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Abstract. In this paper, modified Toda (mToda) equation is generalized to form an inte-
grable hierarchy in the framework of Sato theory, which is therefore called mToda hierarchy.
Inspired by the fact that Toda hierarchy is 2-component generalization of usual KP hierar-
chy, mToda hierarchy is constructed from bilinear equations of 2-component first modified
KP hierarchy, where we provide the corresponding equivalence with Lax formulations. Then
it is demonstrated that there are Miura links between Toda and mToda hierarchies, which
means the definition of mToda hierarchy here is reasonable. Finally, Darboux transforma-
tions of the Toda and mToda hierarchies are also constructed by using the aforementioned
Miura links.

Key words: modified Toda hierarchy; Toda hierarchy; Miura transformation; Darboux trans-

formation; tau function
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1 Introduction

The modified KP (mKP) hierarchy [2, 4, 7, 8, 9, 12, 13] has obtained great success in mathe-
matical physics and integrable systems, which is related to the famous KP hierarchy by Miura
links [19, 23]. As one of the most important generalizations of KP hierarchy, Toda hierar-
chy [20, 21] also plays a key role in mathematical physics. For specific equations, Toda hierar-
chy contains the famous Toda equation, which has many important generalization [3, 6, 16, 17].
Among them, we are more interested in modified Toda (mToda) equation defined by

u(s)y = u(s)(v(s) —v(s +1)),  v(s)e = v(s)(uls) —uls — 1)),

which is related with Toda equation by Miura transformation [6]. If further set u(s) = 0,¢(s),
v(s) = e?(8)=¢(s=1) then mToda equation can be rewritten into exponential form

8.0,0(s) + (ew(s+1)—w(5) _ ew(s)—w(s—l))ax(’p(s) =0.

Next, we expect to construct one integrable hierarchy containing this mToda equation, which
will be called mToda hierarchy. Here the expected mToda hierarchy should be related with
Toda hierarchy by Miura links just like the KP and mKP hierarchies. In fact, notice that Toda
hierarchy is the 2-component generalization [7, 15, 21] of the usual KP hierarchy, while the KP
hierarchy has Miura links [19, 23] with the first mKP hierarchy. Thus, it is expected that mToda
hierarchy is the 2-component first mKP hierarchy [7, 22]
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mailto:ruiwj@126.com
mailto:wenchuangguan@163.com
mailto:chengjp@cumt.edu.cn
mailto:chengjipeng1983@163.com
mailto:yangy875@mail2.sysu.edu.cn
https://doi.org/10.3842/SIGMA.2024.110

2 W. Rui, W. Guan, Y. Yang and J. Cheng

+ 2575720 o1 (x— [2_1]2)71,5/,1(35 + [Z_1]2)ef(x(2)—x(2)',z)) = 71,5(X) 70,5 (x), (1.1)

where Res, >, a;2" = a_y, x = (x(l),x(Q)), x() = (J:Si),mg),.:.), [2_1] = (2_1,2_2/2,...),
x— [71], = (xW,x?) ‘xu)Hx(i)_[zfly and &(x), z) = 2k>1 xz(gz)zk~

Here we will investigate the Lax structure of the 2-component first mKP hierarchy (1.1). It
is found that the corresponding Lax operators are expressed by pseudo-difference operators

Ly =u_1(s,x)A + Zui(qu)A_iv u—1 # 0,
i=0

Ly=1t1(s,x)A"" + > wi(s,x)A", @1 #0,
1=0

satisfying the Lax equations
6x§11>Lj - [(L?)A,Zpl’j]v %g)LJ’ - [(LQ)A*,EI’LJ]’ j=1L2, (1.2)

where A is the shift operator defined by A(f(s)) = f(s+1), A=A—1and A* =A~! —1. One
can refer to Section 2 for more details on the above symbols. Here we would like to comment that
pseudo-difference operators are widely used in integrable systems [1, 4, 20, 24]. And note that
we find that Lax equations (1.2) contain the mToda equation, which means that 2-component
first mKP hierarchy is just the desired mToda integrable hierarchy.

Notice that in Lax formulations, the initial term in L; for mToda is u_j(x)A for some
nonzero function u_1(x), while for Toda hierarchy, it is just A. Another differences are the flow
generators. For mToda flow generators, they have the form Aa >; or Aax>1, while in Toda
case, they are Aj >9 or Ap <o. It is found here that mToda hierarchy is gauge equivalent to
Toda hierarchy, which is called the Miura links, that is,

Tima(s) !~ T (s)
anti-Miura: Miura:
BZA%\ Ta=cy lm

where ¢(s) and r(s) are Toda eigenfunction and adjoint eigenfunction, and co(s) is the coefficient
of A in Sy defined by L; = S1AST 1 The existence of Miura links confirms again that (1.2) is
the expected mToda hierarchy. Here we would like to point out that Miura links discussed here
are just gauge transformations in integrable systems. And the concept of gauge transformations
was firstly introduced in [25, 26].

For mToda hierarchy (1.2) discussed here, it has been used in various aspects in integrable
system. Recently, mToda hierarchy has emerged in different types of constraints of Toda hier-
archy, including constrained Toda hierarchy (C-Toda hierarchy) [10] as well as the Toda lattice
with the constraint of type B (B-Toda hierarchy) [5, 11, 18]. Both C-Toda and B-Toda hierar-
chies are sub-hierarchies of mToda hierarchy. The mToda hierarchy can also be used to describe
the spectral representation of Toda eigenfunction and Toda adjoint eigenfunction (see [15]).

Besides the results mentioned before, we also show that the two mToda tau functions 79 ¢(x)
and 71 5(x) are Toda tau functions, which can be linked by Toda eigenfunction or Toda adjoint
eigenfunction. We also derive the mToda bilinear equation from the mToda Lax equations, and
prove the existence of mToda tau functions. Based upon Miura links, the Toda and mToda
Darboux transformations are also obtained by

anti-Miura, Miura Miura, anti-Miura

Toda ———— mToda —— Toda, mToda Toda mToda.
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This paper is organized as follows. Firstly, in Section 2, some notations and properties for
formal difference operators are given, which will be used in discussion of mToda Lax equations.
In Section 3, starting from the bilinear equation, we derive the Lax formulations of the mToda
hierarchy. We also prove that the bilinear equation can be obtained from the Lax equations.
In Section 4, two kinds of anti-Miura and Miura transformations between the Toda and mToda
hierarchies are discussed. Then, in Section 5, we discuss mToda tau functions and their relations
with Toda tau functions. Finally, in Section 6, the Darboux transformations of Toda and mToda
hierarchies are constructed by means of Miura links.

