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Abstract. For positive integers d and p such that d > p, let RYP denote the set of d x P
real matrices, I, be the identity matrix of order p, and V,, = {z € R™? | 2’z = I,} be the
Stiefel manifold in R**?. Complete asymptotic expansions as d — oo are obtained for the
normalizing constants of the matrix Bingham and matrix Langevin probability distributions
on V,,. The accuracy of each truncated expansion is strictly increasing in d; also, for
sufficiently large d, the accuracy is strictly increasing in m, the number of terms in the
truncated expansion. Lower bounds are obtained for the truncated expansions when the
matrix parameters of the matrix Bingham distribution are positive definite and when the
matrix parameter of the matrix Langevin distribution is of full rank. These results are
applied to obtain the rates of convergence of the asymptotic expansions as both d — oo
and p — oo. Values of d and p arising in numerous data sets are used to illustrate the
rate of convergence of the truncated approximations as d or m increases. These results
extend recently-obtained asymptotic expansions for the normalizing constants of the high-
dimensional Bingham distributions.
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1 Introduction

For positive integers d and p such that d > p let R¥P denote the set of d x p real matrices, I, be
the identity matrix of order p, and Vg, = {:c € R | 2'x = Ip} denote the Stiefel manifold. The
manifold Vj; , is endowed with a unique probability measure, denoted by dx, that is invariant
under the change of variables z — Hxz K, where x € V,; ,, and H and K are orthogonal matrices
of orders d x d and p x p, respectively (see Chikuse [4, p. 16], Muirhead [30, p. 70]).

In this article, we first consider the matrix Bingham probability distributions on V. For
non-zero symmetric matrices A € RP”? and ¥ € R¥*?, a random matrix X € Vap is said to have
a (full) matriz Bingham distribution with parameters A and X if the probability density function
of X, with respect to the invariant measure dz, is

G(1; A, X)) = [04,(A, %) " exp(tr Aa'Sx),  z €V, (1.1)

where @, ,(A,Y) is the normalizing constant. The matrix Bingham family is now ubiquitous
in the statistical analysis of directional data and shape analysis, and the extant literature now
provides many properties of the family and its applications in fields including astronomy, biology,
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computer vision, medicine, meteorology, physics and psychology; see, e.g., [3, 4, 7, 22, 23, 25,
24, 29, 33].

We also consider the matrix Langevin (or matrix von Mises—Fisher) family of probability
distributions on Vg ,,. For non-zero B € R4*P , arandom matrix X € V , is said to have a matriz
Langevin distribution with parameter B if the probability density function of X, with respect to
the invariant measure dz, is

W(z; B) = [Wu,(B)] "exp(tr B'z), €V, (1.2)

where W, ,(B) is the normalizing constant. These distributions too are widely used in the
statistical analysis of shape and directional data; see, e.g., Chikuse [4], Mardia and Jupp [29],
Oualkacha and Rivest [31].

A major difficulty in statistical inference with the matrix Bingham and matrix Langevin
distributions is the calculation of the constants ®,,(A,%) and ¥, ,(B). Some authors have
described this issue as the “main obstacle” to maximum likelihood estimation because the nor-
malizing constants, although known analytically, are difficult to compute in practice (Mantoux,
et al. [28, pp. 4, 11]). For that reason, substantial attention has been paid to the problem of
calculating those constants (see Kume and Wood [25], and Kume, Preston and Wood [24]).

In a recent article [1], we studied the Bingham distributions for the case in which p = 1. Under
a growth condition on ¥ we obtained for ®,,(1,%) a complete asymptotic series expansion in
negative powers of d, and we derived a bound for the tail of that series upon truncation after,
say, m terms. In [1], we used an explicit formula for the zonal polynomials indexed by partitions
with one part; however, as no explicit formula is known for the zonal polynomials in general,
a more powerful approach is needed for general p, and the purpose of the present article is to
provide such an approach.

In the present article, we obtain for all d and p complete asymptotic expansions of ®, (A, X)
and ¥, ,(B) in negative powers of d; these expansions are derived subject to growth conditions
on the Frobenius norms of ¥ and B as d — oco. We accomplish these results using detailed
properties of the zonal polynomials, including an integral representation due to James [18].

We also derive an infinite series bound and a closed-form bound for the remainder term in
each asymptotic expansion. These bounds, as they are valid for all d > p, extend the results
in [1]. We show further that the new bounds decrease strictly to zero as d, or as m, the number
of terms in the truncated expansion, increases; equivalently, the accuracy of each truncated
asymptotic expansion is strictly increasing in d or m. We devote close attention to the closed-
form upper bound as it is likely to be more widely used than its infinite series counterpart; in
particular, we derive conditions on the values of the parameters such that the closed-form bound
is unimodal in m.

When the matrices A and ¥ in (1.1) are positive definite, we obtain a lower bound on the
truncated expansion for <I>d7p(A, Y)). Further, we derive a lower bound for the truncated expansion
of W, ,(B) when B is of full rank. These lower bounds can be expressed in closed-form, and
they decrease to zero as d — oo or m — oc.

The contents of the article are as follows. In Section 2, we obtain the asymptotic expansion
for ®;,(A,¥) and we remark on the properties of the expansion, and in Section 3, we obtain
a similar expansion for ¥, ,(B). In Section 4, we survey the range of values of d and p that
have appeared in the literature on analyses of data on Stiefel manifolds, describe the rate of
convergence to zero of each bound as d or m increases, and conclude by noting that our results
extend to more general classes of distributions on the Stiefel and Grassmann manifolds and to
the complex analogs of the matrix Bingham and matrix Langevin distributions. We provide
in Section 5.1 some necessary properties of the zonal polynomials, and all proofs are given in
Sections 5.2-5.4.
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2 Complete asymptotics for the normalizing constant
of the high-dimensional matrix Bingham distribution

A partition k = (Kq,...,kq) i a vector of integers such that k; > .-+ > k; > 0. The non-
zero k; are called the parts of k. The length of k, denoted by /(x), is the number of non-
zero K;, j = 1,...,d, and the weight of k is k| = k1 + - -+ + Ky
Deﬁne the shzftedfactorial, (a)r = ala+1)(a+2)--- (a+k—1), wherea € Rand k =0,1,2,.. ;
in particular, (a), = 1 since the defining product is empty. For a € R and a partition
k= (Ky,-..,kq), the partitional shifted factorial is
d 1
(a), = H (a —5i- 1)) . (2.1)
i=1 %)
Assume that Rgxn(f denote the space of real symmetric d X d matrices. For a partition
k= (Ky,...,kq) and X € R;i;n(f, the zonal polynomial C,(X) is an eigenfunction of the Laplace—

Beltrami operator in the eigenvalues of ¥ (see [17], [30, Chapter 7] and [35]). Further, C,.(X) de-
pends only on the eigenvalues of 3, and is symmetric in those eigenvalues.

