the commutation (2.8) and decom-
position relations (2.9).

Lemma 2.7. The following commutation relations hold in R(n):

[Ckℓ, Dijk] + [Ckℓ, Dijℓ] = 0.

Proof. Note that Ckℓ and hence Pkℓ will commute with both Cikℓ and Cjkℓ. We use the
decomposition relation (2.9) to obtain

[Cikℓ, Cjkℓ] = [Cik + Ckℓ + Ciℓ, Cjk + Ckℓ + Cjℓ]

= [Cik, Ckj ] + [Cik, Ckℓ] + [Cℓk, Ckj ] + [Ckℓ, Cℓj ] + [Ciℓ, Cℓk] + [Ciℓ, Cℓj ]

= 2(Dikj +Dikℓ +Dℓkj +Dkℓj +Diℓk +Diℓj).

Next we use the fact that Dijk is invariant under cyclic permutations and odd under singleton
flips Dijk = −Dikj . This leaves [Cikℓ, Cjkℓ] = −2Dijk−2Dijℓ. So, finally we see that Lemma 2.7
holds from the commutativity of Ckℓ with Cikℓ and Cjkℓ. ■

Of course, this lemma does not give us the required relation [Ckℓ, Dijk] rather relations
between such terms. For example in R(4), we are looking to obtain 24 equation with leading
order terms [PA, DB] with A a two element subset and B a three element subset. We have 12
“inner” equations of the form (2.13). There are 6 equations coming from Lemma 2.7 plus 4 from
the fact that Cijkℓ is central and 4 from the fact that Cijk commutes with Dijk. Finally, there
are 12 additional choices of I, J , K where at least one subset contains 3 elements. This leads
to consistent linear system that can be solved for the required relations.

Lemma 2.8. In the Racah algebra R(n), the elements Pij and Djkℓ satisfy the following relation:

[Pij , Djkℓ] = PiℓPjk − PjℓPik. (2.14)

Proof. As described above, we used a symbolic manipulator (Maple [16]) to solve the linear
system of equations involving terms PADB for the required expressions. The resulting identities
are non-trivial but can be checked as follows. On the one hand, it can be directly verified using
the commutation (2.8) and decomposition relations (2.9) that [Cij , Dijk] can be expressed as

[Cij , Djkl] = −4[Cijkℓ − Cikℓ, Dikℓ] + 2[Cijkℓ − Cjkℓ, Djkℓ] + 2[Cijkℓ − Cijk, Dijk]

− 2[Cijkℓ − Cijℓ, Dijℓ] + 4[Cij , Djkℓ +Dikℓ]− 2[Cik, Djkl −Dijℓ]

− 2[Ciℓ, Djkℓ +Dijk]− 4[Ckℓ, Dikℓ]− 2[Cjℓ, Dijℓ] + 2[Cjk, Dijk]

+ 4[Cjkℓ, Dikℓ −Dijk] + 2[Cjkℓ, Dijk +Dijℓ].

On the other hand, the first 2 lines are equal to 0 as consequences of the commutation rela-
tions (2.8), as Cijkl and Cijk will both commute with Dijk (and permutations). The third line
also vanishes from the relation in Lemma 2.7. Finally, the second to last line is comprised of
terms containing “inner” quadratic relations for singleton subsets (2.13) and the last line “inner”
quadratic relations for multi-index sets I = {i}, J = {j}, K = {kℓ} and I = {i}, J = {k},
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K = {jℓ} respectively in (2.10). Replacing these last two lines with their quadratic identities
leaves the resulting equation

[Cij , Djkℓ] = (Ciℓ − Ci − Cj)(Cjk − Cj − Ck)− (Cjℓ − Cj − Cℓ)(Cik − Ci − Ck),

which can be more succinctly expressed using the P generators as in (2.14). ■

Lemma 2.9. The outer commutators satisfy the following identities:

[Pij , Djkℓ] = −[Pji, Dikℓ], [Pij , Djkℓ] = [Pkℓ, Dℓij ]

and

[Pij , Djkℓ] + [Pkj , Djℓi] + [Pℓj , Djik] = 0. (2.15)

Proof. Each of these are direct consequences of Lemma 2.8. We also note that the first equation
is exactly Lemma 2.7 expressed in terms of P . ■

For the final relations, we would like to understand the commutation of the D’s with each
other. These can be determined from the definition of the D’s plus the assumption that we have
an associative algebra and so the Jacobi relations hold. In particular, we have the following
identity.

Lemma 2.10. In the Racah algebra R(n), the following relation holds:

[Dijk, Djkℓ] = Pjk (Dkiℓ +Diℓj) . (2.16)

Proof. We use Lemma 2.4 to write [Dijk, Djkℓ] =
1
2 [Dijk, [Pkℓ, Pℓj ]] using the fact that our

algebra is associative and so the Jacobi identity holds gives

[Dijk, Djkℓ] =
1
2 [Pℓj , [Pkℓ, Dijk]]− 1

2 [Pkℓ, [Pℓj , Dijk]]

= 1
2 [Pℓj , [Pℓk, Dkij ]]− 1

2 [Pkℓ, [Pℓj , Djki]]

= 1
2 [Pℓj , PℓjPki − PkjPℓi]− 1

2 [Pkℓ, PℓiPjk − PjiPℓk]

= −1
2 [Pℓj , PjkPℓi]−

1

2
[Pkℓ, PjkPℓi]

= −DℓjkPℓi − PjkDjℓi −DℓkjPℓi − PjkDkℓi = −Pjk(Djℓi +Dkℓi).

We can remove the negative signs using the skew symmetry of the D’s to write the expression as

[Dijk, Djkℓ] = Pjk (Djiℓ +Dkiℓ) . ■

Note that we can also apply Lemma 2.7 to reverse the order of the right-hand side, giving
the alternate form

[Dijk, Djkℓ] = (Dkiℓ +Djiℓ)Pjk. (2.17)

Of course, there are two other expressions that we could have used for the definition of
the Djkℓ. The fact that each of these is equal is equivalent to verifying the Jacobi identity
triples with triples of the form [D, [P, P ]]. We will return to problem in more generality but for
now we consider the following:

[Dijk, [Pjk, Pkl] + [Pjk, [Pkl, Dijk]] + [Pkl, [Dijk, Pjk]] = 0.

