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Abstract. In this paper, we develop a method to obtain the algebraic classification of com-
patible pre-Lie algebras from the classification of pre-Lie algebras of the same dimension.
We use this method to obtain the algebraic classification of complex 2-dimensional compat-
ible pre-Lie algebras. As a byproduct, we obtain the classification of complex 2-dimensional
compatible commutative associative, compatible associative and compatible Novikov alge-
bras. In addition, we consider the geometric classification of varieties of cited algebras, that
is the description of its irreducible components.
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1 Introduction

The algebraic classification (up to isomorphism) of algebras of small dimensions from a certain
variety defined by a family of polynomial identities is a classic problem in the theory of non-
associative algebras. Another interesting approach to studying algebras of a fixed dimension is to
study them from a geometric point of view (that is, to study the degenerations and deformations
of these algebras). The results in which the complete information about degenerations of a cer-
tain variety is obtained are generally referred to as the geometric classification of the algebras
of these varieties. There are many results related to the algebraic and geometric classification
of Jordan, Lie, Leibniz, Zinbiel, and other algebras (see [1, 2, 3, 5, 6, 15, 16, 20, 23, 25, 27] and
references in [22, 24, 31]). The geometric classification of algebras from a certain variety is based
on the notion of degeneration, that is a “dual” notion to deformation [4, 11, 15, 21, 29, 32].

Pre-Lie algebras, also known as right symmetric algebras, appeared in some papers by Ger-
stenhaber, Koszul, and Vinberg in the 1960s. It is a generalization of associative algebras and
the most popular non-associative subvariety of Lie-admissible algebras. They have various appli-
cations in geometry and physics [7]; recently some connections between them and trees, braces
and F -manifold algebras were established in [8, 29, 37, 38]. Novikov algebras are pre-Lie algebras
with an additional identity. They were introduced in papers by Gel’fand and Dorfman, Balinskii
and Novikov (about Novikov algebras, see [14] and references therein). Let Ω be a variety of
algebras. We say that an algebra (A, ·, ∗) is a compatible Ω-algebra, if and only if (A, ·), (A, ∗)
and (A, ·+∗) are Ω-algebras. Compatible Lie algebras are considered in the study of the classical
Yang–Baxter equation [18], integrable equations of the principal chiral model type [17], elliptic
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theta functions [34], and other areas. The study of non-Lie compatible algebras is also very
popular. So, cohomology and deformations were studied for compatible Lie algebras [30], com-
patible associative algebras [9], compatible Hom-Lie algebras [11], compatible L∞-algebras [10],
compatible 3-Lie algebras [21], compatible dendriform algebras [12], and so on. Free compatible
algebras were studied in the associative algebra case in [13] and in the Lie algebra case in [19, 28].
Compatible associative structures on matrix algebras were studied in [33, 35, 36]. General com-
patible structures have been studied from an operadic point of view in [39, 40]. A generalization
of compatible algebras was considered in [26]. At this moment there is only one paper about
the classification of small-dimensional compatible algebras. Namely, all 4-dimensional nilpotent
compatible Lie algebras were classified in [27].

The main goal of the present paper is to obtain the algebraic and geometric description of
the variety of complex 2-dimensional compatible pre-Lie algebras. To do so, we first deter-
mine all such 2-dimensional algebra structures, up to isomorphism (what we call the algebraic
classification), and then proceed to determine the geometric properties of the corresponding
variety, namely its dimension and description of the irreducible components (the geometric
classification). As some corollaries, we have the algebraic and geometric classification of com-
plex 2-dimensional compatible commutative associative, compatible associative and compatible
Novikov algebras.

Our main results regarding the algebraic classification are summarized below.

Theorem A1. There are infinitely many isomorphism classes of complex 2-dimensional compat-
ible pre-Lie algebras, described explicitly in Theorem 2.7 in terms of 6 three-parameter families,
14 two-parameter families, 13 one-parameter families, and 8 additional isomorphism classes.

Theorem A2. There are infinitely many isomorphism classes of complex 2-dimensional com-
patible commutative associative algebras, described explicitly in Theorem 2.8 in terms of 1 three-
parameter family, 3 two-parameter families, 8 one-parameter families, and 6 additional isomor-
phism classes.

Theorem A3. There are infinitely many isomorphism classes of complex 2-dimensional com-
patible associative algebras, described explicitly in Theorem 2.10 in terms of 1 three-parameter
family, 3 two-parameter families, 10 one-parameter families, and 10 additional isomorphism
classes.

Theorem A4. There are infinitely many isomorphism classes of complex 2-dimensional compat-
ible Novikov algebras, described explicitly in Theorem 2.12 in terms of 3 three-parameter families,
7 two-parameter families, 11 one-parameter families, and 7 additional isomorphism classes.

The geometric part of our work aims to generalize previously obtained results about the
geometric classification of 2-dimensional Novikov [6] and pre-Lie [5] algebras. Our main results
regarding the geometric classification are summarized below.

Theorem G1. The variety of complex 2-dimensional compatible pre-Lie algebras has dimen-
sion 7. It is defined by 2 rigid algebras, 1 one-parametric family of algebras, 7 two-parametric
families of algebras, and 4 three-parametric families of algebras and can be described as the
closure of the union of GL2(C)-orbits of the algebras given in Theorem 3.10.

Theorem G2. The variety of complex 2-dimensional compatible commutative associative alge-
bras has dimension 7. It is defined by 1 two-parametric family of algebras and 1 three-parametric
family of algebras and can be described as the closure of the union of GL2(C)-orbits of the alge-
bras given in Theorem 3.7.
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Theorem G3. The variety of complex 2-dimensional compatible associative algebras has di-
mension 7. It is defined by 2 rigid algebras, 2 two-parametric families of algebras, and 1 three-
parametric family of algebras and can be described as the closure of the union of GL2(C)-orbits
of the algebras given in Theorem 3.8.

Theorem G4. The variety of complex 2-dimensional compatible Novikov algebras has dimen-
sion 7. It is defined by 1 rigid algebra, 3 two-parametric families of algebras, and 1 three-
parametric family of algebras and can be described as the closure of the union of GL2(C)-orbits
of the algebras given in Theorem 3.9.

2 The algebraic classification of compatible algebras

All the algebras below will be over C and all the linear maps will be C-linear. For simplicity,
every time we write the multiplication table of an algebra the products of basic elements whose
values are zero are omitted.

2.1 The algebraic classification of algebras

In this paper, we work with compatible pre-Lie algebras with two multiplications. Let us review
the method we will use to obtain the algebraic classification for the variety of compatible pre-Lie
algebras (the present method, in the case of Poisson algebras, is given with more details in [2, 3]).

Definition 2.1. An algebra is called a pre-Lie algebra if it satisfies the identity

(x · y) · z − x · (y · z) = (y · x) · z − y · (x · z).

Definition 2.2. A compatible pre-Lie algebra is a vector space A equipped with two multiplica-
tions: · and another multiplication ∗ such that (A, ·), (A, ∗) and (A, ·+ ∗) are pre-Lie algebras.
These two operations are required to satisfy the following identities:

(x · y) · z − x · (y · z) = (y · x) · z − y · (x · z),
(x ∗ y) ∗ z − x ∗ (y ∗ z) = (y ∗ x) ∗ z − y ∗ (x ∗ z),
(x ∗ y) · z − x ∗ (y · z) + (x · y) ∗ z − x · (y ∗ z)

= (y ∗ x) · z − y ∗ (x · z) + (y · x) ∗ z − y · (x ∗ z).

The main examples of compatible pre-Lie algebras are the following: compatible commutative
associative, compatible associative and compatible Novikov algebras.

Definition 2.3. Let (A, ·) be a pre-Lie algebra. Define Z2(A,A) to be the set of all bilinear
maps θ : A×A −→ A such that

θ(θ(x, y), z)− θ(x, θ(y, z)) = θ(θ(y, x), z)− θ(y, θ(x, z)),

θ(x, y) · z − θ(x, y · z) + θ(x · y, z)− x · θ(y, z)
= θ(y, x) · z − θ(y, x · z) + θ(y · x, z)− y · θ(x, z).

Then Z2(A,A) ̸= ∅ since θ = 0 ∈ Z2(A,A).

Now, for θ ∈ Z2(A,A), let us define a multiplication •θ onA by x•θy = θ(x, y) for all x, y ∈ A.
Then (A, ·, •θ) is a compatible pre-Lie algebra. Conversely, if (A, ·, •) is a compatible pre-Lie
algebra, then there exists θ ∈ Z2(A,A) such that (A, ·, •θ) ∼= (A, ·, •). To see this, consider the
bilinear map θ : A ×A −→ A defined by θ(x, y) = x • y for all x, y in A. Then θ ∈ Z2(A,A)
and (A, ·, •θ) = (A, ·, •).
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Let (A, ·) be a pre-Lie algebra. The automorphism group Aut(A) of A acts on Z2(A,A) by

(θ ∗ ϕ)(x, y) = ϕ−1(θ(ϕ(x), ϕ(y)))

for ϕ ∈ Aut(A) and θ ∈ Z2(A,A).