2 Formal difference operators

In this section, let us review some important properties about formal difference operators, which
will be used in the discussion of mToda Lax equations. Symbols involving A and A* used here
can be found in [14]. Let A denote the algebra of smooth complex functions in the indeter-
minate s and variables x. The space AHA, A_l]] of formal difference operators consists of all
expressions of the form

A= Z am(s)A™.
meZ
Define the following symbols for above A:
Ap=" > am(s)A™,  Ap=ar(s)AF, AT =D A an(s),

m satisfies P meEZ

where P € {> k,< k,> k, < k}. Let A((A)) and A((A™')) denote the subspace of A[[A, A71]],

whose elements take the following forms, respectively:

> an@AT €AW, Y an(oa™ e A((AT)),

for some fixed integers mg and ng. Both A((A)) and A((A™')) are the associative rings, where
the multiplication is defined by

(F(s)A%) (g(s)AT) = f(s)g(s + ) A",

Given A € A((Ail)) and f € A, we use Af or A- f to denote the multiplication of A with f,
while A(f) means the action of A on f.

Introduce the difference operator A = A — 1 and its adjoint operator A* = A=! — 1, and
define the following multiplication operations as follows [14], for j € Z:

A7) =3 (1)@ + - AT
=0

AT ) =3 (1) @7 (s + i - A
=0

Then two associative rings A((Afl)) and A((A**l)) are of the following forms:
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for some fixed integers kg and ly. If define the following expansions for Q) € {A,A‘l} and
R e {A,A*} by

Q-1)"'= i@‘j, (R+1)7F = i <_k> R*J k>0, (2.1)

=0 N7

then for arbitrary formal difference operator A € A((A™1)) (resp. A((A))), it can be trans-
formed into A € A((Afl)) (resp. A((A*)fl)) by (2.1) and A = A +1 (resp. A= A* + 1),
and vice versa. Then we have

A((AT)) = A((AT). A@) = A((A7) 7).

Similar to Ap with P € {> k, <k, >k, < k} and A}, we can also define Ax p (or Aa+ p) to
be the part of A satisfying property P with respect to operator A (or A*), and A (or AA*,[k])

to be the part A* (or A*k). In what follows, we will denote t5+1 A be the expansion of A in terms
of operator A’ in A((Ail)).

Lemma 2.1. For any formal difference operator A € A[[A,A‘l]],

A>o = Ap >0, A<o = Ap+ >0,
Apo) = A>0(1),  Aaxjg = A<o(1).

Proof. Firstly, by (2.1), we can find that A=*, k& > 0 can not produce non-negative A-powers,
therefore if assume A =), a; A",

AZO = Z aiAi = ZGZ(A -+ 1)2 = AA720.
>0 >0

If further apply A>o = Aa >0 to 1, we can prove Ap g = A>o(1). Others can be similarly
proved. |

Lemma 2.2. For any formal difference operator A € A[[A,Afl]],

(A . LA_1A*_1)21 AT =As1 — Asq|a=1 = Aa >,
(A - LAflA*_l)SO A" = Ao+ Asola=1 = Aa <o,

- A* = Ao+ A<ola=1 = Aa~ <0,

A" = Ao — Acola=1 = Aps >1.
Proof. Firstly, by Lemma 2.1,

(A ipa A A = (A ip 1 A7 A= (A AT A

= (AA,Zl . LAflAil) A= AA,ZI-

>1° A0

If subtract A from the first relation, we can obtain the second one. The third and fourth formulas
can be similarly obtained. |

Lemma 2.3. For any formal difference operator A € A[[A, A_l]] and any k € Z,
AP A ATE = A OAR(A) o ATTF
(AA™F AT AF) = AT (Ap k)t AP =y AR (Ap i) AF

(a1t ATFATAR) = ATE (Ape )t AR =y ATE L (Aa )T AR
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Proof. The first relation is derived by A* = —A 1A and LAilA*_l — _A. LAilA_l, If assume
A=73_, am(s)A™, then by LAt AFTE AR =1

(ad™Fax ARy = ((LAA*_kA_k) ZA*mam(s)(AkA*k)>
- m A* >k

— Z A*mfka’m‘(S _ k)A*k,

m>k
tpst ATF - (Ap o) AF = e (ATFATF) Y A, (5) (APATF)
m>k

= Z A kg, (s — k)ATF,

m>k
which imply the second relation. Similarly, we can prove the third formula. |

Lemma 2.4. For any formal difference operator A € A[[A,A‘l]] and any function f € A,

A fas =F T Aso f= 1 Aso(f) = Aso- [ = 71 Asolf),
(F A ) psy = F Ao f = f7 Aco(N) = F70 Ao £ = £ Aco(f),
(LA—lAil AT A)A,zl

= A0 AT f L Aso - fTH A = AT (Ase) (f) - f

= st AT Asg - T A — AT (Aso)* () - f A
(LAA*_l f-A- f—l . A*)A*,zl

= ipat AT f A T AT =y AT (A) () - f A

= AT f Ay fT A = AT (A) () - f T AR

_I-A

Proof. By using Lemma 2.1, we can get

(AP as = A Naso = (F A fag
= (f- 1-A-f)20_ (ffl‘A‘f)zo‘Azl
! f—f_l'Azo(f)
! A>0 f=171 Aso(f).
Similarly, we can get the second formula. As for the third formula, it can be derived by the

third relation in Lemma 2.3 with £ = 1 and formula for (f_l <A - f) Ax >1° As for the fourth
formula, it can be proved by similar to the third one. - |

3 Lax formulations of mToda hierarchy

In this section, we first derive the Lax formulations of the mToda hierarchy from the bilinear
equation (1.1). Then, we also provide the proof of bilinear equation obtained from the Lax
formulations.

