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Abstract. Using the method of the g-exponential differential operator, we give an extension
of the Sears 4¢3 transformation formula. Based on this extended formula and a g-series
expansion formula for an analytic function around the origin, we present a transformation
formula for triple g-series, which includes several interesting special cases, especially a double
g-series summation formula. Some applications of this transformation formula to Rogers—
Hecke type series are discussed. More than 100 Rogers—Hecke type identities including
Andrews’ identities for the sums of three squares and the sums of three triangular numbers
are obtained.
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1 Introduction and preliminaries

In this paper, we will prove a transformation formula for triple g-hypergeometric series, which
includes several interesting special cases. One special case of this transformation allows us to
derive several new identities for Rogers—Hecke type series. Rogers—Hecke type series play an
important role in the study of Ramanujan’s mock-theta functions.

As usual, we use C to denote the set of all complex numbers. Throughout the paper, we shall
use the standard g-notations. Unless stated otherwise, it is assumed that 0 < |g| < 1. Let n be
an arbitrary nonnegative integer and a € C. We define the ¢-shifted factorial by

[e.e]

) = (@D where  (a: _ ~adt
(CL, q)n - (aqn;q)oo’ h ( 7Q)OO ’E)(l q )

It is obvious that (a;¢)o = 1, and by a simple calculation we find that for any positive integer n,

(@;9)n = (1—a)(1—ag)--- (1 —ag"™Y),
((l; Q)fn = ((zq_llq_l) = (_a)—nqn(n-i-l)/Q(q/a; CI)»,_LI.

This paper is a contribution to the Special Issue on Basic Hypergeometric Series Associated with Root
Systems and Applications in honor of Stephen C. Milne’s 75th birthday. The full collection is available at
https://www.emis.de/journals/SIGMA /Milne.html
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For n being an integer or infinity, the multiple ¢-shifted factorial for a1, as, ..., a,, is defined by

(ala a2, ...,0am; Q)n = (al; Q)n(a2§ Q)n T (am; Q)n-

The basic hypergeometric series or the g-hypergeometric series ,¢s(-) are defined as

agy...,0p - ((11, <o Qg Q)n n _n(n—1)/2\1+s—r _n
rPs 4,2 | = -1 z .
¢ (bl,...,bs 1 ) ;(q,bl,...,bs;q)n(( Ja )

One of the most important results in the theory of g-hypergeometric series is the g-binomial
theorem, which is stated in the following theorem [5, p. 488].

Theorem 1.1 (¢g-binomial theorem). For |¢| <1 and |bx| < 1, we have

o

ar; q)oo b"(a/b;q)n ,
g -2 Eq;/q)j)gc'

n=0

Setting a = 0 and b = 0 in the above equation respectively, we arrive at the following two
formulas due to Euler:

1 2 (b))
— = . | <1,
(b3 q)oo nzo (¢ On i

and
o n, n(n—1)/2
ax
(ax;q)o0c = g ( ()q'qq) , laz| < oo.
n=0 ) n

By a simple calculation, it is found that the g-Pfaff-Saalschiitz formula [10, equation (1.7.2)]
can be rewritten as

3ng(q",aq”,fwb/q, ’q> _ (9/a,q/b;@)n (fmb)” (11)

aa,ab (aa,ab;q)n \ ¢

Setting b = 0 in the equation above, we arrive at the ¢-Chu—Vandermonde summation [10,
equation (1.5.3)]

2¢1<q y g ;q’q> _ (Q/(I; q)T'L(_aa) qn(n—l)/Z‘ (12)
(0% (OZ(L Q)n

The Rogers g¢5 summation or equivalently, the non-terminating g¢s summation [10, p. 44] is
also one of the central theorems in g¢-series, which is stated in the following proposition.

Proposition 1.2. For ‘aabc/qQ‘ < 1, we have
5 o, /o, =g/, q/a, q/b, Q/C,q aabe) _ (ag,aab/q, aac/q, abe/q; q)o
65 Va,—v/a,aa,ab,ac T 2 (aa, ab, ac, Ozabc/q?;q)C>O '

Using the method of the g-exponential differential operator, the following extension of the
Rogers g¢5 summation formula is given by us in [17, Theorem 3], see also [20, Theorem 6.2].

Theorem 1.3. For max{{aﬁabc/q2

a’yabc/qQ‘} < 1, we have

i (1 —ag¢™) (o, q/a,q/b,q/c; Qn (aabc>”4¢3( " aq", B,y ” q)
(1 —a)(q, aa,ab,ac;q)n ¢ q/a,q/b,afyab/q’ "

(qov, cac/q, abe/q, aBab/q, aryab/q, afyabe/q?; q)
(aa, ab, ac, aBabe/q?, aryabe/q?, aByab/q; q)oO

n=0
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This summation formula allows us to give a beautiful generating function for the Askey—
Wilson polynomials, which leads us to derive a twelve-parameter ¢g-beta integral in [23] and give
a new proof of the orthogonality of the Askey—Wilson polynomials in [25].

It is generally known that it is a difficult task to obtain triple g-series transformation formulas,
and interesting transformation formulas of triple g-series are rare in the mathematical literature.

In this paper, we will further extend the double ¢g-summation formula in Theorem 1.3 to the
following transformation formula for triple ¢g-hypergeometric series with the help of an extension
of the Sears 4¢3 transformation.

Theorem 1.4. We have

i (1—aq®)(a,q/a,q/b,q/c;q)n (aabc>”

(1 - a)(qvaavaba Qc; Q)n q2

n=0

Zn (g™, aq™, B, @)kq" (q’i 1/u,1/v k)
X ¢ aQ>B uvq
2~ (q,q/a,q/b, Bryuviq)” By !

_ (g0, aac/q, abe/q, aBab/q, aryab/q, Bycuv/q; 4)oo
(o, ab, ac, afabe/q?, ayabe/q?, Byuv; q)oo

q/c,aab/qu,aab/qu

provided the series on both sides of the above equation converge absolutely.

The Kronecker delta function 6,,, is defined as d,,, = 1 when m = n and 6,,, = 0
when m # n.

Setting qu = aab in Theorem 1.4, upon noting that (1;q)x = 0ok, the 3¢ series on the
right-hand side in the theorem reduces to 1, and thus we obtain the following corollary.

Corollary 1.5. We have

2

i (1—ag™)(@,q/a,4/b,4/¢;Q)n <aabc>”

n=0 (1 - a)(Q? aa, Oéb, QC; q)’rL q
" aq", B, )rd" (q"“,l/u,Q/aab k—1>
X 1 q, afyabu
Z q,q/a q/b, apyabu/q; q) 32 B,y G ey

B (qa, aac/q, abe/q, afab/q, ayab/q, afyabeu/q%; q)
N (aa, ab, ac, aBabe/q?, aryabe/q?, afyabu/g; q)OO

When v = 1, the 3¢9 series in the above equation reduces to 1 and Corollary 1.5 becomes
Theorem 1.3. Hence, Theorem 1.4 is really an extension of Theorem 1.3.

Setting v = 1 in Theorem 1.4, upon noting that (1;¢)r = dok, the 3¢9 series on the left-hand
side in the theorem becomes 1, we find the following corollary.

Corollary 1.6. We have

i (1 - ag®) (e, q/a,q/b,q/c;q)n <O‘abc> 4¢3< o q)

n=0 (1 - a)(q7aa7ab7 Qc; Q)Tl q Q/a Q/b IB’YU,

_ (o, aac/q, abe/q, afab/q, ayab/q, Byeu/q; q)oo
(e, ab, ac, afabe/q?, aryabe/q?, Bryu; q)oo

q/c,ab/qu, ab/q
X 3¢2< afab)g, arab/q ,q,ﬁ’YCU/Q>
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Setting u = aab/q in the above corollary, upon noting that (1;¢)x = ok, the 3¢2 series on
the right-hand side in the theorem becomes 1, we arrive at Theorem 1.3.

The main tool to prove Theorem 1.4 is the following g-expansion formula, which is equivalent
to [13, Theorem 2| and [18, Theorem 1.1].

Theorem 1.7. If f(x) is an analytic function near x = 0, then we have

Faa) = i (1 —ag®) (o, q/a;q)n(a/q)" z”: (g7, aq™; q)quf(aqkﬂ). (1.3)

o (1 —a)(g; aa; q)n = (gq9059)k

The rest of the paper is organized as follows. In Section 2, we will provide a proof of
Theorem 1.7. In Section 3, we will give an extension of the Sears 4¢3 transformation formula and
provide a proof of Theorem 1.4. In Section 4, we will investigate the application of Theorem 1.3
in number theory, and many results including Andrews’ identities for the sums of three squares
and the sums of three triangular numbers are proved.

The following new transformation formula for g-series is proved in Section 5, it is very useful
in deriving identities for Rogers—Hecke type series.

Theorem 1.8. The following double q-transformation formula holds:

ii 4n+2 2n 7j(j+1 /2( /CL q2/C q ) (ac)n
owar e (¢%a, ¢ ¢?)

(ac, q2;(12)Oo i (q2/a, QQ/C; ‘12)n (ac>n (1.4)

- (Pa. ) = (@D q

When a = ¢ = 0, Theorem 1.8 immediately reduces to the following identity of Rogers—Hecke
type, which seems to be new,

oo 2n2+n oo 2n
Z ZZ 4n+2 4n2+2n7j(j+1)/2 (1.5)
n=>0 2n oo n=0 j=0

Choosing (a,c) = (1,0) in Theorem 1.8, we deduce that

0o co 2n

Z(_l Z Z 4n+2)q3n2+n7j(j+l)/2. (1.6)

n=0 TL n=0 j=0

Replacing ¢ by —¢ in the equation above and simplifying, we conclude that

- n X & n+] G+1/2 (1 An+2Y\ , 3n2+n—75(j+1)/2
Z => > (1 (1-g*"*2)q .
= n=0 j=0

By making the change (a,c) — (—1,0) in Theorem 1.8, we obtain that

2. 2\ 2 2
i (—a%q )nqn _ q q oo ii 4n+2 A n=i+)/2,
= (G0 )o S5

Letting (a,c) = (¢,0) in Theorem 1.8 and performing a simple calculation, we deduce that

n24+n co 2n

Z(_l)n (;12;(12) _ q q oo ZZ 1+q2n+1)q3n2+2n iG+/2.

oon 05=0
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If we specialize Theorem 1.8 to the case when a = ¢ = ¢, we conclude that

00 oo 2n
(%) ,,4" 14 g2 N\ oo
§ : (q2'q2n) _ § :2 :( 2n+1)q2n +2n j(]+l)/2.
’ n

2
n=0 7q oo n=0 j=0

It is obvious that when ¢ = ¢, the right-hand side of (1.4) can be summed by the g-binomial
theorem, namely,
i 2/@ q a" (4507,

] I CTON

Hence, setting ¢ = ¢ in (1.4) and then using the equation above, we arrive at the following
remarkable g-formula:

(4%, ¢* qa;4%) 2 & 7 +1 7 24n—j(j+1)/2 (¢*/a; q) "
(¢, a,4%a; %) nz%]z:o (4%a; ¢?),, (7)

Setting @ = ¢ in the equation above and then using the Gauss identity (see, for exam-
ple [15, p. 347])

(q; q2)oo n=0

(q2; q2)oo _ i qn(n+1)/2

in the resulting equation, we arrive at Andrews’ identity for the sums of three triangular num-
bers [3, equation (1.5)]:

oo o 00 1+ 2n+1 " il
(S oo} =SS (L s "
n=0

n=0 j=0

which implies Gauss’ famous result that every integer is the sum of three triangular numbers.