Tables of the polynomials C, (X) for |x| < 12 were provided by James [16, pp. 498-499] and
Parkhurst and James [32]. Jiu and Koutschan [20] have provided software to calculate rapidly
the zonal polynomials to high values of |k|, so the asymptotic expansions obtained in this article
can be calculated for practical values of m.

Let X € V;, be a random matrix having the matrix Bingham distribution with the den-
sity function ¢(z; A,%) as in (1.1). It is well known that the normalizing constant @, ,(A,¥)
can be expressed as a generalized hypergeometric function of two matrix arguments, denoted
by (Fy(A,X), or by the zonal polynomial expansion of that function,

D, ,(A,3) = Fy(A,X) Z Z , (2.2)

ko\n\k La)

where the inner sum is over all partitions # such that £(x) < p. This formula for ®,,(A, %) in
terms of oFy(A,X) dates to De Waal [5]; cf. Bingham [2], Chikuse [4, p. 108]. By applying the
methods of [11, Theorem 6.3, we find that the series (2.2) converges absolutely for all (A4, )
and uniformly on compact regions.

For the special case in which A = I,,, on applying to (2.2) the identity (5.7), written in the
form C\.(1,,)/C\.(14) = (p/2)../(d/2),, we obtain the normalizing constant in terms of a confluent
hypergeometric function of matrix argument,

(I)dp Zk' Z p/2 =11 <1 ;d;E),

Hk

as shown by various authors, e.g., Bingham [2], Chikuse [4, p. 33] and Muirhead [30, p. 288].
Similar to [1, equation (2.4)], when d is large, our asymptotic approximation to ®4,(4,%) is
the sum of the terms up to degree m — 1 of the series (2.2), i.e

m—1

1 C.(A)C. (%)

P, (A ) ~ — R/ 2.

d,p( ) ) Z k! Z Cn(Id) ) ( 3)
k=0 |k|=k

m > 2, and now we study the remainder series

D pim (A Z Z CulA)Cx(E) (2.4)

km |n|k



4 A. Bagyan and D. Richards

In the sequel, we will encounter the constants o, = (2m) P V/APpLAP and = (V3+1)/2,
arising in Lemmas 5.1 and 5.2, respectively. Also, if ay,...,a, are the eigenvalues of A, then
we define A, = diag(|ay],...,|a,|), the diagonal matrix with diagonal entries |a,|, ..., |a,|. In the
following result, the proof of which is given in Section 5.3, we extend a result in [1] by deriving
an upper bound for ®;,,.,(A, %) in terms of the Frobenius norm, [|X|| = [tr(EQ)] 1z

Theorem 2.1. Let A € REXP, 5 e RYY, and suppose that || < Yod?, where vy > 0 and

sym s sym s

0<r<1. Then for all m > 2,

2(4r A, )d= /2P

’Yo’hp
|q)dpm A E p Z (k:')l/2 (25)
< oy 10 o) 09 Ay
x exp (e [romp!? (tr A )d= ) 2), (2.6)

where c,, = (1+ mfl)_me. In particular, ®4,.,,(A,%) = O(df(lfr)mﬂ) as d — 0.
Remark 2.2.

(i) The growth condition, ||X|| < qfodr/2 with 79 > 0 and r € [0, 1), is the same as was assumed
n [1] for the Bingham distribution, i.e., the case p = 1. Further, the bounds (2.5) and (2.6)
provide a rate of convergence, viz., ., (4, %) = O(d_m(l_r)ﬂ) as d — oo, that is the
same as we obtained in [1] for the case in which p = 1. On the other hand, unlike the
bounds in [1], which are valid only for sufficiently large d, the bounds (2.5) and (2.6) are
valid for all d > p > 1 and even for all r € R.

(ii) The bounds (2.5) and (2.6) each are increasing in 7y and in r; this is consistent with the
restriction ||X|| < ’yodr/ 2 representing a larger matrix region as v, or r increases.

(iii) Each bound is also strictly increasing in p or tr(A, ) for fixed d, m, 7y, and r. This follows
from the fact that, in the kth summand in the bound in (2.5), the term ozppk/ is strictly
increasing in p; therefore, the bound itself is strictly increasing. A similar argument also
yields the same conclusion for the bound in (2.6).

(iv) It is evident that the bound in (2.5), as a function of d or m, decreases strictly to zero
as d — oo or m — oo. Equivalently, the accuracy of the truncated asymptotic expan-
sion (2.3) is strictly increasing in d or m. Further, it is evident that the closed-form bound
in (2.6) is strictly decreasing in d.

(v) The bound (2.5) on ®,,.,(A,X) also allows us to obtain asymptotics as both d and p

tend to infinity. By (5.10), «, — (2m)" /4 as p — oo, and therefore we deduce that
Dy pm(A,X) = O(1) if (tr A+)2pd—<1—” = O(1), i, if (tr A,)’p = O(d"™").

Remark 2.3.

(i) The behavior of the closed-form bound (2.6), as a function of m, is more intricate. We shall
prove in Section 5.3 that the bound (2. 69 is strictly decreasing in m if d is sufficiently large,
1/2 2/(
precisely, if d > ['yofylp (trA )]

(ii) For d < [yofylplﬂ(tr A+)]2/(1_T), the bound (2.6), as a function of m, is unimodal. There-
fore, for smaller values of d, the bound (2.6) may increase for small values of m, but it
eventually attains a maximum value and then decreases strictly to zero thereafter. This
shows again that if d is small, then higher values of m may need to be chosen in order for
the approximation (2.3) to result in small errors, and the bounds (2.5) and (2.6) enable
us to ascertain suitable values of m in order for the approximation (2.3) to achieve any
required level of accuracy.
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To close this section, we obtain a lower bound for the remainder term ® ., (4, %) for the
case in which A and X are arbitrary positive definite matrices.