For 2-component first mKP hierarchy (1.1), let us introduce wave functions ¥;(s,x, z),
j=1,2, and their adjoint \IIZT(S, X, z) in terms of the tau function as follows:

[l
Ui(s,x,2) = 108 (); (Ef) 1) 25e862) = wM (s, x z)zsef(x( ) 2, (3.1)
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s(x+ [
Ui(s,x,2) = s (X ([:) 1) 2o sx2) = wM* (s, x, z)z_se_g(xm’z), (3.2)
T0,s
WUo(s,x,2) = Wzsef(x@)’zl) =w®@(s,x, z)zsef("<2)’z71), (3.3)
T1,s
\IJS(S, X, Z) — 7—1"9_1(x(—i_)[2]2)2,s+le§(x(2),z—1) _ U)(Q)*(S,X, Z)Zfsefﬁ(x@)7;:_1)7 (34)
7'075 X

where w() (s, x, z) and w)* (s, x, z) are formal power series with respect to z~! (for j = 1) and 2
(for j = 2)

(0.9] oo )
(s,%,2) Zc, w? (s,x,2) = Zéi(s,x)z’,
=0 )

oo o0
(s,%,2) Zc w®*(s,x,2) = Zé;(s,x)z’l“,
=0

1=0

with ¢o(s,x) # 0 and éy(s,x) # 0. Hence, the bilinear equation (1.1) can be rewritten into

dz " dz
%c 27712\111(8 x,2) 91 (sl’xl’z) . jio 27712\112(8 x,2)U5(s', %', 2) = 1,

where C, denotes the circle around z = oo, while Cy denotes the circle around z = 0. Both Cy
and Cy are anticlockwise. .
Next, introduce the wave operators W; and W;, j = 1,2, as

Wi(s, %, A) = S (s,%, A)eT0), Wa(s, %, A) = S (s, x, A)ef*A™),
Wi(s,x,A) = S1(s,%x, A)e €A™ (5%, A) = So(s, x, A)e A (3.5)

where S; and §j, 7 =1,2, are also called wave operators given by

Si(s,x,A) = Zci(s,X)A_i, Sa(s,x,A) = Z ci(s, x)A",

i>0 i>0
§1(3,x, A) = ch(s,x)Ai, §2(s,x, A) = Z (s, x)A" L,
i>0 i>0

It can be clearly found from (3.1)-(3.4) and (3.5) that the wave functions and the adjoint wave
functions are linked with wave operators in the following manner:

U,(s,x,2) = Wj(s,x,A)(2%), Wi(s,x,2) = Wj(s,x, AN)(z7%), j=1,2.
To derive the Lax formulations of the mToda hierarchy, the following lemma is necessary.

Lemma 3.1 ([1]). Let A(s,A) = 3,5 ai(s)A?, B(s,A) = 3,5, bi(s)A are two pseudo-difference

operators, then
A(s, A) Z Res,z ' (A(s,A) (25%) - B(s + i, A) (275F)) A"
1E€EZL
According to Lemma 3.1, one has
W(sxA)Wl(sx A)+Wg(sxA)W2 5,x', ) ZN
1EL
namely,

Si(s,x, A)eE(X“)—X’(l)vA)gf (s,x',A) + 52(57)(7A)e£(x<2)_x/(2>,1\71)§; (s,x’,A) _ ZAZ" (3.6)
1EZ



The Modified Toda Hierarchy 7

Theorem 3.2. The wave operators have the relations

Sp = —ia AN ()7 Sy = 1y 1 ATH(S3) 7 (3.7)

Wi =i AT W) T W = i AN (W) T (3.8)
where (AA7! = _Zizo AY and 1y AT = Zizl A~ Moreover, they satisfy the following
evolution equations:

0,051 =—(S1A"ST )y oS, 0,82 = (SIA"STY) 5 5,5, (3.9)

0,51 = (S2A7"851) e 2151, OS2 = —(S2AT"S3 ) 4. o2,

0,0 W; = (S1A™S7h) A1 Wi 0, Wj = (SaA™"S5H) R 7

Proof. Firstly, by substituting x’ = x into expression (3.6) and comparing the non-positive
and positive powers of A on both sides, we can obtain the following relations:

Si(s,x, A)§f(s,x, A) = —1p1 AT Sa(s,x, A)gg‘(s,x,A) = A*L (3.10)
which implies (3.7) and (3.8). Next, by differentiating (3.6) with respect to 2 and letting
x' = x, we have

6z(1>S1 . §ik + SlAngf + 6z(1>52 : 55 =0. (3.11)

Hence, taking the positive power and non-positive power of A in (3.11) and making use of (3.10),
we can get, respectively,

0,082 = (SIA"ST ey 1 AT Ay, 0 St = —(SIATST i AT (ATS)

Then by Lemma 2.2, we have

0,82 = ((S1A"S1 1) 5, — (S1A™Sy )ZI\AZI)S2 = (S1A"S11) 5 5152
0,051 =~ ((S1A"ST") o+ (SIA"ST) Lgla=1) 81 = —(S1A"ST) \ oSt
Similarly, we can obtain Ox(g) Si. |

Further introduce the Lax operators L, and Ly of mToda hierarchy as

L1 = WlAWfl = Z ui(s,x)Aﬂ' S A((Afl)),
i=—1
Ly =WoA 7' W5t = > (s, x)A" € A((A)),
1=—1

then Lax equations follow from Theorem 3.2
owLj= BV Li],  9oLj=[BY.Lj], j=L2 (3.12)

where B = (§;A"S;) B — E !

A>T A >1

Corollary 3.3. Wave functions V; and the adjoint wave functions W3, j = 1,2, satisfy the
auzxiliary linear equations

Li(Vq) = 294, Loy(Wy) = 2710y,

0.m¥; = BP(Y;), 0.¥; = BP (¥ )7

(et ATILTA) (UF) = 207, (LAATLEA) () = z—qug,
0,mV; = — (LAt ATEBDTA) (1), 0,0V} = (LAA *A) (7).
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The following proposition states that mToda is consistent, that is, [ax@),@ (j)] =0.

