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Abstract. Given a tuple of holomorphic differentials on a Riemann surface, one can define
a Higgs bundle in the Hitchin section and a natural symmetric pairing of the Higgs bundle.
We study whether a Higgs bundle of rank 3 in the Hitchin section has a compatible harmonic
metric when the spectral curve is a 2-sheeted branched covering of the Riemann surface.
In particular, we give a condition for Higgs bundles in the Hitchin section on C or C* to
have compatible harmonic metrics.
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1 Introduction

1.1 Harmonic bundles

Suppose that X is a Riemann surface. Let E be a holomorphic vector bundle on X and
0 € H(X,End E ® Ky), where Kx is the canonical line bundle of X. The pair (E, ) is called
a Higgs bundle and 6 is called a Higgs field.

Definition 1.1. Let (F,0) be a Higgs bundle over X. A Hermitian metric h of (E,0) is called
harmonic if

Fg, +[0,0*"] =0, (1.1)

where V}, is the Chern connection of (E,h), Fy, is the curvature of Vj and 6*" is the adjoint
of § with respect to h. Such a tuple (F, 0, h) is called a harmonic bundle.

Remark 1.2. When X is compact, for a C-vector bundle £ on X, the degree deg F is defined
by [y c1(E). The equation (1.1) means that the connection Vj, + 6 + 6*” is flat. Therefore, we
implicitly focus on holomorphic bundles of degree 0.

The trivial bundle Ox = X x C has the trivial Hermitian metric hx defined by hx(a,b) = ab.
If a harmonic bundle (E, 6, h) of rank r on X satisfies det(E) = Ox, Trf = 0 and det(h) = hx,
(E,6,h) is called an SL(r, C)-harmonic bundle.

The equation (1.1) was introduced by Hitchin in [2] as the dimensional reduction of the self-
duality equations. It is an important question whether a harmonic metric exists for a given
Higgs bundle. Because (1.1) is a nonlinear partial differential equation, it is difficult to solve
it for general Higgs bundles. For Higgs bundles on compact Riemann surfaces, the following
theorem, due to Hitchin and Simpson, establishes the existence and the uniqueness of harmonic
metrics, and it is the most fundamental theorem about harmonic bundles.
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Theorem 1.3 (Hitchin [2] and Simpson [8]). Suppose that X is compact. A Higgs bundle (E,0)
on X has a harmonic metric if and only if (E, ) is polystable and deg E = 0. Moreover, if hq
and hy are harmonic metrics of (E,0), then there exists a decomposition

n

(E,0) = P (B 0]z,

=1

such that cihi| g, = ha|g, for positive constants c1,ca, ..., ¢n and this decomposition is orthogonal
with respect to h1 and hs.

For general Higgs bundles on noncompact Riemann surfaces, it is unknown when a harmonic
metric exists. Suppose that X is the complement of a finite subset in a compact Riemann surface.
In [8], Simpson gave a sufficient condition for the existence of a harmonic metric of a Higgs bundle
(E,0) on X. Let gx be a Kéhler metric satisfying the condition in [8, Proposition 2.4]. Let hy be
a Hermitian metric of £ such that Fy, + [9, H*h] is bounded with respect to hg and gx . We can
define the stability condition for (E, 0, ho) as explained in [8, Section 3]. Suppose det(hg) is flat
for simplicity. If (E,0, ho) is stable, then there exists a harmonic metric h of (E, ) with hg
and h is mutually bounded [8, Theorem 1]. In addition, Theorem 1.3 is generalized also for
filtered Higgs bundles. It was proved by Simpson [9] in the tame case and by Biquard-Boalch
[1] and Mochizuki [7] in the wild case (see Section 2 for details).

1.2 Higgs bundles in the Hitchin section
1.2.1 Non-degenerate symmetric pairings

For a Higgs bundle (E, #), a holomorphic symmetric pairing C of F is called a symmetric pairing
of (E,0) if C(id®60) = C(# ®id). A harmonic metric h of (E, ) is said to be compatible with
a non-degenerate symmetric pairing C of (E, 0) if the isomorphism E — E*, v — (w — C(w,v))
is an isometry with respect to h and h*, where h* is the Hermitian metric on E* induced by h.