Lemma 2.4. Let (A, ·) be a pre-Lie algebra and θ, ϑ ∈ Z2(A,A). Then (A, ·, •θ) and (A, ·, •ϑ)
are isomorphic if and only if there is a linear map ϕ ∈ Aut(A) such that θ ∗ ϕ = ϑ.

Proof. If θ ∗ ϕ = ϑ, then ϕ : (A, ·, •ϑ) −→ (A, ·, •θ) is an isomorphism since ϕ(ϑ(x, y)) =
θ(ϕ(x), ϕ(y)). On the other hand, if ϕ : (A, ·, •ϑ) −→ (A, ·, •θ) is an isomorphism of compatible
pre-Lie algebras, then ϕ ∈ Aut(A) and ϕ(x •ϑ y) = ϕ(x) •θ ϕ(y). Hence

ϑ(x, y) = ϕ−1(θ(ϕ(x), ϕ(y))) = (θ ∗ ϕ)(x, y),

and therefore θ ∗ ϕ = ϑ. ■

Consequently, we have a procedure to classify the compatible pre-Lie algebras with the given
associated pre-Lie algebra (A, ·). It consists of three steps:

(1) compute Z2(A,A),

(2) find the orbits of Aut(A) on Z2(A,A),

(3) choose a representative θ from each orbit and then construct the compatible pre-Lie algebra
(A, ·, •θ).

2.2 2-dimensional pre-Lie algebras

Lemma 2.5. Let C be a nonzero 2-dimensional pre-Lie algebra. Then C is isomorphic to one
and only one of the following algebras:

C01 : e1 · e1 = e1 + e2, e2 · e1 = e2,

C02 : e1 · e1 = e1 + e2, e1 · e2 = e2,

C03 : e1 · e1 = e2,

C04 : e2 · e1 = e1,

Cα
05 : e1 · e1 = e1, e1 · e2 = αe2,

Cα
06 : e1 · e1 = e1, e1 · e2 = αe2, e2 · e1 = e2,

C07 : e1 · e1 = e1, e2 · e2 = e2,

C08 : e1 · e1 = e1, e1 · e2 = 2e2, e2 · e1 = 1
2e1 + e2, e2 · e2 = e2.

Lemma 2.6. The description of the group of automorphisms of every 2-dimensional pre-Lie
algebra is given as follows:

(1) If ϕ ∈ Aut(C01), then ϕ(e1) = e1 + νe2 and ϕ(e2) = e2 for ν ∈ C.
(2) If ϕ ∈ Aut(C02), then ϕ(e1) = e1 + νe2 and ϕ(e2) = e2 for ν ∈ C.
(3) If ϕ ∈ Aut(C03), then ϕ(e1) = ξe1 + νe2 and ϕ(e2) = ξ2e2 for ξ ∈ C∗ and ν ∈ C.
(4) If ϕ ∈ Aut(C04), then ϕ(e1) = ξe1 and ϕ(e2) = e2 for ξ ∈ C∗.

(5) If ϕ ∈ Aut
(
Cα ̸=1
05

)
, then ϕ(e1) = e1 and ϕ(e2) = ξe2 for ξ ∈ C∗.

(6) If ϕ ∈ Aut
(
C1
05

)
, then ϕ(e1) = e1 + νe2 and ϕ(e2) = ξe2 for ξ ∈ C∗ and ν ∈ C.

(7) If ϕ ∈ Aut
(
Cα ̸=0
06

)
, then ϕ(e1) = e1 and ϕ(e2) = ξe2 for ξ ∈ C∗.

(8) If ϕ ∈ Aut
(
C0
06

)
, then ϕ(e1) = e1 + νe2 and ϕ(e2) = ξe2 for ξ ∈ C∗ and ν ∈ C.

(9) If ϕ ∈ Aut(C07), then ϕ ∈ S2, i.e., ϕ(e1) = e1, ϕ(e2) = e2 or ϕ(e1) = e2, ϕ(e2) = e1.

(10) If ϕ ∈ Aut(C08), then ϕ(e1) = e1, ϕ(e2) = e2 or ϕ(e1) = −e1 + 4e2, ϕ(e2) = e2.
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2.3 The algebraic classification of compatible pre-Lie algebras

The main aim of the present section is to prove the following results.

Theorem 2.7. Let C be a nonzero 2-dimensional compatible pre-Lie algebra. Then C is isomor-
phic to one and only one of the following algebras:

C01 : e1 ∗ e1 = e1 + e2, e2 ∗ e1 = e2,

C02 : e1 ∗ e1 = e1 + e2, e1 ∗ e2 = e2,

C03 : e1 ∗ e1 = e2,

C04 : e2 ∗ e1 = e1,

Cα
05 : e1 ∗ e1 = e1, e1 ∗ e2 = αe2,

Cα
06 : e1 ∗ e1 = e1, e1 ∗ e2 = αe2, e2 ∗ e1 = e2,

C07 : e1 ∗ e1 = e1, e2 ∗ e2 = e2,

C08 : e1 ∗ e1 = e1, e1 ∗ e2 = 2e2, e2 ∗ e1 = 1
2e1 + e2, e2 ∗ e2 = e2,

C1
13 : e1 · e1 = e2, e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e1 = e2,

Cα
15 : e1 · e1 = e2, e1 ∗ e1 = αe2,

C0
16 : e1 · e1 = e2, e1 ∗ e1 = e1,

Cα
18 : e1 · e1 = e2, e1 ∗ e1 = αe2, e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e2,

C0,β,0
24 : e1 · e1 = e1, e1 ∗ e1 = βe1 + e2,

C0,β,0
25 : e1 · e1 = e1, e1 ∗ e1 = βe1,

Cα
29 : e1 · e1 = e1, e1 ∗ e1 = αe1, e2 ∗ e2 = e2,

Cα,β
30 : e1 · e1 = e1, e1 ∗ e1 = αe1 + βe2, e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e2,

C1,β,β
31 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = βe1 + e2, e1 ∗ e2 = βe2, e2 ∗ e1 = βe2,

C1,β,β
32 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = βe1, e1 ∗ e2 = βe2, e2 ∗ e1 = βe2,

Cα,β
34 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = αe2, e2 ∗ e1 = αe2, e2 ∗ e2 = e1 + βe2,

Cα
35 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = αe2, e2 ∗ e1 = αe2, e2 ∗ e2 = e2,

Cα,β,γ
38 : e1 · e1 = e1, e2 · e2 = e2, e1 ∗ e1 = (γ + β − α)e1 − βe2,

e1 ∗ e2 = αe1 + βe2, e2 ∗ e1 = αe1 + βe2, e2 ∗ e2 = −αe1 + γe2,

Cα,β ̸=α
39 : e1 · e1 = e1, e2 · e2 = e2, e1 ∗ e1 = αe1, e2 ∗ e2 = βe2.

All algebras are non-isomorphic, except

C1,β,γ
24

∼= C1,β,γ
25 , C0,β,γ

31
∼= C0,β,γ

32 , Cα,β,γ
38

∼= Cβ,α,−α+β+γ
38 ,

Cα,β
39

∼= Cβ,α
39 , Cα,β,γ

40
∼= C4γ−α,β−8α+16γ,γ

40 , Cα,β
41

∼= Cα+4β,−β
41 .

2.3.1 Compatible pre-Lie algebras defined on C01

From the computation of Z2
CPL(C01, C01), the compatible pre-Lie algebra structures defined on C01

are of the form e1 · e1 = e1+ e2, e2 · e1 = e2, e1 ∗ e1 = α1e1+α2e2, e1 ∗ e2 = α3e2, e2 ∗ e1 = α1e2.
Then we have the following cases:
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� If α3 ̸= 0, then choose ν = −α2
α3

and obtain the parametric family

Cα,β ̸=0
09 : e1 · e1 = e1 + e2, e2 · e1 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = βe2, e2 ∗ e1 = αe2.

The algebras Cα,β
09 and Cα′,β′

09 are isomorphic if and only if (α, β) = (α′, β′).

� If α3 = 0, we obtain the parametric family

Cα,β
10 : e1 · e1 = e1 + e2, e2 · e1 = e2, e1 ∗ e1 = αe1 + βe2, e2 ∗ e1 = αe2.

The algebras Cα,β
10 and Cα′,β′

10 are isomorphic if and only if (α, β) = (α′, β′).