T3,
Proposition 3.4. Br(r];) satisfies the following relation:
0.0BY —0 »BY + B, BY] =0, i.j=12 (3.13)

Proof. Here we only prove the case of i = 1, j = 2, other cases are similar. Firstly, denote

Aij =0 BY -0 ;»BY + [BY), BY],

Tm

then by (3.12), B = (L})>1 — (L})>1|a=1 and BYY = (L") <o — (L§)<o|a=1, we have
(A12)50 = =9, @ (LT)>0 + [B,BV]_ = (~0,0 (L) + (B, L)), =0.
Similarly, we can prove (Aj2)<o. Therefore, by A 2(1) =0,
(A12)0) = —((A12)>0 + (A1,2)<0)(1) =0,

which means A; 2 = 0. [ |

Example 3.5. Let us give some explicit examples of nonlinear differential-difference equations
of mToda hierarchy. Taking m = n = 1, we have

BY =u_y(s,x)A —u_i(s,x), B =a_1(s,x)A"" —u_y(s,x),
then it follows from (3.13) that
9 wu-1(s,x) + u-1(s,x)(u-1(s,x) —u-1(s — 1,x)) =0, (3.14)
1

— 8$§2)u_1(s, x) + u_1(s,x)(a-1(s + 1,x) — u—_1(s,x)) = 0. (3.15)

Equations (3.14) and (3.15) are just the mToda equation [3, 6] mentioned in the introduction.

Conversely, if we start from the evolution equation of wave operators

0,08 ==(SIN"ST )5 <051 % = (SIATST) 5 5, S0
(93&2)5’1 = (S2A7n52—1>A*21517 8@,%2) S = _(SQAinsgl)A*éoS?’
0,0 Wj = (SIA"ST) o, Wi, 0,0 Wi = ($287"557) e 5y Wi

then we have the following theorem.

Theorem 3.6. Given wave operators satisfying above relations and set

Ui(s,x,z) = Wi (z%), Ui(s,x,z2) = —LA_lA_l(Wl*)_l(z_s),
y(s,x, 2) = Wa(2®),  Wh(s,x,2) = taAA" (W) 7H(279), (3.16)

then U;(s,x, z) and \Ii;(s,x, z), 7 = 1,2, satisfy the bilinear identity

d d
% - Uy (s,x,2)¥i (s, %', 2) —i—jg : Wo(s,x,2)¥] (s, %, 2) = 1. (3.17)
C

 2miz Co 2miz
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Proof. Firstly, it is obvious that

Wi (s, %, AW (8,%, A) a1 A1+ Wa(s, x, )Wyt (s, %, A)ia A1 ZN
1EL

It follows from evolution equations of W; that
O W1- Wit =9 oyWa- Wy, 0 eWi Wil =0 oW Wy

Therefore, by induction on the order of derivatives with x(!) and x®), we can get for a@ =

(041,0(2,---)20,62(51752,..-)20

let 8 -1 x—1 « Ve -1 s—1 Z Aj? (Oé,ﬁ) = (070)7
=000 oy Wi - Wi in—1 A" + 001y 0_yWa - Wy LA AT = § J€
0, (a, B) # (0,0),
where
Iy = 8C!<1)8&(21> T and 85@ = 85(2)‘9 <22> e

By making use of Taylor expansion, finally it can be found that

—Wi (s, %, )Wi(s, %', A) "Ly A1 Wa(s, x, M) Wa(s, X/, A) Ty A= A7,
i€EZ

which implies (3.17) by applying Lemma 3.1. |

4 Anti-Miura and Miura transformations between Toda
and mToda hierarchies

In this section, we first briefly introduce some basic facts about the Toda hierarchy and the
automorphism of Toda and mToda hierarchies. Based on these, we will discuss the anti-Miura
and Miura transformations between the Toda and mToda hierarchies. In this paper, we adopt
the following convention, the Miura transformation refer to the transformation from mToda to
Toda, whereas the anti-Miura transformation is the one from Toda to mToda.

4.1 Basic facts about Toda hierarchy and its self-transformation
Recall that Toda hierarchy [20, 21] is defined by the following Lax equations:
0, wLi=[(LY)>0,L5], 0 L= [(£3)<0,L;], (4.1)

where Toda Lax operators are given by

Li(s,x,A) = A+ vi(s,x)A™,  Lo(s,x,A) =0_1(s,x)A7" + > i(s, x)A".
j i=0
Let &1 and &1 be the Toda wave operators of the form

Si(s,x,A) =1+ Zwi(s,x)A_i, (s,x,A) sz s, x)A
i=1
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by which the Lax operators can be expressed as
L1 =SIAS[ !, Lo = SeA71S;
Then the Lax equations (4.1) are equivalent to the following Sato equations:

9 w81 =—(L)<0S1, 0 81 = (£3)<0S,
833511)82 = (ﬁ?)ZOSQ, 890%2)82 = —(55‘)2082. (4.2)

The wave functions ®; and adjoint wave functions %, =12, of the Toda hierarchy are
defined as

D (s,x,2) = Wi(s,x,A)(2%), Dy(s,x,2) = Wa(s,x,A)(2%),
Dl (s,x,2) = (Wfl(s,x, A))*(z_s), D5 (s,x,2) = (W{l(s,x,A))*(z_s), (4.3)

where Wi (s,x,A) = Sl(s,X,A)eg(xm’A) and Wh(s,x,A) = SQ(S,X,A)eg(X<2>’A71). It can be
verified that wave functions ®; and adjoint wave functions ®%, j = 1,2, satisfy the following
auxiliary linear equations:

L1(P1) = 2By, Lo(Pg) = 21Dy, 8m;1><1’i = (L) >0(P), 0 2P = (L3)<0(Pi),

> e
Li(®]) = 2@7,  L3(®5) = 27105, 9 @ = —(L1)20(P}), 0,00 P} = —(L5)%(D]),
and the bilinear equation
f dz Py (s,x,2)07 (s, %', 2) —jq{ dz Po(s,x,2)P5(s', %/, 2). (4.4)
Coo 27Tiz ? Y ) ) CO 27TiZ ) ) ) Y

The Toda wave functions and adjoint wave functions can be generalized to the eigenfunction ¢(s)
and adjoint eigenfunction r(s) of the Toda hierarchy defined by

9, wa(s) = (£1)>0(q(s)), 9, @4q(s) = (£3)<0(a(s)), (4.5)
9 wr(s) = =((£1)20)"(r(s)), 9 @r(s) = =((£3)<0)"(r(s))-

s 09%(x) such that wave functions ®; and adjoint wave
functions @3, j = 1,2, can be expressed in terms of tau functions rleda(x) as

There exists one tau function [21] 7 Toda

7_Toda

—1
®(s,%,2) = — (2 ]1)e5(x(1)’z) s

7Toda(x) Zy
et G 1) (4.6)

T 2(%)
D1%(s,x,2) = Tgﬁ?i(;c;:([}:)l]l) o E(x1),2) —s
[

Dy(s,x,2) =

)

s+1
7_8’1“oda(x + [2]2) e_f(x(z),zfl)z_s

)