Putting a = —q and a = 0 respectively in (1.7), we deduce the following two identities:
(q2 q2 oo 2n
) ’ ZZ n 2n +2n—j(j+1)/2
(q7 —q,—4;4 n=0 j=0
and
( 2. oo 2n
Z Z 2n+1)q3n2+2n—j(j+1)/2'
( n=0 j=0

Some applications of Corollary 1.6 to Hecke-type series are discussed in Section 6. In partic-
ular, for any nonnegative integer m, we prove that

= (=g (1 + qm*”“ )m n(g; q)m+n+1

n= Oj—fn

In Section 7, we will prove the following theorem among others.
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Theorem 1.9. Fora#q¢ ™, m=0,1,2,..., we have

n(n—1)/2

an?Q o0 q
1.10
i Z (1.10)
. 1 q)n n 2n a— n+1
—Z Z )+ g3 =m) /272 <Q/aiQ) s (anH)Q(_—qn)
<a7Q)n 1 aq
n=0j=—n
or
—a,q, qoozqn(n /2 _2+2i(1+ n)(Q/ aQ)’rLa (n—1)/2
—4 9o = (a;9)n
— n qa;qn_an i Sn(n— _2
N )W S (1D (1)
n=1 TP jl<n

Setting a = ¢ in (1.11), we immediately get the following remarkable identity of Andrews
[1, equation (4.4)] (see also [9, equation (3.62)]):

. n(n— 1)/2

Zq

Replacing ¢ by ¢? in (1.10) and then taking a = ¢ and a = —q, respectively, in the resulting
equation, we deduce that

0 n(n—1) (
Z q q, q q Ooj : z : n+j 1+q2n+q4n+1+q6n+3)q3n272j
~(-¢:?), (—0.¢¢), = =
and

0 n(n—l)

q q, oo 4An+1 6n+3) .3n%—2;2

= T+ ¢ —¢"" —¢ g

> e, e 2 )

In Section 8, we will derive more identities of Rogers—Hecke type.

2 A g-series expansion formula and evaluation
of some terminating g-series

2.1 A g-series expansion formula

In order to prove Theorem 1.7, we need to review some basic knowledge of g-calculus.
The g-derivative was introduced by L. Schendel [28] in 1878 and F.H. Jackson [11] in 1908,
which is a g-analog of the ordinary derivative.

Definition 2.1. If ¢ is a complex number that is neither 0 nor 1, then for any function f(x) of
one variable, the g-derivative of f(z) with respect to x is defined as

D, f(z) = L&) = flaw)

x
and we further define Dgf = f,and forn>1, D f = Dq{Dg‘_lf}.

Using mathematical induction, one can easily derive the following formula of Jackson [11],
which writes Dy f(z) in terms of f(qka:) fork=0,1,...,n
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Lemma 2.2. For any nonnegative integer n, we have
~ @Dk gk
Do f(a) = a3 LDk gy,
! kzo (43 9)x (")
Proof of Theorem 1.7. If f(x) is a formal power series in x over the field of complex num-
bers C, then we have the following expansion formula [13, Theorem 2]:
i (1 - ag®)(q/a;¢)n(ca)"

(g, aa;q)y

flaa) = [Dg{f(@)(@; Dn-1}] ;o (2.1)
n=0
Using the Jackson formula in Lemma 2.2 and the definition of g-shifted factorial, we have the
following evaluation:
0 e (079
Di{f(@) (@ nat =2 ) (‘Jq’“f(qkar) (zd";q),
= (G

B (@™ 2d" 5a)y 4ok
_ n .
=272 @)n—1 go T f(d"z),

which gives

e () (x; _(@n (@ okd” L
Pt @) iy = (1—a)(qa)”kzo (¢, 905 9, Jad™).

Combining this equation with (2.1) completes the proof of Theorem 1.7. |

Theorem 1.7 is a convenient tool for deriving g-identities, and by appropriately choosing f(z)
in Theorem 1.7 we can derive many expansion formulas for ¢-series. Now we will provide a proof
of Proposition 1.2 using Theorem 1.7.

Proof of Proposition 1.2. In Theorem 1.7, we choose f(x) as follows:
br/q,cx/q;q
(z,bex /g2 q)

A straightforward computation shows that

_ (aab/q,aac/q;q)c
flaa) = (aa,aabc/qQ;q)oo

and

ab, ac; a, abe/q;
f(()éqk+1) _ ( ) 7q)oo(q ) /q,)k
(qa7 abc/Q)OO(ab7 (676X Q)k
Substituting these two equations into the g-expansion formula (1.3), we conclude that

(go, aab/q, cac/q, abe/q; ¢)
(o, ab, ac, aabe/q?; q)oo

& (1= ag®)(,9/a59)n(0/0)" = (a7, aq", abe/q; @)nd"
N nz_;] (1 —a)(aa; q)n k:zo (¢, ab, ac; @), '

Using the ¢-Pfaff-Saalschiitz summation formula (1.1), it is found that

— (7" aq", abe/q;0)nd" _ (g/b,a/c;@)n ((abe\"
> ()

— (gabaciq)n  (abacig \ g

Combining the above two equations, we immediately arrive at the Rogers g¢s summation in
Proposition 1.2. |
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In order to indicate the power of Theorem 1.7 again, we will use it to derive Watson’s g¢-
analogue of Whipple’s theorem.

2.2 Watson’s g-analogue of Whipple’s theorem

Watson’s g-analog of Whipple’s theorem (see, for example, [10, equation (2.5.1)]) is stated in
the following theorem.

Theorem 2.3. For any nonnegative integer n, we have
(ag, aab/q; q)n o T q/a,q/b,acd/q ‘
(aa, ab; q)n 1P ae, ad, q%/aabg™ "
_ ¢ q—n’ Q\/a, _Q\/aa a, Q/CL, Q/bv Q/Ca Q/d azadeqn
e Va, —v/a, aa, ab, ac, ad, ag"t! ' q? ’
Proof. For any nonnegative integer m, if we specialize Theorem 1.7 to the case when f(z) =
(bx/q; @)m/(x; q)m, we immediately have

aq) = (2ab/G Om
flaa) (a; q)m
and

k.
erny _ (@bd%10),, (ag;@)k(ab; )rim
f(aq ) - k+1. - . . :
(ag"5q),, (b @)i(qes @)k+m
Now begin to evaluate the inner sum on the right-hand side of the equation in Theorem 1.7. It
is easily seen that

Zn:(q_naQQRQQ)quf(aqurl mZ”: " agq”, abg™; q)rg"
( )m ‘

4,905 Q) (¢, ab, g™ as q),

k=0 k=0

Applying the ¢-Pfaff-Saalschiitz summation formula (1.1) to the summation on the right-hand
side of the above equation, we find that

(a0 ke oy (@05 m (/b0 D
2 (4,905 Q)i (ad™) = (qa;q)m(ab,qm“a;q)n( ba”™)

~(—1)" (ab; @) (9/0; (G Dm (D) 1)/

(ab; Q)n(qa§ Q)m+n(Q§ Q)m—n '

Substituting the equation above into Theorem 1.7, we conclude that

(2ab/q; @)m i (1 — ag*") (o, q/a,q/b; q)n ( aab)" n(n—1)/2
T &(l-a) ! '

(g, aa, ab; q)m (¢, aa, ab; Q) (@5 Omn (90 Qmin \ ¢

k=0

Let N be a nonnegative integer. Multiplying both sides of the above equation by
(¢ q/c,q/d;q),,q"
(¢?/acdq™;q),

and then summing the resulting equation from m = 0 to m = N, and interchanging the order
of summation, we find that

— N n . n
4¢3<q NaQ/Ca Q/dv aab/q;q’q> — Z (1 B an )(Oé,(]/(l,g/b, q)n <_Cm> qn(nfl)/Q

aa, ab, g% /acdgN (1- 04)(% aa, ab; q)y, q

n=0

5 i N q/c,q/d;q), q

(¢?/acdq™;q), (405 Q)min

(2.2)
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Making the variable change m = n 4 j and using the g-Pfaff-Saalschiitz summation again, we
deduce that

EN: (¢, q/c.a/d;q), .q"
(4 @) m—n(q?/acdg™;q), (905 Q)min
(a7, q/c,q/diq), ¢ = (N e, q" diq) ¢!