Theorem 2.4. Let A € REJE and ¥ € RdXd be positive definite, let o1y > --- > 0(qy denote the
ordered eigenvalues of ¥, and set Nj = (d +2)(d—1). Then for allm > 1,

(1 + m)kNd (O’(p) tr A)k

Pypm(4,2) > (2+ m)_mNd(l + m)_(1+m)Nd Z 24+m k!

k=m

(2.7)

Remark 2.5. Let W be a discrete random variable having a Poisson distribution with param-

eter p = (%iz) o(p) tr A. Then (2.7) can be written as

Pty (A,2) = (24 m)"™ N (14 m)” NS PO > m), (2.8)

and this result reveals several properties of the lower bound. First, by using the formula
P(W >m)=1—-P(W < m), it is seen that the right-hand side of (2.8) can be expressed in
closed-form. Second, as m — oo, it is simple to show that the right-hand side of (2.8) is
asymptotically equal to elNath m_NdIP’(W > m), where W is Poisson-distributed with parame-
ter p ~ o) tr A, and this asymptotic lower bound converges to 0 as m — oc.

Third, suppose that x is large. By the central limit theorem, (W — p)/,/p is approximately
distributed as Z, a random variable having the standard normal distribution (with mean 0 and
standard deviation 1). Applying the usual correction for continuity that is used whenever, the
distribution of a discrete random variable is approximated by the distribution of a continuous
random variable, we obtain

IP’(WZm):P<W2m—;>:P<W\/—ﬁu2m—\/§ﬁ—ﬂ>:IP’<ZZm_\Fi_'u>’

which can be evaluated numerically using the standard normal distribution function.
Fourth, it is evident that the lower bound in (2.7) decreases strictly to 0 as d — oo.

3 Complete asymptotics for the normalizing constant
of the high-dimensional matrix Langevin distribution
Let X € V;, be a random matrix having the matrix Langevin distribution with the density

function 1 (z; A, X) given in (1.2). The normalizing constant ¥, ,,(B) can be expressed as a gen-
eralized hypergeometric function of matrix argument

\I’dm(B):OFl( > Z Z d/2 )’

kl=k

cf. Chikuse [4, p. 31]. By applying [11, Theorem 6.3], we find that this series converges absolutely
dXp . .
forall BeR and uniformly on compact regions.
Similar to the approach in Section 2, we use as an asymptotic approximation to ¥, ,(B) the
truncated series,

BB)
Z k! Z (d/2),, ’

k=0 " |k|=k

m > 2, and we derive for the remainder series,

d.pm(B Z Z d/2 CulsBE) (3.1)

km |n\k
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an upper bound that is a complete asymptotic expansion in negative powers of d. The proof
of the following result is given in Section 5.4, and the constants «, = (27[-)*(1'*1)/417291/41? and
71 = (V3 +1)/2 again appear in the proof.

Theorem 3.1. Let B € R™? be such that | B|| < 273/2d7"/4, where 75 > 0 and 0 < r < 3. Then
forallm >2, ¥, .(B) >0 and

-r k
[230720”%d "]
Uy pm(B) < oy Z ) 7z (3.2)
< O‘P(4e/ﬂ)1/4(e/m) (m/2)—(1/4) [27071])5/2617(3%)/2}”1
x exp (e, [290np™2d 727 2). (3.3)

In particular, V4 .. (B) = O(d_(?’_r)m/?) as d — 0o.

We note that each comment in Remark 2.2 has a direct analog for the matrix Langevin
distribution. In particular, the bound in (3.2) is strictly decreasing in d and m; strictly increasing
in 7, and 7; and strictly increasing in p for fixed values of all other parameters. Also, the bound
in (3.3) is strictly decreasing in d, and it is strictly decreasing in m if d is sufficiently large.

As regards asymptotics for d,p — oo, by proceedm% as in Remark 2.2, we deduce that
Uyom(B) = 0(1) if p*2d~ N2 0(1), pe., if p— o(d® %)

In closing this section, we provide a lower bound for Uy b m(B)

Theorem 3.2. Let B € RYP such that B is of rank p. Let By > -+ > B,y denote the ordered

eigenvalues of 1B'B, N, = (p+ 2)(p—1), and p = (%iz) PQpB(p 1 Then for allm>1,

(1+m) "™ (d+m) " (2pBg))"

m)!

Uy pm(B) >

1F(;m+1,d+ 14+ m;p). (3.4)

pim
In proving this result, we will also deduce the weaker bound,

(1+m) "™ (d+m) " (2pB))"

m!

Vg pim(B) >

P ’

a bound that is still noteworthy as it is a single-term lower bound, it is in closed-form, and it
converges to 0 as d — oo or m — oo.

4 Implications for applications

The bounds derived in Sections 2 and 3 for the remainder terms in the corresponding asymptotic
expansions appear to be the first such explicit bounds available in the literature. Therefore,
we remark on the possible ramifications of those bounds for a variety of applications derived
from a survey of the literature on applications of the matrix Bingham and matrix Langevin
distributions.

The literature on such applications contains a broad range of reported values of d and p. The
case in which (d,p) = (3,2) dates to analyses of data, drawn from astronomy and vectorcardiog-
raphy, as provided in the classic article of Jupp and Mardia [21]. The same value, (d,p) = (3,2)
still appears in the recent literature, e.g., in data representing the orientation of two-dimensional
elliptical paths of objects in near-Earth orbit (Jauch, Hoff and Dunson [19]) and various graph
data sets (Mantoux et al. [28]).

For larger values of d and p, a variety of applications have appeared in the literature. Hoff [12]
applied the matrix Bingham distributions with (d,p) = (270,2) to analyze data on protein-
protein interaction networks.
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Mantoux et al. [28] provided illustrative examples with low- and high-dimensional synthetic
data for (d,p) = (3,2), (20,5), (20,10), and (40, 20); and with d = 21 and p € {2,5, 10}, they
also analyzed resting-state functional magnetic resonance imaging (rs-fMRI) data from the UK
Biobank repository of large-scale brain-imaging data set on tens of thousands of subjects (Sudlow
et al. [306]).

Holbrook, Vandenberg-Rodes and Shahbaba [13] considered Stiefel manifold data with values
of d ranging from 18 to 53. Their work included a study of data, collected during a memory
experiment on rodents, in which neural spike activity was recorded in the hippocampi of six
rats. Especially interesting is the analysis in [13] of the 53-dimensional data on Super Chris,
a particular rat whose neural spike data exhibited statistical features substantially distinct from
the neural spike data of his fellow rats; cf. Granados-Garcia et al. [10].