The first terms can be evaluated using the symmetry of the D’s and expression (2.16), to give

[Dijk, [Pjk, Pkl]] = 2Pjk(Djiℓ +Dkiℓ).
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The second term can be computed using (2.14) as

[Pjk, [Pℓk, Dkij ]] = [Pjk, PℓjPki − PkjPℓi] = 2PℓjDjki + 2DkjℓPik.

The third term uses (2.13) and becomes

−[Pkℓ, [Pjk, Dijk]] = −[Pkℓ, (Pjk − 2Pj)Pik − Pij(Pjk − 2Pk)]

= −2DℓkjPik − 2(Pjk + 2Pj)Dℓki + 2PijDℓkj .

Putting it all together (each line is one term) and ordering i < j < k < ℓ gives

0 = −2Pjk(Dijℓ +Dikℓ) + 2PℓjDjki − 2DjkℓPik + 2DjkℓPik

+ 2(Pjk − 2Pj)Dikℓ − 2PijDjkℓ.

or, with cancellations,

0 = −2PjkDijℓ + 2PℓjDjki − 4PjDikℓ − 2PijDjkℓ.

Using the symmetry of the indices, and canceling out a factor of −2 gives

0 = PijDjkℓ + 2PjDikℓ + PkjDjℓi + PℓjDjik.

We can use the permutation symmetry in the indices to express this instead as a sum over the i
index,

0 = 2PiDjkℓ + PjiDikℓ + PkiDiℓj + PℓiDijk. (2.18)

Finally, we note that we can use (2.15) from Lemma 2.9 to express the relation with the order
switched,

0 = 2DjkℓPi +DikℓPji +DiℓjPki +DijkPℓi.

Thus we see that this identity can be understood as a consequence of the Jacobi identity
for the commutations relations for the generators, as was first shown in [4]. We record the
previous results in the following theorem and show that the remaining Jacobi relations are
satisfied without additional constraints in the rank-2 case, R(4). In particular, we mention that
Theorem 2.11 shows that our definition of the Racah algebra is equivalent to the definition given
in [4].

Theorem 2.11. The Racah algebra R(4) is generated by the elements Pi, Pij (2.12) and Dijk

where the P ’s are symmetric under interchange of the indices and the D’s are anti-symmetric.
The generators satisfy the following commutation relations:

[Pij , Pjk] = 2Dijk, (2.19)

[Pjk, Dijk] = (Pjk − 2Pj)Pki − Pij (Pjk − 2Pk) , (2.20)

[Pij , Djkℓ] = PiℓPjk − PjℓPik, (2.21)

[Dijk, Djkℓ] = Pjk (Djiℓ +Diℓk) , (2.22)

PiℓDℓjk + PjℓDℓki + PkℓDℓij + 2PℓDijk = 0. (2.23)

Furthermore, these relations satisfy the Jacobi identity without additional constraints.
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Proof. From the definition of the Pij and Pi (2.12) and using the algebra decomposition rela-
tions (2.9), it is clear that the P ’s generate the algebra and are symmetric under interchange of
indices. Lemma 2.4 shows that the Dijk are antisymmetric under interchange of indices.

Commutation relation (2.19) is the definition of the D’s while relation (2.20) follows directly
from the change of basis applied to (3.2). Lemma 2.8 gives relation (2.21) and Lemma 2.10
gives (2.22). Finally, the identity (2.23) follows from the discussion above under a cyclic per-
mutation, or equivalently using the Jacobi identity with [Djkℓ, [Pik, Pkℓ]].

It remains to consider Jacobi identities more generally. First, we begin with the case of
three P ’s. The Jacobi identity for triples {Pjk, Pjk, Pij} and {Pki, Pij , Pjk} are verified using
Lemma 2.6. The case {Pjk, Pjk, Piℓ} is trivial since everything commutes. The final case is
a triple of the form {Piℓ, Pjk, Pij} as in

[Piℓ, [Pjk, Pij ]] + [Pjk, [Pij , Piℓ]] + [Pij , [Piℓ, Pjk]] = 2[Piℓ, Dkji] + 2[Pjk, Djiℓ].

Here we have use the definition of the D’s and the fact that P ’s with disjoint indices commute.
Lemma 2.9 gives [Pℓi, Dikj ] = [Pkj , Djℓi] and so the remaining terms cancel.

For triples containing two P ’s and a D, a first choice is for all three to belong to an R(3)
sub-algebra. This case was addressed in the previous section, Lemma 2.2.

For the other two cases, we assume that the P ’s are not identical and have all 4 indices
contained in them. Without loss of generality, we take Dijk and then either Piℓ and Pkℓ or Piℓ

and Pjk. The first case was discussed above where the identity (2.23) was derived.

For the second case, we compute

[Piℓ, [Pjk, Dijk]] + [Pjk, [Dijk, Piℓ]] + [Dijk, [Piℓ, Pjk]] = [Piℓ, [Pjk, Dijk]]− [Pjk, [Pℓi, Dijk]].

The first term is computed using (2.20)

[Piℓ, [Pjk, Dijk]] = [Piℓ, (Pjk − 2Pj)Pik − Pij(Pjk − 2Pk)]

= 2(Pjk − 2Pj)Dℓik − 2Dℓij(Pjk − 2Pk).

Using (2.21), the second term becomes

−[Pjk, [Pℓi, Dijk]] = −[Pjk, PℓkPij − PikPℓj ]

= −2DjkℓPij − 2PℓkDkji + 2PikDkjℓ + 2DjkiPℓj .

Thus, we have

[Piℓ, [Pjk, Dijk]] + [Pjk, [Dijk, Piℓ]] + [Dijk, [Piℓ, Pjk]]

= 2PikDkjℓ + 2PjkDkℓi + 4PkDijℓ + 2PℓkDkij − 2DjkℓPij

− 4DkℓiPj − 2DjℓiPkj − 2DjikPℓj .

These resulting two lines are equivalent to (2.23) and the equation in reverse order (2.15) and
hence add to 0.