::(qa;q)zn(qg/acquéq)n ;EB (4, 4%/ acdgN =", ag> i q)

m=n

(e, q/c,q/d;q), (acq™, adq™; ) N—nq"
(q0; @)2n (2 /acdg™; q), (g1, acd/q; q)
(a7, q/c,q/d;q), (ac,ad; q)n

- - Nyn  —n(n+1)/2
(qa;q)n+N(aC,ozd;q)n(acd/q;q)N( acdq ) q )

Substituting the above equation into (2.2) and then interchanging (a,b) and (c,d), and then
change n to k, and finally change N to n, we complete the proof of Watson’s g-analogue of
Whipple’s theorem. [ |

2.3 Evaluation of some terminating g-series

This subsection is devoted to the evaluation of some terminating g-series.
Taking ¢/a = ag™*! in Theorem 2.3 and simplifying, we find that [19, equation (2.1)]

" ag™t, q/b, acd
4¢3<q " a/ /Q,’q>

Q

ac,ad, g% /b '

(g, ab;q)n (q)” g (1—-aq%)kuq/hq/aq/dnﬁj<cwcd>f

_ q 2.3
(aq,q*/bsq),, (1 —a)(q,ab, ac, ad; q); e (2:3)

b/ “
7=0

Letting @ — 1 in the above equation and making a direct computation, we deduce that

-n n+l
q " q"",q/b,cd/q
; 2.4
4¢3< c, d,q2/b 34,4 ( )
(bi@)n  (q\" S : (Q/b,q/c,q/d;qh-<bcd)j
=75~ \|7 1+ 1+¢’ — .
(qz/b;q)n/(b> ;é;( 7) (b,¢,d;q); ¢
Letting b = —q in the equation above and then putting ¢ = d = 0 in the resulting equation
yields
-n n+l n
qg g, -1 N o
3¢>2< 0._q q) = (=)™ Y (-1 (2.5)

j=—n

Taking b =d =0 and ¢ = —q in (2.4), it is found that [19, p. 2088§]

n

" 1) — (L2 3 (gt (2.6

j=—n

n n+1

2¢>1<q 4
—q

(The factor (—1)™ is missing in [19, Propositions 2.4-2.6 and Theorem 4.10].)
Replacing ¢ by ¢? in (2.4) and then putting b = —¢?, ¢ = —q and d = 0 in the above equation,
we immediately deduce that

q72n’q2n+2’_1 9 o n . .9
3¢2< e ;q,q)=<—1>”2<—1>ﬂqﬂ. 2.7

j=—n
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Replacing ¢ by ¢? in (2.4) and then setting b = —q, ¢ = —¢? and d = 0 in the resulting equation,
we arrive at

—2n . 2n+2 n
e A nf_1+t4a G’
3¢2< _q2 _q3 34,4 ) - (_Q) (1 +q2n+1> Z (_1) qa -

) j=—n

Writing ¢ by ¢ in (2.4) and then taking b = 0, ¢ = —¢? and d = —¢, we conclude that
[32, equation (2.7)]

q—2n q2n+2 q 5 1 n . o
3¢2< S ;q,l):<—1>“q"“”Z(—l)ﬂqﬂ.

y j=—n

Letting b — oo in (2.3), we arrive at the following theorem [19, Proposition 2.3].

Theorem 2.4. The following transformation formula for terminating q-series holds:

" aq" ™ acd/q
3¢2< / 14, q

ac, ad
n

_ (_a)nqn(nJrl)/Z (q; q)n (_1)j (1 B aq2j) (Oé, q/c, q/d; Q)j % jq*j(j+1)/2. (28)
(g0 ) <= (1—a)(g,ac,ad;q);  \ ¢

Letting b — 0o and d — oo in Theorem 2.3 and then setting ac = ¢~", we arrive at the

following theorem of Andrews’s theorem [3, equation (4.6)], which includes Shank’s finite version
of Euler’s pentagonal number theorem [29] and Shank’s finite version of Gauss’s theorem [30] as
special cases.

Theorem 2.5. We have

(g @) (a)” Z": (q/a:q)j(aq™) <~ (1 - ag¥)(a,q/a;q);(aja)iqg 7"

(aa; q@)n izo (25 9); - = (1— a)(q, aa;q); . (2.9)

q

Theorem 2.6. We have

5 ¢ " aq" g
3P2 q2/a’0 54,4

_ n2+2nw(0‘)" " (1~ ag¥) (. q/a;q);(a/a)iqg 7"

(g0, 4*/a;q), Na/ = (1—a)(q, aa;q);

Proof. With the help of the finite g-binomial theorem and the ¢-Chu—Vandermonde summation,
we [18, Lemma 4.1] proved that

n

-n n . cq)q—d gi(1=n)
3¢2<q 0d'q q) o (q,'q)n 5 (¢; Q)ga. q _
qc,0 (a6 @) 4= (45 9);

Replacing a by qa and ¢ by ¢/a in the equation above and then comparing the resulting equation

with (2.9), we complete the proof of Theorem 2.6. [ |
Setting a = —¢ in Theorem 2.6 and then letting a« — 1, we arrive at the following identity,
which is equivalent to [18, equation (6.1)]:
""" 2 e —_—
3¢2< ) = Gt Y (i (2.10)

j=—n
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Letting @« — 1 and a — oo in Theorem 2.6, we get the following identity, which is equivalent
to [18, equation (6.2)]:

7q q _ (_1\n,3n(n+1)/2 g 1\ —(352+5)/2
3¢2< 0.0 ,q,q>—( 1)"q > (1) B,

j=—n
Taking a = —¢ in Theorem 2.6 and then letting o — ¢~ and making some calculation, we

deduce the following identity, which is equivalent to the first identity of [18, Lemma 6.1]:

2 n n—1
, q ,q qn .2 .2
H*—— ¢" 1) g7 — —1)7q¢77 |. 2.11
son(( T ) = - )an(q S Y (1 ) 2.)
j=-n j=—n+1
Letting o — ¢~ ! and @ — oo in Theorem 2.6 and making some calculation, we deduce the

following identity, which is equivalent to the second identity of [18, Lemma 6.1]:

".q",q.
3¢2< 070 7q7q>

3n%—n)/2 n n-1
= (_1)"H <q2n Z (_1)jq—(3j2+j)/2 _ Z (_1)jq—(3j2+j)/2>‘ (2.12)

j:—n j:—n+1

Replacing ¢ by ¢ in Theorem 2.6 and then letting o — 1 and setting a = ¢, we find that

n

—2n 2n+2 2
/N Y (1 —q)  on2y3e ~2j2—j
3¢2< .0 4,9 > (1 _q2n+1)q Z q

j=—n
(1-0)  2y30 v
o =q) onzy3, —i(+1)/2
T (1 - g2 q Zo ¢’ : (2.13)
‘7:

Theorem 2.7. The following q-transformation formula holds:

- _n7 TL; k a7 b; n 1 "
Z (q q Q)kq _ (_1)nqn(n+1)/2(1 _ qn) ( Q) <>

= (a/a,q/b; )k (¢/a,q/b;q)n \ ab
1—ab (1/&, 1/b’ Q)n —ab)" —n(n—1)/2
{(1—a><1—b> A=) (@b
“ 1+q3 (1/a,1/b;q); o
; b I (—ab)lq~ 7012},

Proof. Setting 5 = ¢ and v = 0 in the Sears 4¢3 transformation in Proposition 3.6, we deduce
that

q ", aq", aab q/a,q/b;q)n [@ab\" <= (77", aq™; Q) rq"
3¢>2< ;q,q)z(//)<> Z( k"

aa, ab (aa,ab;9)n \ ¢ ) = (a/a,q/b;q)k

Replacing a by a/q and (¢, d) by (ga, gb) in Theorem 2.4, we conclude that

i (qin7 aqn; q)qu _ (_1)nqn(n+1)/2 ((L aa, Ctb; Q)n <1>n
= (a/a,q/b;q) (@, q/a,q/b; q)n \ ab

y Zn: (1 - anj_l)(Oz/q, 1/a, 1/b§ Q)j (—ab)jqu(jfl)/z.
(1 - a/q)(q, aa, ab;q);

J=0

Combining the above two equations, we complete the proof of Theorem 2.7. |
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Replacing g by ¢? in Theorem 2.7 and then taking a = —1 and b = —q, we can deduce that

n _
(q 2n7q2n;q2) q2k
1+ 2n k
SRR )kzzo (—a,—¢% 4%,

n n—1
= (-1)"¢" (f” PRICIREEEDY <—1>J’q—f). (2.14)

j:—n ]:—n-i-l

Setting a = ¢'/? and b = —¢'/? in Theorem 2.7 and simplifying, we arrive at [4, equation (5.3)]
q—n q" q n n n—1 o
32 <q1/2 ’_q’1/2 145 q) = ¢ D2 g Z g Iut/2 Z g IGHD/2
) = =

3 The g-exponential differential operator
and the Sears 4¢3 transformation

3.1 Some basic properties of the g-exponential differential operator

Now we give the definitions of the g-partial derivative and ¢-partial differential equations [21].

Definition 3.1. Given a multivariable function f(z1,z2,...,zy), the g-partial derivative of f
with respect to z;, j = 1,2,...,n, is its g-derivative with respect z;, regarding other variables as
constants, which is denoted by ., f. The formula for the g-partial derivative of f is given by

flar, ..o g, xn) — (2,0, 221,925, Tj41, . .., Tp)
Lj

aq,xjf =

Definition 3.2. A g¢-partial differential equation is an equation that contains unknown multi-
variable functions and their g-partial derivatives.

The concept of g-partial differential equations is quite useful in g-analysis [8, 20, 21, 22].
Based on 0, we can construct the g-exponential differential operator T'(y0dy, .) as follows:

Ty, =y W)

= (@9

One of the most important results of the g-exponential differential operational operator is
the following operator identity [16, equation (3.1)].

Proposition 3.3. For max{|as|, |at|, |aul|, |bs|, |bt], |bul, |abstu/v|} < 1, we have

T(b@tm){( (av; q) o }: : (av,bv,abstu/v;Q)oooo ¢2<v/s,v/t,v/u' abstu)

as, at, au; q)oo as, at, au, bs, bt, bu; q) av,bv TV v

The following proposition can be found in [20, Lemma 13.2] and its proof is very short. For
completeness, we will repeat the proof here.

Proposition 3.4. Suppose that f(x,y) is a two-variable analytic function near (z,y) = (0,0).
Then f(x,y) =T (y0q)f(x,0) if and only if Oqof = Ogyf.
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Proof. If f(z,y) = T(y0y..)f(x,0), then by a direct computation we find that 0, f = 0y, f =
T(y0q,2)0qxf(2,0). Conversely, if f is a two-variable analytic function near (z,y) = (0,0),
satisfying 0y . f = 04y f, then we may assume that

N A Y
f(xay)_nZ:OAn( )(q;q)n'

Substituting the equation into the g-partial differential equation 0, f = 0y, f, we easily find that
An(7) = 04 e An—1(x) = -+ = 0y , Ao ().
It is easily seen that Ag(z) = f(x,0). Thus, we conclude that

n

Fley) =00, f (2,0~ = T(ydy.) f(x,0).
n=0

(4 )n

This completes the proof of Proposition 3.4. |

It is proved [20, Proposition 13.4] that if f(x) is analytic near = 0, then T'(y0,z)f(z) is
analytic near (x,y) = (0,0).

Using Proposition 3.4, we [20, Proposition 13.9] proved the following proposition, which
allows us to act an infinite series term by term with T'(y0, ).