Jauch et al. [19] analyzed with (d,p) = (365,3) a meteorological data that included average
daily temperatures for a collection of Canadian weather stations; for the case in which p > 2,
this value of d was the largest that we encountered in the literature.

In summary, for p > 2, we found applications in the literature with values of (d,p) where d
ranges between 3 and 365, and p ranges between 2 and 20. Further, for p = 1, values of d as
large as 62,501 were noted in [1, Section 4].

The computation of the bounds in Theorems 2.1 and 3.1 is straightforward as it reduces to
calculating the function R,,(t), or the upper bound on R,, (), in (5.36) and (5.47), respectively.
As we noted earlier, these bounds are (strictly) decreasing in d (and in m if ¢ < 1), increasing
in 75 and r, and increasing in p. We reiterate that, in such calculations, the relationship between ¢
and d is that

;= {’7071p1/2(tr A+)d_(l_r)/2 (in Theorem 2.1),

29omp™ 2d” (in Theorem 3.1),
equivalently,
d— (’Yo’hpl/2(tr A+)/t) 2/(=r) (in Theorem 2.1),
(27omp™2 /1) 47" (in Theorem 3.1).

For small values of d, e.g., d = 3, the resulting values of ¢ usually are large and the bounds also
can be large, indicating that larger choices for m may be needed. For large values of d, e.g.,
d = 365, the resulting values of ¢ typically are small, and the resulting bounds in terms of R,,(t)
quickly become negligible even for small values of m.

In summary, we expect that the results obtained here will find broad usage as they enable
for the first time theoretical analyses and numerical calculations of bounds on the accuracy of
the resulting expansions. In particular, these results enable calculation of the given expansions
to any desired practical degree of accuracy.

5 Proofs

5.1 Properties of the zonal polynomials

James [18] obtained for the zonal polynomials C,(X) a crucial integral formula, as we now
explain. Let Or(d) = {H € R> | H'H = I;} be the group of orthogonal matrices in R
For H € Or(d), denote by dH the Haar measure on Or(d), normalized to have total volume 1.
Also let det; () be the jth principal minor of ¥, j = 1,...,d. For each partition x = (k1, ..., kg),

£(r)

C.(X) =C.(I,) /O (d)H[detj(H’zH)]”f‘”HldH, (5.1)
r(d) j=1
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where k4,1 = 0 and

I[I 2k —2K; —i+7)
1<i<j<(r)
L(K)
IT(2k; + £(k) —19)!

i=1

O (1) = 22|k]1(d/2), (5.2)

The formula (5.1) was first given by James [18, equation (10.4)], further applications of it
were given in [26] and [34], and the formula was extended to a more general setting in [11,
Theorem 4.8].

By (5.1), C\.(¥) is homogeneous of degree |k|; moreover C, (X) depends only on the ¢(x) non-
zero parts of k, so that C,(X) is unchanged if zeros are appended to k. Since any symmetric
matrix can be diagonalized by an orthogonal transformation, then it also follows from (5.1)
that C,(X) is a symmetric function of the eigenvalues of .

The importance of the normalization (5.2) is that the zonal polynomials satisfy the identity,

(try)" = > C.(®), (5.3)

|k|=k

for all £ = 0,1,2,...; see [16, p. 479, equation (21)], [30, p. 228, equation (iii)], [35, equa-
tion (35.4.6)]. Also noteworthy is the special case of (5.2) in which x = (k), a partition with
one part

_ (d/2)y,
- (12) (5.4)

The (seemingly formidable) expression for C,(I;) in (5.2) arises from the representation
theory of &, the group of permutations on k symbols, and we comment on the connection
as follows. It is a classical result that the collection of irreducible representations of &, is in
one-to-one correspondence with the set of partitions of k (see Ledermann [27, Chapter 4]). For
a given partition k = (ky, ..., r4) We use the standard notation xy,(1) for the dimension of the
irreducible representation, corresponding to the partition 2k = (24, . .., 2k,), of the symmetric
group &y, on 2|k| symbols. James [16, pp. 478-479, equations (18) and (20)] proved that

22Kl kl1(d/2), d/2),
Cult) = T w0 = (v ), (5.5

Cy(1a)

and then (5.2) is derived from (5.5) by applying Frobenius’ famous formula for x[a,(1) (Leder-
mann [27, p. 123]).
Another consequence of (5.5) is that
C.(I L(1
«(Ta) _ Xpw(1) (5.6)

(d/2),  (1/2)4
Since the dimension of an irreducible representation does not change if zeros are appended to
the corresponding partition, then it follows that, for any partition s such that (k) < p, the
right-hand side of (5.6) remains unchanged if d is replaced by p; hence

C.(I C.(I

(d/2).  (p/2)x
We remark that the identity (5.7) can be verified directly, albeit laboriously, from (5.2). Further,
(5.7) has been noted explicitly in the literature, e.g., by Chikuse [4, p. 30] and by Edelman et
al. [8, p. 259]. Also, if ¢(k) = 1, then (5.7) reduces to (5.4).
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The zonal polynomials also have a combinatorial formulation. Recall that the set of all
partitions is endowed with the lexicographic ordering: For partitions k = (kq,...,kq) and
A= (A,...,Ag) such that || = ||, we say that X\ is less than k, written A < &, if there
exists i € {1,...,d — 1} such that (A,...,\;_1) = (Kq,...,k;_1) and \; < K;.

For ¥ € Rgl;;f, denote by oq,...,0, the eigenvalues of X. For each partition k = (kq,..., k)
of length ¢, the monomial symmetric function of ¥ corresponding to k is
M,()= > oo, (5.8)
(J15ed0)
where the sum is taken over all distinct permutations (ji,...,J,) of £ integers drawn from the

set {1,...,d}. James [17] (see also Muirhead [30, Section 7.2]) proved that

Cu(D) = Y cunMy(2), (5.9)

A<k

where the constants c, , are nonnegative and the summation is over all partitions A such
that A < k, i.e., A is less than or equal to s in the lexicographic ordering.