1.2.2 Higgs bundles in the Hitchin section

Let g; be a holomorphic j-differential on X for j = 2,...,r. The tuple (g2,...,¢,) is denoted
by ¢q. We fix a line bundle K)l(/2. The holomorphic differential ¢; induces the morphisms

(r—2i+1)/2 (r—2i+2j—1)/2
Ky ™™ — Ky ® Kx

for i = j,...,r. Then we can construct a Higgs bundle (Kx ,,6(q)) of rank r as follows:
0 @ a qr
, L0 q@ - ¢
Ky, = @K% b@=]0 1 o
=1 : . .. .. Q2
0o -~ 0 1 0

These Higgs bundles (Kx -, 0(q)) were introduced by Hitchin in [3] and are called Higgs bundles
in the Hitchin section. If X is compact, then a mapping, which is called the Hitchin fibration,
from the moduli space M of polystable SL(r, C)-Higgs bundles on X to €)_, H° (X , Kg?’) is
constructed by assigning to [(E,6)] € M the coefficients of the characteristic polynomial of 6,
and these Higgs bundles (Kx ,,6(g)) form a right-inverse of the Hitchin fibration.
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1.2.3 Symmetric pairings of Higgs bundles in the Hitchin section

A Higgs bundle (Kx ., 0(q)) in the Hitchin section has a natural symmetric pairing C'x , defined
by the morphism

Kg72i+1)/2 2 K;((r72i+1)/2 = Oy,

Suppose that z is a local holomorphic coordinate and (dz)l/ 2 is a local frame of K )1(/2, the pairing
Cx o on K)l(/2 @ K;(I/2 is given by

(o)

with respect to the frame ((dz)l/z, (dz)*l/Q). The pairing Cx 3 on Ky ® Oy @ Ky is given by
0 01
010
1 00

with respect to the frame (dz, 1, (dz)™!).

1.3 Main results

We will consider the following question.

Question 1.4. Suppose that X is a noncompact parabolic Riemann surface, i.e., X = C or C*.
Given a tuple of holomorphic polynomial differentials ¢ = (g2,...,¢.) on X, i.e., meromor-
phic differentials on P! which have a possible pole at oo, does there exist a harmonic metric
of (Kx,,0(q)) compatible with Cx ;.7

Remark 1.5. In [5], Li and Mochizuki proved that if X is hyperbolic, then there exists a har-
monic metric of (K ,,0(q)) compatible with Cx ,.

In general, for a Higgs bundle (F, #) on X, the spectral curve X ¢ of (E,6) is a curve defined
by {t € Kx | det(tidg — 6) = 0}. We can define the natural projection from ¥y to X by
restricting Kx — X to X g . The spectral curve of (Kx ,,0(q)) is denoted by Xx ,. We call the
natural projection 7: ¥x , — X an n-sheeted branched covering if the fiber of m: ¥y, — X
with the largest cardinality consists of n elements. Let z be the holomorphic coordinate of C.
The following theorems are our main results, giving a partial answer to Question 1.4.

Theorem 1.6. If the natural projection m: Yc 4 — C is a one- or two-sheeted branched covering,
then there exists a polynomial f € C[z] such that

G =3-27Pf(d2)?, g3 = f(d2)”.

If deg f > 2, then there exists a harmonic metric of (K 3,0(q)) compatible with Cc 3. Otherwise,
there does not exist any harmonic metric compatible with Cc 3.

Theorem 1.7. If the natural projection w: X« 4 — C* is a one- or two-sheeted branched cov-
ering, then there exists f € (C[z,z_l] such that

@ =3-27032(dz/2)%, g3 = f3(dz/2)%

If f is not constant, then there exists a harmonic metric of (Kc=3,0(q)) compatible with Cc 3.
If f is constant, then there does not ewist any harmonic metric compatible with Cc- 3.
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Remark 1.8.

e In [6], Li and Mochizuki proved that a Higgs bundle (F,f#) with a symmetric pairing
admits a compatible harmonic metric if (E,0) is generically regular semisimple using an
analytical approach. In particular, if 7 is a 3-sheeted branched covering, then (Kx 3,6(q))
has a harmonic metric compatible with Cx 3. Therefore, we obtain the complete answer
to the r = 3 case of Question 1.4.