Proposition 3.5. Let {f.(z)} be a sequence of analytic functions near x = 0 such that the
series

n=0

converges uniformly to an analytic function f(x) near x =0, and the series

Z T(y9q.2) fn()
n=0

converges uniformly to an analytic function f(x,y) near (x,y) = (0,0). Then we have f(z,y) =

T(y04x)f (), or

T(yo, x){z fn(fv)} =Y T(Y04) fn(®).
n=0 n=0

Proof. If we use f,(z,y) to denote T(y0ys)fn(z), then by Proposition 3.4, we find that
Og,zxfn(x,y) = Ogyfn(z,y). It follows that 0y, f(x,y) = 04,y f(x,y). Thus, using Proposition 3.4
again, we have f(z,y) = T(y0q..)f(2,0) = T(y0q.) f (). [

A multivariable form of Proposition 3.5 is proved in [27], and a multiple g-exponential differ-

ential operator identity is derived in [26].

3.2 An extension of the Sears 4¢3 transformation formula

One of the fundamental formulas in the theory of g-series is the Sears 4¢3 transformation formula
[10, p. 49, equation (2.10.4)], which is stated in the following proposition.
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Proposition 3.6 (the Sears 4¢3 transformation formula). We have

q ", aq", apab/q,ayab/q
4¢3 34,4
aa, ab, afyab/q

- i (GO0 (T ).

(aa,ab;q)n \ ¢ q/a,q/b, aByab/q
In this paper, we will extend the Sears 4¢3 transformation formula to the following theorem
by using Propositions 3.3 and 3.5.

Theorem 3.7. The following transformation formula for double q-series holds:

z": (g™, aq", aBab/q, ayab/q; q)kq" A,

— (¢, aa, ab, Byuv; q)y,

)

_ (g/a,q/b:9)n (fmb>nzn: (¢~ aq", B,7: @)rg

(aa,ab;q)n \ ¢ ) = (a,4/a;q/b; fruv;q)i
where A and By are given by
,aab/qu, aab/qu -k 1/u,1/v
Ay = 3¢2< /e /1 1 ¢, Byuvg ) By, = 3¢2<q fu.1/ ;q,ﬁquk)
aﬁab/ q,ayab/q B,

Note that when u = 1, By reduces to 1 and when v = aab/q, A becomes 1; thus we can
take v = 1 and v = aab/q in Theorem 3.7 to obtain the Sears 4¢3 transformation formula.
Hence, Theorem 3.7 is an extension of the Sears 4¢3 transformation formula. Now we prove
Theorem 3.7.

Proof. Setting v = 0 in the Sears 4¢3 transformation in Proposition 3.6, we obtain the following
transformation:

3¢2(q‘”7aq”,a6ab/q;q’q) _ (a/a,q/b;q)n (cwb> 3¢2< g8 )

aa, ab (aa,ab;q)n \ ¢ q/a, Q/b e
Using the identity, (2;¢)eo = (2; q)k(zqk; q)oo, we can rewrite this equation as

Z": " aq"; qQ)rg" (aBab/q; q)so
(¢, a, ab; @) (Babg®/q; q)oo

a,q/b;q)n ((cab\" " " oag™; k Q) oo
_ (g/a,q/b;q) () Z(q 7" kq” (Biq)

(aa,abiq)n \ ¢ ) (= (¢9/a,9/b;0)k (8" q)oo

Multiplying both sides of the equation by 1/(Bu, fv;q)s, We arrive at

k=0

i (" aq™9kd®  (aBab/g; )
(¢, aa,ab;q)r (afabg®/q, fu, fv;q)s

a,q/b;q)n ((cab\" " " aq™ k 1) oo
:(Q/q/q)<> Z(q 4" Org (8:9)

(aa,ab;q)n \ ¢ ) = (a.9/a,q/b:Q)x (Bg*, Bu, Bv;q)o

Both sides of this equation are finite series, and each term of these two series is analytic at 8 = 0.
Hence, we can apply T'(v9, 3) to both sides of the above equation to obtain

" (g7 aq"; q)kq (afab/q; q)o
Z (@08, ab; ) T”aqﬁ){ (aBabe" /g, Bu, ﬁv;q)oo}

k=0
_ (9/a,4/b59)n (@ab\" §~ (67", g™ q)rg” (85 0)oc
 (aa,abiq)n < q > Z (a,9/a,q/b;q)k T(fyaq’ﬂ){(5qk’ﬁu’ﬁv;q)m}' (3.1)

k=0

k=0
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With the help of the g-exponential operator identity in Proposition 3.3, we have
aBab/q; q)os
(aBabg®/q, Bu, Bu;q)

(aBab/q,avab/q, Byuvg®;q) g ", aab/qu, aab/qu i
= k; : ) ¢ ¢, Bryuvg
(aBabg®/q, Bu, B, ayabg® /q, yu,vv; q) afab/q, aryab/q

and
(83 9)oo
(Bq*, Bu, Buiq)
(8,7, Byuvg®; q) <q’“,1/u, v, muvq’“)
= 3 IR) .
(Bd*, Bu, Bv,vq", yu, yv;q) B,
Substituting these two equations into (3.1) and simplifying, we complete the proof of Theo-
rem 3.7. |

3.3 The proof of Theorem 1.4

Proof. For convenience, we replace a by ¢ in Theorem 1.7 to conclude that

0o — 2n o e q)n(c n n N g k
flag) =3 (1 — ag®) (@, ¢/ q)n(c/q) Z(q(, 5D’ (32)

(1—a)(q,ac;q)n 4,905 Q)

n=0 k=0

Using the ratio test, we can easily show that the following function is an analytic function of z
at x =0:

(ax/q,bx/q, Byuvz/qo; q)so p (qa/m,aab/qu,aab/qv, ﬁwvw>
(, Babz/q?, yabe /% q) . © -\ afab/g,anablg T qa )

Hence, we can replace f(z) by this function in (3.2). It is easily seen that

(cac/q, abe/q, Byuve/q; q) o <Q/ ¢, aab/qu, aab/qu_ /5'7qu>
(ac, afabe/q?, avabe/q?q) ’

flac) = afab/q,ayab/q ' q

and

Flagh) = (aa, ab, Byuv; q)so (g, afab/q, ayab/q; q)i
(qo, aBab/q, ayab/q; @)oo (a, ab, Byuv; q)y

—k
o, aab/qu, aab/qv .
X 3¢2< aﬁab/q,a’yab/q 7(]75’}’7“)(] .

It follows that

(ag, aac/q, abe/q, aBab/q, ayab/q, Bycuv/q; ¢)o p <Q/ ¢, aab/qu, aab/qv. 570uv>
(aa, ab, ac, afabe/q?, ayabe/q?, Byuvs q) afab/g,avablg T g
_ i (1 —ag®)(a,q/c;q)nlc/q)" Zn: (¢, aq", aBab/q, ayab/q; q) k"
(1 —a)(g,ac;q)n (¢, aa, ab, Byuv; q)x

k=0

—k
q ", aab/qu, ozab/qv' &

n=0

Using the extension of the Sears 4¢3 transformation in Theorem 3.7 to the right-hand side of
the above equation, we complete the proof of the theorem. |
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4 Some applications of Theorem 1.3 in number theory

4.1 Some preliminaries

Setting ¢ = 0 and letting o« — 1 in Proposition 1.2, we find that

m_ a n n(n— 3/2M
(a,b;¢)oo 1+Z “(1+4¢")(ab)"q wba, (4.1)

Setting ¢ = b = 0 in the above equation, we immediately arrive at Euler’s pentagonal theo-
rem [10, equation (15)]

_1+Z (14 ¢")gB 2,

Putting b = 0 and a = —¢ in (4.1) and simplifying, we arrive at the following identity due to
Gauss [15, p. 347]:

(_QA =1+ 2%(—1)”(1"2 = i (—1)"g™. (42)
n=1 n=-—0o0

Replacing ¢ by ¢? in (4.1) and then putting a = ¢ and b = 0, we are led to the Gauss iden-
tity [15, p. 347]

(q2’ q2) -1 1 277, 2n? n TL+1 4 3
@, - +Z:1 +q Zq (4.3)

Applying the Sears 4¢3 transformation formula in Proposition 3.6 to Theorem 1.3, we imme-
diately obtain the following summation formula for g-series.

2‘} < 1, we have

i (1 —ag®) (e, q/c;q)n(c/q)" 5 g ", aq", afab/q, a’yab/q_q .
2 i agasgs P\ agebapable 7
(ga, cac/q, abe/q, afab/q, avyab/q, afyabe/¢?; q)
~ (aa,ab, ac,afabe/q?, ayabe/q?, afyab/g; Q).

Next, we will discuss some applications of this formula in number theory and Rogers—Hecke
type series.

4.2 Andrews’ identity for the sums of three squares

Setting 8 = ¢%/ab, v = 0 and letting a — 1 in Theorem 4.1, we conclude that

q/c Dn(c/0)" 4" q (¢, 4,ac/q,bc/q; @)oo
1 e ; = . 4.4
! Z . 20 ab )T (abeaos 4
Using the ¢-Chu—Vandermonde summation (1.2), we easily deduce that

2

gt —q' " q) g 2¢n(ntD)/2
2¢1<q 1 ;q,q> = ( ) =4 - (4.5)
—q (—q; @) 1+qn
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Taking a = ¢ = —¢q, b = ¢ in (4.4) and then using the equation above, we obtain the following
well-known identity for the sums of two squares (see, for example [2, equation (3.35)]):

o0 9 q" (n+1)/2
—1)"¢" =1+4 .
2 (=D Z T
n=-—00
Using the ¢-Pfaff-Saalschiitz summation formula (1.1), it is found that
s ( "q", qqq>:(—1;q)iqnz 4q"
¢, —q " (—¢0n (14"
Putting a = b = ¢ = —¢ in (4.4) and then substituting the above equation into the resulting

equation, we arrive at the Jacobi identity for the sums of four squares (see, for example, |2,
equation (3.40)])

(5 o)~

n=—0oo

)

Upon putting b =0, a = ¢ = —q in (4.4), we immediately conclude that

(q; ( "% q >
7—1+2 14,4 |-
q Z _Q70

(—q

By a direct computation, it is found that (2.11) can be written as follows [19, equation (3.10)]:

3¢< e q,q,q>= 20y (gt S0

,0 1+q" 1+ gn
—q q A+q") o=

Combining the above two equations and using the Gauss identity (4.2), we arrive at Andrews’
identity for the sum of three squares [3, equation (5.16)]

o0 3 oo
2 1-— _
D By O e M Wi

n=-—00 l7]<n

It should be pointed out that based on this identity, D. Krammer [12] deduced the classical
result of Legendre that a natural number is a sum of three squares if and only if it is not of the
form 4% (81 + 7).