Thus, we have shown that the Jacobi relations for two P ’s and a D are satisfied without
additional constraints. The proof of higher-order relations follow similarly and are included in
Appendix A. ■

Let us finish the section by collecting the results above that hold in R(n) and compute the last
commutation relation from the definition in [4], thus showing that our two definitions agree. We
conjecture that in this case as well the Jacobi identity is satisfied without additional constraints,
though we leave this for future investigation.
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Theorem 2.12. The Racah algebra R(n) is generated by the elements Pi, Pij (2.12) and Dijk

where the P ’s are symmetric under interchange of the indices and the D’s are anti-symmetric.
The generators satisfy the following commutation relations (for distinct indices):

[Pij , Pjk] = 2Dijk, (2.24)

[Pjk, Dijk] = (Pjk − 2Pj)Pki − Pij(Pjk − 2Pk), (2.25)

[Pij , Djkℓ] = PiℓPjk − PjℓPik, (2.26)

[Dijk, Djkℓ] = Pjk(Djiℓ +Diℓk), (2.27)

[Dijk, Dkℓm] = PjkDℓmi − PkiDjℓm, (2.28)

[Dijk, Dℓmn] = 0, (2.29)

PiℓDℓjk + PjℓDℓki + PkℓDℓij + 2PℓDijk = 0. (2.30)

Proof. Relations (2.24)–(2.27) and (2.30) were shown for arbitrary indices. It remains to check
the final relations (2.28) and (2.29) which have no analog when n = 4.

For (2.28), we begin with the identity

[Dijk, [Pkℓ, Pℓm]] + [Pkℓ, [Pℓm, Dijk]] + [Pℓm, [Dijk, Pkℓ] = 0

to obtain

[Dijk, Dkℓm] = [Pℓm, [Pℓk, Dkij ]] = [Pℓm, PikPℓj − PjkPiℓ] = PjkDℓmi − PkiDjℓm.

Similarly, (2.29) is obtained from

[Dijk, [Pℓm, Pmn]] + [Pℓm, [Pmn, Dijk]] + [Pmn, [Dijk, Pℓm]] = 0. ■

3 Generators, presentations, and symmetries

As is apparent from the decomposition relations (2.2) in the rank-1 case and (2.9) for rank-2,
the generators discussed above are not linearly independent. In this section, we will discuss
possible choices of linear independent generators, in preparation for the following discussion of
representations of the algebras. Different choices of basis will break permutation symmetry of
the full algebra and we will briefly discuss what is left of the symmetry of the chosen basis.

3.1 The rank-1 Racah algebra

In the rank-1 case, there are 4 central elements C1, C2, C3 and C123. If we begin with those
elements, then any choice of two of the remaining generators will be linearly independent and the
third is obtained using (2.2). Any choice is equivalent up to permutation symmetry. A common
choice is C12, C23 as described in Figure 1. The symmetry of the generators can be realized by
the interchange 1←→ 3.

3.2 The rank-2 Racah algebra

The rank-2 Racah algebra R(4) is generated by 15 elements, that is 4 elements with one in-
dex (Ci), 6 elements with two indices (Cij), 4 elements with three indices (Cijk), and one maxi-
mal element C1234. However, not all of these are linearly independent because of equation (2.9).
In fact, it is possible to reduce the set of generators to 10 elements. It is convenient to keep
the 5 central terms Ci and C1234, but various choices can be made for the non-central terms.
Many authors are keeping 5 two-indices elements, which possesses a dihedral-group symmetry
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C12 C23

C123

C1

C2

C3

Figure 1. D2 (or P2, the permutation group of two elements) symmetry illustration, i.e., the dihedral

group of a line. The dashed lines link two generators that commute, which solid lines link two generators

that do not commute.

C23

C34

C123 C234

C12

C23

C34

C123 C234

C12

Figure 2. D5 symmetry illustration. The dashed lines link two generators that commute, which solid

lines link two generators that do not commute. On the right, the sub-Racah can be identified with red

(and thicker) lines with the triangular shape from the previous section.

(D4, isomorphic to the symmetries of a square). However, let us consider the contiguous basis,
that is all the elements with continuous indices,

C1, C2, C3, C4, C12, C23, C34, C123, C234, C1234.

One nice property of this choice is that a dihedral group symmetry D5 appears naturally. One
can consider the diagram (see Figure 2).

In addition to the dihedral group D5, the full algebra is invariant under the permutation
group P4 acting on indices. While the P4 action also preserves the pentagon shape, the genera-
tors are not the contiguous basis anymore (unless one considers the identity transformation). It
is interesting to note that if one combines D5 and P4, one obtains a larger symmetry group iso-
morphic to P5. This larger symmetry group appears in [3] and is presented differently, expressing
the action of P5 on the icosidodecahedron. However, we are interested here in investigating the
symmetries of the particular choice of generators and the expression of the algebra relations in
terms of these generators only, so we do not carry the entire symmetry group. Hence, we focus
on D5 and a natural expression of its action on the contiguous basis, the pentagon.

From here, it is interesting to assign more abstract names to those elements and consider any
element that can be obtained by a D5 or P4 transformation. Let us assign up to D5 and P4
transformation the following:

ω0 = C1234, ω1 = C1, ω2 = C2, ω3 = C3, ω4 = C4,

Ω0 = C23, Ω1 = C34, Ω2 = C123, Ω3 = C234, Ω4 = C12.

We can illustrate it as in Figure 3.
One can also introduce new notation Γi for the commutators, what we called Dijk. They are

defined as follows:

Γi =
1
2 [Ωi+2,Ωi−2], i = 0, . . . , 4, mod 5.
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Ω0

Ω4

Ω3 Ω2

Ω1

ω0

ω1

ω2 ω3

ω4

Figure 3. D5 symmetry illustration.

The notation may suggest that there are 5 commutators Γi, but they are linearly dependent, i.e.,
Γ0+Γ1+Γ2+Γ3+Γ4 = 0. If one consider the group action of D5 and P4, the sign of Γi must be
flipped depending on the group transformation. A rotation by 2nπ/5 from the dihedral group D5

acts as follows:

Ωi 7→ Ωi+n ωi 7→ ωi+n, Γi 7→ Γi+n, mod 5,

while an inversion with respect to a vertex i (Ωi) and its opposite edge (ω1) acts as follows:

Ωi+j ←→ Ωi−j , ωi+j ←→ ωi−j , Γi+j ←→ −Γi−j , mod 5.

Note that the mod 5 applies to the index, e.g., ω6 = ω1.
This leads to the set of relations defining the rank-2 Racah algebra, which are invariant under

the action of the groups D5 and P4.

Proposition 3.1. All the relations between the elements of R(4) can be obtained from the
following relations up to the group action of D5.

� The definition of the 4 commutators

[Ωi+2,Ωi−2] = 2Γi,

4∑
i=0

Γi = 0.

� The 5 central terms [ωi, ωj ] = [ωi,Ωj ] = [ωi,Γj ] = 0.

� If two Ωs are not next to one another on the pentagon, they commute

[Ωi−1,Ωi+1] = 0. (3.1)

� If an Ω and a Γ share the same index, they commute [Ωi,Γi] = 0.