2.3.2 Compatible pre-Lie algebras defined on C02

From the computation of Z2
CPL(C02, C02), the compatible pre-Lie algebra structures defined on C02

are of the form e1 · e1 = e1+ e2, e1 · e2 = e2, e1 ∗ e1 = α1e1+α2e2, e1 ∗ e2 = α3e2. Then we have
the following cases:

� If α1 ̸= α3, then choose ν = α2
α1−α3

and obtain the parametric family

Cα,β ̸=α
11 : e1 · e1 = e1 + e2, e1 · e2 = e2, e1 ∗ e1 = αe1, e1 ∗ e2 = βe2.

The algebras Cα,β
11 and Cα′,β′

11 are isomorphic if and only if (α, β) = (α′, β′).

� If α1 = α3, we obtain the parametric family

Cα,β
12 : e1 · e1 = e1 + e2, e1 · e2 = e2, e1 ∗ e1 = αe1 + βe2, e1 ∗ e2 = αe2.

The algebras Cα,β
12 and Cα′,β′

12 are isomorphic if and only if (α, β) = (α′, β′).

2.3.3 Compatible pre-Lie algebras defined on C03

From the computation of Z2
CPL(C03, C03), the compatible pre-Lie algebra structures defined on C03

are of the following forms:

(1) e1 · e1 = e2, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2, e2 ∗ e1 = α1e2,

(2) e1 · e1 = e2, e1 ∗ e1 = α4e1 + α5e2, e1 ∗ e2 = α6e2,

(3) e1 · e1 = e2, e1 ∗ e1 = α7e1 + α8e2, e1 ∗ e2 = α9e1, e2 ∗ e1 = α9e1, e2 ∗ e2 = α9e2,

(4) e1 ·e1 = e2, e1∗e1 = α10e1+α11e2, e1∗e2 = 2α10e2, e2∗e1 = α12e1+α10e2, e2∗e2 = 2α12e2.

We may assume α4α9α12 ̸= 0. First, we consider the first form. Then we have the following
cases:

� If α3 ̸= 0, then choose ξ = α−1
3 , ν = −α2α

−2
3 and obtain the parametric family

Cα
13 : e1 · e1 = e2, e1 ∗ e1 = αe1, e1 ∗ e2 = e2, e2 ∗ e1 = αe2.

The algebras Cα
13 and Cα′

13 are isomorphic if and only if α = α′.

� If α3 = 0, α1 ̸= 0, then choose ξ = α−1
1 and obtain the parametric family

Cα
14 : e1 · e1 = e2, e1 ∗ e1 = e1 + αe2, e2 ∗ e1 = e2.

The algebras Cα
14 and Cα′

14 are isomorphic if and only if α = α′.
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� If α1 = α3 = 0, then we obtain the parametric family

Cα
15 : e1 · e1 = e2, e1 ∗ e1 = αe2.

The algebras Cα
15 and Cα′

15 are isomorphic if and only if α = α′.

Second, we consider the second form. Then we have the following cases:

� If α4 ̸= α6, then choose ξ = α−1
4 , ν = α5

α4−α6
and obtain the parametric family

Cα
16 : e1 · e1 = e2, e1 ∗ e1 = e1, e1 ∗ e2 = αe2.

The algebras Cα
16 and Cα′

16 are isomorphic if and only if α = α′.

� If α4 = α6, then choose ξ = α−1
4 and obtain the parametric family

Cα
17 : e1 · e1 = e2, e1 ∗ e1 = e1 + αe2, e1 ∗ e2 = e2.

The algebras Cα
17 and Cα′

17 are isomorphic if and only if α = α′.

Third, we consider the third form. Then, we choose ξ = α
− 1

2
9 , ν = −α7α

− 3
2

9
2 and obtain the

parametric family

Cα
18 : e1 · e1 = e2, e1 ∗ e1 = αe2, e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e2.

The algebras Cα
18 and Cα′

18 are isomorphic if and only if α = α′.
Finally, we consider the fourth form. Then, we choose ξ = α

− 1
2

12 , ν = −α10α
− 3

2
12 and obtain

the parametric family

Cα
19 : e1 · e1 = e2, e1 ∗ e1 = αe2, e2 ∗ e1 = e1, e2 ∗ e2 = 2e2.

The algebras Cα
19 and Cα′

19 are isomorphic if and only if α = α′.

2.3.4 Compatible pre-Lie algebras defined on C04

From the computation of Z2
CPL(C04, C04), the compatible pre-Lie algebra structures defined on C04

are of the following forms:

(1) e2 · e1 = e1, e2 ∗ e1 = α1e1, e2 ∗ e2 = α2e1 + α3e2,

(2) e2 · e1 = e1, e1 ∗ e2 = α4e1, e2 ∗ e1 = α5e1, e2 ∗ e2 = α6e1 + α4e2.

We may assume α4 ̸= 0. First, we study the first form. Then we have the following cases:

� If α2 ̸= 0, then choose ξ = α2 and obtain the parametric family

Cα,β
20 : e2 · e1 = e1, e2 ∗ e1 = αe1, e2 ∗ e2 = e1 + βe2.

The algebras Cα,β
20 and Cα′,β′

20 are isomorphic if and only if (α, β) = (α′, β′).

� If α2 = 0, we obtain the parametric family

Cα,β
21 : e2 · e1 = e1, e2 ∗ e1 = αe1, e2 ∗ e2 = βe2.

The algebras Cα,β
21 and Cα′,β′

21 are isomorphic if and only if (α, β) = (α′, β′).

Second, we consider the second form. Then we have the following cases:

� If α6 ̸= 0, then choose ξ = α6 and obtain the parametric family

Cα ̸=0,β
22 : e2 · e1 = e1, e1 ∗ e2 = αe1, e2 ∗ e1 = βe1, e2 ∗ e2 = e1 + αe2.

The algebras Cα,β
22 and Cα′,β′

22 are isomorphic if and only if (α, β) = (α′, β′).

� If α6 = 0, we obtain the parametric family

Cα ̸=0,β
23 : e2 · e1 = e1, e1 ∗ e2 = αe1, e2 ∗ e1 = βe1, e2 ∗ e2 = αe2.

The algebras Cα,β
23 and Cα′,β′

23 are isomorphic if and only if (α, β) = (α′, β′).
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2.3.5 Compatible pre-Lie algebras defined on Cα̸=0,1
2
,1

05

From the computation of Z2
CPL(Cα

05, Cα
05), the compatible pre-Lie algebra structures defined on Cα

05

are of the form e1 · e1 = e1, e1 · e2 = αe2, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2. Then we have
the following cases:

� If α2 ̸= 0, then choose ξ = α2 and obtain the parametric family

Cα,β,γ
24 : e1 · e1 = e1, e1 · e2 = αe2, e1 ∗ e1 = βe1 + e2, e1 ∗ e2 = γe2.

The algebras Cα,β,γ
24 and Cα′β′,γ′

24 are isomorphic if and only if (α, β, γ) = (α′, β′, γ′).

� If α2 = 0, we obtain the parametric family

Cα,β,γ
25 : e1 · e1 = e1, e1 · e2 = αe2, e1 ∗ e1 = βe1, e1 ∗ e2 = γe2.

The algebras Cα,β,γ
25 and Cα′,β′,γ′

25 are isomorphic if and only if (α, β, γ) = (α′, β′, γ′).

2.3.6 Compatible pre-Lie algebras defined on C
1
2
05

From the computation of Z2
CPL

(
C

1
2
05, C

1
2
05

)
, the compatible pre-Lie algebra structures defined on C

1
2
05

are of the following forms:

(1) e1 · e1 = e1, e1 · e2 = 1
2e2, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2,

(2) e1 · e1 = e1, e1 · e2 = 1
2e2, e1 ∗ e1 = 2α4e1, e1 ∗ e2 = α4e2, e2 ∗ e2 = α5e1,

(3) e1 · e1 = e1, e1 · e2 = 1
2e2, e1 ∗ e1 = 2α6e1, e1 ∗ e2 = α7e1 + α6e2, e2 ∗ e1 = 2α7e1,

e2 ∗ e2 = α8e1 + α7e2.

We may assume α5α7 ̸= 0. If the compatible pre-Lie algebra structures defined on C
1
2
05 is of

the first form, then we obtain the algebras C
1
2
,β,γ

24 and C
1
2
,β,γ

25 .
Assume now that the compatible pre-Lie algebra structures defined on C

1
2
05 is of the second

form. Then, choose ξ = α
− 1

2
5 and obtain the parametric family

Cα
26 : e1 · e1 = e1, e1 · e2 =

1

2
e2, e1 ∗ e1 = 2αe1, e1 ∗ e2 = αe2, e2 ∗ e2 = e1.