Letting a = b =0 in (4.4) and then using (2.12), we obtain

(G0 < ont1y (2/6G Dnc” (324 /2 (354
o _ —1) (1 = 2t HE o dn _1)I o(Bn*+n)/2—(35°+5)/2 4.6
a2 nzzo( Ol B b j:z_n( Yq (4.6)

When ¢ = 0, the above equation becomes [13, equation (1.2)]
Z Z 2n+1)q2n2+n7(3j2+j)/2.
n=0j=—n
Replacing ¢ by ¢? in (4.6) and then setting ¢ = ¢ using the Gauss identity (4.3), we conclude that

[e.e] n

(i qn(n+1)/2> Z Z n—l—j 1 +q2n+1)q3n2+2n 3j%—j
n=0

n=0j=—n
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Putting ¢ = 0 in (4.4) gives

“n n 2
Jrgnin- n " q"q 495
1+§ 1/2(1+q)3¢2< Wb ;q,q)—(ib‘;) :

Replacing ¢ by ¢? in the equation above and then putting @ = —q, b = —¢? and finally us-
ing (2.14), we obtain [13, equation (1.7)]

(q; q) Z Z 2n+1 l)jq2n2+n—j2'
n=0j=—n

Setting a = 0 and b = —¢ in (4.4) and then using (2.11) in the resulting equation, we can
find that for c £ ¢ ™, m=0,1,2,...,

(q,q, Z Z n+] q2n+1)qu2—j2‘ (4.7)

(c,c,—q5q (¢ @ns1

n=0j=—n
Letting ¢ = 0 in (4.7), we immediately arrive at the following identity:
Z Z 2n+1)q(3n2+n)/2—j2‘
n=0j=—n
Replacing ¢ by q2 in (4.7) and then putting ¢ = —¢q, we conclude that

(45 9)oo (4% ) 2ntbn-2)?
(— oo (4 IDNC Jor

n=0j=—n

Setting a = ¢ and v = 0 in Theorem 4.1, we immediately arrive at

> ¢ q)nlc/q)™ n g™t Bab ,ac, be, fab; q)so
Z(Q/ Q). (¢/q) (1_q2n+1)3¢2(q ", B 7 7q> (¢ B q? s
—= (@G qa, gb (qa, gb, qc, Babe/q; q)so

Replacing ¢ by ¢? in (4.8) and then taking 8 = ¢*/ab, we deduce that
n
o~ (C/68), (/C)” ey (T
Z ( 2. 2) ( q )3¢2 a. a2b 3454
= (s, q?a,q
(4% ac,be, ¢*; ¢%)

(¢%a, ¢%b, qc?, ¢;62) (4.9)

Taking a = ¢, b = 0 in the equation above and then combining the resulting equation with (2.13),
we find that

oo 2n ch
((qq CQququ ZZ 1+q2n+1 2n%+n— j(jH)/Q(q(q/chq))' (4.10)
’ n=0 j=0

Letting ¢ = ¢ in the equation above, we immediately arrive at Andrews’ identity for sums of
three triangular numbers (1.8).
Taking ¢ = 0 and ¢ = —¢q respectively in (4.10), we immediately deduce that

(2 oo 2n

Z Z 2n+1)q3n2+2n—j(j+1)/2’

n=0 j=0
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and
(45 @)oo iiﬂ JrginHn=iGi+1)/2,
(q q n=0 j=0

Using the ¢-Pfaff-Saalschiitz summation formula (1.1), it is found that
2n+2 2 2 2n
" 1—q)%q
3¢2< ;qQ,q2> ~{1-9 7- (4.11)
q ,q (1 _ q2n+1)

Choosing a = b = ¢ in (4.9) and then combining the resulting equation with (4.11), we arrive
at the following interesting g-identity:

(% % 90064 i (1+¢>) (¢° /%) " (4.12)

(¢.9.¢.¢%c:¢%) . = (- (Pee?),

Putting ¢ = —q and ¢ = 0 respectively in the above equation, we find the following two
generating functions for the sums of two triangular numbers:

[e.o] 2 o0
() -3 20 @19
n=0

n=0
and
(io: ( +1)/2> ? io: (1 + q2n+l)qn2+n
7o) =3y .
n=0 n=0 (1 B q2 +1)

Identity (4.13) can be found in [6, p. 397, Entry 18.2.4], and can also be found in [24, Theo-
rem 3.8].

Putting ¢ = ¢ in (4.12), we can arrive at the following identity for the sums of four triangular
numbers, which is similar to Andrews’ formula for the sums of three triangular numbers:

0o 4 0 2n+1

(Seen) -l ot
n=0 n=0 (1 - q2n+1)

We can derive the Legendre formula for the sums of four triangular numbers from (4.14) through

some g-series manipulations [6, Entry 18.2.5].
In their interesting paper, Chen and Wang [9, equation (3.43)] prove that

7q 7q ]-_q 77,2 3n)/2 n —i(i+1)/2
(s i) = (Tt = 32 aomr (4.15)
j=-n

Let us choose a = ¢'/2, b = —¢"/? and f = —1 in (4.8) and use (4.15). Then we deduce that
for |¢| < 1,

(¢: 0% (¢ ¢%) q/c D" n(n+1)/2-iG+1)/2,
(¢,q¢;q) oo (QQ) ZZ N

n=0j=—n

When ¢ = 0, the above equation becomes

( Z Z n nn-i-l) j(j+1)/2‘

n=0j=—n
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5 The proof of Theorem 1.8

5.1 An application of the Sears 3¢, transformation

The Sears 3¢9 transformation formula states that (see, for example, [14, Theorem 3])

ar,az,a3  biby '\  (b2/a3,biba/araz; q)eo bi/ai,bi/az, a3 bo
302 = 302 — .

bi,ba 7 arasas (b2, b1b2/a1a2a3; q) oo bi,biba/aras ' ag

By making use of the above equation, we immediately conclude that

q/c,cab/qu, cab/q
& ( aBab/q, ayabfg " mcu/q)

B (ayabe/q?, 5’Vu«q)oo ¢2< q/c,Bu, B a’yabc)

~ (avyab/q, Byeu/q; q)oo aBab/q, pyu’ P @2

Combining this equation with Corollary 1.6, we are led to the following theorem.

2‘} < 1, we have

i (1 —aq*")(a, q/a,q/b.q/c;q)n (a“bc>n4 3<q P ’q)

(1 — a)(q, aa, ab, ac; q)n P2 Ja,q/b, Byu’ !

_ (qa, cac/q, abe/q, aBab/q; ¢) s <Z5< q/c, Bu, B oz’yabc)
= (aa, ab, ac, afabe/q?; q) aﬁab/q,ﬁfyu’q’ 2 )

n=0

Theorem 5.1 includes the following well-known result [10, equation (3.8.9)] and [19, Theo-
rem 1.8] as a special case, from which one can derive the Rogers—Ramanujan identities.

Proposition 5.2. For |aac/q| < 1, we have the q-transformation formula

(qa, cac/q; q) oo # Q/aaQ/Cvabd/q.q%
(aa, ac; q) 3902 ab, ad g

_ Z 2” (e, q/a,q/b,q/c,q/d; q)n (—a%bcd)nqn(n—l)/?‘

1—a ) (g, aa, ab, ac, ad; q)n q?

Proof. Letting 3 = q/a, ¥ = q/b and u = aabd/q* in Theorem 5.1, we immediately deduce
that

(1 —aq®)(a,q/a,q/b,q/¢; Qn <aabc> 2¢1< n’aqn;q,Q>

= (1 —a)(q, aa, ab, ac; q), q? ad
_ (g, aac/q;9)o 5 q/a,q/c,abd/q  aac
(aa, ac; q)so 372 ab, ad g )

Using the ¢g-Chu-Vandermonde summation formula in (1.2), we deduce that

q—n’aqn‘ _ (Q/d; q)n o n_ n(n—1)/2
2¢1< ad 7q7Q>_ (Oéd7q)n( ad) q .

Combining the above two equations completes the proof of Proposition 5.2. |
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5.2 The proof of Theorem 1.8

Proof. Setting & = ¢, u = at and 5 = ¢/a in Theorem 5.1, we immediately deduce that

i(l _ ) (¢/a,q/b,q/¢;@)n <cd?0>"3¢2<q”,q”“,7_ . q)
—~ (qa,ab,q¢;q)n  \ ¢ /byt "7
_ (g,069)% 3¢2<q/a,q/c, qt, abcv) (5.1)
(qa, qc; @)oo ab,qvt 7 q

1

Replacing ¢ by ¢% and then putting t = 0, b = ¢~ !, ¥ = ¢? in the resulting equation gives

2 2.2 _
i(l—q4n+2) (¢*/a.¢*/6: @), (ac\" (1=g**! so( 1 2n’q2n+2’qQ'q2 7
2 ) q3 1—gq q370 A

= (4%a,¢%c; %),
_(dhasd?) ¢*la,*[c. o ac
(e, d?) d)( q ’q’Q>'
Substituting (2.13) into the equation above and simplifying, we complete the proof of Theo-
rem 1.8. |

By making use of (5.1), we can also prove the following theorem.
Theorem 5.3. We have

i1y j2n (@/a,d?/ciq?) (ac)”
Z Z 2 +1)q ( > )2

n=0j=-n (q a,q%c;q )n
_ (@ casq?) i (¢%/a,¢?/c; QQ)H(GC/Q)H.
(¢a, ;%) = (=@ @)an (1 + > )

Proof. Replacing ¢ by ¢? in (5.1) and then putting b= —¢, t = 1 and v = —1 in the resulting
equation, it is found that

) ( 2 2/, 2 n o2n  2n+2
¢*la,q*/e;q?), [ ac N S
(1+q) ) (1—¢™" ”(—> 3<Z>2< 147, q
nz:% (¢%a, ¢ ¢?) q —q, —q2
(7% aci ¢®) */a,¢*/e,q*, 5 ac
= 7T 5 5 o\ ¢ 2 7q y *
 (Pa,¢?c?) —¢3,—q q
Substituting (2.7) into the equation above, we complete the proof of Theorem 5.3. |

Letting a = ¢ = 0 in Theorem 5.3, we immediately arrive at the identity

0 2n2+4n

q 2 52
2 1+ )~ 0)2n Z Z — )P

n=0 OO n=0j=—n

By taking (a,c) = (1 0) and ( c¢) = (—1,0) respectively in Theorem 5.3, we find that
= ( 1) (q q n+ 2n+1Y n2+j52
S AT S 5 s

qq2n

n=0 n=0j=—n

and
o0 Tl2

q q q 2 2
Z (1+q2n+1) (_q;q2) — 00 Z Z 2n+1)qn +7 .

n=0 oo n=0j=—n

Setting a = g and ¢ = 0 in Theorem 5.3 and simplifying, we deduce that
0 n(n+1)

n (q;qQ)nq _ 49 oo n ] n24n+j
2.1 (1+ @) (—q;@)an Z Z P

n=0 OO n=0j=—n
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6 Some applications of Corollary 1.6
to Rogers—Hecke type series

In this section, we will discuss the application of Corollary 1.6 to Rogers—Hecke type series.