e In the r = 2 case, (Kx2,60(q)) admits a compatible harmonic metric if 7 is a two-sheeted
branched covering by Li-Mochizuki [6]. Otherwise, it has no such metric by [4, Proposi-
tions 3.41 and 3.42].

e As we will see in Remark 3.31, compatible harmonic metrics of (K¢ 3,0(q)) correspond to
filtered Higgs bundles satisfying some condition, which is parameterized by a real number
in (2, (deg f +3)/2]. Therefore, the uniqueness of compatible harmonic metrics is not true.

e We need compatibility to prove the non-existence of harmonic metrics in Theorems 1.6
and 1.7. The author does not know whether there exists a harmonic metric if (Kx 3,0(q))
admits no compatible harmonic metric.

To prove Theorem 1.6, we use the following theorem proved by Li and Mochizuki. See
Section 2 for detailed definitions.

Theorem 1.9 ([6]). Suppose that X is compact. The following two objects are equivalent:

e Wild harmonic bundles on (X, D) compatible with a non-degenerate symmetric pairing.

e Good polystable filtered Higgs bundles on (X, D) of degree 0 with a perfect symmetric
pairing.

By Theorem 1.9, it suffices to study when there exists a stable good filtered extension of
(Kx,3,0(q)) such that Cx 3 extends to a perfect pairing. The proof of Theorem 1.6 is outlined
as follows.

Step 1 We calculate the eigenvalues of the Higgs filed 6(q), and take sections sj, sp and s3
of K¢ 3, which form a frame around oo such that the representation of §(q) is a Jordan
canonical form with respect to (s1, s2, $3).

Step 2 Using (s1, s2,53), we construct a meromorphic extension of K¢ 3 and a filtered bun-
dle PgK(Qg over K¢ 3 depending d = (di,ds,ds) € R? such that

3
PHEKE3)o0 = 6P Op1 oo ([c — di]o0) - 55,

i=1
where for ¢ € R, [¢] is an integer satisfying ¢ — 1 < [¢] < c.

Step 3 We find the condition for d that (PfK(Qg, H(q)) is good and stable, and that the pair-
ing Cc3 extends to a perfect pairing. We can prove that if deg f > 2, then there
exists d € R3 satisfying the condition.

Step 4 We prove that if a filtered Higgs bundle is a good filtered extension of (K¢ 3,60(¢)) and
the pairing induced by Cc 3 is perfect, then there exists d € R3 such that the filtered
bundle is P? (Kc,3). We can prove that if deg f < 1, then there is no harmonic metric
of (Kc¢,3,0(q)) compatible with C' from this.

In addition to Theorem 1.6, we obtain the classification of filtered Higgs bundles corresponding
to compatible harmonic metrics of (K¢ 3,6(q)) in the case when 7: ¥¢ , — C is a two-sheeted
branched covering. Moreover, the proof of Theorem 1.6 can be partially generalized to the
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case of the Higgs bundle (Kx 3,6(¢q)) whose Higgs filed is meromorphic, where X is any other
quasi-projective curve.
The proof of Theorem 1.7 is outlined as follows.

Step 1’ We see that there exists a harmonic metric compatible with Cc- 3 unless f(z) = az’,

a € C*, |b] > 3, in the same way as Step 1, Step 2 and Step 3 in the outline of the
proof of Theorem 1.6.

Step 2’ We see that there does not exist any harmonic metric compatible with Cg« 3 if f is
constant in a manner analogous to Step 4 in the outline of the proof of Theorem 1.6.

Step 3’ In the case of f(z) = az’, a € C*, |b| > 3, we explicitly construct a stable good filtered
extension of (Kx 3,6(q)) such that the pairing induced by Cc+ 3 become perfect.

In the general rank case, there are many cases about the multiplicities of the eigenvalues of
the Higgs field. For example, the r = 4 case is divided into the case when the two eigenvalues
with the multiplicity 2 appear, the case when the one eigenvalue with the multiplicity 1 appears
and the ones of the others are 1, etc. Because of this difficulty, the author has not yet obtained
similar results for the general rank.