5.2 Inequalities for the partitional shifted factorials
and the zonal polynomials

Lemma 5.1. Let ay,...,a, be nonnegative integers such that a; + ---+a, > 2, and define
o, = (27r)7(p71)/4pp1/4p. (5.10)
Then
p
H(pai)! < af,ppp(a1+"'+ap) [(ay + -+ a )" (5.11)
i=1
Proof. Since the multinomial coefficient, (a; +---+a,)/a;!---a,!, is a positive integer, then
P
[a! <@+ +ap) (5.12)
i=1

It is well known that the classical gamma function is increasing on the interval [2,00); there-
fore, F(a—i— (i — l)p_l) < I‘(a +(p— l)p_l) = F(a +1 —p_l) fora > 2 and all : = 1,...,p.
Applying Gauss’ multiplication formula for the gamma function, we obtain

I'(pa) = (27r)7(p71)/2ppa7(1/2) ﬁ F(a + (1 — l)pfl)

i=1
< (2m)" 02U (g 41— p~ 1P, (5.13)

where the latter inequality holds for a > 2.
Setting a = ay + -+ +a, +p ' in (5.13), we obtain
(plar + -+ a)! = T(plas + - +a,) + 1)
< (27r)*(pfl)/2pp(a1+'"+ap)+(1/2) [T(a; + -+ a, + 1)]p

= (2m) "V 2pplart A a) T AR () 4y )P (5.14)
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Applying (5.14) to (5.12), we find that

p

H(Paz‘)! < (p(a1 4t ap))! < (27T>—(17—1)/2pp(al+--‘+a;,)+(1/2)((a1 4oy ap)!)p
i=1
= agppp(m—i-..-—i-ap)[(al 4t ap)!]p'
This completes the proof. |

Lemma 5.2. Let d > p and let k = (Ky,...,k,) be a partition of length (k) < p and
weight |k| > 2. Then

(2p) Ma" < (d/2), < 271"(d + |, (5.15)
Also, with v, = (V34 1) /2 ~ 1.366025, we have

d1/2/ )
H @2, = < [a (|8l "2y pll 2 g Inlr2y P, (5.16)

=1

Proof. By (2.1), we have

(d/2), ﬁ(d—]—l) HH( 3—1)+z—1> (5.17)

=1 Kj Jj=1li=1
Foralli>1, 7 <p, and d > p, we also have

11 , 11 1 p—1 1 p—1 .
Zd—2(i—1 —1>-d—=(p—-1)==(1—-"——)d>=(1—"—"1]d=(2 d.
pd—pli-l+i-12gd=g(p-1) 2< > _2( p ) (2p)

Therefore, by (5.17),

Kj

H (2p)|f<|d*|ff\‘

(d/2),

i ’:]w

This establishes the lower bound in (5.15).
Next, we apply to the product in (5.17) the arithmetic-geometric mean inequality. Then we
obtain

d/%_(‘lii( ]_DH_l))"“'

<2\ |<d'”' Z“ +ZK )) < (2‘1 | <d|n|+ (;’”)Z»M

= 271" + yﬁ\)'“‘.

This proves the upper bound in (5.15). 12
Further, it is known from [1, Lemma A.2| that, for all r > 1, (d(d/2/)2)T < [(r— D2 ta 7,
and since ; > 1, then we also have

a2 /9
((d/Q/))T <[(r— 1)!]1/2%71614/2 g2 = (r!)l/%{dﬂ“/z



Complete Asymptotic Expansions for the Normalizing Constants 11

Since the latter inequality is valid for r = 0, then we have shown that, for all » > 0,
(@7/2),
(d/2),

Now we apply (5.18) to obtain

P 1/2/2) p s ) " ) P o
H G < < [Hlr0 " 2pida e = 28 aPs2 T [(or;) ]2, (5.19)
=1

i=1 =1

< (r) 2ga 2, (5.18)

By (5.11) in Lemma 5.1 with a; = k;, i = 1,...,p, we also have

p

[Twra)! < a7 (w117,

i=1
and by substituting this bound into (5.19), we obtain (5.16). [

For ¥ € ngx;f, let 0q,...,0,4 denote the eigenvalues of ¥ and define the diagonal matrix

Y, = diag(|oy],...,|o4]). The following result is a consequence of (5.9), the combinatorial
formula for the zonal polynomials.

Lemma 5.3. Let k be a partition and ¥ € Rg;rff Then |Cy(X)| < Ci(X4).
Proof. By (5.9), the nonnegativity of the constants c, , and the triangle inequality, we have

Zcmwz)\ < Y el My (D).

A<k A<k

Ce(E)] <

By (5.8), for all partitions A,

A A
MA®)] = | Do a3t o

Therefore,

A A
<D oMoy, 1M = My(Sy).

|CH<E)’ < ZCH,AMA(E—F) - CH(Z"F)

A<k
The proof now is complete. |

The following result will be crucial for deriving bounds on the tails of the asymptotic series
for the normalizing constants of the matrix Bingham and matrix Langevin distributions.

Proposition 5.4. Let k be a partition such that {(k) < p, where p < d, and let ¥ € Rg;md Then

p dl/2/2 1/p
Cu(2)] < (HW) Co(Ip)IZ. (5.20)
i=1 bk

Proof. By Lemma 5.3, |C.(X)| < C,(X,). Since ||X|| = ||X,||, then it suffices to assume,
without loss of generality, that ¥ = X, i.e., that X is positive semidefinite and diagonal, with
diagonal entries oq,...,04.

Since ¥ is positive semidefinite, then so is every principal submatrix of H'SH, for all

H € Or(d). Therefore, det,; (H'ZH) >0forall j=1,...,d.
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For ¢(k) < p, it follows from (5.1) that
P
C.(2) = C.(Iy) / [[ldet; (H'SH)]" "+ dH. (5.21)
Or :

Denote by (H/EH)Z.Z. the ith diagonal entry of H'SH, i = 1,...,d. By Hadamard’s inequality
for the principal minors of a positive semidefinite matrix [14, p. 505],

j
det; (H'SH) < [[(H'SH),
i=1

for all j =1,...,d; therefore,

P
[[ldet; (H'sH)]™ J+1<HH [(H'sH), " "
7j=1

Jj=1li=1
P P P

= [H1lE=as) ] = ] [(Eeh), )™
i=1 j=i i=1

Inserting this bound into (5.21) and then applying Holder’s inequality, we obtain

1/p
gqﬂ@(ﬂ /O (d)[(H’EH)ii]p”idH) . (5.22)

Denote by h; ; the (i,7)th entry of H, then h; = (hy,,.. .,hdﬂ»)/ is the ith column of H,
i=1,...,d. Smce Y = diag(oy,...,04), then for all i = 1,...,d,

d
(H'SH), =Y hio = hiSh;.
=1

Now regard H as a random matrix having the uniform distribution (Haar measure) on Or(d).
Since the Haar measure is orthogonally invariant, and therefore invariant under permutation of
the columns of H, it follows that the marginal distribution of h; does not depend on ¢. Denoting
equality in distribution by é, we obtain

(H'SH), = hiSh; £ hiShy = (H'SH),,,

for all t =1,...,d. Consequently,

(5.23)

; , Clrry (D)
H'SH) """ dH = H'SH), |P5dH = @i
/Or( )[( )i or(d) 1 Ju Clpn,)(1a)

the second equality following from (5.1). Applying (5.23) to (5.22), we obtain

1/p
C.(%) < C.(I) (HM) : (5.24)
=1
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By [1, equation (A.10)],

(@2 /2) e, - o
Ty

Clpry) () < (1/2) s,

also, by (5.4),

(d/2)p,
(1/2)pni .

