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Abstract. In this paper, we develop a method to obtain the algebraic classification of com-
patible pre-Lie algebras from the classification of pre-Lie algebras of the same dimension.
We use this method to obtain the algebraic classification of complex 2-dimensional compat-
ible pre-Lie algebras. As a byproduct, we obtain the classification of complex 2-dimensional
compatible commutative associative, compatible associative and compatible Novikov alge-
bras. In addition, we consider the geometric classification of varieties of cited algebras, that
is the description of its irreducible components.
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1 Introduction

The algebraic classification (up to isomorphism) of algebras of small dimensions from a certain
variety defined by a family of polynomial identities is a classic problem in the theory of non-
associative algebras. Another interesting approach to studying algebras of a fixed dimension is to
study them from a geometric point of view (that is, to study the degenerations and deformations
of these algebras). The results in which the complete information about degenerations of a cer-
tain variety is obtained are generally referred to as the geometric classification of the algebras
of these varieties. There are many results related to the algebraic and geometric classification
of Jordan, Lie, Leibniz, Zinbiel, and other algebras (see [1, 2, 3, 5, 6, 15, 16, 20, 23, 25, 27] and
references in [22, 24, 31]). The geometric classification of algebras from a certain variety is based
on the notion of degeneration, that is a “dual” notion to deformation [4, 11, 15, 21, 29, 32].
Pre-Lie algebras, also known as right symmetric algebras, appeared in some papers by Ger-
stenhaber, Koszul, and Vinberg in the 1960s. It is a generalization of associative algebras and
the most popular non-associative subvariety of Lie-admissible algebras. They have various appli-
cations in geometry and physics [7]; recently some connections between them and trees, braces
and F-manifold algebras were established in [8, 29, 37, 38]. Novikov algebras are pre-Lie algebras
with an additional identity. They were introduced in papers by Gel’fand and Dorfman, Balinskii
and Novikov (about Novikov algebras, see [14] and references therein). Let §2 be a variety of
algebras. We say that an algebra (A, -, *) is a compatible Q-algebra, if and only if (A, "), (A, x*)
and (A, -+x) are Q-algebras. Compatible Lie algebras are considered in the study of the classical
Yang—Baxter equation [18], integrable equations of the principal chiral model type [17], elliptic
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theta functions [34], and other areas. The study of non-Lie compatible algebras is also very
popular. So, cohomology and deformations were studied for compatible Lie algebras [30], com-
patible associative algebras [9], compatible Hom-Lie algebras [11], compatible L.-algebras [10],
compatible 3-Lie algebras [21], compatible dendriform algebras [12], and so on. Free compatible
algebras were studied in the associative algebra case in [13] and in the Lie algebra case in [19, 28].
Compatible associative structures on matrix algebras were studied in [33, 35, 36]. General com-
patible structures have been studied from an operadic point of view in [39, 40]. A generalization
of compatible algebras was considered in [26]. At this moment there is only one paper about
the classification of small-dimensional compatible algebras. Namely, all 4-dimensional nilpotent
compatible Lie algebras were classified in [27].

The main goal of the present paper is to obtain the algebraic and geometric description of
the variety of complex 2-dimensional compatible pre-Lie algebras. To do so, we first deter-
mine all such 2-dimensional algebra structures, up to isomorphism (what we call the algebraic
classification), and then proceed to determine the geometric properties of the corresponding
variety, namely its dimension and description of the irreducible components (the geometric
classification). As some corollaries, we have the algebraic and geometric classification of com-
plex 2-dimensional compatible commutative associative, compatible associative and compatible
Novikov algebras.

Our main results regarding the algebraic classification are summarized below.

Theorem A1l. There are infinitely many isomorphism classes of complex 2-dimensional compat-
ible pre-Lie algebras, described explicitly in Theorem 2.7 in terms of 6 three-parameter families,
14 two-parameter families, 13 one-parameter families, and 8 additional isomorphism classes.

Theorem A2. There are infinitely many isomorphism classes of complex 2-dimensional com-
patible commutative associative algebras, described explicitly in Theorem 2.8 in terms of 1 three-
parameter family, 3 two-parameter families, 8 one-parameter families, and 6 additional isomor-
phism classes.

Theorem A3. There are infinitely many isomorphism classes of complex 2-dimensional com-
patible associative algebras, described explicitly in Theorem 2.10 in terms of 1 three-parameter
family, 3 two-parameter families, 10 one-parameter families, and 10 additional isomorphism
classes.

Theorem A4. There are infinitely many isomorphism classes of complex 2-dimensional compat-
ible Novikov algebras, described explicitly in Theorem 2.12 in terms of 3 three-parameter families,
7 two-parameter families, 11 one-parameter families, and 7 additional isomorphism classes.

The geometric part of our work aims to generalize previously obtained results about the
geometric classification of 2-dimensional Novikov [6] and pre-Lie [5] algebras. Our main results
regarding the geometric classification are summarized below.

Theorem G1. The variety of complex 2-dimensional compatible pre-Lie algebras has dimen-
sion 7. It is defined by 2 rigid algebras, 1 one-parametric family of algebras, 7 two-parametric
families of algebras, and 4 three-parametric families of algebras and can be described as the
closure of the union of GLa(C)-orbits of the algebras given in Theorem 3.10.

Theorem G2. The variety of complex 2-dimensional compatible commutative associative alge-
bras has dimension 7. It is defined by 1 two-parametric family of algebras and 1 three-parametric
family of algebras and can be described as the closure of the union of GLa(C)-orbits of the alge-
bras given in Theorem 3.7.
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Theorem G3. The variety of complex 2-dimensional compatible associative algebras has di-
mension 7. It is defined by 2 rigid algebras, 2 two-parametric families of algebras, and 1 three-
parametric family of algebras and can be described as the closure of the union of GLo(C)-orbits
of the algebras given in Theorem 3.8.

Theorem G4. The variety of complex 2-dimensional compatible Novikov algebras has dimen-
sion 7. It is defined by 1 rigid algebra, 3 two-parametric families of algebras, and 1 three-
parametric family of algebras and can be described as the closure of the union of GLo(C)-orbits
of the algebras given in Theorem 3.9.

2 The algebraic classification of compatible algebras

All the algebras below will be over C and all the linear maps will be C-linear. For simplicity,
every time we write the multiplication table of an algebra the products of basic elements whose
values are zero are omitted.

2.1 The algebraic classification of algebras

In this paper, we work with compatible pre-Lie algebras with two multiplications. Let us review
the method we will use to obtain the algebraic classification for the variety of compatible pre-Lie
algebras (the present method, in the case of Poisson algebras, is given with more details in [2, 3]).

Definition 2.1. An algebra is called a pre-Lie algebra if it satisfies the identity

(y)z—z-(y-2)=y-z)2—y (z-2).

Definition 2.2. A compatible pre-Lie algebra is a vector space A equipped with two multiplica-
tions: - and another multiplication * such that (A,-), (A, *) and (A, -+ ) are pre-Lie algebras.
These two operations are required to satisfy the following identities:

(@-y)z—z-(y-2)=(y-2)-2-y (z2),

(rxy)kz—xx(y*x2)=(y*x)*xz—yx*(x*2),

(Zry)-z—axx(y-2)+(x-y)xz—a-(y*2)
=(y*xx)-z—y*x(x-2)+(y-x)xz—y-(rx*2).