2 Preliminaries

2.1 Filtered Higgs bundles
2.1.1 Filtered bundles

We will review the notion of filtered bundles, following [7, 8, 9]. In this paper, the notations
are based on [6]. Let X be a Riemann surface, and let D be a discrete subset of X. We write
Ox (xD) for the sheaf of meromorphic functions on X whose poles are contained in D. For any
sheaf F, we write F, for the stalk of F at p € X.

Definition 2.1. A filtered bundle P,E on (X, D) is a locally free Ox(*D)-module E with
a tuple of filtrations {P.E)p}ecr of free Ox p-submodules of E, for p € D such that for ¢, ¢
and c2 € R,

(PeEp)(xp) = Ep,
PCIE C P, By if ¢1 < e,

ma>c(7) E )
c+1E —PE ®OX OX,p( )
The rank of P.FE is defined to be the rank of E. We also say that P,FE is a filtered bundle

over . We define P..E, to be |J,..(PaE)p) and Cr?(E,) to be P.E,/P.E,. Let Par(P.E,)
denote {c € R | Gr”(E,) #0}.

For ¢ = (C(p))pGD € RP, let P.E denote the locally free Ox-submodule of E such that if
p € D, (P.E)y="P.»Ep, otherwise (P.E), = E,,.

1
2
3

)
)
) P
4)

Definition 2.2. Let P.FE; and P, FE; be filtered bundles on (X, D). A morphism ¢ from P, FE;
to P.Ey is a morphism of sheaves of Ox (xD)-modules ¢: E; — Es such that ¢(P.E1) C P.Es
for any ¢ € RP.

Let P,EO)(OX(*D)) denote Ox (xD) with filtrations defined by

Péo)(OX(*D)) =0Ox (Z [C(p)]p> .

peD
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Let P.Fy and P, FEs be filtered bundles. We can define some filtered bundles induced by P, F;
and P*EQ

e Direct sum P.(E) & Es)p, = PeE1p & PeEa .

e Tensor product P.(E @ Es), = ZaerSc(PaELP ® PpEayp).

e Hom P.(Hom(E1, E2)), = {f € Homoy , (F1y, E2p) | f(PaF1) C PatcEa}.
We write P.E1 @ Py E2, P.E1 @ Py E2 and Hom(P.E1, P Es) for Pi(E1 @ E2), Pu(E1 ® E2), and
P.(Hom(E}, Es)). We define the dual bundle of P, E; as Hom (P, Ey, P” (Ox (+D))).

2.1.2 Filtered Higgs bundles

Definition 2.3. Suppose that X is compact. The degree degP.E of a filtered bundle P, FE
on (X, D) is

degP.E =degP.E~ > > adimGr}(E,)

pED c(p) —1<a§c(p)

for ¢ € RP. We write w(PyE) for deg P.E/ rank E, which is called the slope of P.E.

Let P.E be a filtered bundle on (X, D). Let E’ be a locally free Ox (xD)-submodule of F
such that E/E’ is also locally free. Then the filtered bundles P.E’ and P.(E/E’) are induced
as follows: for ¢ € RP,

P.E' = (P.E)NE, P.(E/E') =Im(P.E — E/E').
Lemma 2.4. Suppose that X is compact. Then the following holds:
deg P.E = deg P.E' + deg P.(E/E).

Proof. Though this lemma is well known, we provide proof for the convenience of the reader.
By the short exact sequence 0 — P.E' — P.E — P, (E /E' ) — 0, we obtain

deg P.E = deg P.E' + deg P.(E/E').

In addition, for a € R, we obtain the following commutative diagram:

0 0 0
0 —— PeuB), —— PeEy — Peo(EJE), — 0
0 —— P,E, —— P,E, —— PJE/E), —> 0

p

0 —— Gt} (E)) —— Gi}(E,) —— Gi(E/E'), —— 0.

0 0 0
Since all columns and the top two rows are exact, the bottom row is exact. Therefore, we
obtain dim Gr?(E,) = dim Grf(E]’)) + dim Gr?’(E/E"),. As a result, we obtain degP,E =
deg P.E' + deg P.(E/E'). [ |
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We review the notion of filtered Higgs bundles and define the notion of stability of filtered
Higgs bundles.