� The “inner” equations, i.e., the equations that can be used for R(3)-subalgebra

[Ωi,Γi+2] = ΩiΩi+2 − {Ωi,Ωi−1} − Ω2
i + (ωi+1 + ωi+2 + ωi+3)Ωi

+ (ωi+2 − ωi+3)Ωi+2 + ωi+1(ωi+3 − ωi+2). (3.2)

� The “outer” equations

[Ωi,Γi+1] =

4∑
k=0

(−1)k

2
{Ωi+k,Ωi+k−1}+ΩiΩi+3 − ωi+1(Ωi +Ωi+1)

− ωi+2(Ωi+2 +Ωi+3)− ωi−1Ωi−1 + ωi+1ωi+2

+ ωi+1ωi−1 + ωi+2ωi−1. (3.3)
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An important result of this section is that it gives a minimal set of equations necessary to
verify a representation. In particular, there are 10 relations coming from (3.2) and 10 from (3.3),
along with the requirement that the central terms are constant. With a choice of 8 inner
equations and 2 outer equations, and some of the definitions, it is possible to satisfy all the
commutation relation of R(4).

Furthermore, the rank-2 Racah algebra possesses many rank-1 Racah subalgebras. Five of
those subalgebras appear naturally when looking at Figure 2. The rank-1 Racah algebra made
of C12, C23, C123 and central terms has been highlighted in Figure 2, but any D5 action will also
give a rank-1 Racah subalgebra, e.g., {C23, C34, C324, C2, C3, C4} or {C123, C234, C23, C1, C4, C1234}.

The last observation in this section is regarding Casimir operators of the rank-2 Racah alge-
bra. The Casimir element of the rank-1 case (see equation (2.7)) can be written as

C2 = Γ2
2 − 1

2

{
Ω2
4,Ω0

}
− 1

2

{
Ω2
0,Ω4

}
+Ω2

4 +Ω2
0 + {Ω4,Ω0}

+ 1
2(ω1 + ω2 + ω3 +Ω2)({Ω4,Ω0} − 2Ω4 − 2Ω0) + (ω2 − ω3)(Ω2 − ω1)Ω4

+ (ω2 − ω1)(Ω2 − ω3)Ω0 + (ω1 + ω3)(Ω2 + ω2)

+ (ω1ω3 − Ω2ω2)(Ω2 − ω1 + ω2 − ω3).

It is interesting to note that all five operators

Ci = Γ2
i − 1

2

{
Ω2
i+2,Ωi−2

}
− 1

2

{
Ω2
i−2,Ωi+2

}
+Ω2

i+2 +Ω2
i−2 + {Ωi+2,Ωi−2}

+ 1
2(ωi−1 + ωi + ωi+1 +Ωi)({Ωi+2,Ωi−2} − 2Ωi+2 − 2Ωi−2)

+ (ωi − ωi+1)(Ωi − ωi−1)Ωi+2 + (ωi − ωi−1)(Ωi − ωi+1)Ωi−2

+ (ωi−1 + ωi+1)(Ωi + ωi) + (ωi−1ωi+1 − Ωiωi)(Ωi − ωi−1 + ωi − ωi+1),

which can be obtained using the D5 symmetries, are Casimir operators. This matches the
results in [3, 7, 8]. Each Casimir operator Ci, i = 0, . . . , 4 corresponds to the Casimir operator
of a rank-1 Racah subalgebra. As Crampé et al. noted in [3], it is quite surprising that the
Casimir operator of a R(3) subalgebra is also a Casimir operator of the whole algebra R(4).

4 Representations theory

4.1 The rank-1 Racah algebra

Let us recall some of the representation theory of the rank-one universal Racah algebra. This
representation theory has been studied by several authors but here we focus on the theory
explained by Huang and Bockting-Conrad [11]. As discussed in the previous section, we make
a choice of basis using linearly independent generators A = C23 and B = C12. The relations are
then

[A,B] = 2D, [A,D] = {A,B}+A2 − δA+ α, (4.1)

[D,B] = {A,B}+B2 − δB − β, (4.2)

with α, β and δ central elements in the algebra. Compared to the previous section, A, B, D, α,
β and δ are

A = C23, α = (C2 − C3)(C1 − C123), B = C12, β = (C1 − C2)(C3 − C123),

D = D123, δ = C123 + C1 + C2 + C3.

The authors give an infinite-dimensional R(3) module [11, Proposition 3.1] and later show
that this module is isomorphic to the quotient of the universal enveloping algebra by an ideal,
similar to the construction of Verma modules for Lie algebra representations.
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In this case, the action of A and B on states |j⟩ in the R(3)-module are as follows:

A|j⟩ = θj |j⟩+ |j + 1⟩, (4.3)

B|j⟩ = θ∗j |j⟩+ φj |j − 1⟩, (4.4)

where the raising coefficient of A has been normalized to 1. In other words, A acts centrally and
east, while B acts centrally and west, considering that the states are ordered such that |j+1⟩ is
east of |j⟩. The coefficients θj , θ

∗
j and φj can be found in the paper [11] or by setting the extra

parameter s to zero in Appendix B.

The central operators Ci and C123 can be expressed as

C1 = c1(c1 − 1), C2 = c2(c2 − 1), C3 = c3(c3 − 1),

C123 = (c1 + c2 + c3 +N)(c1 + c2 + c3 +N + 1).

Note that in the extension to rank-2, C123 will no longer be central. However, this Racah
algebra of rank 1 will appear as a Racah subalgebra in the rank-2 case.

4.2 The rank-2 Racah algebra

In the remainder of the paper, we make a choice of basis for our module, the contiguous basis,
breaking both the permutation symmetry of the original tensor product representation and
the dihedral symmetry of the previous section. However, it is possible to use the D5 and P4
transformations to create a representation in terms of other generators.

For convenience, we choose the non-central generators as follows:

Ω0 = C23, Ω1 = C34, Ω2 = C123, Ω3 = C234, Ω4 = C12,

and we express the central terms using constants ci, i.e.,

ω0 = C1234 = c0(c0 − 1), ωi = Ci = ci(ci − 1), i = 1, . . . , 4.

We also have

Γ0 =
1
2 [C123, C234], Γ1 =

1
2 [C234, C12], Γ2 =

1
2 [C12, C23],

Γ3 =
1
2 [C23, C34], Γ4 =

1
2 [C34, C123].