6.1 Application of Corollary 1.6. Part I

The first main result of this section is the following theorem.

Theorem 6.1. For |a| < 1 and |c| < 1, we have

i (Q/C, Q)ncn qn(n+1)/2
— (4%¢%),,(1 + aq)

_ (ga, qc, —ac; q)oo Z Z 2”+1)q”2_j2 (q/a,q/c; q)n(ac)".
a;

(Q7 ac,—a;q OO (qau qc; Q)n

n=0j=—n

Proof. Setting u =0, vy = ¢/a in Corollary 1.6, we immediately find that for max{|aBabc/q?|,
|abe/q?[} <1,

i (1 - ag®)(a,q/a,q/b,q/c;q)n (aab0> 3¢2( @ ’B,q,Q>

~  (1-0a)(gaaab acq)n ¢ 0,q/b

_ (g, aBab/q, aac/q; q) Z (q/c,aab/q; q)n (_O‘ﬁbc>nqn(n—1)/2_ (6.1)

B (aa, ac, aBabe/q?; q (q,ab,afab/q; q)n q

Setting « = f = ¢ and b = —1 in (6.1), we deduce that

o8] 1— 2n+1 “q)n n —-n ,n+l
Z( ¢*"*')(q/a,q/cq) <_czlc> 3¢2<q ,q_q,q;q’q>

= (ga,qc; @)n 0,

(¢, —a,a¢;Q)sc @/ Dnc"  pmi1y)2
3y '

 (qa,9¢, —ac; @)oo = (25 ¢%),,(1 + ag™)

Substituting (2.10) into the left-hand side of the equation above, we complete the proof of
Theorem 6.1. |

Putting a = ¢ = 0 in Theorem 6.1, we arrive at the following identity of Rogers—Hecke type:

oo 24n

q" 2, .2
e e DD DS IR Ty
— q ’q n n= Oj_fn
If we specialize Theorem 6.1 to the case when ¢ = 1, we conclude that
i gt/ Z Z gy gt (Q/G;Q)na". (6.2)
n(1+ ag) (a3 @)n+1

= n=0j=—n

Letting a = 0 in the above equation, we immediately obtain the Andrews—Dyson—Hickerson
identity [7]

n(n+1)/2

i q Z Z n+j q2n+1) q(3n2+n)/2—j2‘

n=0j=—n
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For any nonnegative integer m, taking a = ¢™*! in (6.2) and noting that (¢"™;q), = 0
for n > m, we can get (1.9).

Replacing ¢ by ¢? in (6.2) and then setting a = ¢ and @ = —q respectively in the resulting
equation, we deduce that

- qn(n—l—l 1 2n+1Y , 2n2+n—2;2 6.3
Zo (—¢% @), (1+ ) Zo Z +q" g (6.3)
n= ! n=0j=—n
and

> n(n+1)

q n+] 2n+1\ ,2n2+n—252

— ¢ g :

> e 2 X

It should be pointed out that (6.3) is different from the following identity of [31, equation (2.8)]
due to Wang and Chern:

n (n+1)

n+] 2n+1 2n2+n—j2
S iy = 3 U,
= ’ n=0j=—n
If we specialize Theorem 6.1 to the case when ¢ = —1, we deduce that
o qn(n+1)/2
> (=)
= (¢ 9)n(1 + agq™)
( q,a,a; q n+] 2n+1 n2—j2 (q/a7 q)nan
= —q q == 6.4
(¢, 0, ;@)oo nZOJZn ) (a3 @)n+1 (64)

The special case when a = 0 of the above equation gives the third identity in [19, Proposi-
tion 1.11]

i(_l)nqnﬁfrl)/Q _ q, oo Z Z 2n+1)q(3n2+n)/2—j2‘
= (4 9)n P S

Putting a = ¢ in (6.4) and noting that (1;¢q), = dn0, we find that

e o qn(n+1)/2 B (Q;Q)oo
ny?)( D (@ )n(1+¢") (¢ @0

Replacing ¢ by ¢? in (6.4) then setting a = g and a = —q respectively in the resulting equation
yields

i n n(n+1) _ (Q7Q7 Z Z TH-] 1 +q2n+1)q2n +n—2;2
I+ (--0.0%¢%) =5

and
0 yrgnntD) (—q,—q,—d% q - g2 225
Z_: — @) (q,q,6%¢?) ,;)]Z_:n ) |

Putting (a,c) = (1,0) in Theorem 6.1, we arrive at the following identity of Rogers—Hecke
type:

— q n n n2+4n)/2—j52
2 (@) +q) Z Z Pt

n=0j=—n



24 Z.-G. Liu

Letting « — 1, 8 =g and a = ¢ = 0 in (6.1) and simplifying, we conclude that

oo 2 o0
qn b" n (q/b7 q)nbn n(n—1) qfn7qn’ q
N =14 > (14 )T 10,9 ). :
(Q7 q) (Qab; Q)n n:l( K ) (b; CI)n 1 32 07Q/b ¢4 (6 5)

n=0

Letting b — oo in the equation above and then using (2.12) in the resulting equation, we find that

i(_l)nqn(nJrl) Z Z 2n+1)q2n2+n—(3j2+j)/2‘
n=0 (q Q) n=0j=—n

Replacing ¢ by ¢ in (6.5) and then using [9, equation (5.33)] in the resulting equation, we can
arrive at (1.5).

6.2 Application of Corollary 1.6. Part II

The second main result of this section is the following theorem.

Theorem 6.2. We have

e 4n+2 (¢*/a,¢%/c; qz)n(ac)n 2n%—j(j+1)/2
ZZ 2. 2. 9 q
n=0 j=0 (qanyQQ)n

Lol i (¢*/e.a/5: %), (=¢)" PGS

T (1-a/@) () = (Gam(ad),

Proof. Setting o = ¢ in (6.1) and then replacing ¢ by ¢* and finally taking (b, ) = (q’l, q),
we arrive at

0o 2/a, 2/ q?) (ac/®)" /1 — g2n+1 ng2nt2
ST (-2 (@*/a.q/ei”),, (ac/ ) d son( 12
(4?a,¢%c; %), 1—gq 0,43
_ (o). i (¢*/e, a/q;q2)n(—0)"qn(n71>
(L —ac/@®) (@ d?) iz (G Don(aid?), '

n=0

Substituting (2.13) into the equation above and simplifying, we complete the proof of Theo-
rem 6.2. |

Putting @ = ¢ = 0 in Theorem 6.2, we immediately arrive at the following identities of
Rogers—Hecke type:

e q2n2 oo 2n )
Z Z Z 4n+2 4n +2nfj(j+l)/2.
n—0 (q;q)g ) oo n=0 j=0

If we specialize Theorem 6.2 to the case when ¢ = 0 and ¢ = 1, we deduce that

00 q —n oo 2n ) .
Z( 1 n Z Z 4n+2)q3n +n—j(]+1)/2'
n=0 TL n=0 j=0
If we specialize Theorem 6.2 to the case when a = 0 and ¢ = —1, we deduce that

co 2n

i(—QQ;QQ)nann_ —¢%; q OOZZ 4n+2 3n2+n—j(j+1)/2.

= (G ) S5
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By letting (a,c) = (0, ¢) in Theorem 6.2 and simplifying, we conclude that

o) 2 co 2n

Z(fl)n (q2q.q2) . q q oo ZZ 1+q2n+1)q3n +2n—j(j+1)/2

n=0 OOn 05=0

Upon taking (a,c) = (0, —¢) in Theorem 6.2 and simplifying, we obtain

0o (_ . 2) n2 oo 2n
Z $97),9 _ \T%4 )oe Z Z dan) P en—iGn/2,
n=0 (QQ; q2)n oo n=0 j=0

Putting (a,c) = (—¢,0) in Theorem 6.2 and making a simple calculation yields

2
io: ( (—1;q2)nq2n ii 1+ q2n+1 3n*+2n—j(j+1)/2
n=

0 Q7q)2n(_qaq2) oon 05=0

6.3 Application of Corollary 1.6. Part III

The Sears 4¢3 transformation in Proposition 3.6 can be restated as follows:

4¢3< _aq™, B, y q> _ (qae/e,ed/B; @Qn (Bv) 4¢3(q—n,aqn,d/ﬁ,d/W;qvq>.

¢,d,qafy/ed’” (c.qaByiq)n \ d d,dc/Bv,qa/c
Setting v = 0 in the above equation, we immediately deduce that
caq™, B n n(n-1)/2(22/¢; @)n qg " aq",d/B_ qB
L, iq,— . 6.6
3¢2 < c, d 34,4 ( C) q (C, q)n 3¢2 d, qa/c 34, c ( )

Setting v = ¢/a in Corollary 1.6 and simplifying, it is found that
i (1 —aq®)(a,q/a,q/b,q/¢; qQ)n <aabc>”3¢2< ag", - >
n=0 (1 - a)(q,aa,ab, QC; Q)n q2 Q/b qﬁu/a’ ’

_ (ga,aac/q,aBab/q, Beu/a; q) oo p (q/c,aab/qu,aab/q' ﬁcu)
B (aa,ac,aﬁabc/q2,qﬁu/a;q)oo3 2 afab/q,ab )

With the help of (6.6), we deduce that

,aq™, B (@D Dn [ A\ an-1)2 <q ,aq",qu/a >
3¢2<q/b qﬁu/a’q"">‘<q/b;q>n< 5) (T B

Combining the above two equations, we are led to the following g-transformation formula:

i (1—ag®™)(a,q/a,q/c;q)n (_cmc)"qn(n_l)/23¢2<q saq”, qu/a7 ,Bb)

= (1—-0a)(g,aa,acq)n q ab, qBu/a
_ (gqa,aac/q,aBab/q, Beu/a; q)oo p (q/c7 aab/qu, cab/q ﬁcu)
B (aa, ac, afabe/q?, qBu/a; q)oo 2 afab/q,ab )
Setting a = ¢, u = 0, § = b = —1 in the above equation and simplifying, we arrive at
- a,q/C;q)n — -, et
Z(l _q2n+1) (q/ Q/. q) (_ac)nqn(n 1)/2 2¢1<q q g, 1>
= (qa, qc; q)n —q

_ (-0 (@@ o (0/6,=a@)n(=0)" o1y
(1 —ac/q)(qc; q)oo; (%), (@0 '

Substituting (2.6), we are led to the following theorem.