D% (s,%x,2) =

Then the bilinear equation (4.4) can be expressed by Toda tau function

7{ %TSTOda(x — [Z_l]l)Tgoda(X’ 4 [z_l}l)zs_slef(xm—x“)’,z)
Coo

d _
= 27; Tgftlia (X - [Z]Q)ng(ila (X/ + [Z]z)Zsfs’e£(x(2)fx(2)/,z 1)'
Co
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Proposition 4.1. Assume L; and S;, j = 1,2, are Toda Lax operators and wave operators,
respectively, and consider the followmg maps: mg: (L’z,Sz,a:,(q),x%)) (El,SZ,ng),xq(f)) with

Li=wols_ wo ) Si = wo (ngfi)*, i‘g) = —x(z), :7;;2> = —x(l),

n

where Wy is the coefficient of AV in wave function Sy. Then T is a self-transformation of the
Toda hierarchy, that is,

o0 = BD.L] 0wk = B4,
008 = BOS —SA", 0.8 = BYG,,
BE(US‘Q = Bg)gg, 85(2)32 = 37(12)5‘2 — SNQAin,

where BY = (/j?)2 and B = (E”)
Proof. Comparing coefficients of A on both sides of (4.2), we can get
9 wwo = (L) - Wo, 8 W0 = —(L3)[] - Wo-
Then by using (A[O])* = Ajg) and (A<o)* = (A*)>0, we have the following relations:

B = (woly g "), = wo(L5 oy ' + (woLs g ) = (£3)j0) + wo(L5") >0t !

= —ax(l)wo . U_}al + 11_)087(12)*’@61,
BY = (@oLi* @y ') o = wo(L1") <oy ' = @o(L]) 50, ' = @oBS @y ' — (L1

= woBM* wyt - 9, W0 - wy '
Finally, with these two relations, we can prove this proposition by direct computation. |

Remark 4.2. Note that 7r8 = 1, thus we have 7r0_1 = 7p.

Corollary 4.3. Suppose q and r are Toda eigenfunction and adjoint eigenfunction with respect
to L1, respectively, and £~j and 5:53), 7 = 1,2, are defined in Proposition 4.1, then we have

Dy (@or(s)) = (£1) (w07 (5)), Oy (Wor(5)) = (£5) o
Oz (w0 a(s)) = = ((£1) )" (05 'a(), Gy (@5 a(5)) = = ((£3) o) " (o "a()),

which means that wyr and E)alq can be seen as the Toda eigenfunction and adjoint eigenfunction
with respect to L;.

4.2 Basic facts about the self-transformation of mToda hierarchies

The following propositions give us a self-transformation of mToda hierarchy.

Proposition 4.4. Assume L; and S;, j = 1,2, are the Lax operators and the dressing operators
of mToda, respectively. C’onszder the following the map my : (LZ, Si, ,(l),x%)) (Ll, Si, & )7 %2))
with

L = iyt ATTLIA, Ly = iAATLLIA,
Si =11 ATH(S; 1A,

0 = _g@) 5@ _ )
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then the map w1 s self-transformation of the mToda hierarchy, that is,

0.0 Lj =B, L], 0. L; = [BY, L],
056(1)»5'1 = B,(Ll)gl — glAn, 85:(2)5’1 = 37(12)51,
81(1)52 = Br(bl)gg, 3‘%(2)512 = 37(12)52 — SQA_TL,

where Bﬁf) = (fff)A -1 and Bﬁf) = (ffg)
in the paragraph above Lemma 2.1.

Ax - For symbols Ap>1 and Apx >1, they can be found

Proof. Firstly, by using Lemma 2.3, we can get the following relations:

B = (LAflA_l(Lg)*A)Agl = i AT (LY ar>1) A = tps1 AT BP*A,
BY = (AN IT)A) g oy = tast AT a21) A = 1y AT BURA,
Then by direct computation, we can at last prove this proposition. |

Remark 4.5. Firstly, recall that L1 = u_1A + S ouiNT Ly = u_qg A + 3" @AY Then
we can find that L and Ly can be expressed by coefficients of L1 and Lo in the following way:

0 -1
Ly =1u_1(s,x)A + Z(al(s —l-1,x)+ Z (@j(s —1—1,x) —u;(s — l,x)))A‘l,

1=0 j=—1
~ 0o -1
Ly=wu_1(s—1,x)A" ! + Z(ul(s +1,x)+ Z (uj(s+1,x) —uj(s+1— 1,x))> Al
1=0 j=—1
Next, notice that for arbitrary [ € Z,

AAAN(Li(s)) = Al Li(s) - A7V = Li(s +1),  AdAYSi(s)) = AL Si(s) - A~ = Si(s + 1),

thus we can find Ad Al is also mToda self-transformation. Moreover, we can find that Ad Al
and 71 are commutative and Ad A o 7} = 1, then we get

71'1_1 = AdAom.

4.3 Miura transformations from mToda to Toda

There exist two kinds of Miura transformation from mToda to Toda, where the first kind is
given by the following proposition.

Proposition 4.6. Given mToda Lax operators L; and wave operators S;, if denote Ty = co_l(s)
with co(s) being the coefficient of A in Si, and set

L;=TLT, S =T\S;, i=1,2,

then L; are Toda Lax operators, S; are Toda wave operators, and cy 1(3) 1s the corresponding
Toda eigenfunction.

B = (SoA "8, 1) and

Proof. Firstly, for convenience denote BT(LI) = (SlA”Sfl) A* >1

B = (S1A"S7 1), BY = (S2A7"S51) . Then by

>0~

(A f)p=fT"Ap-f for Pe{>k<k>k<k/Ik]},

A>1
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we can find that
B = (S1A"S7) 50 — (S1A"S71) 5, (1
B = (S$1A™SyY) _, — (S1Amsy!) (1

n

)=co- B g — o B (cg!),
)=co-BY eyt —eo-BP(cy).
Next, by comparing the coefficients of A® of (3.9), we can get
achgl = B(l) (co 1), 8x%2>661 = 57(12) (Co 1),
which imply ¢, s the Toda eigenfunction corresponding to S;. Therefore, we can find
BT(Li) =cp- Bg) . cal —cp- 85655) (cal),
that is,
Bg) = Cal . qul) - Cco — Calazgj) (Co),
which implies this proposition. |
Corollary 4.7. Assume ¥; and V7, 1 = 1,2, are mToda wave functions and adjoint wave
functions defined by (3.16), respectively, and let
By (s,%,2) = ¢ (5)¥1(s,x, 2), Bo(s,%,2) = ¢y (5)¥a(s,x, 2), (4.8)
@’{(3’ X, Z) = _CO(S)A(\IIT(& X, Z))a @;(8, X, Z) = CO(S)A(‘IIE(& X, Z))

Then ®; and ®7, i = 1,2, are Toda the wave functions and adjoint wave functions of Toda
hierarchy.

