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Scale Invariant Scattering and Bernoulli Numbers
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Abstract. Non-relativistic quantum mechanical scattering from an inverse square potential
in two spatial dimensions leads to a novel representation of the Bernoulli numbers.
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1 Introduction

In this note, I summarize some observations about Bernoulli numbers as obtained in the context
of computing the scattering amplitude for a scale invariant potential.

In two spatial dimensions non-relativistic scattering by a repulsive potential V = r/r?,
with £ > 0, results in a surprisingly simple form for the integrated cross section, o = 0% (g—‘;) dé,
when computed using quantum mechanics. The result for a mono-energetic beam of mass m
particles is [2, 3] 0 = 27%2’;?" where the incident energy is E = h?k?/(2m). This result follows
from a straightforward application of phase-shift analysis for the potential V' = /r? upon real-
izing a remarkable identity involving the sinc function, sinc(z) = sin(z)/z, as shown in [2]. For
real x, a succinct form of the identity in question is'

L= sm x) 22 Sln Tr\/l2 + x2)
7r\/12 + z2 '

(1.1)

All higher powers of 2 cancel when terms on the right-hand side are expanded as series in 22,

as a consequence of familiar {(2n) exact values for integer n > 0.

2 Bessel functions and Bernoulli numbers

Upon expressing the sinc function in terms of spherical Bessel functions,

2(2) =\ huale) = (o ()22

one may expand the summand of (1.1) in powers of 22 to obtain

sin(mV/12 + 22 S (=mz?)" 1 [1
sin(rvi? + a7) )227( ra)” 1 27Jn+1/2(7fl)-

A selection of other identities of this type, but not exactly (1.1) so far as I can tell, can be found in [5].
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Performing the sum over [ in (1.1) before the sum over n then leads to?

T 2n +1)!
V2 2nn!

Z l”+1/2 Jny1/2(ml) for integer n > 1. (2.1)

Note the prefactor on the right-hand side can be expressed in terms of the double factorial:
2n+ D!t = (2n+ 1)1/ (2"n!).

Implicit in (2.1) is an identity involving the Bernoulli numbers, as follows from using series
representations for the Bessel functions [1, Chapter 10, in particular, equation (10.1.8)] and
interchanging summations. For even n,
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while for odd n
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But then By,11 = 0 for n = 1,2,... and ((2n) = ( |Bgn\ for n = 1,2,... with the usual
phases given by Ba, = (— )”H\Bgnl Thus from (2.1) We are led to another, rather remarkable
identity

for integer n > 1. (2.2)

~ (20! < Bkt >

1= (=1)""(4n +2
(=1 (4n + );n!k!(n—k)! kol

Here the sum involves trinomial coefficients as well as divided Bernoulli numbers, 3, = By, /m.
It is not difficult to check the validity of (2.2) using various expressions of the Bernoulli num-
bers as finite, alternating sums, e.g., as sums of Worpitzky numbers weighted by the harmonic

sequence.3

3 A novel representation of Bernoulli numbers

If encountered as graffiti on the stones of a bridge, e.g., in Ireland, either (1.1) or its companion
identity (2.2) might cause nothing more than a raised eyebrow in passing. Perhaps justifiably so.

However, upon inverting the linear relations in (2.2) to obtain expressions for each individual
Bernoulli number, the results are more striking: The unsigned Bernoulli numbers | By, | for n > 2
are given by interesting sums of n—1 monotonically decreasing positive rational numbers. Unlike
many other such representations [11], here the terms in the finite sums that represent Bs, do
not alternate in sign.

*Truncating the right-hand side of (2.1) to Zl]\il produces an O(1/N) error which is largest at n = 1.
3 An excellent introduction to the extensive literature on the Bernoulli numbers can be found in [7, 8].
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For example,

1
6
1
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217
+ 437580 + 138567 + 3879876

For these examples, in the finite sequence of terms that sum to give |Bay,| obviously the second
number in the sequence is just 3/7 times the first. Less obviously, each term in the sequence
for |Bay| is greater than the subtotal of all the smaller terms in that same sequence.

The general result for |Bs,| is obtained by writing (2.2) as an infinite matrix equation,
1 =M . B, where B is an infinite column of the even index Bernoulli numbers, 1 is an infinite
column of 1 s, and M,,, = 2(—1)™*! (27:;1) (2732“1) Computing the inverse for the triangular
matrix M then gives B = M ~!.1. The ordered terms in the sums of (3.1) are just the unsigned
entries in the corresponding columns of M~ for the n-th row. All terms in a given row of M1

have the same sign. Some straightforward algebra then leads to

k?'(k 1)
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where the [-th order polynomials ¢;(n), with { > 0 and n > [ + 3, may be obtained sequentially
from
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4 Conclusions

Many things can be said about the entries in M !, such as those along the diagonal, i.e.,

(n})?

ML
(2n+ 1)

the first sub-diagonal, i.e.,

_ 1 nl(n —1)!
1
M2z = 50 =25 1
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the second sub-diagonal, i.e.,

_ 7 8 nl(n — 2)!
ML = (n—-= B 3 i S A
M a2l = 365 (n 7) =3 G 31

etc. But those things remain to be said later, and not here.*
It is also possible to relate the terms in the finite monotonic series for |Ba,| to various
partitions of the infinite monotonic series obtain from

[e.9]

_2(2n)! o) = 2(2n)! on
[Banl = G ryan ¢ (2) (%)%;1/k :

But that too remains to be discussed later, and not here.

Suffice it to say here that this monotonic finite series representation of Ba, = (—1)"1|By,|
clearly gives a series of progressively better bounds on Bs,. Such a series of constraints on Ba,
might be useful to establish bounds on functions defined as infinite series whose coefficients
involve the Bernoulli numbers [10]. But that remains to be shown. Finally, as suggested by an
anonymous reviewer, the identity (2.2) may have an implicit connection to various multi-linear
identities for Bernoulli numbers [6, 9], perhaps due in part to the fact that such “convolution”
identities also appear in the context of theoretical physics models [4].

These pending developments notwithstanding, in closing it seems appropriate to note the
results presented here have already led to the addition of three entries to the Online Encyclopedia
of Integer Sequences (see A368846, A368847 and A368848).
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