The algebras Cα
26 and Cα′

26 are isomorphic if and only if α = α′.
Finally, assume that the compatible pre-Lie algebra structures defined on C

1
2
05 is of the third

form. Then, choose ξ = α−1
7 and obtain the parametric family

Cα,β
27 : e1 · e1 = e1, e1 · e2 = 1

2e2, e1 ∗ e1 = 2αe1,

e1 ∗ e2 = e1 + αe2, e2 ∗ e1 = 2e1, e2 ∗ e2 = βe1 + e2.

The algebras Cα,β
27 and Cα′,β′

27 are isomorphic if and only if (α, β) = (α′, β′).

2.3.7 Compatible pre-Lie algebras defined on C1
05

From the computation of Z2
CPL

(
C1
05, C1

05

)
, the compatible pre-Lie algebra structures defined on C1

05

are of the following forms:

(1) e1 · e1 = e1, e1 · e2 = e2, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2,

(2) e1 · e1 = e1, e1 · e2 = e2, e1 ∗ e1 = α4e1, e1 ∗ e2 = α4e2, e2 ∗ e1 = α5e1, e2 ∗ e2 = α5e2.

We may assume α5 ̸= 0. First, suppose that the compatible pre-Lie algebra structures defined
on C1

05 is of the first form. Then we have the following cases:
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� If α1 ̸= α3, then choose ν = α2
α1−α3

and obtain the parametric family C1,β,γ ̸=β
25 .

� If α1 = α3, then we will consider the following two cases:

– If α2 ̸= 0, then choose ξ = α2 and obtain the parametric family C1,β,β
24 .

– If α2 = 0, then we obtain the parametric family C1,β,β
25 .

Assume now that the compatible pre-Lie algebra structures defined on C1
05 is of the second

form. Then, choose ξ = α−1
5 , ν = −α4α

−1
5 and obtain the algebra

C28 : e1 · e1 = e1, e1 · e2 = e2, e2 ∗ e1 = e1, e2 ∗ e2 = e2.

2.3.8 Compatible pre-Lie algebras defined on C0
05

From the computation of Z2
CPL

(
C0
05, C0

05

)
, the compatible pre-Lie algebra structures defined on C0

05

are of the following forms:

(1) e1 · e1 = e1, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2,

(2) e1 · e1 = e1, e1 ∗ e1 = α4e1, e2 ∗ e2 = α5e2,

(3) e1 · e1 = e1, e1 ∗ e1 = α6e1 + α7e2, e1 ∗ e2 = α8e1, e2 ∗ e1 = α8e1, e2 ∗ e2 = α8e2.

We may assume α5α8 ̸= 0. If the compatible pre-Lie algebra structures defined on C0
05 is of

the first form, then we obtain the algebras C0,β,γ
24 and C0,β,γ

25 .
Assume now that the compatible pre-Lie algebra structures defined on C0

05 are of the second
form. Then, choose ξ = α−1

5 and obtain the parametric family

Cα
29 : e1 · e1 = e1, e1 ∗ e1 = αe1, e2 ∗ e2 = e2.

The algebras Cα
29 are Cα′

29 are isomorphic if and only if α = α′.
Finally, assume that the compatible pre-Lie algebra structures defined on C0

05 is of the third
form. Then, choose ξ = α−1

8 and obtain the parametric family

Cα,β
30 : e1 · e1 = e1, e1 ∗ e1 = αe1 + βe2, e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e2.

The algebras Cα,β
30 and Cα′,β′

30 are isomorphic if and only if (α, β) = (α′, β′).

2.3.9 Compatible pre-Lie algebras defined on Cα ̸=0,1,2
06

From the computation of Z2
CPL(Cα

06, Cα
06), the compatible pre-Lie algebra structures defined on Cα

06

are of the form e1 · e1 = e1, e1 · e2 = αe2, e2 · e1 = e2, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2,
e2 ∗ e1 = α1e2. Then we have the following cases:

� If α2 ̸= 0, then choose ξ = α2 and obtain the parametric family

Cα,β,γ
31 : e1 · e1 = e1, e1 · e2 = αe2, e2 · e1 = e2,

e1 ∗ e1 = βe1 + e2, e1 ∗ e2 = γe2, e2 ∗ e1 = βe2.

The algebras Cα,β,γ
31 and Cα′,β′,γ′

31 are isomorphic if and only if (α, β, γ) = (α′, β′, γ′).

� If α2 = 0, we obtain the parametric family

Cα,β,γ
32 : e1 · e1 = e1, e1 · e2 = αe2, e2 · e1 = e2,

e1 ∗ e1 = βe1, e1 ∗ e2 = γe2, e2 ∗ e1 = βe2.

The algebras Cα,β,γ
32 , Cα′,β′,γ′

32 are isomorphic if and only if (α, β, γ) = (α′, β′, γ′).
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2.3.10 Compatible pre-Lie algebras defined on C0
06

From the computation of Z2
CPL

(
C0
06, C0

06

)
, the compatible pre-Lie algebra structures defined on C0

06

are of the following forms:

(1) e1 · e1 = e1, e2 · e1 = e2, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2, e2 ∗ e1 = α1e2,

(2) e1 · e1 = e1, e2 · e1 = e2, e1 ∗ e1 = α4e1, e1 ∗ e2 = α5e1, e2 ∗ e1 = α4e2, e2 ∗ e2 = α5e2.

We may assume α5 ̸= 0. Let us first consider the first form. Then we have the following
cases:

� If α3 ̸= 0, then ν = −α2
α3

choose and obtain the parametric family C0,β,γ ̸=0
32 .

� If α3 = 0, then we consider the following two cases:

– If α2 ̸= 0, then choose ξ = α2 and obtain the parametric family C0,β,0
31 .

– If α2 = 0, then we obtain the parametric family C0,β,0
32 .

Now, we consider the second form. Then choose ξ = α−1
5 , ν = −α4α

−1
5 and obtain the algebra

C33 : e1 · e1 = e1, e2 · e1 = e2, e1 ∗ e2 = e1, e2 ∗ e2 = e2.

2.3.11 Compatible pre-Lie algebras defined on C1
06

From the computation of Z2
CPL

(
C1
06, C1

06

)
, the compatible pre-Lie algebra structures defined on C1

06

are of the following forms:

(1) e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2, e2 ∗ e1 = α1e2,

(2) e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2, e1 ∗ e1 = α4e1, e1 ∗ e2 = α4e2, e2 ∗ e1 = α4e2,
e2 ∗ e2 = α5e1 + α6e2.

We may assume (α5, α6) ̸= (0, 0). If the compatible pre-Lie algebra structures defined on C1
06

is of the first form, then we obtain the algebras C1,β,γ
31 and C1,β,γ

32 .

Assume now that the compatible pre-Lie algebra structures defined on C1
06 is of the second

form. Then we have the following cases:

� If α5 ̸= 0, then choose ξ = α
− 1

2
5 and obtain the parametric family

Cα,β
34 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = αe2, e2 ∗ e1 = αe2, e2 ∗ e2 = e1 + βe2.

The algebras Cα,β
34 and Cα′,β′

34 are isomorphic if and only if (α, β) = (α′, β′).

� If α5 = 0, then choose ξ = α−1
6 and obtain the parametric family

Cα
35 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = αe2, e2 ∗ e1 = αe2, e2 ∗ e2 = e2.

The algebras Cα
35 and Cα′

35 are isomorphic if and only if α = α′.
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2.3.12 Compatible pre-Lie algebras defined on C2
06

From the computation of Z2
CPL

(
C2
06, C2

06

)
, the compatible pre-Lie algebra structures defined on C2

06

are of the following forms:

(1) e1 · e1 = e1, e1 · e2 = 2e2, e2 · e1 = e2, e1 ∗ e1 = α1e1 + α2e2, e1 ∗ e2 = α3e2, e2 ∗ e1 = α1e2,

(2) e1 · e1 = e1, e1 · e2 = 2e2, e2 · e1 = e2, e1 ∗ e1 = α4e1 + α5e2, e1 ∗ e2 = 2α4e2, e2 ∗ e1 =
α6e1 + α4e2, e2 ∗ e2 = 2α6e2,

(3) e1 · e1 = e1, e1 · e2 = 2e2, e2 · e1 = e2, e1 ∗ e1 = α7e1, e1 ∗ e2 = α8e1 + 2α7e2, e2 ∗ e1 =
2α8e1 + α7e2, e2 ∗ e2 = α8e2.

We may assume α6α8 ̸= 0. If the compatible pre-Lie algebra structures defined on C2
06 is of

the first form, then we obtain the algebras C2,β,γ
31 and C2,β,γ

32 .

Assume now that the compatible pre-Lie algebra structures defined on C2
06 are of the second

form. Then, choose ξ = α−1
6 and obtain the parametric family

Cα,β
36 : e1 · e1 = e1, e1 · e2 = 2e2, e2 · e1 = e2, e1 ∗ e1 = αe1 + βe2,

e1 ∗ e2 = 2αe2, e2 ∗ e1 = e1 + αe2, e2 ∗ e2 = 2e2.