The main examples of compatible pre-Lie algebras are the following: compatible commutative
associative, compatible associative and compatible Novikov algebras.

Definition 2.3. Let (A,-) be a pre-Lie algebra. Define Z2(A, A) to be the set of all bilinear
maps 6: A x A — A such that

Q(H(x, y)? Z) - (9(1’, 9(y7 Z)) - 9<9(y7 $), Z) - 6(y7 9(337 Z)):
O(z,y) - z—0(x,y-2)+0(x-y,z)—z-0(y,z)
=0(y,z) - z—0(y,x-2)+0(y-x,2) —y-0(x,2).

Then Z2(A, A) # @ since = 0 € Z2(A, A).

Now, for § € Z?(A, A), let us define a multiplication ey on A by xegy = 0(x,y) forall z,y € A.
Then (A, -, ey) is a compatible pre-Lie algebra. Conversely, if (A, -, ) is a compatible pre-Lie
algebra, then there exists 6 € Z2(A, A) such that (A, -, ey) = (A,-,e). To see this, consider the
bilinear map 0: A x A — A defined by 0(x,y) = z ey for all 7,y in A. Then § € Z*(A, A)
and (A,-,e9) = (A, e).
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Let (A,-) be a pre-Lie algebra. The automorphism group Aut(A) of A acts on Z2(A, A) by

(0% ¢)(2,y) = ¢~ (0(8(x), 9(y)))
for ¢ € Aut(A) and 6 € Z?(A, A).
Lemma 2.4. Let (A,-) be a pre-Lie algebra and 0,9 € Z2(A,A). Then (A, -, o) and (A, -, ey)
are isomorphic if and only if there is a linear map ¢ € Aut(A) such that 0 x ¢ = 9.
Proof. If 0 x ¢ = ¥, then ¢: (A,-,ey) —> (A,-,e) is an isomorphism since ¢(J(x,y)) =
0(é(x), p(y)). On the other hand, if ¢: (A,-,e9) — (A, -, ey) is an isomorphism of compatible
pre-Lie algebras, then ¢ € Aut(A) and ¢(z ey y) = ¢(z) 89 ¢(y). Hence
Iz,y) = ¢~ (0(6(2), d(y))) = (0% 6) (2, y),
and therefore 6 x ¢ = 9. |
Consequently, we have a procedure to classify the compatible pre-Lie algebras with the given
associated pre-Lie algebra (A, -). It consists of three steps:
(1) compute Z%(A, A),
(2) find the orbits of Aut(A) on Z?(A, A),

(3) choose a representative # from each orbit and then construct the compatible pre-Lie algebra
(A7 Ty .9) .

2.2 2-dimensional pre-Lie algebras

Lemma 2.5. Let C be a nonzero 2-dimensional pre-Lie algebra. Then C is isomorphic to one
and only one of the following algebras:

Coi: e1-e1=e€1+e, e2-€1=ey,

Co2: e1-e1 =e1+e2, e€1-€3=e3,

Cos: e1-e1 = e,

Cos: e2-e1 = ey,

Cos: e1-€e1=e1, e1-e2 = e,

Cog: €1-€1=e€1, e1-e2=aez, €2-e€ = e,

Co7: e1-ep =e1, ez-e2=ea,

Cogi €1 €1 = eq, 61'62:262, 62'61:%61-1—62, €9 - €2 = €9.

Lemma 2.6. The description of the group of automorphisms of every 2-dimensional pre-Lie
algebra is given as follows:

(1) If ¢ € Aut(Cor), then ¢(e1) = e1 + vex and ¢(e2) = ey for v € C.

(2) If ¢ € Aut(Cop2), then ¢(e1) = e1 + vey and ¢(e2) = ey for v € C.

(3) If ¢ € Aut(Co3), then ¢(e1) = Eeq + vea and ¢(e2) = E%eq for £ € C* and v € C.

(4) If ¢ € Aut(Coa), then ¢(e1) = Eer and ¢p(e2) = ez for £ € C*.

(5) If ¢ € Aut(C a#) then ¢(e1) = e1 and ¢(ez) = Eeg for £ € C*.

(6) If ¢ € Aut(Cjs), then ¢(e1) = e1 + ves and ¢(e2) = ez for £ € C* and v € C.

(7) If ¢ € Aut(C OGAO) then ¢(e1) = e1 and ¢(ez) = Eeq for & € C*.

(8) If ¢ € Aut(C), then ¢(e1) = e + ves and d(ez) = Eeg for £ € C* and v € C.

(9) If ¢ € Aut(Cor), then ¢ € Sy, i.e., ¢p(e1) = e1, Pp(e2) = ez or Pp(e1) = ea, Pp(e2) = ey.
(10) If ¢ € Aut(Cos), then ¢(e1) = e1, ¢(e2) = ez or ¢e1) = —e1 + 4ez, P(ez) = ea.
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2.3 The algebraic classification of compatible pre-Lie algebras
The main aim of the present section is to prove the following results.

Theorem 2.7. Let C be a nonzero 2-dimensional compatible pre-Lie algebra. Then C is isomor-
phic to one and only one of the following algebras:

Coi: e1xep =e1 +ea, egxel =es,

Coa: e1xe; =e;+ea, e;xey=ey,

Co3: e1*e; = ey,

Cos: ex*e1 =eq,

Cos: e1xe1 =e1, e1*ey= ey,

Cog: e1xe1=e1, e1xex=aey, eg%*e = ey,

Cor: e *xep =e1, ez*xex =ey,

Cog: e1*xep =e1, e1*ex = 2eo, 62*612%614-62, €2 * €2 = €2,
C%gi e1-e1=e9, e€1%*€ =e1, €]*ey=ey €e3*e1 = e,

Cis5: e1-e1 =e2, e1xe; =aey,

Clg: e1-e1=ea, e1%e;=eq,

Cfég: e]-e1 =eg, e€1*e; =qey, e]*ey=e], ex*e] =e], €3%*ey=e,
Cgf’oi e1-e1 =e1, epxe; = e+ ey,

ngg’oz e1-e1=e1, ep*xe = Peq,

Cy: e1-e1=e1, elxe =ae), ex%ey=ey,

a7. J— — — p— —
Cq": e1-e1=e1, epxel =aer+ Bea, e1xey=e1, exxe] =e1, €2%*ex= e,

17/3’/3. JR— JR— —
C3i7": er-ep=e1, ej-exg=e2, e2-€1=e3,
e1 xe1 = fBe; +ea, ey xex = [Pea, ezxe; = Pey,
17ﬁ75. —_ —_ J—
C337": er-ep1=e1, ej-ex=¢e2, e€2-€ =e€,

e1 x e = ey, er*ex = fPey, ez*er = fBeo,
Cocﬁ. P o — o —
34 - €1°€1=¢€1, €1 -€2=¢€2, €2 €1 =€,
€1 xe;p = aeq, €1 * €g = ey, €9 * €1 = (xey, 62*622614—562,
o, — — —
C35: er-e1=e1, ej-ex=e, e€3-€1=e€3,
€1 * e = aeq, €1 * €2 = ey, €9 * €1 = (xey, €9 * €2 = €29,
B,y . _ _ _
Cy7: er-e1=e1, ex-ea=er, erxer=(y+ L —a)e — fe,
e1x ey = el + fBea, egxeyp = ey + Pes, eg*xes = —aeq + yea,

a,BFa _ _ _ _
Cs4 i e1-ep=e1, €y-€y3=¢€y, e1%e€ =qe, eg%*ey = eo.