Proof. Assume W; to be mToda wave operators, then W, are the Toda wave operators and
thus ®; = c; ' ¥; are Toda wave functions by (3.16) and (4.3). Further, by

Wf_l = —cA - (—LAAA*lWl*_l) and Wék_l = A - (LAA71W2*_1),
we can obtain relations between ®; and W. [ |

Besides the first Miura transformation 77, there also exists a second kind of Miura transfor-
mation from mToda to Toda

Ty=myoTyony s (Li,Si) = (Li,Si), i=1,2,

which is showed in the following diagram:

mToda Ty Toda 0 Toda
(L, S) (£:,S) (Li, S)

Next, let us see the explicit procedure above.

-1
e mToda —— mToda. By Remark 4.5, Wfl = Ad A o w1, thus we have

-1
Ll(s) — Ll(s) = LA—lA_lL;(S + 1)A,
a7l o~
Ly(s) = Lo(s) = n\ AT L} (s + 1)A,
o~ *
Si(s) == Si(s) = 1p—1A71 (S;l(s +1))"A,

Si(s) i) Sy(s) = —ip A~ (S;'(s+1)"

If denote co(s) and co(s) to be the coefficients of A% in S; and Sa, respectlvely, it can be
found that the coefficient of A in S} is ¢y ' (s), and A-term in Sy is cgt(s+1).
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e mToda —5 Toda. In this case, T = ¢o(s),

Lycg'(s) = Go(s)ia1 AT L3 (s + 1)AG; ' (s),
Loy '(s) = o(8)a A Li(s + 1)AG (),
§1 EER §1 = &o(s)S; = 60(S)LA_1A_1(851(8 + 1))*1\,

y = —EO(S)LAA_I(Sfl(S + 1))*

Now the coefficient of A in Sy is co(s)cy (s +1).
e Toda ™% Toda. Then

L1 5% £y =co(s)ey (s + 1) Lacy H(s)eo(s + 1)
gt (s+ DA Li(s) - tp1A (s + 1),
Lo % Lo =co(s)eg (s + 1)Ly (s)co(s + 1)
=cy (s +1)A - La(s) - Al teg(s + 1),
S1 5% 81 =c(s)cg (s + 1S, = gl (s + 1)A - Si(s)A™,
S. )cal(s+1)§f1* =—c; (s +1)A - Sy(s).

So o, Sy = 50(8

Let us summarize above discussion into the following proposition.

Proposition 4.8. Suppose L; and S;, i = 1,2, are mToda Lax and wave operators, respectively,
where co(s) is the coefficient of A° in Sy, and define

L1 =ToLiiy1Tyt,  Lo=ToLataTy !,
Sy =ThS1A™, Sz = —T15,
with operator Ty given by
Ty =cy (s +1)A,
then L; and S;, i = 1,2, are Toda Lax and wave operators, respectively.

Corollary 4.9. Under the same condition in Proposition 4.8, co(s + 1) is the Toda adjoint
eigenfunction with respect to Lax operators L;, i =1,2.

Proof. In fact according to Lemma 2.4, we have
833511)51 =((LM)as1 — L) S1 = —ta 1A ep(s + 1) - (L1(5)")<0 - ¢ (s + 1A - S1(s)
— -1 ATH (L1(s)")50(co(s + 1)) - g (s + 1A - Sy (s).
Compare the coefficients of A on both sides of the above equation, we have
9, w(co(s)) = =((L1(s = 1)")>0)" (co(s))-
Similarly, we can get Oxg) (co(s)) = —((L2(s — 1)")<0)*(co(s)). [

Corollary 4.10. Assume V; and ¥}, i = 1,2, are the mToda wave functions and adjoint wave
functions and let
Di(s,%,2) = g s+ DAMWL(5,%,2)),  Bals,x,2) = —5 (s + DA(Ta(s,x, 2)),
Di(s,%x,2) = zco(s + 1)V (s + 1, %, 2), D5(s,x,2) =co(s+ 1)U5(s + 1,x, 2),

then ®; and @7, i = 1,2, are Toda wave functions and adjoint wave functions, respectively.
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4.4 Anti-Miura transformation from Toda to mToda

There exist two kinds of anti-Miura transformation from Toda to mToda, where the first kind
is given by the following proposition.

Proposition 4.11. Given Toda wave operators S;, © = 1,2, and Toda Lax operators L, 1 = 1,2,
if denote Ty = q(s)~' with q(s) being Toda eigenfunction defined by (4.5), then L; = T LT, *
and S; = T1S; will be the mToda Lax operator and mToda wave operator, respectively.

Proof. Firstly, if for convenience denote B( ) = (SlA"Sf )A - B ( ) = (S AT"Sy )A* -, and
B(l) (8 A"ST )A S0 B( ) = (S ATS )A <> then according to Lemma 2.4, ~
B = (¢ 'SiA"S  g)a s = ¢ B - qfll’ﬁ'ﬁf)(q)’
B = (¢ 'S:A"Sy g a2 = ¢ ' BY ) —a 'BP(q).
The next computations are quite direct from the corresponding evolutions of £; and §;. |

Corollary 4.12. Assume ®; and ®;, i = 1,2, to be Toda wave functions and adjoint wave
functions defined by (4.3), respectively, and let

Uy(s,x,2) =q 1(s)P1(s,x, 2), Wy(s,x,2) = q 1(s)Pa(s, %, 2),
\I’T(S, X, Z) = _LAA_IQ(S)((I)T(S’ X, Z))’ ‘IIS(S’ X, Z) = LA—lA_IQ(S)((I);(S’ X, Z)),

then W; and V7, i = 1,2, are mToda wave functions and adjoint wave functions.