Notice that Ω0 and Ω4 form an R(3) subalgebra together with Ω2, so we extend the notation
from Section 4.1, the rank-1 case, to construct the representation. We assume that Ω0 and Ω4

act similarly to A and B in (4.3), (4.4), that is C12|t, s⟩ = φt,s|t − 1, s⟩ + θt,s|t, s⟩, C23|t, s⟩ =
θ∗t,s|t, s⟩ + |t + 1, s⟩, where the coefficient of the raising term of C23 is normalized to 1. We do
not make any additional assumptions on Ω1, Ω2 and Ω3 except if applied on a state, they send
a state to a linear combination of itself and its 8 closest neighbours, e.g.,

C123|t, s⟩ = µ̂t,s|t− 1, s+ 1⟩+ ν̂t,s|t, s+ 1⟩+ ξ̂t,s|t+ 1, s+ 1⟩+ µt,s|t− 1, s⟩
+ νt,s|t, s⟩+ ξt,s|t+ 1, s⟩+ µ̌t,s|t− 1, s− 1⟩+ ν̌t,s|t, s− 1⟩+ ξ̌t,s|t+ 1, s− 1⟩.

Since C12, C23 and C123 are the non-central generator of a rank-1 Racah subalgebra, one
can use the presentation equations of the rank-1 Racah (4.1)–(4.2) to determine the coefficients.
Considering that C12 and C23 can only move a state east-west, this implies that C123 can only
move east-west. Furthermore, by solving all the coefficients so they satisfy (4.1)–(4.2), one gets
that C123 is forced to be central, that is C123|t, s⟩ = νt,s|t, s⟩.
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The remaining two generators are of the form

C34|t, s⟩ = ϕ̂∗t,s|t− 1, s+ 1⟩+ ϑ̂∗t,s|t, s+ 1⟩+ ψ̂∗
t,s|t+ 1, s+ 1⟩+ ϕ∗t,s|t− 1, s⟩+ ϑ∗t,s|t, s⟩

+ ψ∗
t,s|t+ 1, s⟩+ ϕ̌∗t,s|t− 1, s− 1⟩+ ϑ̌∗t,s|t, s− 1⟩+ ψ̌∗

t,s|t+ 1, s− 1⟩,

C234|t, s⟩ = ϕ̂t,s|t− 1, s+ 1⟩+ ϑ̂t,s|t, s+ 1⟩+ ψ̂t,s|t+ 1, s+ 1⟩+ ϕt,s|t− 1, s⟩+ ϑt,s|t, s⟩
+ ψt,s|t+ 1, s⟩+ ϕ̌t,s|t− 1, s− 1⟩+ ϑ̌t,s|t, s− 1⟩+ ψ̌t,s|t+ 1, s− 1⟩.

Using the commutation relations (3.1), it is possible to show that the coefficients ϕt,s, ϕ̂t,s, ϕ̌t,s
and ψ∗

t,s, ψ̂
∗
t,s, ψ̌

∗
t,s are zero. Hence, we have

C34|t, s⟩ = ϕ̂∗t,s|t− 1, s+ 1⟩+ ϑ̂∗t,s|t, s+ 1⟩+ ϕ∗t,s|t− 1, s⟩+ ϑ∗t,s|t, s⟩
+ ϕ̌∗t,s|t− 1, s− 1⟩+ ϑ̌∗t,s|t, s− 1⟩,

C234|t, s⟩ = ϑ̂t,s|t, s+ 1⟩+ ψ̂t,s|t+ 1, s+ 1⟩+ ϑt,s|t, s⟩+ ψt,s|t+ 1, s⟩
+ ϑ̌t,s|t, s− 1⟩+ ψ̌t,s|t+ 1, s− 1⟩.

It is interesting to note that C12 and C34 both act west and centrally (in combination with north-
south) and they commute, while C23 and C234 both act east and centrally (in combination with
north-south) and they also commute.

From here, we will make some assumptions on the module. We will assume that the action
of any generator is zero below the line t = 0, or in other words all states |−t, s⟩ = 0 for t > 0. In
addition, we assume that any state above the line t = s vanishes, that is |t, t+n⟩ = 0 for n > 0.
Those two assumptions imply that we have an infinite triangular lattice of states.

Solving all the recurrence equations is quite a task, so we will not show all the calculations.
However, it is convenient to first solve the Racah subalgebra involving C12, C23 and C123, i.e.,
using the commuting and the two inner relations, and then continue with the other ones. The
coefficients can be found in Appendix B. To illustrate the direction of the action and the meaning
of each coefficient, we produced the following diagram for each generators. The other elements
of the rank-2 Racah algebra can be constructed using equation (2.9).

C12

φt θt

west

C23

θ∗t 1

east

C123

⟲
νs

centrally

C34

ϕ̌∗t,s

ϕ∗t,s

ϕ̂∗t,s

ϑ̂∗t,s

ϑ∗t,s

ϑ̌∗t,s

left burst

C234

ϑ̂t,s

ϑt,s

ϑ̌t,s
1

ψs

ψ̂s

right burst

Figure 4. Direction of the action of each non-diagonal generator with the dependency on the parameters t

and s.
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5 Conclusion

First, we have given a “universal” definition of the Racah algebra in terms of generators and re-
lations that can be seen as an extension of the rank-1 Racah algebra using sets instead of indices.
The main properties and relations generating R(4) and R(n) are summarized in Theorems 2.11
and 2.12, respectively. Additional properties can be found throughout Section 2. Most signif-
icantly, we obtain the commutation relations for general Pij and Djkℓ as well as higher-order
commutation relations, for example, (2.16), given in other definitions [4]. Similarly, we obtain
the identity (2.18) first identified in [4] as arising from associativity in the algebra. We further
show that in R(4) no additional relations arise from the Jacobi identities in the algebra. This
result is important for our investigation into the representation theory of R(4) and in particular
for future work describing Verma modules and PBW-type bases for the algebra, following on
similar work as in [2, 11, 12] and conjectures in [5].