The algebras Cα,β
36 and Cα′,β′

36 are isomorphic if and only if (α, β) = (α′, β′).

Finally, assume that the compatible pre-Lie algebra structures defined on C2
06 are of the third

form. Then, choose ξ = α−1
8 and obtain the parametric family

Cα
37 : e1 · e1 = e1, e1 · e2 = 2e2, e2 · e1 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = e1 + 2αe2, e2 ∗ e1 = 2e1 + αe2, e2 ∗ e2 = e2.

The algebras Cα
37 and Cα′

37 are isomorphic if and only if α = α′.

2.3.13 Compatible pre-Lie algebras defined on C07

From the computation of Z2
CPL(C07, C07), the compatible pre-Lie algebra structures defined on C07

are of the following forms:

(1) e1 · e1 = e1, e2 · e2 = e2, e1 ∗ e1 = (α3 + α2 − α1)e1 − α2e2, e1 ∗ e2 = α1e1 + α2e2,
e2 ∗ e1 = α1e1 + α2e2, e2 ∗ e2 = −α1e1 + α3e2,

(2) e1 · e1 = e1, e2 · e2 = e2, e1 ∗ e1 = α4e1, e2 ∗ e2 = α5e2.

We may assume that α4 ̸= α5. Suppose first that the compatible pre-Lie algebra structures
defined on C07 has the first form. Then we obtain the algebras

Cα,β,γ
38 : e1 · e1 = e1, e2 · e2 = e2, e1 ∗ e1 = (γ + β − α)e1 − βe2,

e1 ∗ e2 = αe1 + βe2, e2 ∗ e1 = αe1 + βe2, e2 ∗ e2 = −αe1 + γe2.

The algebras Cα,β,γ
38 and Cα′,β′,γ′

38 are isomorphic if and only if (α, β, γ) =
(
α′, β′, γ′

)
or (α, β, γ) =(

β′, α′,−α′ + β′ + γ′
)
.

Now, assume that the compatible pre-Lie algebra structures defined on C07 has the second
form. Then we obtain the algebras

Cα,β ̸=α
39 : e1 · e1 = e1, e2 · e2 = e2, e1 ∗ e1 = αe1, e2 ∗ e2 = βe2.

The algebras Cα,β
39 and Cα′,β′

39 are isomorphic if and only if (α, β) =
(
α′, β′) or (α, β) =

(
β′, α′).
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2.3.14 Compatible pre-Lie algebras defined on C08

From the computation of Z2
CPL(C08, C08), the compatible pre-Lie algebra structures defined on C08

are of the following forms:

(1) e1 ·e1 = e1, e1 ·e2 = 2e2, e2 ·e1 = 1
2e1+e2, e2 ·e2 = e2, e1∗e1 = α1e1+α2e2, e1∗e2 = 2α1e2,

e2 ∗ e1 = α3e1 + α1e2, e2 ∗ e2 = 2α3e2,

(2) e1 ·e1 = e1, e1 ·e2 = 2e2, e2 ·e1 = 1
2e1+e2, e2 ·e2 = e2, e1∗e1 = α4e1, e1∗e2 = α5e1+2α4e2,

e2 ∗ e1 =
(
2α5 +

1
2α4

)
e1 + α4e2, e2 ∗ e2 = 1

2α5e1 + (α4 + α5)e2.

We may assume α5 ̸= 0. Then we obtain the following compatible pre-Lie algebras:

Cα,β,γ
40 : e1 · e1 = e1, e1 · e2 = 2e2, e2 · e1 = 1

2e1 + e2, e2 · e2 = e2,

e1 ∗ e1 = αe1 + βe2, e1 ∗ e2 = 2αe2, e2 ∗ e1 = γe1 + αe2, e2 ∗ e2 = 2γe2,

Cα,β ̸=0
41 : e1 · e1 = e1, e1 · e2 = 2e2, e2 · e1 = 1

2e1 + e2, e2 · e2 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = βe1 + 2αe2,

e2 ∗ e1 =
(
2β + 1

2α
)
e1 + αe2, e2 ∗ e2 = 1

2βe1 + (α+ β)e2.

Moreover, the algebras Cα,β,γ
40 and Cα′,β′,γ′

40 are isomorphic if and only if
(
α′, β′, γ′

)
= (α, β, γ)

or
(
α′, β′, γ′

)
= (4γ − α, β − 8α+ 16γ, γ). Also, the algebras Cα,β

41 and Cα′,β′

41 are isomorphic if
and only if

(
α′, β′) = (α, β) or

(
α′, β′) = (α+ 4β,−β).

2.4 The algebraic classification of compatible commutative
associative algebras

It is easy to see that each commutative pre-Lie algebra is associative. Hence, we can choose only
commutative compatible pre-Lie algebras from Theorem 2.7.

Theorem 2.8. Let C be a nonzero 2-dimensional compatible commutative associative algebra.
Then C is isomorphic to one and only one and only one of the following algebras:

C03 : e1 ∗ e1 = e2,

C0
05 : e1 ∗ e1 = e1,

C1
06 : e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e1 = e2,

C07 : e1 ∗ e1 = e1, e2 ∗ e2 = e2,

C1
13 : e1 · e1 = e2, e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e1 = e2,

Cα
15 : e1 · e1 = e2, e1 ∗ e1 = αe2,

C0
16 : e1 · e1 = e2, e1 ∗ e1 = e1,

Cα
18 : e1 · e1 = e2, e1 ∗ e1 = αe2, e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e2,

C0,β,0
24 : e1 · e1 = e1, e1 ∗ e1 = βe1 + e2,

C0,β,0
25 : e1 · e1 = e1, e1 ∗ e1 = βe1,

Cα
29 : e1 · e1 = e1, e1 ∗ e1 = αe1, e2 ∗ e2 = e2,

Cα,β
30 : e1 · e1 = e1, e1 ∗ e1 = αe1 + βe2, e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e2,

C1,β,β
31 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = βe1 + e2, e1 ∗ e2 = βe2, e2 ∗ e1 = βe2,

C1,β,β
32 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = βe1, e1 ∗ e2 = βe2, e2 ∗ e1 = βe2,
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Cα,β
34 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = αe2, e2 ∗ e1 = αe2, e2 ∗ e2 = e1 + βe2,

Cα
35 : e1 · e1 = e1, e1 · e2 = e2, e2 · e1 = e2,

e1 ∗ e1 = αe1, e1 ∗ e2 = αe2, e2 ∗ e1 = αe2, e2 ∗ e2 = e2,

Cα,β,γ
38 : e1 · e1 = e1, e2 · e2 = e2, e1 ∗ e1 = (γ + β − α)e1 − βe2,

e1 ∗ e2 = αe1 + βe2, e2 ∗ e1 = αe1 + βe2, e2 ∗ e2 = −αe1 + γe2,

Cα,β ̸=α
39 : e1 · e1 = e1, e2 · e2 = e2, e1 ∗ e1 = αe1, e2 ∗ e2 = βe2.

All algebras are non-isomorphic, except Cα,β,γ
38

∼= Cβ,α,−α+β+γ
38 , Cα,β

39
∼= Cβ,α

39 .

2.5 The algebraic classification of compatible associative algebras

Definition 2.9. A compatible associative algebra is a vector space A equipped with two multi-
plications: · and another multiplication ∗, such that, (A, ·), (A, ∗) and (A, ·+ ∗) are associative
algebras. These two operations are required to satisfy the following identities:

(x · y) · z = x · (y · z), (x ∗ y) ∗ z = x ∗ (y ∗ z),
(x ∗ y) · z + (x · y) ∗ z = x ∗ (y · z) + x · (y ∗ z).

Theorem 2.10. Let C be a nonzero 2-dimensional compatible associative algebra. Then C is
isomorphic to one and only one compatible commutative associative algebra listed in Theorem 2.8
or one of the following algebras:

C1
05 : e1 ∗ e1 = e1, e1 ∗ e2 = e2,

C0
06 : e1 ∗ e1 = e1, e2 ∗ e1 = e2,

C1,β,β
25 : e1 · e1 = e1, e1 · e2 = e2, e1 ∗ e1 = βe1, e1 ∗ e2 = βe2,

C28 : e1 · e1 = e1, e1 · e2 = e2, e2 ∗ e1 = e1, e2 ∗ e2 = e2,

C0,β,0
32 : e1 · e1 = e1, e2 · e1 = e2, e1 ∗ e1 = βe1, e2 ∗ e1 = βe2,

C33 : e1 · e1 = e1, e2 · e1 = e2, e1 ∗ e2 = e1, e2 ∗ e2 = e2.