Definition 2.5. A filtered Higgs bundle on (X, D) is a pair of a filtered bundle P.E on (X, D)
and a morphism 0: £ — F ®o, Kx. The morphism 6 is called a Higgs field.

Definition 2.6. Suppose that X is compact. A filtered Higgs bundle (P.E,0) on (X, D) is
stable (resp. semistable) if for any proper filtered Higgs subbundles (P, E’, €') of positive rank
of (P.E,0),

WE) > p(E')  (resp. u(E) > p(E')).

A filtered Higgs bundle (P.E, ) is polystable if (P.E,0) is a direct sum of stable filtered Higgs
bundles with the same slopes.

Definition 2.7. A filtered Higgs bundle (P.E, ) on (X, D) is called regular if 6 is logarithmic
with respect to the filtrations, that is, (P.E),) C Pey1E, @ Kx ) for any p € D and any ¢ € R.

Let ¢m(w) = w™ be a ramified covering. We define a filtration of ¢}, E,, to be

P (‘P:nEp) = Z ()D:n (PaEp) & OX,p(np)

ma+n<c
for c € R.

Definition 2.8. A filtered Higgs bundle (P*E 0) on (X, D) is called good if for any p € D there
exists a ramified covering pm(zpm) = 2y, such that (Py (5, Ep), ¢} ,,0) has a decomposition

(7)* (SOZ,mEP)’ go;‘,mﬁ) = @ (P*Eu,;n 0a),

aez;}nC[z;}n}

which satisfies that §, — daid is logarithmic at p with respect to the lattices PpEq .

2.2 Non-degenerate symmetric pairings

We introduce the notion of symmetric pairings of Higgs bundles in this section by following [6]
and theorems used in a later section.

2.2.1 Symmetric pairings on Higgs bundles

Definition 2.9. Let (E, ) be a Higgs bundle. A holomorphic symmetric pairing C of E is called
a symmetric pairing of (E, 0) if C satisfies C(0 ® id) = C(id ® 0). If the symmetric pairing C is
non-degenerate on any fibers, then C' is called non-degenerate.

Let us recall the notion of compatibility of a non-degenerate symmetric pairing and a Hermi-
tian metric of a C-vector space of finite dimension. Let V' be a C-vector space of finite dimension.
A non-degenerate symmetric pairing C' and a Hermitian metric h of V' induce the isomorphism
Oc: V—V* v (w— C(w,v)) and the antilinear map ®;,: V — V*, v — (w — h(w,v)), re-
spectively. For any non-degenerate symmetric pairing V', we write C* for the symmetric pairing
of V* induced by C. For any Hermitian metric h of V', we write h* for the Hermitian metric
of V* induced by h.

Definition 2.10. Let C and h be a non-degenerate symmetric pairing and a Hermitian metric
of V, respectively. The Hermitian metric h is said to be compatible with C' if the isomorphism
®c: V — V* is an isometry with respect to h and h*.
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Suppose that a Hermitian metric h is compatible with a non-degenerate symmetric pairing C,
a real structure on V, that is, an antilinear involution V' — V is induced as follows: h* induces
the antilinear map ®p«: V* = V** = V. Then k := ®p« 0 Po: V — V is an antilinear map. By
the compatibility, we obtain ®c« o ®j, = ®;,» o®¢. Thus, K~} = ®¢« 0 @, = & holds, and & gives
a real structure on V.

Definition 2.11. Let (E,0,h) be a harmonic bundle on X. A non-degenerate symmetric
pairing C' of (E,6) is called a real structure if h|, is compatible with C|, for any p € X,
where h|, and C|, denote the Hermitian metric and the symmetric pairing of the fiber E|,
induced by h and C, respectively. In this case, h is said to be compatible with C.

2.2.2 Symmetric pairings on filtered bundles

Definition 2.12. Let P, E be a filtered bundle on (X, D). A symmetric pairing C' of P.E is
a morphism C': P, E Q@ P, E — P, (Og?)(*D)) which is symmetric.