26 Z.-G. Liu

Theorem 6.3. We have

20 g (4/a,4/¢ @ n
nz;JJz_:n )q] (qa,qc; q)n (ac)
_ (1-a)($9) (¢/c, —a;)n(=0)" nm-1)/2
(1 —ac/q)(qc @) n;) (4% ¢2),(a;9)n " '

If we specialize Theorem 6.3 to the case when a = 0, then we find that

Z Z n+] q2n+1)qj2+n(n—1)/2 MCTL

(q¢:q)n

n=0j=—n

(¢; @)oo (¢/c; q n(n—l)/2 6.7
(D) nzo )n q : (6.7)

Putting ¢ = 0 in the equation above, we arrive at the identity [19, equation (4.12)]

i an Z Z 2n+1)qn2+j2‘
n=0 (qQ; q2) n=0j=—n

Letting ¢ =1 and ¢ = —1 in (6.7) respectively, we conclude that [19, equation (4.13)]

0 nn 1)/2

Z Z Z 2n+1)qj2+n(n71)/2

= n=0j=—n
and [19, equation (4.14)]
X n(n— 1)/2

q
%

Replacing ¢ by ¢? in (6.7) and then putting ¢ = ¢ and ¢ = —q respectively in the resulting
equation, we deduce that

= q° q:4q
Z(_l)n ((q4.q4))n an _ oo Z Z nJrj 1 +q2j+1)q2j +n?
) n

n=0 oo n=0j=—n

q q ) Z Z 2n+1)qj2+n(n—1)/2.

T4 n=0j=—n

and

= (—:4%), e —; ) 2
Z (q4-q4)nqn B OOZ Z g )qj )
n=0 ?

n oo n=0j=—n

If we specialize Theorem 6.3 to the case when ¢ = 0, we find that

[e.9]

Z

— Q)

ZZ 1y ( q2"+1)qj2+"<"—”/2<q/a—;q”‘a"- (6.8)

(a5 @)n+1

n=0j=—n

Letting a = —1 in the equation above and noting that (1;¢), = dn0, we deduce that

[e.e] n

(], oo _ Z Z 2n+1)qj2+n(n—1)/2.

n=0j=—n
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Replacing ¢ by ¢? in (6.8) and then putting @ = ¢ and a = —q respectively, we obtain that

= —¢;¢° :
Z ( 4'(q4) (q)‘nz q2n Z Z n+] q2n+1)q2]2+n2

TLZO q’ n 7q)n OOTLOJ——TL

and

i (QS qz)nqan Z Z 2n+1) 252 4n?
(05 (—g; q :
n—=

— (¢%¢%),,( G), ) oo 12552

Multiplying both sides of (6.8) by (1 — a) and then letting a = 1, we deduce that

i : ‘(—1;Q();2q'q 5 Z Z 1) q2n+1)qj2+n(n—1)/2'

— (¢ 0)n—1 =

7 The proof of Theorem 1.9

For simplicity, we denote the finite theta function S, (q) by
R
Su(q) = > (=Yg 7" (7.1)
j=—n
In this section, we will prove the following theorem, which is more general than Theorem 1.9.
Theorem 7.1. Let S,(q) be defined by (7.1). Then for max{|al,|c/q|, |ac/q|} < 1, we have

= @/ c\" _ (=g,0,¢—ac/q @)oo
2 (—a;Q)n< Q> (g —a,—¢/q,a¢/¢; 4) oo

n=0

) <2 N i(l . qn)qn2_2n (q/a,q/c; q)n(ac)” (q"Sn(q) — Sn—l(Q))> :
n=1

(a,¢;q)n

Proof. Setting & — 1, v = ¢/a and u = at in Theorem 5.1, we immediately find that for
max{‘ﬂabc/qﬂ, ‘bc/q‘} <1,

q/a q/b,q/c;q)n ( abe "q" B
1+Z (a,b, ¢ q)n <q2> 3¢2< q/b,qt " q)
_ (9:0¢/0,bc/q, fab/ g d)oe <Q/C , Bat, 3 bC>.

(a,b,c, Babe/q?;q) Bab/q,qBt’ "

When a = ¢ the left-hand side becomes 1, and at the same time, the above equation reduces to
the ¢-Gauss summation formula.
Setting b = —1, ¢t = 0 and 8 = ¢ in the equation above, we deduce that

i (/@) (_C>n _ ((“L a,c, —ac/q; @)oo
; q q,—a,— :

= (—a;q)n ¢/q,ac/q; q)s

q/a a/c;@)n (ac\"  (a7",q",q
2 MDD (28 ; .
( +Z a c; q) ( q2> 3¢2 —q,O 34,94
Substituting (2.11) into the right-hand side of the equation above, we complete the proof of
Theorem 7.1. |

(7.2)
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Let ¢ = 0 in Theorem 7.1, we can immediately get Theorem 1.9.
Letting a = 0 in (1.10), we immediately get the following identity:

M (i " 1)/2) Z Z I(14q" —g*ntt — i) g (7.3)

(=)o \ = ==

Suppose that m is a nonnegative integer. Taking a = ¢™*! in (1.11) and simplifying, we get
the following identity:

(@ Dm <~ _g"" D2 (4:9);
=242 "(144q") o
(=& @)m nz:% (—gm*hq), Z (q; Dmtn (@3 Dm—n
—~ (1-¢*")(zq
+ Z @) Z 1)q 2n%—n—j?
o (@ Dmin (6 Dmn 7=

If we specialize (7.2) by taking 5 = ¢, we immediately conclude that
q/a q/b,4/¢ q)n (ab6> < "q" q
1+ 1 +4q ¢2 34,4
Z (a,b,¢;9)n q° a/b, ¢*

_ (g,a¢/q,bc/q, ab; q)o Z (4/c,qat; @)n <b6>" (7.4)
(a,b,c,abc/q; q)oo abqtq q) .

Setting a = ¢ = 0 in the equation above and simplifying, we deduce that

o0

Z n(nfl)/Q
2t
b; ¢)oo - (4/5 D" n1) <q " q >
= 1+ 1+¢")—"—"=—¢"\" 14, 7.5
(q;q)w< ;( ) g ¢ 302\ ", g2t 0 (7.5)

Setting b = —1 and ¢ = 0 in the equation above and then using (2.11) in the resulting equation,
we can arrive at (7.3) again.

Replacing ¢ by ¢? in (7.5) and then putting b = —q and t = —¢~2 and finally using (2.14) in
the resulting equation, we deduce that

i an 44 Z Z ¢ +2) 3nZ+n—j2
— oo n q n“+n—yj .
n=0 (_q2;q2)n oo n=0j=—n

Replacing ¢ by ¢? in (7.5) and then putting b = —1 and ¢t = —¢~2 and finally using (2.14) in the
resulting equation, we find that

0 n(n—1)

Z (iqq2) = q q 00 Z Z 1 +q _ q4n+1 _ q6n+3)q3n2_]~2.

n=0 oo n=0j=—n

Multiplying both sides of (7.4) by (1 — a) and then letting a — 1 and putting ¢ = 0, we
conclude that

- _ . 2n (Q/b;Q)n _p\n,n(n—3)/2 q—njqnjq'

_ i M(_b)nqn(n—l)/? (7.6)
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Setting t = 0 and b = —1 in the above equation and then using (2.11) in the resulting equation,
we find that

n(n+1)/2 o0

2+ Z q Z Z n+] q4n+2)qn(3nfl)/2fj2'

n=0j=—n

Replacing ¢ by ¢? in (7.6) and then putting b = —¢ and ¢t = —¢~2 in the resulting equation and
finally using (2.14), we conclude that

n2

9]
R e e D ID DI (BT T
n=1

n=0j=—n

Replacing ¢ by ¢? in (7.6) and then putting b = —1 and ¢ = —¢~2 in the resulting equation and
finally using (2.14), we deduce that

o0 n(n+1)

q
2q+(1+Q)nz; (_qg; 2) (1+q2n+1)

_ Z Z n+] q4n+1 + q2n o q6n+4)q2n27n7j2'

n=0j=—n

8 More Rogers—Hecke type series

In this section, we will continue to discuss the application of Theorem 5.1 to Rogers—Hecke type
series.

8.1 More on Rogers—Hecke type series. Part I
Theorem 8.1. For |ac| < 1, the following double q-formulas holds:

00 2 2 2 n
_ ontl (q /a,q°/c;q )n n _1\j . n2—j2
nz:%(l ) (o fad), jz—:n( i
_ (e ), i (¢®/a,q*/c; %), (a0 (5.1)
(¢?a,¢%c;¢?) o = (L+ > M) (g% q) ‘ '

Proof. Setting o = ¢, u = at and 5 = ¢/a in Theorem 5.1, we immediately deduce that

i(l _ q2n+1) (¢/a,q/b,q/c;q)n <abc>n3¢2 <qn7 ¢+ 7. q C])
vt (qa,qb,qc;q)n \ «q a/b,gyt 7
_ (3069w 2<Q/a,q/0, qt abcv) (8.2)
(ga,q¢; q)oo ab,qvt T g

Replacing g by ¢? in (8.2) and then setting v = ¢, b = —¢, t = —1/q in the resulting equation
and finally dividing both sides by (1 + ¢), we get that

i(l B q2n+1) (qQ/a, ¢ /c; q2)n( aC) ¢2(q m g2, q.q2 q2>
vt (¢%a, ¢>c;4%) q —q,—¢>

(% a6¢*) , = (¢*/a,¢*/c;q?), N
= —ac)”. 8.3
(a0, ¢%c; ?) nzzo (1 + 1) (g q4)n( ) (8.3)
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Letting o — 1 in Theorem 2.4 and then replacing ¢ by ¢® and finally setting ¢ = —¢q, d = —¢?,

we deduce that [4, equation (6.15)], [19, equation (4.5)]

—2n 2n+2 n

q 4 yd 2 j —j2

362 ( e ;q2,q2) — (1t S (—1yig (5.4)
4, —q =,

Substituting (8.4) into the left-hand side of (8.3), we arrive at (8.1). We complete the proof of

Theorem 8.1. |

Many identities of Rogers—Hecke type can be derived from this theorem; we present only
a few of them here.

Setting ¢ = 0 in (8.1) and then putting a = 1 and a = —1, respectively, in the resulting
equation, we immediately find that

i gt Z Z 14 (1 — g2ty g2’ +n=i?
= L+ ) (=a%g =0 j——n

and
- (gt

q q o) 2n+1 2n2+n7j2
nz_:o (1+q2n+1)(q2;q2) - Z Z )a .