2.6 The algebraic classification of compatible Novikov algebras

Definition 2.11. A compatible Novikov algebra is a vector space A equipped with two multi-
plications: · and another multiplication ∗, such that, (A, ·), (A, ∗) and (A, · + ∗) are Novikov
algebras. These two operations are required to satisfy the following identities:

(x · y) · z − x · (y · z) = (y · x) · z − y · (x · z), (x · y) · z = (x · z) · y,
(x ∗ y) ∗ z − x ∗ (y ∗ z) = (y ∗ x) ∗ z − y ∗ (x ∗ z), (x ∗ y) ∗ z = (x ∗ z) ∗ y,
(x ∗ y) · z − x ∗ (y · z) + (x · y) ∗ z − x · (y ∗ z)

= (y ∗ x) · z − y ∗ (x · z) + (y · x) ∗ z − y · (x ∗ z),
(x ∗ y) · z + (x · y) ∗ z = (x ∗ z) · y + (x · z) ∗ y.

Theorem 2.12. Let C be a nonzero 2-dimensional compatible Novikov algebra. Then C is
isomorphic to one and only one compatible commutative associative algebra listed in Theorem 2.8
or one of the following algebras:

C01 : e1 ∗ e1 = e1 + e2, e2 ∗ e1 = e2,

C04 : e2 ∗ e1 = e1,
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Cα ̸=1
06 : e1 ∗ e1 = e1, e1 ∗ e2 = αe2, e2 ∗ e1 = e2,

Cα,β ̸=0
09 : e1 · e1 = e1 + e2, e2 · e1 = e2, e1 ∗ e1 = αe1, e1 ∗ e2 = βe2, e2 ∗ e1 = αe2,

Cα,β
10 : e1 · e1 = e1 + e2, e2 · e1 = e2, e1 ∗ e1 = αe1 + βe2, e2 ∗ e1 = αe2,

Cα ̸=1
13 : e1 · e1 = e2, e1 ∗ e1 = αe1, e1 ∗ e2 = e2, e2 ∗ e1 = αe2,

Cα
14 : e1 · e1 = e2, e1 ∗ e1 = e1 + αe2, e2 ∗ e1 = e2,

Cα,0
20 : e2 · e1 = e1, e2 ∗ e1 = αe1, e2 ∗ e2 = e1,

Cα,0
21 : e2 · e1 = e1, e2 ∗ e1 = αe1,

Cα ̸=0,β
22 : e2 · e1 = e1, e1 ∗ e2 = αe1, e2 ∗ e1 = βe1, e2 ∗ e2 = e1 + αe2,

Cα ̸=0,β
23 : e2 · e1 = e1, e1 ∗ e2 = αe1, e2 ∗ e1 = βe1, e2 ∗ e2 = αe2,

C(α,β,γ)̸=(1,β,β)
31 : e1 · e1 = e1, e1 · e2 = αe2, e2 · e1 = e2,

e1 ∗ e1 = βe1 + e2, e1 ∗ e2 = γe2, e2 ∗ e1 = βe2,

C(α,β,γ)̸=(1,β,β)
32 : e1 · e1 = e1, e1 · e2 = αe2, e2 · e1 = e2,

e1 ∗ e1 = βe1, e1 ∗ e2 = γe2, e2 ∗ e1 = βe2,

C33 : e1 · e1 = e1, e2 · e1 = e2, e1 ∗ e2 = e1, e2 ∗ e2 = e2.

All algebras are non-isomorphic, except C0,β,γ
31

∼= C0,β,γ
32 .

3 The geometric classification of compatible algebras

3.1 Degenerations and the geometric classification of algebras

Let us introduce the techniques used to obtain the geometric classification for an arbitrary
variety of compatible Ω-algebras. Given a complex vector space V of dimension n, the set of
bilinear maps

Bil(V× V,V) ∼= Hom
(
V⊗2,V

) ∼= (V∗)⊗2 ⊗ V

is a vector space of dimension n3. The set of pairs of bilinear maps

Bil(V× V,V)⊕ Bil(V× V,V) ∼= (V∗)⊗2 ⊗ V⊕ (V∗)⊗2 ⊗ V,

which is a vector space of dimension 2n3. This vector space has the structure of the affine
space C2n3

in the following sense: fixed a basis e1, . . . , en of V, then any pair with multipli-
cation (µ, µ′), is determined by some parameters ckij , c

′k
ij ∈ C, called structural constants, such

that

µ(ei, ej) =

n∑
p=1

ckijek and µ′(ei, ej) =
n∑

p=1

c′kijek,

which corresponds to a point in the affine space C2n3
. Then a set of bilinear pairs S corresponds

to an algebraic variety, i.e., a Zariski closed set, if there are some polynomial equations in
variables ckij , c

′k
ij with zero locus equal to the set of structural constants of the bilinear pairs

in S. Given the identities defining a particular class of compatible Ω-algebras, we can obtain
a set of polynomial equations in variables ckij , c

′k
ij . This class of n-dimensional compatible Ω-

algebras is a variety. Denote it by Tn. Now, consider the following action of GL(V) on Tn

(g ∗ (µ, µ′))(x, y) :=
(
gµ

(
g−1x, g−1y

)
, gµ′(g−1x, g−1y

))
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for g ∈ GL(V), (µ, µ′) ∈ Tn and for any x, y ∈ V. Observe that the GL(V)-orbit of (µ, µ′),
denoted O((µ, µ′)), contains all the structural constants of the bilinear pairs isomorphic to the
compatible Ω-algebras with structural constants (µ, µ′).

A geometric classification of a variety of algebras consists of describing the irreducible com-
ponents of the variety. Recall that any affine variety can be represented as a finite union of its
irreducible components uniquely. Note that describing the irreducible components of Tn gives us
the rigid algebras of the variety, which are those bilinear pairs with an open GL(V)-orbit. This
is due to the fact that a bilinear pair is rigid in a variety if and only if the closure of its orbit
is an irreducible component of the variety. For this reason, the following notion is convenient.
Denote by O((µ, µ′)) the closure of the orbit of (µ, µ′) ∈ Tn.

Definition 3.1. Let T and T′ be two n-dimensional compatible Ω-algebras of a fixed class
corresponding to the variety Tn and (µ, µ′), (λ, λ′) ∈ Tn be their representatives in the affine
space, respectively. The algebra T is said to degenerate to T′, and we write T → T′, if (λ, λ′) ∈
O((µ, µ′)). If T ̸∼= T′, then we call it a proper degeneration. Conversely, if (λ, λ′) ̸∈ O((µ, µ′))
then we say that T does not degenerate to T′ and we write T ̸→ T′.

Furthermore, for a parametric family of algebras, we have the following notion.

Definition 3.2. Let T(∗) = {T(α) : α ∈ I} be a family of n-dimensional compatible Ω-algebras
of a fixed class corresponding to Tn and let T′ be another algebra. Suppose that T(α) is rep-
resented by the structure (µ(α), µ′(α)) ∈ Tn for α ∈ I and T′ is represented by the struc-
ture (λ, λ′) ∈ Tn. We say that the family T(∗) degenerates to T′, and write T(∗) → T′,
if (λ, λ′) ∈ {O((µ(α), µ′(α)))}α∈I . Conversely, if (λ, λ′) ̸∈ {O((µ(α), µ′(α)))}α∈I then we call
it a non-degeneration, and we write T(∗) ̸→ T′.

Observe that T′ corresponds to an irreducible component of Tn (more precisely, T′ is an
irreducible component) if and only if T ̸→ T′ for any n-dimensional compatible Ω-algebra T
and T(∗) ̸→ T′ for any parametric family of n-dimensional compatible Ω-algebras T(∗). To prove
a particular algebra corresponds to an irreducible component, we will use the next ideas. Firstly,
since dimO((µ, µ′)) = n2−dimDer(T), then if T → T′ and T ̸∼= T′, we have that dimDer(T) <
dimDer(T′), where Der(T) denotes the Lie algebra of derivations of T. Secondly, to prove
degenerations, let T and T′ be two compatible Ω-algebras represented by the structures (µ, µ′)
and (λ, λ′) from Tn, respectively. Let ckij , c

′k
ij be the structure constants of (λ, λ′) in a basis

e1, . . . , en of V. If there exist n2 maps aji (t) : C∗ → C such that Ei(t) =
∑n

j=1 a
j
i (t)ej (1 ≤ i ≤ n)

form a basis of V for any t ∈ C∗ and the structure constants ckij(t), c′kij(t) of (µ, µ′) in the
basis E1(t), . . . , En(t) satisfy limt→0 c

k
ij(t) = ckij and limt→0 c

′k
ij(t) = c′kij , then T → T′. In this

case, E1(t), . . . , En(t) is called a parametrized basis for T → T′. In case of Et
1, E

t
2, . . . , E

t
n is

a parametric basis for A → B, it will be denoted by

A
(Et

1,E
t
2,...,E

t
n)−−−−−−−−→ B.