Similar to the case of Miura transformation, we can also define the second kind of anti-Miura
transformation from Toda to mToda constructed by

To=m07T10mp: (['27’5) L“S i =

Toda 0 Toda mToda mToda
(Li,Si) KZ,S Li,S (Li, S;i)

e Toda =% Toda,

L; 2% L; = wols a0t S ™S = wo(S32)",

where wg is AO-CONefﬁcient in Sz. By using Corollary 4.3, wp(s)r(s) is the Toda eigenfunction
with respect to £; for Toda adjoint eigenfunction r(s) corresponding to Lax operator L;.

e Toda E) mToda,

Li

e mToda =% mToda,

L1 ™5 Ly = iaa ATV DEA = 1y 1 A7 (s) - L1(s) - 77 H(s)A,
Lo ™% Ly = A ATYDEA = ip A7 (s) - La(s) - 77 1(s)A,

S S =1y A7t (S; ) A =1y 1A r(s) - Si(s)A,

§2 I 6, = —LAAfl(Sl_ ) =y A7t r(s) - Sa(s).
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Let us summarize above discussion into the following proposition.

Proposition 4.13. Given Toda Lax operators L;, Toda wave operators W;, Toda wave func-
tions ®;, i = 1,2, Toda adjoint wave functions V! and Toda adjoint eigenfunction r(s), if define

Ty = Aflr(s),
L1:LA—17§‘£1‘7-2_1, LQZLATn'£2'75_1,
S1 = 15172 - S1A, Sy = =Tz - So,
and let
Ui(s,x,z2) = ZLA—1A717’(S)((I)1(8,X, z)), Us(s,x,z2) = —LAAflr(s)(q)z(s,x, 2)),

Ui(s,x,2) = 2 Ir s — D)@ (s — 1,x, 2), Ui(s,x,2) =r (s —1)®5(s — 1,x, 2),

then L;, S;, ¥; and U} are corresponding mToda objects.

5 mToda tau functions

In this section, we will discuss mToda tau functions and their relations with Toda tau functions.
Note that from mToda Lax formulation, we have proved the mToda bilinear equation in terms
of wave functions. Firstly, let us prove the existence of tau functions for mToda hierarchy from
mToda bilinear equation.

Proposition 5.1. Given mToda wave functions V; and mToda adjoint wave functions ¥,
i =1,2, satisfying

% dz Uy (s, x,2)Vi(s', %/, 2) +7{ dz
C

. 2miz C, 27Tz

Wo(s,x,2)05(s', %', 2) =1, (5.1)

then there exist tau functions o s(x) and 1 s(x) such that

70,5 (X B [271] 1) Zseé(x“),z)
T1,5(%)

Tl,s (X + [z_l] 1) Zfseff(x(l)vz)
70,5 (%)

TO,S+1(X - [2]2) Zsef(x@),z_l)
T1,5(X)

’7'175,1(X + [2]2) Z—s—l—le—{(x(z),z_l)
T07S(X)

\Ill(S,X, Z) =

9

Ui(s,x,2) =

)

Us(s,x,z) =

)

Us(s,x,z2) =

9

where (19,5(x), T1,s(x)) is called mToda tau pair.

Proof. Firstly, by Corollary 4.7, we can find that ®;(s,x, 2), j = 1,2, defined by (4.8) are Toda
wave functions, thus there exists tau functions 77°% such that

Toda -1

-1 _Ts (x— [z ]1) £(xM,

=) (S)\Ifl(S,X, Z) - T;TOda(X) € Z)Z57
Toda

—1 _ T (X [22) @

CO (8)\112(8,}(, Z) = We (2 )Zs.

So, if denote 7o s(x) = 7.0 (x), 71 s(x) = g (s)7°% (), then we can get relations for Wy
and \IJQ.
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Next, if let X' =x+ [A7'], and ' = s in (5.1), we can get

1

w(l)(s,x—i- [/\71] )\)w(l)*(s,x, A) =1,

1’

then we can derive the expression for Ui(s,x,z). Similarly, letting X’ = x + [A]2, we can get
A (s, x + Ao, V@ (s +1,x,0) = 1,

from which we can get the expression for U3(s,x, z). |

Lemma 5.2. For the function f(s,x) € A, if it satisfies
O = (s, x) = AT 02 (s x), (5.2)

then f is a constant independent of s and x.

Proof. Compare the coefficients of 27, j € Z, in (5.2), we can get
f(va) = f(S + 17X)7 a:cﬁf)f(s’x) = axg)f(s + 17X) = 07
which implies that f is a constant independent of s and x. |

Proposition 5.3. Given mToda tau pair (10,s(x), T1,5(X)), both 19s(x) and 71 s(x) are Toda tau
functions. And if denote ¢ = 11 /170 and v = A(m9/711), then q is the Toda eigenfunction with
respect to 19 and r is the Toda adjoint eigenfunction with respect to 7.

Proof. Firstly, notice that ¢o = 79/71, then by using (4.6) and (4.7) and relations of ¥; and ®;
in Corollary 4.7, we can get

roda(x — [271))  mos(x—[71],) Tt (x = [2]a) | Tosq1(x — [2]2)

7o (x) T0s(x) 7o (x) T.s(x)

which implies

S S

e_g(éz@)’zfl) (logTTOda(x) — IOgTo,s(X)) = Ae_g(é”@)’z) (IOgTTOda(X) - IOgTO,S(X))'

Toda

Thus by Lemma 5.2, we can obtain 795 = const - 7 Similarly, by relations between W7

and ®7 in Corollary 4.10, we can prove 7 s = const - rleda - Finally, by Proposition 4.6 and

Corollary 4.9, we can find ¢ is the Toda eigenfunction with respect to 7y and r is the Toda
adjoint eigenfunction with respect to 7. |

Corollary 5.4. From mToda to Toda, we can find for mToda tau pair (19, 71),
o Case T =c;'(s),

7% (%) = 70,5(x),

o Case Ty =cy'(s+1)A,
7. 0% (x) = 71,5(x)-
While from Toda to mToda,
e Case T1 = q(s)7 !,

7_sToda(

70,5(%) = x),  Ts(%) = q(s)7 7 (%),
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o Case To = A~1r(s),

T0,5(x) = (s = 7P (x), (%) = 700 (x).
Here q(s) and r(s) are the Toda eigenfunction and adjoint eigenfunction with respect to 1092
respectively.