All algebras are non-isomorphic, except

LBY ~ pLBY 0,8,7 ~ 10,8,y 8,7 ~ pBa,—a+B+y
Ca} _CQ5 ) 631 —632 C —C38 )

) 38

OL,B ~/ 6,& aanY ~ 4’77a7678a+16777 a:ﬁ ~ a+4B776
C39 - CS9 ’ C40 - C40 ’ C41 - C41 :

2.3.1 Compatible pre-Lie algebras defined on Cgp1

From the computation of Z%PL (Co1,Co1), the compatible pre-Lie algebra structures defined on Cp;
are of the form e1-€e1 = e1 +€2, €g-€1 = €2, €1 ¥€1 = (1€1 —|-062€2, €1 *k ey = (x3€9, €2 ¥ €1 = (x1€2.
Then we have the following cases:
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e If a3 # 0, then choose v = —3—; and obtain the parametric family

a7B O . JR— —
0097&-61'61—61-1-62, ez - ey = e,
e1 ke =aey, e]xey = ey, eg%xe; = qes.
/ /
The algebras C&)"B and ng’ﬁ are isomorphic if and only if (o, 8) = (¢/, 5).

e If as = 0, we obtain the parametric family
C?dﬂi e1-e1=e1+ey, ey-e]=eg, e]kxe; =ael+ Pey, eg*xe; = aes.
The algebras C‘f‘o’ﬁ and C%”B " are isomorphic if and only if (a, 8) = (/, 3').

2.3.2 Compatible pre-Lie algebras defined on Cgs

From the computation of Z%PL (Co2,Cp2), the compatible pre-Lie algebra structures defined on Cps
are of the form e1-e; = e1 +e9, €1-e3 = €9, €1 xe1 = a1e1 + agea, e1 x ea = ages. Then we have
the following cases:

e If oy # a3, then choose v = alofas and obtain the parametric family

a?ﬁ a. J— J— — —
C11¢.€1'61—61+62, e1-€ey =€, €1%xe] =qey, e1*ey = eo.

The algebras Cﬁ’ﬂand Cﬁ/’ﬁ/ are isomorphic if and only if («, 8) = (¢/, 7).
e If a; = a3, we obtain the parametric family
C?Q’B: e1-e1=e1+tey, e1-e3=e9, e1*e; =aey+ Pey, e1*er = aes.

/

The algebras C‘fQ’B and C‘fé’ﬁ " are isomorphic if and only if (a, 8) = (/, B').

2.3.3 Compatible pre-Lie algebras defined on Cgys

From the computation of Z%PL (Cos, Cp3), the compatible pre-Lie algebra structures defined on Cp3
are of the following forms:

1
2
3
4

e1-e1 = e, €1 ke = qe] + qeg, €1 *x €2 = (¥3€3, €2 * €] = (1€2,
e1-e1 = e, €1 ke = qge1 + aser, €1 * €2 = (€3,

(3) e1-e1 =e2, €1 xe1 = are; + ageg, €1 * €2 = (e, €2 * €] = (YE], €2 * €2 = (Y€,
( ) e1-e1 = eg, e1xe1 = €1 +Q11e2, e1*ey = 2ajpes, ea*el = aq2e1+aqpes, ea*xex = 2aq262.

We may assume agagais # 0. First, we consider the first form. Then we have the following
cases:

e If a3 # 0, then choose & = a;l, V= —agagz and obtain the parametric family
Cfégi €1 €1 = ey, €1 *e1 = aeq, €1 * €2 = €2, €9 * €1 = (ea.

The algebras Cf% and Cf‘é are isomorphic if and only if a = .

e If a3 =0,a; # 0, then choose & = 041_1 and obtain the parametric family
Cly: e1-e1=ez, erkxep=e+aey, exke; = e

The algebras Cfy and C{ are isomorphic if and only if o = o
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e If oy = a3 = 0, then we obtain the parametric family
Cis: e1-e1=e3, e1*e = ae.
The algebras Cf5 and C{§ are isomorphic if and only if o = o
Second, we consider the second form. Then we have the following cases:

o If ay # ag, then choose € = a;t, v = e

and obtain the parametric family
Cl: e1-e1=e2, er*xel=eq, €1*ex=aes.
/ . . . .
The algebras C& and C$ are isomorphic if and only if o = o/
16 16 y
e If ay = ag, then choose € = azl and obtain the parametric family
Ci7: e1-e1=e2, er*xel=e1+aey, e]*xey=eg.

The algebras C{% and Cf% are isomorphic if and only if o = /. s

— 2
Third, we consider the third form. Then, we choose £ = a4 *, v = —% and obtain the

parametric family

N

C?SZ €1 -€1 = €9, €1 * €1 = ey, €1 *x eg = ey, €eg *x €1 = ey, €9 X €9 = €9.

The algebras Cf and Cfy are isomorphic if and only if a = o’
Finally, we consider the fourth form. Then, we choose § = a5, ¥ = —aqpa;5° and obtain
the parametric family

[NIE
o

Clo: e1-e1=e2, er*xel=aey, exxel=e, e%ex=2e.

The algebras C§y and Cfy are isomorphic if and only if o = o

2.3.4 Compatible pre-Lie algebras defined on Cgy
From the computation of Z%PL (Co4,Co4), the compatible pre-Lie algebra structures defined on Cyq4
are of the following forms:
(1) ea-e1 =eq, e2xe1 = ayeq, €3 % €3 = ey + azea,
(2) ea-e1 =e1, €1 x €3 = ageq, €9 * €] = Qaz€1, €2 * €2 = Qe] + es.
We may assume a4 # 0. First, we study the first form. Then we have the following cases:

e If as # 0, then choose £ = as and obtain the parametric family

ngﬂ: eg-€1 =€y, eEgxe; =aqey, €g%*ey=e+ Pes.

The algebras C%'B and C%’ﬁ/ are isomorphic if and only if (o, 8) = (¢/, 5).
e If ay = 0, we obtain the parametric family
Cgl"gz ex-€1 = €1, ex*e] = e, egx*ey = [Pes.
The algebras Cg‘l’ﬂ and C;{’ﬁ " are isomorphic if and only if (o, 8) = (o/, 5).
Second, we consider the second form. Then we have the following cases:
e If ag # 0, then choose £ = ag and obtain the parametric family
Cgfo’ﬁ: er-€1 =€1, e€1%xey=aqe;, ey*el = fPer, e*ey=e1+ aeo.
The algebras CSQ’B and Cgé’ﬁ " are isomorphic if and only if (a, 8) = (/, B').
e If ag = 0, we obtain the parametric family
ng;éo,ﬁ: er-€1 =€1, e1*xeyg=aqe, egxel = Per, eg*ey = aey.

/

The algebras Cg‘éﬂ and Cg‘é’ﬁ " are isomorphic if and only if (a, 8) = (/, 3').
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2.3.5 Compatible pre-Lie algebras defined on ca;éo,z,

From the computation of ZCPL (Cgs,Cs ), the compatible pre-Lie algebra structures defined on Cgj
are of the form ej - e1 = eq, e1 - e = aeg, €1 x €1 = a1e1 + Qgea, €1 *x eg = ages. Then we have
the following cases:

e If ag # 0, then choose £ = ap and obtain the parametric family

(63
Cﬁv- el-ep=ey, e1-ey=aqey, ejxe; =fe+ey, e xey=yea.