OO n=0j=—n

If we specialize Theorem 8.1 to the case when a = ¢ = 0, then we conclude that

Z Z 2n+1)q3n2+2n—j2'

OO n=0j=—n

& n 2n +2n

Z 1+q2n+1

— )(ahqY),

Taking ¢ = 0 in (8.1) and then putting a = 1/q and a = —1/q respectively in the resulting
equation, we conclude that

[e.e]

q;9 n+1q . q q OO 7L+j 2n+1\2 27’L2—j2
2 14—(12”+1 )(a%dt), ji: 2{: R
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and

2

o0 A\n(_ . 42 n —q;
Z( 1) ( 'q’4q )nq _ 44 oo Z Z 4n+2)q2n2—j2.

4
n=0 (q 4y oo n=0j=—n

Setting (a,c) = (1,q) in (8.1) and then replacing ¢ by —¢q in the resulting equation, we find
that [31, equation (2.10)}

[e.9]

S o e =3 Y

n=0j=—n

Using the same method as the derivation of Theorem 8.1, we can prove the following theorem.

Theorem 8.2. For |ac| < ¢, we have

o0 2 2/ 2 n
1— 4n+-2 (q /a”q /C’q )n ac)” -1 j n*—n—j2

2 ji: 2/@ #/aq ) (__ac>7ﬁ (8.5)

 (q%a, ¢%c; ¢%) 1+q”‘ (—¢,0%¢), \ ¢

oonO
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Putting a = ¢ = 0 in (8.5), we are led to the following identity of Rogers—Hecke type:

E:E: ]3n+n]

OO n=0j=—n

0 n 2n2+4n

— —0,¢% ),

Taking a = 1 and ¢ = 0 in (8.5), we arrive at the following identity, which is equivalent to
[31, equation (2.6)]:

%)
L 2Y e = 3 3 (g
n=1

n=0j=—n

Upon taking a = g and ¢ = —¢ in (8.5) and simplifying, we conclude that
oo n

(q;q2)nq (] q oo n+] n+n—j2
22 (1 _|_q2n) (q2;q2) Z Z ’
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8.2 More Rogers—Hecke type series. Part I1
The following theorem is the corrected version of [19, Theorem 4.10].

Theorem 8.3. For |c| < 1, we have

3 (q/a,q/c;q)n(ac/q)

P (q2'q2)
qa 46 q) oo A (q/a,q/c;q)n e\
~ (q,a6 ) Z Z o (ga, q¢; @)n (ac)” (8:6)
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Proof. Setting o = ¢, u = at and 5 = ¢/a in Theorem 5.1, we immediately deduce that

o

a, b> C4)n abc " —n7 n+17
Z(l_q2n+1)(q/ q/ q( q) <> 3¢2<q q 7;q7q>
q/b, qt
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Choosing v = —1, t = 0 and b = —1 in the equation above, we conclude that
e . n -n ,n+l
q/a,q/cq ac q »q 9 -1
> - qzn“)u (—) 3¢2< 0 14, q)
o (qa, qc; q)n q =4
~ (g,a69)0 (q/a,q/C, a0>
= ———ah g, — |-
(9a,q¢; ) —q q
Substituting (2.5) into the equation above, we complete the proof of Theorem 8.3. |

When a = ¢ = 0, Theorem 8.3 immediately reduces to the following identity:

o 2

q" 2n+1 2 +4n2
q .
; ( 2. 2 Z Z )

=0 q’q) X n=0j=—n

Putting (a,c) = (1,0) and (a,c) = (—1,0) in Theorem 8.3 respectively, we conclude that

[e.e]

Z(—l) Z Z 1)+ (1 — g2rH1) i +n(n=D)/2
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and

©  n(n— 1)/2

Zq

Theorem 8.4. For |ac/q| < 1, we have

q q ) Z Z 2n+1)qj2+n(n—1)/2.

n=0j=—n

(¢, ac;¢?) i (¢*/a.q?/c;q?), (ac/q)"
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n=0j=—n

Proof. Setting b= ¢ /2, v =qand t = —¢g~ /2 in (5.1), we can deduce that

i(l o q2n+1) (Q/CL, Q/C)n(ac)n (1 - qn+1/2) 73n/2 ¢2< ,q”“, q. )
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(9a,9¢; )00 = qql/g,—?’
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Substituting (4.15) into the left-hand side of the equation above and then replacing ¢ by ¢? and
simplifying, we complete the proof of Theorem 8.4. |

If we specialize Theorem 8.4 to the case when ¢ = 0, then we find that

qqmi 2/aq ), (—a)"

q a; q o = 0 +q2n+1)
- Z Z 2n+1)q2n2+n*j2*j (q2/a; q2)nan‘ (8.7)
n=0j=—n (q2a; q2)n

Setting @ = 1 in the equation above, we immediately arrive at the following beautiful identity
of Rogers—Hecke type due to Wang and Chern [31, equation (2.9)]:

o0
Z 2 1—|—q2n+1 Z Z = P gt (8.8)

n=0j=—n
When a = —1, (8.7) becomes

00 (_q2. q2) qn2 q q 2 o .
’ n — 00 2n+l 2n +n—j°—j
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q

Taking a = ¢ in (8.7), we find that
0 n?+n

Z(_l)n (1+q23+1)(q2;q2) = 2 Oo Z Z g,

n=0 OO n=0j=—n

Letting a = ¢ = ¢ in Theorem 8.4 and simplifying, we conclude that

n n+2n —j2—j
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If we specialize Theorem 8.4 to the case when a = 1, then we find that

i (¢®/c; %), (c/q)" ZZ 2 n_jz_j(q2/c;q2)nc”.
= (@), (1+q2”+1 ¢

n=0j=—n (C’q )n+1

Equating the coefficients of ¢ on both sides of the above equation and then combining the
resulting equation with (8.8) and finally replacing g by —¢q, we deduce that

0 n2—2n

S =S S T (- ),
’ n

n=0 n=0j=—n

8.3 More Rogers—Hecke type series. Part III
Replacing ¢ by ¢? in (8.6), we have

00 2 ’ 2 b, 2 : 2 be\ "™ —2n’ 2n+2’
Z(l_q4n+2)(q Ja,¢*/ Q/CQ)n<aq2C> 3¢2<q a v’ng)
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= 7 5 5 N ¢ 2 ?q ) 2
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Choosing b= —1, v = —1 and t = 1/¢ in the equation above, we conclude that

- 4n+2 (q2/a7q2/c; q2>n ac\" q—2n7q2n+2 _1' ) s
> (=g —— | 362 Ny
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Substituting (2.5) into the left-hand side of the equation above, we get the following theorem.

Theorem 8.5. We have

Z Z 4n+2)q —on (¢*/a,¢*/c; q2)n(ac)”
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Letting a = ¢ = 0 in Theorem 8.5 and simplifying, we conclude that

0
(q; q2)n 2n2 4n+2 i24+2n2
q )¢
n; ( 2. 42 . Z Z
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If we specialize Theorem 8.5 to the case when a = 1, then we find that

S 3 (11— gyt LS P W<2> (89)

o Sl (¢d?),1 = (—xdwm \«¢

Letting ¢ = 0 in the equation above, we immediately find that

Z(_l) ((q’ _ Z Z J+n q4n+2)qj2+n2—n' (8.10)

n=0 & q 2" n=0j=—n
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Applying the g-derivative operator 9,z . to both sides of (8.9) and simplifying, we conclude that

o0 (1 _ q2n) (q; q2>n(q2/c; q2)n_lcn71q72n

8.11

nz:O (=@ 9)2n (8.11)
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n=0j=—n (C’ q )n+2

This equation can also be used to derive identities for Rogers—Hecke type series. Putting ¢ =0
n (8.11), we find that

0

s (=% @)2n

_ Z Z 1) (1 — g4 +2) (1 — 2¢2" 4 ¢4n+2) gn*+=sn, (8.12)
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By adding (8.10) and (8.12) together, we conclude that

i(—l) ((q’qn Z Z ’H‘] q4n+2) (1 _ q2n + q4n+2)qn2+j2—3n.
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Theorem 8.6. We have
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Proof. Taking a = ¢, v = q/a, u = at in Theorem 5.1 and replacing q by ¢?, we deduce that
i(l q4n+2) (q2/a’7 q2/b7 q2/c; Q)n (abc)” ¢ (q2”,q2n+2;6 q2 q >
- —5 | 392 ;
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Making the change (b, 3,t) to ( -1 42, 0) in the equation above, we obtain
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Substituting (2.13) into the equation above and simplifying, we complete the proof of Theo-
rem 8.6. |

n—=

If we let ¢ = 0 in Theorem 8.6, then we are led to the ¢-identity

(q qa; q%) OOZ

n2

(¢, ?a; %), =, (qa;q )
2
_ i Zn 4n+2)q3n +n—j(j+1) /2%_ (8.13)
n=0 j=0 (q @ )n

When a = 1, the above equation reduces to (1.6).
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Letting a = ¢ and a = —q respectively in (8.13), we conclude that

2 2

and
o) qn2 . 4 oo 2n ) o
Z(_l)n = ’ oo ZZ 2n+1 3n +2n—](]+1)/2‘
n=0 (_Q;Q) ’ oon 04=0

Putting @ = —1 and a = 0 respectively in (8.13), we are led to the following two identities:

00 2 oo 2n
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Replacing ¢ by —¢ in (8.14), we find that

[e'¢) oo 2n
Z 9 oo ZZ g(g+1 /2 q4n+2)q4n2+2n—j(j+1)/27
= oo n=0 j=0

which is different from the following identity [18, Proposition 6.11]:
o0
>0 -
n=0

Clearly, we have not exhausted the application of Theorems 1.6 and 5.1 in obtaining Rogers—
Hecke type series. For further applications, we need more terminating 3¢o series identities.

Theorem 1.7 clearly contains infinitely many g¢-formulas since we can choose f in many
different ways. For example, if we take

3n24+n—j(35+1)/2

4n+2)q

n= 0]——n

m

(bjx
H /@ @)oo

ij/q 7)o

in Theorem 1.7, then we are led to the following theorem.

Theorem 8.7. For {|aaci/q|, |abi],...,|aacy/q|, |abn|} < 1, we have

m

H (aabj/q, acj; @)oo

(aac;/q, abj; q)oo
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B (1 — ag®™) (o, q/a; q)n(a/q)™ ¢ " aq" act, ..., ac,
Z m+2¢m+1 34,4 |-
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We believe that the application of Theorem 1.7 in g-series and number theory is still worth
exploring.
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