Proof. For the results from mToda to Toda, they can be found in the proof of Proposition 5.3.
While for the results in 7; from Toda to mToda, we can find from results for wave functions in
Corollary 4.12 that

TSTOda(x — [2*1]1) _ Tos (X — [271]1) T;Fffa(x — [2]2) _ 70,5+1(x — [2]2) (5.3)
q(s, x)7fed%(x) Ts(x) 7 (s, x)7ed(x) Ts(x) '

which implies that

- Tod - Tod
e—g(aw(1)7z*1) log Ts ° a(x) _ e—g(aw@),z) log Tsfla(x) .
70,5(X) 70,5+1(X)

By Lemma 5.2, we can obtain 70+(x) = const - 7,°(x). Then we can get 71 s(x) = const -

q(s,x)7X°%%(x) by (5.3). Similarly, by results for adjoint wave functions in Proposition 4.13, we
can prove the case for 7. |

6 Darboux transformations for Toda and mToda hierarchies

Now we can use Miura and anti-Miura transformations shown in above section to construct the
corresponding Darboux transformations of Toda and mToda hierarchies by the following way:

anti-Miura Miura Miura anti-Miura
Toda 22 mToda —— Toda, mToda —— Toda "% mToda.

Proposition 6.1. Given Toda eigenfunction q and Toda adjoint eigenfunction r, Toda Lax op-
erators (L1, L2) and wave operators (S1,S2), if denote (E[ll], 5[21]) and (SP,SZU]) in the following
way:

o Case Tio(q) =q(s+1)-A-q(s)™,

5[11] =Tz L1-1a1T 5 5[21] =Tz Lo aTiy,
S =Tip-S-A7, 8 = =Tz S,

o Case Ta1(r) = ri(s—1)- A7t r(s),

Y =iy Ty L Tons £y = T - Lo - Tor'
SF =1p-1T2,1 - S1- A, Sél} = —17T2,1 - Sa,

(1] A] (1] ol1] }
then (El Ly ) and (81 , S5 ) are new Toda Lax operators and mew Toda wave operators, re
spectively.

Proof. Firstly, by Proposition 4.13, under the action of 7a,

=A"1r(s
S M S| = LA—1A71T(S)81A,
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where the coefficient of A? in Sy is (s — 1), then under the action of T} = r~1(s — 1),

Ty=r—1(s—1)

Sy S = (s = 1)) =11 (s — 1)1y A7 1r(s)S1A.

Similarly, we can prove
52[1] = (s = 1)ipaA71r(5)Ss.

The form of EE}, i = 1,2, are given by = SP]ASP]_I and 5[21] = Sél]A_ng]_l. As for case
Ti2(q) = q(s+1)- A-q(s)71, it can be similarly proved. [

Remark 6.2. The following transformations are trivial:
T T; .
Toda — mToda — Toda, 1=1,2.

Corollary 6.3. Under the same conditions of Proposition 6.1, if assume that 7.°% is the Toda

tau function corresponding to (L1, Ls), and V;, i = 1,2, is the Toda wave functions, then T;FOda’[l]

. : . ) 1 Al
given below is the new Toda tau functions corresponding to (L'[l ], E[z}).
o Case Tip(q) = q(s +1)- A-q(s)",

7_‘;Foda,[l] _ q(S)TTOda.

S

o Case Toa(r) =1"Ys—1)- AL r(s),

7_‘;Fodat,[l] _ 7“(8 - 1)Tgoda_

Proof. Since Toda Darboux transformation 71 2(q) = ¢(s + 1) - A - ¢(s) ! is determined by

Toda £> mToda 22 Toda,
thus by Corollary 5.4, we can find that
ot I (mo(s), ma(s)) = (1%, q(s)7IP0) By o) = g(s)rfod,
Similarly, we can obtain the result in case T21(r) = r~(s — 1) - A7L. 7 (s). [

Proposition 6.4. For mToda hierarchy, given wave operators (S1,S2), Lax operators (L1, L),
tau pair (19,71), eigenfunction ©(s) and adjoint eigenfunction ©(s), if denote A to be the
transformed object A by the following way:

e Case T11(0) =0O(s)7},

L[ll} =Ti1-Li- Tl_,117 L[Ql] =Ty Lo Tl_,ll’
sl =1y, -8, Sy =Ti1- Sy,

e (%) = 0,(x), (%) = O(s) - 75(x),

o Case T12(0) = A~ A(O(s)),

L[ll} =p-1T12- Ly 'Tl_,21a L[21] =T La- T1_721’
S{l] =1y Tho - S1 - A, Sg] = —ipT1 2 - So,
T(gll = 70,5(X)70,5-1(X) A (O(s — 1)) /71,5-1(x), Tl[g(x) = 70,5(x),
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o Case T51(0) = (A(O(s)))7 LA,

L[ll} =151 Ly LA*ITQ_,llﬁ L[21] =To1- Lo LAT?_,ll’
Sl =Ty 81471, Sy =Tz 5,

T = Tis i = 1o ()51 () A(O(8)) /70,51(%),

o Case Th2(0)=A"1.-0(s+1)- A,
=y Ty - Tod, IV = iaToe - Lo Ty,
S[I] ta-1Th9 - St, 5[1] = 17T - So,
o = O(s) - 7o, i = T1s(%),

then (Sm,Sm), (LM,L[;]) and (Tom,Tl[ ]) are mToda wave operators, Lax operators and tau
pair, respectively.

Proof. Here we only give the proof for the case of T3 1 since other cases can be proved similarly.
Firstly, by Proposition 4.8, under the action of 75,

Tg:cgl(erl)A
A B A

Sl Sl :Cal(s+1)A'Sl-A_1,

where co(s) is the coefficient of A? in S;. Notice that mToda eigenfunction © will become Toda
eigenfunction q(s) = c;'(s + 1)A(6(s)), then under the action of 7;

_,—1 s
St P2 gl _ 118, = (A(©)TA - S AL

In the same way, we can get S[ I = = —(A(©))"'AS;. The form of L[ }, i = 1,2, are given by
L[l] S, [1]A3 2ZS [1]-1 . As for the transformations of tau functions, we can find them from the
follovvlng transformatlon derived by Corollary 5.4:

l’ﬂ

Toda( ) 7-1

(70,5(x), 71,5(x)) x) =

1s(x
(Té?kx)m{%i(x)) (7% () g(s) E *(x))
(71,5(%)5 71,5 (X) 1,541 (%) A(O(8)) /70,541 (X)) u
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