The algebras CSZB 7 and Cgﬁ;ﬁ " are isomorphic if and only if («, 3,7v) = (¢, 8',7').
e If as = 0, we obtain the parametric family

By, _ _ _ _
Cy 't e1-e1=e1, e1-ex=aez, e1xe; = ey, e1*ey=yer.

The algebras Cg};ﬁﬁ and Cg‘é”ﬁ/”/ are isomorphic if and only if («, 3,7) = (¢/, 5,7).

1
2.3.6 Compatible pre-Lie algebras defined on Cg;

1 1 1
: 2 3 o2 : : 3
From the computation of Z¢p, (C05, CO5) , the compatible pre-Lie algebra structures defined on Cg;
are of the following forms:
1
(1) e1-e1=e1,e1-€2 = 5€2, €1 ¥ €] = (€1 + (ipeg, e1 * ez = (gea,
1
(2) e1-e1 =e1, e1-e2 = 5e3, e1 xe1 = 20ye1, €1 * €2 = ez, €3 * €3 = A€y,
(3) e1-e1 = e1, €1 - €3 = %62, e1 * e1 = 2ag€e1, €1 x eg = Q€] + agea, e * e1 = 2a7eq,

€2 *x eg = age1 + ares.

We may assume asay # 0. If the compatible pre-Lie algebra structures defined on C05 is of
the first form, then we obtain the algebras CQ’B’7 and CQ’ 7

Assume now that the colmpatlble pre-Lie algebra structures defined on CO5 is of the second
form. Then, choose § = o - 2 and obtain the parametric family

1
Cgﬁi €1 €1 =eq1, 61-622562, 6’1*61:2(161, €1 * €2 = ey, €92 * €2 = €71.

The algebras Cy; and C26 are isomorphic if and only if a = /.
Finally, assume that the compatlble pre-Lie algebra structures defined on C is of the third
form. Then, choose £ = ar ! and obtain the parametric family

a7/3. J— J— 1 —_—
Cyi': er-ep=e1, ej-ex=g5e2, e1%e =2ae,

e1 ke = e +aey, egker =2ey, eg*ey= e+ eo.
The algebras C;}’ﬁ and C;‘;’ﬁl are isomorphic if and only if (a, 8) = (¢, 8').

2.3.7 Compatible pre-Lie algebras defined on C85

From the computation of Z%PL (665, Cé5) , the compatible pre-Lie algebra structures defined on C35
are of the following forms:

(1) e1-e1 =e1, e1-ex = ez, e1 xe] = aje] + geg, €] * €3 = (z€2,

(2) e1-e1 =e1, €1+ €2 = €9, €1 k€] = (€1, €] * €3 = (4€2, €2 * €] = (5€1, €2 * €2 = (5€2.

We may assume a5 # 0. First, suppose that the compatible pre-Lie algebra structures defined
on Cé5 is of the first form. Then we have the following cases:
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2
a1 —a3

and obtain the parametric family Cééﬂ 7B,

e If oy # a3, then choose v =
e If a; = a3, then we will consider the following two cases:
— If ag # 0, then choose £ = as and obtain the parametric family C%f B

— If ag = 0, then we obtain the parametric family C%gg B,

Assume now that the compatible pre-Lie algebra structures defined on Cé5 is of the second
form. Then, choose £ = 045_1, v= —a4a5_1 and obtain the algebra

ngl €1 -€e1 = e€q, €1 - €9 = €9, ey ke = ey, €9 * €9 = €9.

2.3.8 Compatible pre-Lie algebras defined on C85

From the computation of Z2CPL (085, 685) , the compatible pre-Lie algebra structures defined on Cls
are of the following forms:
(1) €1-e1 =e1, €1 xe1 = (1e1 + (e, €1 * €y = (¥3€9,
(2) e1-e1=e1, e1 % €1 = aqeq, e * €3 = asez,
(3) e1-e1 =e1, €1 xe1 = ager + are, €1 % e2 = Qgel, €2 % €1 = Qgeq, €3 * €2 = Qg€
We may assume asag # 0. If the compatible pre-Lie algebra structures defined on C85 is of
the first form, then we obtain the algebras Cgf 7 and ngﬁ 7.

Assume now that the compatible pre-Lie algebra structures defined on 685 are of the second
form. Then, choose £ = a5_1 and obtain the parametric family

Cy: e1-e1=e€1, e1*xel=aqey, ex*xey=e.

The algebras C5; are Cg‘é are isomorphic if and only if a = /.
Finally, assume that the compatible pre-Lie algebra structures defined on 685 is of the third
form. Then, choose £ = ag ! and obtain the parametric family

a7 . j— j— j— — —_—
C3Oﬁ. €1 €1 = €1, 61*61—a61+ﬁ62, €1 xeg = ey, €eg ke = ey, €9 * €9 = €9.

The algebras C?dﬁ and Cg‘(;’ﬁ " are isomorphic if and only if (a, 8) = (/, 3).

2.3.9 Compatible pre-Lie algebras defined on ngéo’l’2

From the computation of Z2p; (CSs, CSs), the compatible pre-Lie algebra structures defined on C§y
are of the form e1 -e1 = €1, e1 - €2 = @eg, €3 - €1 = €9, €1 x €1 = Q1] + Qea, €1 * €9 = Q3€3,
e2 x e = ajeo. Then we have the following cases:

e If as # 0, then choose £ = as and obtain the parametric family

a,B,y . _ _ _
Cy77': e1-e1=e1, e1-ex=aez, ex-e1=ey,

e1 ey = fe; +ez, e1*xex=ryer, ez*e; = fPea.

The algebras Cg‘l’ﬂ’7 and C?{”B/”/ are isomorphic if and only if (o, 3,7) = (¢/, 5,7).

e If as = 0, we obtain the parametric family

a,B,y . _ _ _
Cy7': e1-e1=e1, e1-ex=aex, ex-e1=ey,

e1 xep = ey, e1%xey="ea, egx*xe; = feo.

The algebras Cg‘éﬁ”, Cg‘zl’ﬁ/’v/ are isomorphic if and only if («, 3,7) = (¢/, 5,7/).
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2.3.10 Compatible pre-Lie algebras defined on C86
From the computation of ZQCPL (C86, 686) , the compatible pre-Lie algebra structures defined on Cl
are of the following forms:
(1) e1-e1 =e1, e2-€1 = e, €1 x €1 = a1e1 + geg, €] * €3 = Q3€2, €2 * €] = €2,
(2) e1-e1 =e1, ea-€1 = €3, €1 x €] = e, €] * €3 = (5€], €2 * €] = (U4€9, €3 * €2 = (5€2.
We may assume a5 # 0. Let us first consider the first form. Then we have the following
cases:
o If ag # 0, then v = _%, choose and obtain the parametric family Cg’Q’B 70,

e If a3 = 0, then we consider the following two cases:
— If ag # 0, then choose £ = a9 and obtain the parametric family Cgiﬂ’o.