Substituting the two latter results into (5.24), we obtain

P d1/2/2 1/p
CH(Z) < CH(Id) (H ((UQ))WHEIPM : W)

C(pﬁi) (Id) -

i1 (d/2)pr
p 1/2/2) 1/p
Cull) HEII'”'<H @ ) :
and this establishes (5.20). [ |

Remark 5.5. Suppose we evaluate both sides of the inequality (5.20) at ¥ = c¢ly, ¢ > 0.
Since C.(cly) = e .(I;) and ||cIdHW = ¢I"lg@*1/2 then the inequality reduces to

1/2 1/p
1< (ﬁm) a2, (5.25)

=1

For d — oo, we have

(@2/2)p, (@227

~ — —PK; /2
@D, @y
therefore
1/2 1/p 1/p
(ﬁ @72 N e H AR
S S
=1 Pk;

Hence for scalar matrices 3, both sides of the inequality (5.20) are asymptotically equal as
d — oo. This indicates that, in high dimensions, the inequality is close to asymptotically tight
if ¥ is within a small neighborhood of any scalar matrix.

Remark 5.6. In the setting of general symmetric cones, another inequality for the zonal (spher-
ical) polynomials was given by Faraut and Kordnyi [9, Theorem XII.1.1] (see also the proof
of Lemma 6.5 in [11], where the same inequality can be derived for the matrix cones). In the
notation used here, the inequality in [9, loc. cit.] states that if Kk = (kq, ... ,Kp) is a partition of
length p, ¥ is a d x d positive definite matrix, and o) > -+ > 04 are the ordered eigenvalues
of X, then

Co(2) < Cully) [T 03 (5.26)
j=1

There is also the issue of which of the inequalities (5.20) and (5.26) is sharper. We now
provide two examples to show that the answer depends on d and on X.
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For the case in which ¥ = ¢l; where ¢ does not depend on d, we find that (5.26) is sharper
than (5.20) since, by (5.25),

& (dl/z/z)pm —plk|/
G, ="

=1

More generally, it can be seen that if 3 is “close” to a scalar matrix and d is small, then we can
expect (5.26) to be sharper than (5.20), however both bounds are asymptotic to d_p|“|/20,i([d)
for large d.

On the other hand, suppose that X is “far” from the scalar matrices cl; in the sense that ¢
does not depend on d and ||I;]|/||Z|| — oo as d — oco. As an example, for constants o,p > 0
and r € [0,1), let the eigenvalues of ¥ be

Udr/27 j: 17"‘7p7
0; =
T Y pd D2 i1

Then X is non-singular and
d 1/2
12 = (Z U?) = [p02dT +p°(d _p)d—(d—pﬂ)]l/? ~ p2ad 2,
j=1

as d — oo, so % satisfies the hypotheses of Theorem 2.1. Further, X is far from the scalar
matrices cly since || 1]|/||2]| ~ p o2 L o0 as d — oo

For this choice of ¥ and for a partition « of length p, the ratio of the right-hand sides of (5.20)
and (5.26) equals

1/2 1/ K K T K
(ﬁ (d /Z)Imi) p HEHI | N (d1/2/2)| | (pl/QUd /2)| | ) d*\ﬂ|/2p|n|/2
i (2 oy @R (od )

as d — oo. In such instances, the bound in (5.20) is sharper than the bound in (5.26) for
sufficiently large d, and it becomes increasingly sharper afterwards as d increases.

—0

Next, we obtain a lower bound for the zonal polynomials. This bound tightens an inequality
stated in [9, Theorem XII.1.1 (ii)]. (Readers who wish to match the notation used in [9] with the
notation in the present article will find it helpful to review [6, Section 1.12], where the notation
used for general irreducible symmetric cones is made explicit in the case of each of the five classes
of cones.)

Proposition 5.7. Let k = (ky,...,k,) be a partition of length p, 3 be a d x d positive definite
matriz with ordered eigenvalues o1y > -+ > 0(qy, and Ng = 2(d+2)(d—1). Then

CulD) = (L4 [6l) N0, (L)l -+ o7 (5.27)
Proof. By [9, p. 241, line 4],
C/{(E) Tl K K
>l m g '
C.(I,) = 7,0 T (5.28)

where T7 = di, with d, being the dimension of a certain vector space of polynomials that are
homogeneous of degree k = |k|, and

1 B(ki—kj+3(j—i—1)+1,1)

T:
2 B(iG—i-1)+1,1)

(5.29)
1<i<j<p
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In [9, p. 242, line 9], it is shown that

Ny

ﬁﬂl+'k ﬁﬂi+’k ] N
d,. < = JARL
“—(Mi) N,IH! H +h

since (j+k)/j <1+k, forall j=1,..., N, Therefore,

1 _
T = > (1+s)~N, (5.30)

dy,

As regards an upper bound for T we now prove, using an elementary probabilistic approach,
that

T, < 1. (5.31)

For b,c > 0, let V' denote a random variable having a beta distribution with probability density
function
b—1 c—1
v (1—w)
_ 0<v<l.
B(b,¢) v
Then for o > 0,

B(a+b,c) 1 lvOH_b_l e — o
B0 "Ba%@‘A (1= 0)" dv =E(V?),

and it is trivial that E(VO‘) < 1since @ > 0 and 0 <V < 1, almost surely. Setting o = r; — K,
b= %(j—i—l)—l—l, and ¢ = %,Weobtain

B(ki—k;j+3(j—i—1)+1,%)

BG-i-D+1)