Thirdly, to prove non-degenerations we may use a remark that follows from this lemma,
see [3].

Lemma 3.3. Consider two compatible Ω-algebras T and T′. Suppose T → T′. Let C be a Zariski
closed in Tn that is stable by the action of the invertible upper (lower) triangular matrices. Then
if there is a representation (µ, µ′) of T in C, then there is a representation (λ, λ′) of T′ in C.

In order to apply this lemma, we will give the explicit definition of the appropriate stable
Zariski closed C in terms of the variables ckij , c

′k
ij in each case.
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Remark 3.4. Moreover, let T and T′ be two compatible Ω-algebras represented by the struc-
tures (µ, µ′) and (λ, λ′) from Tn. Suppose T → T′. Then if µ, µ′, λ, λ′ represents algebras
T0, T1, T

′
0, T

′
1 in the affine space Cn3

of algebras with a single multiplication, respectively, we
have T0 → T′

0 and T1 → T′
1. So, for example, (0, µ) can not degenerate in (λ, 0) unless λ = 0.

Fourthly, to prove T(∗) → T′, suppose that T(α) is represented by the structure (µ(α), µ′(α))
∈ Tn for α ∈ I and T′ is represented by the structure (λ, λ′) ∈ Tn. Let ckij , c

′k
ij be the structure

constants of (λ, λ′) in a basis e1, . . . , en of V. If there is a pair of maps
(
f,
(
aji
))
, where f : C∗ → I

and aji : C∗ → C are such that Ei(t) =
∑n

j=1 a
j
i (t)ej (1 ≤ i ≤ n) form a basis of V for any t ∈ C∗

and the structure constants ckij(t), c
′k
ij(t) of (µ(f(t)), µ′(f(t))) in the basis E1(t), . . . , En(t) sat-

isfy limt→0 c
k
ij(t) = ckij and limt→0 c

′k
ij(t) = c′kij , then T(∗) → T′. In this case, E1(t), . . . , En(t)

and f(t) are called a parametrized basis and a parametrized index for T(∗) → T′, respectively.
Fifthly, to prove T(∗) ̸→ T′, we may use an analogous of Remark 3.4 for parametric families
that follows from Lemma 3.5.

Lemma 3.5. Consider a family of compatible Ω-algebras T(∗) and a compatible Ω-algebra T′.
Suppose T(∗) → T′. Let C be a Zariski closed in Tn that is stable by the action of the invertible
upper (lower) triangular matrices. Then if there is a representation (µ(α), µ′(α)) of T(α) in C
for every α ∈ I, then there is a representation (λ, λ′) of T′ in C.

Finally, the following remark simplifies the geometric problem.

Remark 3.6. Let (µ, µ′) and (λ, λ′) represent two compatible Ω-algebras. Suppose (λ, 0) ̸∈
O((µ, 0)), (resp. (0, λ′) ̸∈ O((0, µ′))), then (λ, λ′) ̸∈ O((µ, µ′)). As we construct the classifi-
cation of a given class of compatible Ω-algebras from a certain class of algebras with a single
multiplication that remains unchanged, this remark becomes very useful.

3.2 The geometric classification of compatible commutative
associative algebras

The main result of the present section is the following theorem.

Theorem 3.7. The variety of complex 2-dimensional compatible commutative associative alge-
bras has dimension 7 and it has 2 irreducible components defined by O

(
Cα,β
39

)
and O

(
Cα,β,γ
38

)
. In

particular, there are no rigid algebras in this variety.

Proof. Thanks to Theorem 2.8, we have the algebraic classification of 2-dimensional compatible
commutative associative algebras. After carefully checking the dimensions of orbit closures of the
more important for us algebras, we have dimO

(
Cα,β,γ
38

)
= 7 and dimO

(
Cα,β
39

)
= 6. C∗

38 ̸→ Cα,β
39

due to the following relation:

R =
{
c122 = c112 = 0, c222c

′2
12 + c212c

′1
21 + c111c

′2
22 = c′111c

2
22 + c111c

′1
21 + c212c

′2
22

}
.

Thanks to [25], we have C07 →
{
C03, C0

05, C1
06

}
. All necessary degenerations are given by

C0,0,t−1

38

(te1,te2)−−−−−→ C07, C−it−1,it−1

39

(ite1−ite2,−t2e1−t2e2)−−−−−−−−−−−−−−→ C1
13,

C0,0,α
38

(ite1−ite2,−t2e1−t2e2)−−−−−−−−−−−−−−→ Cα
15, C

i
2t
,0, i

t
38

(ite1−ite2,−t2e1−t2e2)−−−−−−−−−−−−−−→ C0
16,

C
− 1+αt2

4t2
,− 1+αt2

4t2
,αt2−3

4t2

38

(ite1−ite2,−t2e1−t2e2)−−−−−−−−−−−−−−→ Cα
18, C0,−t,β+t

38

(e1,te2)−−−−→ C0,β,0
24 ,

C0,0,β
38

(e1,te2)−−−−→ C0,β,0
25 , Cα,t−1

39

(e1,te2)−−−−→ Cα
29, C−t+β,β

39

(e1+e2,te2)−−−−−−−→ C1,β,β
31 ,

C−α−βt+t−1,−βt,t−1

38

(e1+e2,te2)−−−−−−−→ Cα,β
30 , C0,β,0

38

(e1+e2,te2)−−−−−−−→ C1,β,β
32 ,

C−t−2,α−(1+βt)t−2,(1+βt)t−2

38

(e1+e2,te2)−−−−−−−→ Cα,β
34 , C

1+2αt
2t

,α,0

38

(e1+e2,−te1+te2)−−−−−−−−−−−→ Cα
35. ■
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3.3 The geometric classification of compatible associative algebras

The main result of the present section is the following theorem.

Theorem 3.8. The variety of complex 2-dimensional compatible associative algebras has dimen-
sion 7 and it has 4 irreducible components defined by O(C28), O(C33), O(Cα,β

39 ) and O(Cα,β,γ
38 ).

In particular, there are two rigid algebras in this variety.

Proof. Thanks to Theorem 2.10, we have the algebraic classification of 2-dimensional compat-
ible associative algebras. After carefully checking the dimensions of orbit closures of the more
important for us algebras, we have

dimO
(
Cα,β,γ
38

)
= 7, dimO

(
Cα,β
39

)
= 6, dimO(C28) = dimO(C34) = 4.

Thanks to Theorem 3.8, we have that Cα,β,γ
38 and Cα,β

39 give irreducible components in the
variety of 2-dimensional compatible commutative associative algebras. The rest of the necessary
degenerations are given by

C28
(e2,te1)−−−−→ C1

05, C33
(e2,te1)−−−−→ C0

06, C28
(e1+βe2,te2)−−−−−−−−→ C1,β,β

25 , C33
(e1+βe2,te2)−−−−−−−−→ C0,β,0

32 . ■

3.4 The geometric classification of compatible Novikov algebras

The main result of the present section is the following theorem.

Theorem 3.9. The variety of complex 2-dimensional compatible Novikov algebras has dimen-
sion 7 and it has 6 irreducible components defined by O(C33), O

(
Cα,β
09

)
, O

(
Cα,β
22

)
, O

(
Cα,β
39

)
,

O
(
Cα,β,γ
31

)
and O

(
Cα,β,γ
38

)
. In particular, there is one rigid algebra in this variety.

Proof. Thanks to Theorem 2.12, we have the algebraic classification of 2-dimensional compat-
ible Novikov algebras. After carefully checking the dimensions of orbit closures of the more
important for us algebras, we have

dimO
(
Cα,β,γ
38

)
= 7, dimO

(
Cα,β
39

)
= dimO

(
Cα,β
09

)
= dimO

(
Cα,β
22

)
= dimO

(
Cα,β,γ
31

)
= 6,

dimO(C33) = 4.