— If ag = 0, then we obtain the parametric family Cgé’g 0,

Now, we consider the second form. Then choose £ = Ozgl, v= —a4a51 and obtain the algebra

ng: €1 -ep =eq, €o €1 = €9, €1 x ey = ey, €9 % €9 = €9.

2.3.11 Compatible pre-Lie algebras defined on Céﬁ

From the computation of Z&p; (Cls, Cig ), the compatible pre-Lie algebra structures defined on Cgj
are of the following forms:

(1) e1-e1=eq, e 62 =e2, €-€] =€, 1 *x€] = Q€] + (2€2, €] * €2 = (3€2, €3 * €] = (1€,

(2) e1-e1 = e, e1-€x = eg, ex- €] = €3, €] ¥ €] = (€], €] *¥ €3 = ey, €y *x €] = (e,
€9 x €2 = a5e1 + agea.

We may assume (a5, ag) # (0,0). If the compatible pre-Lie algebra structures defined on Clg
is of the first form, then we obtain the algebras Cé’lﬂ 7 and 631’25 .

Assume now that the compatible pre-Lie algebra structures defined on Cé6 is of the second
form. Then we have the following cases:

[SIE

e If a5 # 0, then choose £ = oz5_ and obtain the parametric family

a,IB . J— JE— —
Cyj”: e1-eg=e1, e1-ex=e3, e3-€1=e3,
€1 *e] = aeq, €1 * €2 = ey, €9 x €] = (xey, 62*62:61+,862.
! /
The algebras C§‘4"B and C§‘4”8 are isomorphic if and only if (a, 8) = (¢, 8').
e If a5 = 0, then choose { = ay 1 and obtain the parametric family

o, — _ _
C35: e1-ep=e1, er-ex=e, ex-€]=e3,

€1 x e = aeq, €1 * €2 = ey, €9 * €1 = ey, €2 % €9 = €9.

The algebras Cgs and Cg‘g are isomorphic if and only if o = /.
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2.3.12 Compatible pre-Lie algebras defined on Cgﬁ

From the computation of Z%PL (Cgﬁ, C86) , the compatible pre-Lie algebra structures defined on Cgﬁ
are of the following forms:

(1) €1-€1 = €1, €13 = 2€g, €2- €] = €2, €] x €] = (11€] + (2€2, €] * €3 = (3€3, €2 * €] = (1€2,
(2) e1-e1 =e1, e1-e3 = 2eq, eg- €1 = €9, €1 *x €] = que] + Qze, €] * ea = 2a4€9, € x €] =
agel + ayeg, e x e = 2age2,

(3) e1-e1 =e1, e1-e3 = 2eq, ex-e1 = €9, €1 *x €] = Qrel, €] *x e = age] + 2azey, €3 x € =
2ager + ares, eg *x €9 = qges.

We may assume agag # 0. If the compatible pre-Lie algebra structures defined on C; is of
the first form, then we obtain the algebras Cgiﬁ 7 and Cgéﬁ 7.

Assume now that the compatible pre-Lie algebra structures defined on C34 are of the second
form. Then, choose § = oy 1 and obtain the parametric family

a,B, _ _ _ _
C36 Ie1-ep =eq, 61'62—262, €9 - €1 = €9, 61*61—0461+ﬁ62,

el x eg = 2ae, exxe] =e; +aey, €2%xeq = 2es.
The algebras C?éﬁ and Cg‘é’ﬁ " are isomorphic if and only if («, 8) = (o/, 5).
Finally, assume that the compatible pre-Lie algebra structures defined on Cgﬁ are of the third
form. Then, choose £ = ag 1 and obtain the parametric family

o, — . i
C3;: e1-ep1=e1, e1-ex3=2e, e3-€1=es,

el xe] =aey, e]*xey =-e]+2ae, exxe; =2+ aez, e2xey = es.

The algebras C§; and C§‘7l are isomorphic if and only if o = .

2.3.13 Compatible pre-Lie algebras defined on Cqy7

From the computation of Z%PL (Co7,Co7), the compatible pre-Lie algebra structures defined on Cor
are of the following forms:

(1) €1 e = ey, eg - €2 = €9, €1 k¥ ey = (043 + ag — Oq)el — Qea, €1 *x €2 = (1€1 + Qn€9,
€2 * €] = (1e1 + ey, €3 * e2 = —q1e] + agey,
(2) e1-e1 =e1, ea-e2 = €a, €1 ¥ €1 = e, €2 * 3 = (z€2.

We may assume that ay # as. Suppose first that the compatible pre-Lie algebra structures
defined on Cy7 has the first form. Then we obtain the algebras

C’g‘S’B’W: e1-ep=ey, ex-e3=e3, e1xe;=(y+L0—a)eg— Bes,
e1* ez = aey + Pez, ex*xep = el + feg, ez xex = —aer + yea.
The algebras Cg‘éﬂﬂ and ngwggy are isomorphic if and only if (o, 8,7) = («/, 8',7) or (o, B,7) =
(ﬁla 0/7 —a/ + B/ + 7/)
Now, assume that the compatible pre-Lie algebra structures defined on Cy7 has the second
form. Then we obtain the algebras
a,B7a, _ _ _ _
Csg i e1-ep=e€1, €3-€=¢€9, €]%x€] =ae|, egx*ey = [eo.

The algebras C?é’g and ng”B/ are isomorphic if and only if (o, 8) = (¢/, ') or (o, 8) = (B, /).
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2.3.14 Compatible pre-Lie algebras defined on Cgg

From the computation of Z%PL (Cos, Cog), the compatible pre-Lie algebra structures defined on Cog
are of the following forms:

1
(1) e1-e1 =eq, e1-ea = 2e9, €2-€] = 5€1+e2, ex-€2 = €3, €1 xe] = aje1 +aney, epxex = 2ages,
€2 * €] = aize] + apeg, eg x ex = 2aizeo,
1
(2) e1-e1 =e1, e1-e3 = 2eg, e2-€1 = €1 +e€2, €2-€3 = €2, €1%€] = €], €1 %€ = Q51+ 2042,
exxe1 = (205 + sau)er + auen, ek €2 = saser + (o + as)es.

We may assume a5 # 0. Then we obtain the following compatible pre-Lie algebras:

Cffdﬁ’yi €e1-€e1=e1, €1-ey=2€2, e3-€ = %61 +ea, eg-ex=eg,
e1xe] = ae] + fBeg, e1xey =2aes, egxe] =yel + aey, €% ey = 2ves,
Cffl’#o: e1-er=e1, e ex=2ey ey-el=isei+es es-ey= e,
el xe] = ey, e1*er = fer + 2aeg,
€2 k€1 = (25 + %04)61 +aeg, ex*ey = %561 + (o + B)es.
Moreover, the algebras CZBB 7 and CZ‘(;’B " are isomorphic if and only if (/0/ ; B ,fy’) = (o, B,7)
or (o/,8,7) =4y —a,f —8a+ 16v,7). Also, the algebras Cz‘l’ﬁ and Cj}l’ﬁ are isomorphic if
and only if (o, 8') = (a, ) or (¢, 8) = (a4 48, —5).

2.4 The algebraic classification of compatible commutative
associative algebras

It is easy to see that each commutative pre-Lie algebra is associative. Hence, we can choose only
commutative compatible pre-Lie algebras from Theorem 2.7.