<1 (5.32)

for all 1 < i < j < p. Applying (5.32) to each term in (5.29), we obtain (5.31), and by
applying (5.30) and (5.31) to (5.28), then we obtain (5.27). [
5.3 The proofs for Section 2

Proof of Theorem 2.1. We begin by applying to (2.4) the triangle inequality, the upper bound
from Proposition 5.4, and the inequality |C,.(A)| < C,(A,). Then we obtain

IC.(A)] [ £ (dl/Q/Q)W v Ix|
D g pm (A, )| Z il Z . <11:11(d/2)K C(La)[|X]]

=m |k|=k
1/2 1/p
p /2
<Z”Z” |;}gc (1_[1 d/2) ) . (5.33)

By (5.16),

1/p
p (d1/2/2)
Ph; < o (K] 1/27|H|p|'f|/2d*|ﬁ\/2’
H (d/2)pﬁl p(| ‘ ) 1

=1
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and by inserting this bound into (5.33), we obtain

By (A, 2] < Z = Z Gl Yoy (1112 /21172
k=m K || =k
k/2 —k/2
yp" M)zt
Z (k) 1/2 ;kCK(A-‘r)' (5.34)

By (5.3), 2 =k Cu(44) = (trA+)k, and, by assumption, ||X| < ’yodrm. Therefore, we
obtain from (5.34) the inequality

P pin(A, )| < 0 Ry (vomp! 2 (0 AL)d™772), (5.35)
where
[e%e} tk
Ry(t)=> —e >0, (5.36)

By applying the ratio test, we find that the series (5.36) converges for all ¢, and therefore (5.35)
converges for all d. This establishes the bound (2.5).

To obtain a closed-form upper bound for R,,(t) we begin by applying Stirling’s well-known
inequality for the factorial function [15, Theorem 1]; viz., for all k > 1,

Inverting Stirling’s inequality and applying the result to (5.36), we obtain

Ry (t) < (2m) V437 ki GRTDAM 2 (5.37)

k=m
We now apply the telescoping method to obtain an upper bound for the right-hand side of (5.37).
For j > m, let

a; = j-BITDAI Y (5.38)

then we obtain through straightforward algebraic manipulations

@511 —1\—j/2 1 1/2

Since the function j — (1 + jfl)_j/Q, j > m, is decreasing, then

1+ )7 <@+m™)™™?, (5.40)
for all j > m, and by applying the latter inequality to (5.39), we obtain
, 1/4 1/4
(3;:155 (1 4‘771_1)<_ﬂ1/2el/2t<j j{ 1)3/ = C;{Qt(jjl )P
where ¢, = (1 + mfl)_me. It follows that, for all £ > m,
k=1 1/4 1/4

—mH 1/2, 3)3/42%1 /2ka'7

Jj=m ]'1'13/4.

(5.41)
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Since []}=,,j = (k — 1)!/(m — 1)!, then

7 A (L7 e VLIRS [ (R

G+ [k /m)>/* B ECTEERE (5.42)

j=m

On applying to (5.41) the identity (5.42) and the explicit expression for a,,, as given in (5.38),
we obtain

3/4 _ '1/2
—@mD Agm /2 | (kom)/2 km ™ [(m —1)!]

ar. <m
k k:3/4[(l<: _ 1)!]1/2
(e/me )2t~ ot (5.43)
= (e/mc m! : .
m KA — 1))
Therefore, by (5.37), (5.38), and (5.43),
1/4 /2 1/2 - 2
R,,(t) < (27) /" (e/me,,)™ “(m! "
0 ™ epmen) ") 3
oo 1 1/2 oo ck t2k 1/2
< (27r)1/4(e/mcm)m/2(m!)1/2< Z W) (Z (km_ 1)‘> 7 (5.44)
k=m k=m )

where the latter inequality follows by the Cauchy—Schwarz inequality.
To obtain an upper bound for the first sum in (5.44), we observe from graphical considerations
using Riemann sums that, for m > 2,

o0 0o 1/2
Sl ) (549
As for the second sum in (5.44), we apply the inequality (k+n1171)! < k!(mlil)! to obtain
00 2k o0 2(k+m) 2m oo 2k 2m
k;n (kt— 0 kzzo (ki—m iy s (mt— 1)! kZ:O t/T' - (mt—l)' exp(t”). (5.46)
Applying (5.45) and (5.46) to (5.44), we obtain
—1/4 m/2 12 (8 V[ gmyem 2 v
Ront) < (20 /e 2 () (m;”_l), exp (et ))
= (de/m) 4 (e/m) ™A=V oxp (¢,0t7/2), (5.47)
and by inserting this bound at (5.35), we obtain (2.6).
Finally, it follows from (2.5) that ®4,,,,(A,%) = O(d_(l_r)mm) as d — oo. [

Comments on Remark 2.3. Denote by b, the bound in (5.47). By direct calculation, we
obtain

b1 m \(m/2)=1/4) e \1/2 9
b _t<m+1> <m+1> exp((Cpy1 — )t /2). (5.48)

By (5.40), ¢, 11 — ¢, < 0; hence the latter three terms in (5.48) each are strictly less than 1, so
we obtain b,, /b, <t. Therefore, if t < 1, then b, < b,,, i.e., the sequence {b,,,m > 2}, is
strictly decreasing; and by applying this result to (2.6), we obtain the statement in the first part
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of Remark 2.3. We have also determined from simple numerical calculations that b,, remains
strictly decreasing for ¢ < 1.5.

For larger values of ¢, the sequence b, is unimodal. This can be proved by treating m
(temporarily) as a continuous variable, calculating the logarithmic derivative of (5.48) with
respect to m, and verifying that there exists an mg such that the derivative is positive for
all m < my and negative for m > mg. By graphing the bound (5.47) as a function of m, we
have observed that it appears to be unimodal for all ¢ > 1.6.

Proof of Theorem 2.4. Since A, ¥ are positive definite, then C,.(A) > 0 and C,(X) > 0 for
all partitions x. By Proposition 5.7,

1 C K
Py (A Z) =D ZHZC YL+ [s]) o o
k=m  |k|=k k=m  |k|=k
(14 k) Na o
=> ( k|) > CulA)afiy -+ op)
k=m |k|=k
Since o) > --+ > 0(g) > 0, then 061) - agjp) > o|(;|) for any partition k of length p. Therefore,
> Cul coh > 0l > CulA) = o (tr A)F,
|k|=k |k|=k
so we obtain
=, (1+ k) (o trA)*
(I)d,p;m(Aa Z) > kz;n A .