Next, we have explored the symmetries of some R(4) generators, that is the contiguous basis.
While this basis is unique, that is the set of generators is composed of operators with continuous
indices, i.e., {C1, C2, C3, C4, C12, C23, C34, C123, C234, C1234}, many other sets of generators are
isomorphic. By using the permutation symmetries P4 on the indices, one can get another
set of generators with the same properties and commutation relations. With this symmetry,
one can make a partial abstraction of the choice of generators to create a presentation and
a representation. That special set of basis possesses an addition symmetry group, which is
an automorphism of the set, that is the dihedral group D5. Indeed, the symmetry of the
generators can be illustrated using a pentagon, as shown in Figure 3. This choice of basis leads
to elegant properties. Among others, the rank-1 Racah algebra R(3) using the indices {1, 2, 3} is
a subalgebra of R(4), and using the D5 symmetry, 4 additional rank-1 Racah subalgebras arise
naturally. Furthermore, if one apply D5 symmetries to the Casimir operator of R(3), then 4
other Casimir operators arise.

Finally, we provide a novel representation for R(4) using a split basis, an extension of the
representation by Huang and Bockting-Conrad [11]. The explicit coefficients from the action
of the generators can be found in Appendix B. A representation of R(4) already exists [3] by
Crampé, Frappat and Ragoucy. However that representation and our representation differ. The
main difference resides in the fact that the representation by Crampé et al. requires that 2 gen-
erators are diagonalizable, while ours only requires one generator to be diagonalizable, which
is a consequence of our choice of a split basis. In addition, Crampé et al. assumed that their
representation is from the so-called special Racah, while we did not impose this constraint. How-
ever, using our representation, we calculated the values of the Casimir operators Ci, i = 0, . . . , 4,
and we obtained that all of them vanish. Either our hypothesis led us to assume implicitly
special Racah, or there are no other cases, that is the so-called special Racah is in fact Racah
itself.

A Proofs of double commutators

Before we begin the computations, a bit of discussion of the strategy. In each case, we try to
reduce the equations to triples of P ’s and in the case that a term contains commuting P ’s we
try to move that pair to the left. In line with this, we move inner relations to the right and outer
relations to the left. It will also be useful to the following forms of the inner relation (2.20):

[Pij , Dijk] = Pij(Pjk − Pik) + 2Dijk − 2PiPjk + 2PjPik,

[Pij , Dijk] = (Pjk − Pik)Pij + 2Dijk − 2PiPjk + 2PjPik.
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A.1 Case {Piℓ, Dijk, Djkℓ}

We begin with the Jacobi relation for the set {Piℓ, Dijk, Djkℓ}

[Piℓ, [Dijk, Djkl]]

= [Piℓ, Pjk(Djiℓ +Dkiℓ)]

= Pjk(Piℓ(Pjℓ + Pkℓ − Pij − Pik) + 2Diℓj + 2Diℓk)− 2PiPjk(Pℓj + Pℓk)

+ 2PℓPjk(Pij + Pik)

= PjkPiℓ(Pjℓ + Pkℓ − Pij − Pik)− 2Pjk(Djiℓ +Dkiℓ)− 2PiPjk(Pjℓ + Pkℓ)

+ 2PℓPjk(Pij + Pjk). (A.1)

The second term is

[Dijk, [Djkℓ, Piℓ]]

= [[Piℓ, Dℓjk], Dijk] = [PikPℓj − PℓkPij , Dijk] = [PℓjPik − PℓkPij , Dijk]

= [Pℓj , Djki]Pik − [Pℓk, Dkij ]Pij + Pℓj [Pki, Dkij ]− Pℓk[Pij , Dijk]

= (PiℓPjk − PijPkl)Pik − (PℓjPik − PjkPiℓ)Pij

+ Pℓj(Pki(Pij − Pjk)− 2Dijk − 2PkPij + 2PiPjk)

− Pℓk(Pij(Pjk − Pki)− 2Dijk − 2PiPjk + 2PjPki)

= PiℓPjk(Pik + Pij)− (PikPjℓ + PijPkℓ)Pjk

+ 2(Pkℓ − Pjℓ)Dijk + 2Pi(Pjℓ + Pkℓ)Pjk − 2PjPkℓPik − 2PkPℓjPij . (A.2)

The third term is the same as the second, up to a sign and interchange of i and ℓ and so reads

[Djkℓ, [Piℓ, Dijk]] = −[[Piℓ, Dijk], Dℓjk]

= −PiℓPjk(Pkℓ + Pjℓ) + (PkℓPij + PjℓPik)Pjk − 2(Pik − Pij)Djkℓ

− 2Pℓ(Pij + Pik)Pjk + 2PjPikPkℓ + 2PkPijPjℓ. (A.3)

Note that lines (A.1), (A.2) and (A.3) sum to 0. Thus, finally our Jacobi identity becomes

[Piℓ, [Dijk, Djkl]] + [Dijk, [Djkℓ, Piℓ]] + [Djkℓ, [Piℓ, Dijk]]

= −2Pjk(Djiℓ +Dkiℓ) + 2(Pkℓ − Pjℓ)Dijk − 2(Pik − Pij)Djkℓ + 4PjDikℓ + 4PkDijℓ.

Here we have used the fact that [Pjℓ + Pkℓ, Pjk] = 0 to cancel the Pi and Pℓ terms. Reordering
and grouping gives a sum of terms which vanish due to (2.23).

A.2 Case {Pjk, Dijk, Djkℓ}

This computation is somewhat similar to the first, although possibly more straightforward. The
first term vanishes

[Pjk, [Dijk, Djkl]] = [Pjk, Pjk(Djiℓ +Dkiℓ)] = Pjk([Pjk, Dkiℓ] + [Pkj , Djiℓ]) = 0

due to Lemma 2.9.
The second term gives

[Dijk, [Djkℓ, Pjk]]

= [[Pjk, Djkℓ], Dijk] = [(Pkℓ − Pjℓ)Pjk + 2Djkℓ − 2PjPkℓ + 2PkPjℓ, Dijk]

= (PikPjℓ + PijPkℓ − 2PiℓPjk)Pjk

+ (Pkℓ − Pjℓ) ((Pik − Pij)Pjk + 2Dijk − 2PjPik + 2PkPij)
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− 2(Djiℓ +Dkiℓ)Pjk − 2Pj [Pℓk, Dkij ] + 2Pk[Pℓj , Djki]

= −2PiℓP
2
jk + (PkℓPik + PjℓPij)Pjk + 2(Pkℓ − Pjℓ)Dijk − 2DiℓjPjk − 2DiℓkPjk

− 2Pj (PkℓPij − PiℓPjk) + 2Pk (PiℓPjk − PjℓPij) .