Theorem 2.8. Let C be a nonzero 2-dimensional compatible commutative associative algebra.
Then C is isomorphic to one and only one and only one of the following algebras:

Co3: e1*xe1 = eq,
C85: el * el = ey,
CSG: el ke =ey, e1*ey=eg, €9%*e] = e,
Co7: e1xe1 =e1, eg%xey=ey,
C%gi €1 -€1 = €9, €1 xep = e, €1 * €9 = €9, €g *k €1 = €9,
Cis: e1-e1 =e2, e1xe; =aey,
C?G: e1-e1=eg, e1xe|=eq,
Cfést €1 €1 = €g, €1 *x e1 = ey, €1 xep = €1, eg xe; = €1, €9 * €9 = €9,
Cgf’oz e1-e1=e1, e1xe;=LPe+ e,
ngB’O: e1-e1 =e1, e1xe; = Peq,
Cy: e1-e1=e1, e1xe; =ae), ex%ey=ey,
C?dﬁi e1-e1=e1, e *xep=ael+Pey, e1*kex=¢€1, exkxel =e, e€g%*ey= e,
C;iﬁ’ﬁi €]1-€1=e1, €1-€=¢€, €2°€]1 =€,
ep xep = fPe; +e2, e1xex = fey, ezxe = fBey,
C¥ er-er=e1, e1-ex=es ex-er = e

e1*ep = fer, e1xey=Pea, ez*e; = [Peo,
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ngﬁ: e1-ep =e1, e1-ex =€y, €3-€] = ey,
e1xep =aey, e]xey=qey, egxe; =qey, e3xey=el+ ey,
C35: e1-ep=e1, ej-ex=ey e2-€] = e,
€] x e = aeq, €1 * e2 = ey, €9 * €1 = ey, €9 * €9 = €2,
C?éﬁﬂi e1-e1=ei, ex-exg=ez, e xer=(y+L—a)e — fe,
e1xex = aer + Pea, exxep = ae; + Pea, ez xea = —aey + yes,

a,f#a _ _ _ _
Csg D ep-ep=e€1, eg-ey=e€9, e€]1%xe]=qae|, €3%*ey= [eo.

All algebras are non-isomorphic, except C?éﬁ"y = Cgéa’faJrBJr'y, C?éﬂ = Cgéa.

2.5 The algebraic classification of compatible associative algebras

Definition 2.9. A compatible associative algebra is a vector space A equipped with two multi-
plications: - and another multiplication *, such that, (A,-), (A, %) and (A, -+ %) are associative
algebras. These two operations are required to satisfy the following identities:

(@-y)-z=z-(y-2), (wry)rz=wx(y*2),
(x*xy)-z+(z-y)xz=xx(y-2)+x-(yx*z).
Theorem 2.10. Let C be a nonzero 2-dimensional compatible associative algebra. Then C is

isomorphic to one and only one compatible commutative associative algebra listed in Theorem 2.8
or one of the following algebras:

1. _ _
Cos: e1xep =e1, e1*ey=ey,
0 . _ _
Cog: €1xe1 =e1, exxe; = ey,

el-ep=ey, ej-ex=ey, epxe; =pLe;, exey= ey,

Cog: e1-e1=e1, ej-ex=e, ex*xe€l =e1, €%ey= e,

17 ? .
CLPP .

07/8’0. JE— R —_— JE—
C3y i er-e1=e1, ex-ep=e3, ep*xer=Pey, exxe; = fe,

ng: €1 €1 = €1, €2 - €1 = €9, €1 xeg = ey, €9 * €9 = €9.

2.6 The algebraic classification of compatible Novikov algebras

Definition 2.11. A compatible Novikov algebra is a vector space A equipped with two multi-
plications: - and another multiplication *, such that, (A,-), (A, %) and (A,- + %) are Novikov
algebras. These two operations are required to satisfy the following identities:

(@-y)z—a-(y-2)=y-z)-z—y-(x-2), (@y- 2= 2y,

(rxy)xz—xx(y*xz2)=(y*xx)xz—yx(xr*xz), (r*xy)*xz=(rx2)xy,

(rxy)-z—xzx(y-2)+(x-y)xz—x-(y*2)
=xz)-z-yx(@ 2)+ @y 2)xz—y-(zx2),

(@xy)-z+ (@ y)xz=(xx2) y+(v-2)*y.

Theorem 2.12. Let C be a nonzero 2-dimensional compatible Novikov algebra. Then C is
isomorphic to one and only one compatible commutative associative algebra listed in Theorem 2.8
or one of the following algebras:

Co1: e1xep =e1 +ea, egxel =es,

Cos: eg*xe1 =eq,
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COC#:
Caﬁ?é :

el xep =eq, e1%xey=qQey, e9%*e] = ey,
e1-e1=ey+ez, ez-e]=e2, e1*e]=ae;, e]*ey= e e*el = ey,
C 76. . —_ . . — J—
10 : e1-e1=e1+ez, ex-ep=ez, exe; =ael+ fez, e2*e = e,
Coﬁél. _ _ _ _
13 -+ €1 -€1 = €y, €1 xe;p = aeq, €1 * €2 = €9, €9 * €1 = ey,
Cly: e1-e1 =e2, e1xe] =e] +aeg, ex%xe] =ey,
Ca70. — — —_
20 - €2 -€1 = €1, € x e1 = «eq, €9 x €9 = €1,
Ca70. —_ —_
21 - €2°€1 =€y, € x e1 = «eq,
CO&#O,ﬁ.

0
CC”'é A eg-€1=e€1, e1xey=aqae;, exkxe;=[fer, eg%*er = e,
C( 7&7’7)#(17/87ﬂ) .
31 :

eg - €1 = e, €1 * eg = aeq, 62*612661, €9 x €9 = €] + ey,

e1-ey=eq, €1-ey=qQey, €] = ey,

e1xe; = fe; +ez, e xey=rey, exxe; = fe,
(a7/877)¢(1?1876) .

Cs, :el-ep=e€1, €1-€y3=aqey, €-€] = e,

e1 x e = e, e1p*ex=ryez, ez*e; = [Pey,

C332 €1-€e1 = e€q, € - €1 = €9, €1 xeg = ey, €9 * €9 = €9.

All algebras are non-isomorphic, except COLM = C057

3 The geometric classification of compatible algebras

3.1 Degenerations and the geometric classification of algebras

Let us introduce the techniques used to obtain the geometric classification for an arbitrary
variety of compatible 2-algebras. Given a complex vector space V of dimension n, the set of
bilinear maps

Bil(V x V,V) = Hom (V®2,V) = (V)®2 gV
is a vector space of dimension n3. The set of pairs of bilinear maps
Bil(V x V,V) @ Bil(V x V,V) = (V)*? @ V& (V)2 oV,

which is a vector space of dimension 2n3. This vector space has the structure of the affine

space C?’ in the following sense: fixed a basis e1,...,e, of V, then any pair with multipli-
cation (u, '), is determined by some parameters fj, i; € C, called structural constants, such

that

p(ei, ej) = E c”e/rc and 1/ (e;,e;) g cZ]ek,
p=1

which corresponds to a point in the affine space C27°. Then a set of bilinear pairs S corresponds
to an algebraic variety, i.e., a Zariski closed set, if there are some polynomial equations in
variables c¥, ¢k

4> Cig with zero locus equal to the set of structural constants of the bilinear pairs
in §. Given the identities defining a particular class of compatible ()-algebras, we can obtain
'k

a set of polynomial equations in variables cfj, Ciy- This class of n-dimensional compatible -

algebras is a variety. Denote it by 7,. Now, consider the following action of GL(V) on T,

(9% (. 1)) (@, y) = (9u(9 2,97 ), g1/ (97 2,97 1y))
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for g € GL(V), (u,p/) € Tn and for any z,y € V. Observe that the GL(V)-orbit of (u, '),
denoted O((u, p')), contains all the structural constants of the bilinear pairs isomorphic to the
compatible Q-algebras with structural constants (u, u').