We now apply the telescoping method to bound the latter series. Let 7 = oy tr(A) and,
for j > m, define

(L+4) "
aj = ———.
J!
Then
aj+1:(1+j)Nd T
a; 2457 1475
It is straightforward that, for j > m, ;ig > ;i%’ and therefore

i1 (1+m)Nd T )
a; 24 m 14+

Hence for all £ > m,

k—m

k—1 N,
B aji1 I+m\™* 7 | (1 —|—m)(k—m)Ndm!7'
ak_am}l a;, ’”H[<2+m 1+5]  “\2%m k!
Substituting for a,, and then simplifying, we obtain

14+ m\ "N oF
2+m k!’

a, > (2 4+ m)™Na(1 4 m) (TN (

and therefore

N, (1tm)N, ~= [(1+m WNa ok
apm(4,T) 2 Zak (24 m)™ (1 + m)” m2<2+m) R
k=m ’

The proof now is complete. |
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5.4 The proofs for Section 3

Proof of Theorem 3.1. Since B'B is positive semidefinite, then all its eigenvalues are non-
negative; hence, by (5.9), C,,(3B'B) > 0. Also, it follows from (2.1) that (d/2), > 0. Therefore,
it follows from (3.1) that ¥, ., (B) > 0.

By [14, Section 5. 6] | B’ BH < HBH Denoting +B'B by A, it follows from the assumption
on B that ||All = ; LIB'B| < 3 LB < yodr/ Since A is positive semidefinite, then by Proposi-
tion 5.4,

p d1/2/2 1/p
C,.(A) < (HW) O (L) | A,

Applying this bound to (3.1), we find that

Ial* e (d'?2), \""
= 3 40 S G (T )

|r|=F

Next we apply the lower bound in (5.15) and the bound in (5.16) to obtain

= Al g Al —IKl/2, |k
Vo (B) < 3 5 S ol o) a2 2

k=m |k|=k
= (29”22 A )"
=% Z 1/2 Z Ci
k= k‘ |k|=k

By (5.3) and the bound ||A|| < vod"/?, we deduce that

3/2d—3/2 . ’Yodr/g) /2d (3—T)/2)k

2. (2vomp
=) (k)72

k=m

(2’Ylp
P (k)2

k=m

\I/d,p;m(B) Sa

Noting that the latter series is identical with R, (2fyofylp5/ 2q~G-n)/ 2), where R,,(t) is given
n (5.36), we apply the inequality (5.47) to obtain (3.3).
Finally, it follows from (3.2) that ¥, ,,.,,(B) = O(d_(3_r)m/2) as d — oo. |

Proof of Theorem 3.2. Since B is of full rank, then B'B is positive definite. Letting Bay =
- 2> B(p) denote the ordered eigenvalues of %B/B , then by Proposition 5.7,

. 1 1+|HD7NPCH(I) K1 Kp
i (1+k)—Np/3(p) 0(1)
Zk:m k! |H|Z=k (d/2), B B(p

since the ordering of the ;) implies that 661) B o> 5"*‘
By the upper bound in (5.15), we have

1 ] ~Ixl.
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therefore
= (1+k) Vg, . s
Cypm(B) > ?@ > 2Md+ ) e
k=m ' |k|=k

(1+ k) N2k (d+ k)~

k! ZC

|r|=F

ol

=
I
3

(1+k) NVr(d+ k)"
k!

ol

=
I
3

Since each term in the latter series is positive, then we obtain the single-term lower bound,

(L4+m) M (d+m)™
m)

\I’d,p;m(B) 2 (2pﬁ(p))m’

and this bound also converges to 0 as d — co or m — 0.

We apply now the telescoping method to obtaln a sharper lower bound for ¥, ..(B).
Let 7 = 2pf, and, for j > m, define a; = (147N (d+ )77 /5. Then

aj+1_<1+j)Np< d+j >J’+1 T

a;  \2+j d+1+j G+D@+1+7)
><1+m)Npe_1 T
“\24+m G+D(d+1+7)

T > L (Cdkd )T S o7 for all § > m and all d > 1. Therefore, for all k > m,

since 505 > o (g1
k—1 — N, -1
1+m\ 7 e T
mjl;[n a; jlz_[ 24+ m G+D(d+1+7)
k—m
7!

where p = (Hm) e~ 7. Therefore,

2+m
o0 00 o
Yitgm(B) 2 k:zmak =t k; (m+ 1) _p(d+ 1+ m)y_p,
k
:“mkzzo (m+1)k(§+1+m)k
= Fo(Lm+1,d+ 14+ m;p).
This establishes (3.4). [

6 Concluding remarks

In this article, we presented an approach, to calculating the normalizing constants of the matrix
Bingham and matrix Fisher distributions, that is alternative to numerical simulation methods.
Although Monte Carlo computations may be adequate for approximating the normalizing con-
stants ®,,, and ¥ ,,, such numerical simulations can only yield estimates of the errors in the com-
puted values of the normalizing constants and cannot provide provable bounds on those errors.
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The approach given in the present article provides, under stated hypotheses, guaranteed upper
bounds for the remainder terms, and therefore is able to calculate the normalizing constants to
any desired level of accuracy. Further, the methods developed here provides explicit rates of
convergence as d — 0o or m — 00, and also deduces in some instances lower bounds on the
accuracy of each remainder term.

We note that the methods used in this article are applicable to a general class of distributions,
on the Stiefel and Grassmann manifolds, as described by Chikuse [4, pp. 35-36]. Further, the
approach given here applies to the complex matrix Bingham and complex matrix Langevin
distributions; this can be done by making the necessary changes from the real zonal polynomials
to the complex zonal polynomials and from the generalized hypergeometric functions of real
symmetric matrix argument to the generalized hypergeometric functions of Hermitian matrix
argument [16]. In particular, we note that the complex analog of (5.1), the crucial integral
representation for the zonal polynomials, is provided in [11, Theorem 4.8].

Finally, we remark that all the results in this article extend, mutatis mutandis, to arbitrary
symmetric cones. A basic principle observed from [6, 11] is that methods that are successful
for the cone of real positive definite matrices will remain successful for any symmetric cone.
Indeed, the results that we have established can be extended to derive rates of convergence of
the spherical polynomial series expansions of all generalized hypergeometric functions defined
on the symmetric cones.
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