Thanks to Theorem 3.9, we have that Cα,β,γ
38 and Cα,β

39 give irreducible components in the
variety of 2-dimensional compatible commutative associative algebras. Algebras Cα,β

09 , Cα,β
22 ,

and Cα,β,γ
31 have a one-dimensional subalgebra with zero multiplication (concerning both multi-

plications), but C33 has not. Hence, C33 is not in the orbit closure of Cα,β
09 , Cα,β

22 , and C31. The
rest of the necessary degenerations are given by

Ct, t+2
2t

,− 1
2

31

(te1+
2t
3
e2,

t2

2
e1+t2e2)−−−−−−−−−−−−−→ C01, C0,0,t−1

31

(t2e1+e2,te1−t2e2)−−−−−−−−−−−−→ C04,

C0,t−1,αt−1

31

(te1−α−1t2e2,te2)−−−−−−−−−−−→ Cα ̸=0
06 , C

(2α+t)β
2β+t

,− βt
2β+t

09

( 2β+t
2β

e1− (2β+t)2

2βt
e2,

(2β+t)t

4β2
te1)

−−−−−−−−−−−−−−−−−−−→ Cα,β ̸=0
10 ,

C1,αt−1,t−1

31

(te1−t2e2,−t3e2)−−−−−−−−−−→ Cα
13, C1,t−1,0

31

(te1+α−1te2,α−1t2e2)−−−−−−−−−−−−−−→ Cα ̸=0
14 ,

Ct−1−t,0,−1+αt−1

31

(t2e1+
t2

1−αt
e2,te1+

t3

1−αt
e2)

−−−−−−−−−−−−−−−−−→ Cα,0
20 , Ct−1−t,0,−αt−1

31

(t2e1−α−1te2,te1−α−1te2)−−−−−−−−−−−−−−−−−→ Cα,0
21 ,

Ct−1−t,αt−1,βt−1

31

(t2e1−β−1te2,te1−β−1t2e2)−−−−−−−−−−−−−−−−−→ Cα,β
23 , Cα,β,γ

31

(e1,t−1e2)−−−−−−→ Cα,β,γ
32 . ■



18 H. Abdelwahab, I. Kaygorodov and A. Makhlouf

3.5 The geometric classification of compatible pre-Lie algebras

The main result of the present section is the following theorem.

Theorem 3.10. The variety of complex 2-dimensional compatible pre-Lie algebras has dimen-
sion 7 and it has 14 irreducible components defined by

O(C28), O(C33), O(Cα
37), O

(
Cα,β
09

)
, O

(
Cα,β
11

)
, O

(
Cα,β
22

)
, O

(
Cα,β
27

)
,

O
(
Cα,β
36

)
, O

(
Cα,β
39

)
, O

(
Cα,β
41

)
, O

(
Cα,β,γ
24

)
, O

(
Cα,β,γ
31

)
,

O
(
Cα,β,γ
38

)
and O

(
Cα,β,γ
40

)
.

In particular, there are two rigid algebras in this variety.

Proof. Thanks to Theorem 2.7, we have the algebraic classification of 2-dimensional compatible
pre-Lie algebras. After carefully checking the dimensions of orbit closures of the more important
for us algebras, we have

dimO
(
Cα,β,γ
24

)
= dimO

(
Cα,β,γ
31

)
= dimO

(
Cα,β,γ
38

)
= dimO

(
Cα,β,γ
40

)
= 7,

dimO
(
Cα,β
09

)
= dimO

(
Cα,β
11

)
= dimO

(
Cα,β
22

)
= dimO

(
Cα,β
27

)
= dimO

(
Cα,β
36

)
= dimO

(
Cα,β
39

)
= dimO

(
Cα,β
41

)
= 6,

dimO
(
Cα
37

)
= 5, dimO(C28) = dimO(C33) = 4.

All necessary reasons for non-degenerations are listed as follows:

Non-degenerations reasons

C∗
24 ̸→ Cα,β

22 , Cα
26, C

α,β
27 , C28 R =

{
c′121 = c′221 = c122 = c222 = c′122 = c′222 = 0

}
C∗
31 ̸→ C33, Cα,β

36 , Cα
37 R =

{
c′122 = c′223 = c122 = c222 = 0

}
C∗
36 ̸→ Cα

37 R =
{
c122 = c112 = c′112 = 0

}
C∗
40 ̸→ Cα,β

41 R =
{
c122 = c112 = c′112 = 0, 2c′111 = c′112

}
The rest of the non-degenerations between indicated algebras follows from Remark 3.6.
Thanks to Theorem 3.9, we have that C33, Cα,β

09 , Cα,β
22 , Cα,β

39 , Cα,β,γ
31 , and Cα,β,γ

38 give irre-
ducible components in the variety of 2-dimensional compatible Novikov algebras. Hence, each
2-dimensional compatible Novikov algebras is on the orbit closure of these algebras. The rest of
the necessary degenerations are given by

C1,1+t−1,−1+t−1

24

(te1+(−1+t)e2,t2e1+te2)−−−−−−−−−−−−−−−→ C02, C1,t−1,αt−1

24

(te1+
t2

1−α
e2,t2e1+e2)

−−−−−−−−−−−−−→ Cα ̸=1
05 ,

Ct−1,0, 1
2t

40

(te1,te2)−−−−−→ C08, Cα,α+t,
11

(e1+βt−1e2,e2)−−−−−−−−−→ Cα,β
12 ,

C−1+α,t−1,αt−1

24

(te1− t2

α−1
e2,t2e1−t3e2)

−−−−−−−−−−−−−−→ Cα ̸=1
16 ,

C−2,α+t−1,−α+t−1

24

(te1−α−1te2,t2e1+2α−1t2e2)−−−−−−−−−−−−−−−−−−→ Cα ̸=0
17 ,

C
−α−2t−2,−6α−6t−2,− 4+αt2

6t2

40

(te1−3te2,
t2

2
e1−3t2e2)−−−−−−−−−−−−−−→ Cα

19,

C−1−t−2,−(β+t)t−2,(t−α)t−2

24

(−t3e1+
t4+t6

1+αt−βt
e2,−t2e1+

t5

βt−αt−1
e2)

−−−−−−−−−−−−−−−−−−−−−−−−→ Cα,β
20 ,

C−1−t−2,−βt−2,−αt−2

24

(−t3e1+
t3+t5

α−β
e2,−t2e1− t4

α−β
e2)

−−−−−−−−−−−−−−−−−−−−→ Cα,β
21 , Cα−5t2,t−2

27

(e1+2t2e2,te2)−−−−−−−−−→ Cα
26,

Cα,β,γ
24

(e1,t−1e2)−−−−−−→ Cα,β,γ
25 . ■
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[19] González D’León R.S., On the free Lie algebra with multiple brackets, Adv. Appl. Math. 79 (2016), 37–97,
arXiv:1408.5415.

[20] Grunewald F., O’Halloran J., Varieties of nilpotent Lie algebras of dimension less than six, J. Algebra 112
(1988), 315–325.

[21] Hou S., Sheng Y., Zhou Y., Deformations, cohomologies and abelian extensions of compatible 3-Lie algebras,
J. Geom. Phys. 202 (2024), 105218, 16 pages, arXiv:2208.12647.

[22] Kaygorodov I., Non-associative algebraic structures: classification and structure, Commun. Math. 32 (2024),
1–62, arXiv:2306.00425.

[23] Kaygorodov I., Khrypchenko M., Lopes S.A., The geometric classification of nilpotent algebras, J. Algebra
633 (2023), 857–886, arXiv:2102.10392.

https://doi.org/10.1016/j.jalgebra.2022.10.018
https://arxiv.org/abs/2403.17193
https://doi.org/10.1142/S0219498825500872
https://arxiv.org/abs/2209.09150
https://doi.org/10.46298/cm.12656
https://arxiv.org/abs/2010.00335
https://doi.org/10.1063/1.3246608
https://arxiv.org/abs/0809.2188
https://doi.org/10.1142/S0219498813500813
https://arxiv.org/abs/1205.5714
https://doi.org/10.2478/s11533-006-0014-9
https://doi.org/10.1155/S1073792801000198
https://arxiv.org/abs/math.QA/0002069
https://doi.org/10.1080/00927872.2023.2245915
https://arxiv.org/abs/2107.09259
https://doi.org/10.1016/j.jalgebra.2022.07.020
https://arxiv.org/abs/2111.13306
https://doi.org/10.1016/j.geomphys.2023.104951
https://arxiv.org/abs/2202.03137
https://doi.org/10.1063/5.0161898
https://arxiv.org/abs/2207.13980
https://doi.org/10.2140/ant.2009.3.567
https://arxiv.org/abs0809.1773
https://doi.org/10.1007/s00209-023-03231-8
https://arxiv.org/abs/2209.13662
https://doi.org/10.46298/cm.10537
https://arxiv.org/abs/2107.11478
https://doi.org/10.46298/cm.10193
https://doi.org/10.46298/cm.10193
https://arxiv.org/abs/2205.03155
https://doi.org/10.1023/A:1020141820038
https://doi.org/10.1007/s11232-006-0016-6
https://doi.org/10.1007/s11232-006-0016-6
https://doi.org/10.1016/j.aam.2016.02.008
https://arxiv.org/abs/1408.5415
https://doi.org/10.1016/0021-8693(88)90093-2
https://doi.org/10.1016/j.geomphys.2024.105218
https://arxiv.org/abs/2208.12647
https://doi.org/10.46298/cm.11419
https://arxiv.org/abs/2306.00425
https://doi.org/10.1016/j.jalgebra.2023.04.028
https://arxiv.org/abs/2102.10392


20 H. Abdelwahab, I. Kaygorodov and A. Makhlouf
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