A geometric classification of a variety of algebras consists of describing the irreducible com-
ponents of the variety. Recall that any affine variety can be represented as a finite union of its
irreducible components uniquely. Note that describing the irreducible components of 7, gives us
the rigid algebras of the variety, which are those bilinear pairs with an open GL(V)-orbit. This
is due to the fact that a bilinear pair is rigid in a variety if and only if the closure of its orbit
is an irreducible component of the variety. For this reason, the following notion is convenient.
Denote by O((u, 1)) the closure of the orbit of (u, u') € T.

Definition 3.1. Let T and T’ be two n-dimensional compatible Q-algebras of a fixed class
corresponding to the variety 7, and (i, u'), (A, \') € T, be their representatives in the affine
space, respectively. The algebra T is said to degenerate to T', and we write T — T', if (A, \) €
O((u, p')). If T 2 T, then we call it a proper degeneration. Conversely, if (A, ) & O((u, 1))
then we say that T does not degenerate to T’ and we write T /4 T".

Furthermore, for a parametric family of algebras, we have the following notion.

Definition 3.2. Let T(x) = {T(«): a € I} be a family of n-dimensional compatible Q-algebras
of a fixed class corresponding to 7, and let T” be another algebra. Suppose that T(«a) is rep-
resented by the structure (u(a),p/(«)) € T, for a € I and T’ is represented by the struc-
ture (\,\) € T,. We say that the family T(x) degenerates to T’, and write T(x) — T,
it (\N) e {O0(pu(a), /() acr. Conversely, if (A, N) & {O((pu(), 1/ («0))) }aer then we call
it a non-degeneration, and we write T(x) 4 T’.

Observe that T’ corresponds to an irreducible component of 7, (more precisely, T’ is an
irreducible component) if and only if T 4 T’ for any n-dimensional compatible Q-algebra T
and T(x) 4 T’ for any parametric family of n-dimensional compatible 2-algebras T(x). To prove
a particular algebra corresponds to an irreducible component, we will use the next ideas. Firstly,
since dim O((u, ¢')) = n? — dim Der(T), then if T — T’ and T % T', we have that dim Der(T) <
dim Der(T'), where Der(T) denotes the Lie algebra of derivations of T. Secondly, to prove
degenerations, let T and T’ be two compatible Q-algebras represented by the structures (u, p')
and (A, \) from T,, respectively. Let ‘cfj, c;]; be the structure constants of (A, \') in a basis
e1, ..., en of V. If there exist n* maps a (t): C* — C such that E;(t) = >7_; a] (t)e; (1 <i < n)
form a basis of V for any ¢ € C* and the structure constants cfj(t), c;’;(t) of (u, ') in the
basis E1(t),..., En(t) satisfy lim;_o cfj(t) = cfj and lim;_,q c;’;(t) = cé’;, then T — T’. In this
case, Fy(t),...,E,(t) is called a parametrized basis for T — T’. In case of Ef, FE ... E! is
a parametric basis for A — B, it will be denoted by

A (B1.BS, . BR)
s

B.
Thirdly, to prove non-degenerations we may use a remark that follows from this lemma,
see [3].

Lemma 3.3. Consider two compatible Q-algebras T and T'. Suppose T — T’. Let C be a Zariski
closed in Ty, that is stable by the action of the invertible upper (lower) triangular matrices. Then
if there is a representation (u, ') of T in C, then there is a representation (A, \') of T in C.

In order to apply this lemma, we will give the explicit definition of the appropriate stable

Zariski closed C' in terms of the variables cfj, c;'; in each case.
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Remark 3.4. Moreover, let T and T’ be two compatible Q—algebras represented by the struc-
tures (p, ) and (A, \) from T,. Suppose T — T'. Then if u, i/, A\, N represents algebras
To, T1, T, T} in the affine space Cc™ of algebras with a single multiplication, respectively, we
have Ty — T0 and T1 — T). So, for example, (0, 1) can not degenerate in (X, 0) unless A = 0.

Fourthly, to prove T(x) — T', suppose that T(«) is represented by the structure (u(«), p'(«))
€ Tp for @ € T and T’ is represented by the structure (A, \') € T,,. Let csz c;]; be the structure
constants of (A, \') in a basis ey, ..., e, of V. If there is a pair of maps (f, (a!)), where f: C* — I
and a]: C* — C are such that E (t) =>"j_1 aj(t)e; (1 < i <n)form a basis of V for any ¢ € C*
and the structure constants (t), c;’;( ) of (u(f(t)), ' (f(t))) in the basis Ei(t),..., E,(t) sat-
isfy lim; o ck (t) = c] and hmt_m c’k(t) = c;’;, then T(x) — T’. In this case, Ei(t),..., En(t)
and f(t) are called a parametrized bas1s and a parametrized index for T(x) — T’, respectively.
Fifthly, to prove T(x) 4 T/, we may use an analogous of Remark 3.4 for parametric families
that follows from Lemma 3.5.

Lemma 3.5. Consider a family of compatible Q-algebras T(x) and a compatible Q-algebra T'.
Suppose T(x) — T'. Let C be a Zariski closed in T, that is stable by the action of the invertible
upper (lower) triangular matrices. Then if there is a representation (u(a), 1/ («)) of T(«) in C
for every a € I, then there is a representation (\,\') of T in C.

Finally, the following remark simplifies the geometric problem.

Remark 3.6. Let (u, ) and (A, \) represent two compatible Q-algebras. Suppose (\,0) ¢
O((1,0)), (resp. (0,X) & O((0,u))), then (A, N) & O((u, 1')). As we construct the classifi-
cation of a given class of compatible {)-algebras from a certain class of algebras with a single
multiplication that remains unchanged, this remark becomes very useful.

3.2 The geometric classification of compatible commutative
associative algebras

The main result of the present section is the following theorem.

Theorem 3.7. The variety of complex 2-dimensional compatible commutative associative alge-
bras has dimension 7 and it has 2 irreducible components defined by (’)(C "B) and O(C b, 7) In
particular, there are no rigid algebras in this variety.

Proof. Thanks to Theorem 2.8, we have the algebraic classification of 2-dimensional compatible
commutative associative algebras. After carefully checking the dimensions of orbit closures of the
more important for us algebras, we have dlm(’)(CO"ﬁ 7) =7 and dim O( a"B) =6. Cig /~ Ca”B
due to the following relation:

/2 /1 /2
R = {022 = cly = 0, oclh + clochy + el = i3y + 11 ch) + oy

Thanks to [25], we have Cor — {Cos,CJs, Clg }- All necessary degenerations are given by
—it—1 51 (iteg —itea,—t%e; —t2ea)
CO?» 39 6137
CO’O’(X (itelfit€2,7t2€17t2€2) C 2%,0,% (itelfit62,7t2617t262) C
38 15> L3g 16

0,0,t—1 (teite2)
Css” —

1+at? _ 14at? at?-3 . ; 2 9
TR T 2z (tei—ites,—tfer—tlea) 44 0,—t,8+t (e1te2) ,0,8,0
C38 6187 C38 CQ4 ’

CO 0,8 (e1,te2) CO,BO7 Cat 1 (6177562) N e t+53,8 (61*‘527“2); Céiﬁﬁ?