The third term is the same as the second, up to a sign and interchange of i and ℓ and so reads

[Djkℓ, [Pjk, Dijk]] = − [[Pjk, Dijk], Dℓjk] = 2PiℓP
2
jk − (PikPkℓ + PijPjℓ)Pjk

− 2(Pik − Pij)Djkℓ − 2DℓijPjk + 2DℓikPjk

+ 2Pj (PikPjℓ − PiℓPjk)− 2Pk (PiℓPjk − PijPjℓ) . (A.4)

Notice that the triple of P ’s in (A.2) and (A.4) will sum together to give 2DℓkiPjk + 2DℓjiPjk

which will cancel with subsequent terms.
Putting everything together, we arrive at

[Pjk, [Dijk, Djkl]] + [Dijk, [Djkℓ, Pjk]] + [Djkℓ, [Pjk, Dijk]]

= 2(Pkℓ − Pjℓ)Dijk − 2(Pik − Pij)Djkℓ − 2DℓijPjk + 2DℓikPjk + 4Pj .

A.3 Case {Pij, Dijk, Djkℓ}

This is the most involved case. We compute

[Pij , [Dijk, Djkl]] = [Pij , (Djiℓ +Dkiℓ)Pjk] = 2(Djiℓ +Dkiℓ)Dijk + [Pij , Djiℓ +Dkiℓ]Pjk.

Here we have used the alternate ordering of (2.22) given in (2.17).
The first term on the right has not been involved in any of the previous computations as

all of the previous computations have decreased the order of terms to at most triples of P ’s,
or equivalently a P and D. We can remove this term by taking the commutator of a PD
relation (2.23) (again with the opposite ordering) with a P as in

[Pjk, 2DjkℓPi +DkℓiPij +DℓjiPik +DjkiPiℓ] = 0,

which gives

2Pi[Pjk, Djkℓ] + [Pjk, Dkℓi]Pij + [Pjk, Dℓji]Pik + [Pjk, Djki]Piℓ

+ 2DkℓiDkji + 2DℓjiDjki = 0.

Thus, after a permutation of indices, we obtain

2(Dkiℓ +Djiℓ)Dijk = [Pjk, Dkiℓ]Pij + [Pkj , Djℓi]Pik (A.5)

− 2Pi[Pjk, Djkℓ]− [Pjk, Djki]Piℓ. (A.6)

Note that line (A.6) contains only inner commutation relations the (A.5) are the outer ones. We
continue this strategy in the final form of the first term in the Jacobi identity

[Pij , [Dijk, Djkl]] = [Pji, Diℓk]Pjk + [Pjk, Dkiℓ]Pij + [Pkj , Djℓi]Pik

− [Pij , Dijℓ]Pjk − 2Pi[Pjk, Djkℓ]− [Pjk, Djki]Piℓ.

The second term of the Jacobi identity is

[Dijk, [Djkℓ, Pij ]] = [[Pij , Djkℓ], Dijk] = [PiℓPjk − PjℓPik, Dijk]

= [Pℓi, Dijk]Pjk − [Pℓj , Djki]Pik + Piℓ[Pjk, Djki] + Pjℓ[Pik, Dikj ].
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And the third

[Djkℓ, [Pij , Dijk]] = −[[Pij , Dijk], Djkℓ] = −[PijPjk − PikPij − 2PiPjk + 2PjPik, Djkℓ]

= −[Pij , Djkℓ]Pjk + [Pik, Djkℓ]Pij + Pik[Pij , Djkℓ]− 2Pj [Pik, Dkℓj ]

− Pij [Pjk, Djkℓ] + 2Pi[Pjk, Djkℓ].

Thus, the Jacobi identity can be expressed as

[Pjk, 2DjkℓPi +DkℓiPij +DℓjiPik +DjkiPiℓ] = In + Out,

with In and Out a collection of terms involving inner and outer quadratic relations, respectively,
that is,

In = −Pij [Pjk, Djkℓ] + [Piℓ[Pjk, Djki]] + Pjℓ[Pik, Dikj ]− [Pij , Dijℓ]Pjk,

Out = ([Pji, Diℓk] + [Pℓi, Dijk]− [Pij , Djkℓ])Pjk + ([Pjk, Dkiℓ] + [Pik, Djkℓ])Pij

+ ([Pkj , Djℓi] + [Pℓj , Djik])Pik + Pik[Pij , Djkℓ]− 2Pj [Pik, Dkℓj ].

Beginning with the inner relation terms, we can use the lower-order Jacobi identity proven
earlier [Piℓ[Pjk, Djki]] = [Pjk, [Piℓ, Djki]], to simplify the term in In,

[Piℓ[Pjk, Djki]] = [Pjk, PijPkℓ − PikPjℓ] = PjkPijPkℓ − PjkPjℓPik − (PijPkℓ − PikPjℓ)Pjk

= 2DkjiPkℓ + 2PijDjkℓ − 2DkjℓPik − 2PjℓDjki

= 2DjikPkℓ + 2DℓjkPki + 2PijDjkℓ + 2PℓjDjik. (A.7)

The other 3 terms from In give

−Pij [Pjk, Djkℓ] + Pjℓ[Pik, Dikj ]− [Pij , Dijℓ]Pjk

= Pij(PjℓPjk − PjkPkℓ − 2PkPjℓ + 2PjPkℓ) + Pjℓ(PikPjk − PijPik − 2PiPjk + 2PkPij)

+ (PiℓPij − PijPjℓ − 2PjPiℓ + 2PiPjℓ)Pjk

= (PikPjℓ − PijPkℓ)Pjk − 2PijDjkℓ + (PiℓPjk − PikPjℓ)Pij + 2PiℓDijk − 2PjℓDjik

+ 4PkDℓji + 2Pj(PijPkℓ − PiℓPjk).

Replacing with outer relations and permuting gives

−Pij [Pjk, Djkℓ] + Pjℓ[Pik, Dikj ]− [Pij , Dijℓ]Pjk

= [Pjk, Dkiℓ]Pjk + [Pij , Djkℓ]Pij − 2PijDjkℓ + 2PℓiDijk − 2PjℓDjik

+ 4PkDℓji + 2Pj [Pik, Dkℓj ]. (A.8)

Combining (A.7) and (A.8) gives

In = [Pjk, Dkiℓ]Pjk + [Pij , Djkℓ]Pij + 2PℓiDijk + 2DℓikPkj + 2Pj [Pik, Dkℓj ].

Here we have used the identity

4PkDℓji + 2DjikPkℓ + 2DℓjkPki + 2DiℓkPkj = 0.