—a—Bt+t~ 1, —ptt—1 (eiteste) a8 0,3,0 (exiteaites) ,1.33
— (4 p _
CSS CJO ) CSS C32 ’

C—t*Q,oz—(lJrBt)t*Q,(1+,6’t)t*2 (e1+ez,tez) coB Clziat,a,o (e1+ez,—ter+tez)
38 34 > 38

@
> C35. .
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3.3 The geometric classification of compatible associative algebras

The main result of the present section is the following theorem.

Theorem 3.8. The variety of complex 2-dimensional compatible associative alqebms has dimen-
sion 7 and it has 4 irreducible components defined by O(Cag), O(Cs3), O(Ca ) and O(Csg b, .
In particular, there are two rigid algebras in this variety.

Proof. Thanks to Theorem 2.10, we have the algebraic classification of 2-dimensional compat-
ible associative algebras. After carefully checking the dimensions of orbit closures of the more
important for us algebras, we have

dimO(C™) =7, dimO(C3") =6, dimO(Cos) = dim O(Cay) =

Thanks to Theorem 3.8, we have that Cgé’g 7 and ngg,ﬂ give irreducible components in the
variety of 2-dimensional compatible commutative associative algebras. The rest of the necessary
degenerations are given by

Cog —— (62’tel) Cos, Csz3 ——> (6271:61) Cos»  Cos —>(el+/6627t62) C%f’ﬁ, Cs3 4“614#362@2) COBO. [ |

3.4 The geometric classification of compatible Novikov algebras

The main result of the present section is the following theorem.

Theorem 3.9. The variety of complex 2-dimensional compatible Novikov algebras has dimen-
sion 7 _and it has 6 irreducible components defined by O(Css), (’)(Cg;ﬁ), (’)(CS;B), (’)(Cg‘g’ﬁ),
O(Csy b, ) and (’)(C?éﬁ’v). In particular, there is one rigid algebra in this variety.

Proof. Thanks to Theorem 2.12, we have the algebraic classification of 2-dimensional compat-
ible Novikov algebras. After carefully checking the dimensions of orbit closures of the more
important for us algebras, we have

dimO(Cy”™) =7, dim0O(C5’) = dim O(Cy’) = dim O(C55”) = dim O(C5;77) = 6,
dim O(Cs3) = 4.

Thanks to Theorem 3.9, we have that Cs, ”8 7 and Cg‘g"g give irreducible components in the
variety of 2-dimensional compatible commutatlve associative algebras. Algebras 609 , ;2’6 ,
and Cs; ”8 7 have a one-dimensional subalgebra with zero multiplication (concernmg both multi-
phcatlons) but C33 has not. Hence, C33 is not in the orbit closure of Cog , 622 , and C31. The

rest of the necessary degenerations are given by

2
2 1 (ter+2Ley,toe1+t2ep) 0,0,t=1 (e1tezter—t2en)
Cs1 Co1, Caj Cou,
2
_ (2a+1)B Bt 2B+t (2840)7  (28+D)t,
C()t Lat=1 (ter—o 1t%e tes) Ca;éO C 2aﬁ+t T 26+ (25 1 28t °2 7 4p2 e1) Coc,ﬁ#O
) 09 10 ’

lLat—1¢-1 (tei—t2ea,—t3e2) 14-10 (ter+a ltes,a 1t2es) a0
) ) v L
Csi — (3, Gy Cii s

2 3
2 t t — —
thl—t,o,—1+at*1 (tPer+ gz e tert+1 €2) 000 thlft,o,—atfl (t2e1—a~tea,te; —a~ tes) 0
31 20 31 21 5

=1 _t.at—1 Bt—1 (t2e1—B tea,te1 —B1t2e2) (e1,t7te2)
C31 e B C%B) C ﬁ’Y \ C?Qﬁﬁ' [ ]
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3.5 The geometric classification of compatible pre-Lie algebras
The main result of the present section is the following theorem.

Theorem 3.10. The variety of complex 2-dimensional compatible pre-Lie algebras has dimen-
ston 7 and it has 14 irreducible components defined by

O(Cxs),  O(Cx), O(CF), O(Cy’), 0(cy’), 0(csy’), o(cs),
ocs?), o(cs?), ocs?), oy, oy,
O(C?é’g’v) and O(Cy 757)

In particular, there are two rigid algebras in this variety.

Proof. Thanks to Theorem 2.7, we have the algebraic classification of 2-dimensional compatible
pre-Lie algebras. After carefully checking the dimensions of orbit closures of the more important
for us algebras, we have

dim O(C5;"7) = dim O(C5;%7) = dim O(C%7) = dim O (¢35 =7,

dim O(C5’) = dim O(C;?) = dim O(Coy’) = dim O(C53”) = dim O (C”) = dim O(¢S5”)
= dimO(cy’) =

dimO(C§;) =5, dimO(Cas) = dim O(Cs3) = 4.

All necessary reasons for non-degenerations are listed as follows:

Non-degenerations reasons

C3y 7 C22 ; C%: C27 ;Cos | R = {021 = 021 = 052 = C%z = 022 = 022 = 0}
?ﬂ
C31 7/ Css, ?6 , Cg7 R = {022 = 023 = 022 = 022 = 0}
Cig /> Cs7 R = {052 = 0%2 = C/112 = 0}
B 1
Cio 7 Cﬁ R = {022 = 012 = 012 =0, 2011 = iy

The rest of the non-degenerations between indlcated algebras follows from Remark 3.6.

Thanks to Theorem 3.9, we have that Css, C09 , C22 , C39 , CO‘BW, and C;‘éﬁ’7 give irre-
ducible components in the variety of 2-dimensional compatible Novikov algebras. Hence, each
2-dimensional compatible Novikov algebras is on the orbit closure of these algebras. The rest of
the necessary degenerations are given by

cLIHT 1t (tei+(—14t)ea,t?e1+teo) c oLt hat! (ter+ 75 cater+eo) )
24 02, 24 05

t—1,0
’2t
Cyo

teq,tes e1+Bt Leaen
( ) 008, Ca,a—i—t, ( ) CCY,B

11 12 »

2 2 3
C_H_at 1ot (te1——a_162,t e1—t3e) atl
16
142

C_2 a+t! —at— 1 (tel—a71t€27t2el+2a

62) C(X#O ,

2 2
—a—2t’2,—6a—6t’2,—% (t6173t€2,%6173t €e2)

Cao

(8%
0197

4, .6 5
3 t 4t 2 t
172 (B2, (t—a)i—2 (CPert g ettt gy e2)

Co ’ Cs’,

3,5 4
3, 4 14t 2 t

Cflft*2,f,8t*2,fat*2 (—tPer+ 5 ea,—tPe1—J—ge) Ca’ﬂ Caf5t2,t*2 (e1+2t%e3,ten) ca

%

24 21 > 27 26

C 757 (61, ! 2)> ngﬁfy' .
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