Moving on to the Out term. We use Lemma 2.9 several times to simplify

Out = [Pjk, Dkℓi]Pjk + [Pij , Djℓk]Pij − [Pij , Djkℓ]Pik + Pik[Pij , Djkℓ]− 2Pj [Pik, Dkℓj ].

Finally, we compute

Pik[Pij , Djkℓ] = PikPiℓPjk − PikPjℓPikℓ = 2DkiℓPjk + 2PiℓDikj + [Pij , Djkℓ]Pik,

leaving

Out = [Pjk, Dkℓi]Pjk + [Pij , Djℓk]Pij + 2DkiℓPjk + 2PiℓDikj − 2Pj [Pik, Dkℓj ].

Hence, we have shown In + Out = 0 and the Jacobi identity holds for these generators without
additional constraints.
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A.4 Case {Dijℓ, Dijk, Djkℓ}

The final case will be for 3 distinct D’s. Without loss of generality we chose the indices as above
and consider the quantity

[Dijℓ, [Dijk, Djkℓ]] + [Dijk, [Djkℓ, Dijℓ]] + [Djkℓ, [Dijℓ, Dijk]].

The first term becomes

[Dijℓ, [Dijk, Djkℓ]] = [Dijℓ, Pjk(Djiℓ +Dkiℓ)] = −[Pkj , Djℓi](Djiℓ +Dkiℓ)− Pjk[Djiℓ, Diℓk]

= −[Pjk, Dkℓi](Dijℓ +Dikℓ)− PjkPiℓ(Dijk +Djkℓ).

A similar computation for the second term gives

[Dijk, [Djkℓ, Dijℓ]] = [Pℓj , Djki](Dijk −Dikℓ) + PjℓPik(Djkℓ −Dijℓ).

And the third

[Djkℓ, [Dijℓ, Dijk]] = [Pij , Djkℓ](Dikℓ +Djkℓ) + PijPkℓ(Dijk +Dijℓ).

Combining these three terms gives the desired cancelations.

B Coefficients of the action of the proposed representation

Below are the coefficients of the action for each generator from R(4), where

nM = N +
∑
i∈M

ci, M ⊆ {1, 2, 3, 4},

C1|t, s⟩ = c1(c1 − 1)|t, s⟩, C2|t, s⟩ = c2(c2 − 1)|t, s⟩, C3|t, s⟩ = c3(c3 − 1)|t, s⟩,
C4|t, s⟩ = c4(c4 − 1)|t, s⟩, C1234|t, s⟩ = n1234(n1234 − 1)|t, s⟩,
C12|t, s⟩ = φt,s|t− 1, s⟩+ θt,s|t, s⟩,
φt,s = (s− t)(N + 1− t)(N + 2c2 − t)(2n123 − t− s− 1),

θt,s = (n12 − t)(n12 − t− 1),

C23|t, s⟩ = θ∗t,s|t, s⟩+ |t+ 1, s⟩, θ∗t,s = (n23 − t)(n23 − t− 1),

C123|t, s⟩ = νt,s|t, s⟩, νt,s = (n123 − s)(n123 − s− 1),

C34|t, s⟩ = ϕ̂∗t,s|t− 1, s+ 1⟩+ ϑ̂∗t,s|t, s+ 1⟩+ ϕ∗t,s|t− 1, s⟩+ ϑ∗t,s|t, s⟩+ ϕ̌∗t,s|t− 1, s− 1⟩
+ ϑ̌∗t,s|t, s− 1⟩,

ϕ̂∗t,s = −(s− t)(s− t+ 1)(N + 1− t)(N + 2c2 − t),

ϕ∗t,s = φt,s(1− ψt,s) =

(
1

2
− n123(n123 + 2c4 − 1)

2(n123 − s)(n123 − s− 1)

)
× (s− t)(N + 1− t)(N + 2c2 − t)(2n123 − t− s− 1),

ϕ̌∗t,s = ϑ̌∗t,s
(N + 1− t)(2n123 − t− s)(N + 2c2 − t)

2n12 − t− s

= −s(s+ 2c4 − 1)(2n123 − s)(2n1234 − s− 1)(2n123 − t− s− 1)

4(2n123 − 2s+ 1)(2n123 − 2s− 1)(n123 − s)2

× (N + 1− t)(2n123 − t− s)(N + 2c2 − t),

ϑ̂∗t,s = −(s− t)(s− 2c3 − t+ 1),

ϑ∗t,s = −
n123(n123 − t)(n12 − c3 − t− 1)(n123 + 2c4 − 1)

2(n123 − s)(n123 − s− 1)
+
n1234(n1234 − 1)

2
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− (n123 − s)(n123 − s− 1)

2
+

(n12 − t)(n12 − t− 1)

2
+
c3(c3 − 1) + c4(c4 − 1)

2
,

ϑ̌∗t,s = −s
(2n123 − t− s− 1)(2n12 − s− t)(s+ 2c4 − 1)(2n123 − s)(2n1234 − s− 1)

4(2n123 − 2s+ 1)(2n123 − 2s− 1)(n123 − s)2
,

C234|t, s⟩ = ϑ̂t,s|t, s+ 1⟩+ ψ̂t,s|t+ 1, s+ 1⟩+ ϑt,s|t, s⟩+ ψt,s|t+ 1, s⟩
+ ϑ̌t,s|t, s− 1⟩+ ψ̌t,s|t+ 1, s− 1⟩,

ϑ̂t,s = (s− t)(2n23 − s− t− 1),

ϑt,s =
n123(n123 − t− 1)(n23 − c1 − t)(n123 + 2c4 − 1)

2(n123 − s)(n123 − s− 1)
+
n1234(n1234 − 1)

2

− (n123 − s)(n123 − s− 1)

2
+

(n23 − t)(n23 − t− 1)

2
+
c1(c1 − 1) + c4(c4 − 1)

2
,

ϑ̌t,s = ψ̌t,s(s− 2c1 − t)(2n123 − t− s− 1)

= s
(−2c1 + s− t)(2n123 − t− s− 1)(s+ 2c4 − 1)(2n123 − s)(2n1234 − s− 1)

4(2n123 − 2s+ 1)(2n123 − 2s− 1)(n123 − s)2
,

ψ̂t,s = 1, ψt,s =
1

2
+

n123(n123 + 2c4 − 1)

2(n123 − s)(n123 − s− 1)
,

ψ̌t,s =
s(s+ 2c4 − 1)(2n123 − s)(2n1234 − s− 1)

4(2n123 − 2s+ 1)(2n123 − 2s− 1)(n123 − s)2
.

Acknowledgements
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