A symmetric pairing C on P, E induces a morphism ®¢: P, F — P, E*.

Definition 2.13. A symmetric pairing C of a filtered bundle P, E is called perfect if the mor-
phism ®¢: P, E — P.E* is isomorphism.

We define the notion of symmetric pairing of a filtered Higgs bundle.

Definition 2.14. Let (P.E,0) be a good filtered Higgs bundle. A symmetric pairing C
of (P+E,0) is a symmetric pairing of P.FE such that C'(f ® id) = C'(id ® ).

We review the notion of wildness of harmonic bundles by following [7].

Definition 2.15. Let (E,0,h) be a harmonic bundle on X \ D. For p € D, the morphism
Iot Elupgpy — Elu,\py is defined by 6 = fpdz,/2p, where (Up, zp) is a complex chart cen-
tered at p. The harmonic bundle (E,0,h) is called wild on (X, D) if all the coefficients of the
characteristic polynomial det(tid — f,) are meromorphic on U, for any p € D.

Let (E, 0, h) be a wild harmonic bundle on (X, D). Then a filtered Higgs bundle (P!E, 6) is
induced by (F, 0, h) as follows: for a € R and p € D,

PIE, = {5 € 1.(E), | |s|n = O(|z,| ™) for any ¢ > 0}, (2.1)

where ¢: X \ D — X is the inclusion and z, is a holomorphic coordinate centered at p. In fact,
(PIE,6) is a good filtered Higgs bundle [7]. The following theorem is a generalization of
Theorem 1.3 to the case of wild harmonic bundles.

Theorem 2.16 (Simpson [9], Biquard—Boalch [1] and Mochizuki [7]). Suppose that X is com-
pact. For a wild harmonic bundle (E,0,h) on (X, D), the induced filtered Higgs bundle ('PfE, 0)
is polystable and of degree 0. Conversely, if a good filtered Higgs bundle (P.E,0) on (X, D) is
polystable and deg P, E = 0, then the Higgs bundle (E|X\D,9) on X \ D has a harmonic metric
such that P! (E|X\D) = P.E. Moreover, if hy and he are harmonic metrics of (E,0) which
satisfy PME = PR E, then there is a decomposition as in Theorem 1.3.

Lemma 2.17 ([6, Lemma 3.16]). Let (E,0,h) be a wild harmonic bundle. If (E,0,h) has a real
structure C, then C induces a perfect symmetric pairing of the filtered Higgs bundle (PfE, 9).

Suppose that X is compact. By Lemma 2.17 and Theorem 2.16, we see that if a wild harmonic
bundle (E, 6, h) on (X, D) has a real structure C, (E, 6, h) induces the good polystable filtered
Higgs bundle (PfE,H) of degree 0 and (PfE, 0) has the induced perfect symmetric pairing.
In fact, the converse is true, that is, the following holds.
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Theorem 2.18 ([6, Theorem 3.28]). The following two objects are equivalent:

e Wild harmonic bundles on (X, D) with a real structure.

e Good polystable filtered Higgs bundles on (X, D) of degree 0 with a perfect symmetric
paITing.

3 Main results

We study harmonic metrics for (K¢ 3,6(q)) and (Kc-3,60(q)) which are not generically regular
semisimple. We will prove the followings in this section.

Theorem 3.1. Let ¥, denote the spectral curve of (Kcgs,0(q)). If the natural projection
m: Xc,qg — Cis a one- or two-sheeted branched covering, then there exists a polynomial f € Clz]
such that

g =3-273f%dz2)?, g = f3(d2)>.

If deg f > 2, then there exists a harmonic metric of (K 3,0(q)) compatible with Cc 3. Otherwise,
there does not exist any harmonic metric compatible with Cgc 3.

Theorem 3.2. Let X+, denote the spectral curve of (Kc+3,6(q)). If the natural projection
m: Yex g — C* is a one- or two-sheeted branched covering, then there exists f € (C[z, zil] such
that

@ =3-273f2(dz/2)%, g3 = f(dz/2)%

Unless f is constant, there exists a harmonic metric of (K¢« 3,6(q)) compatible with Cc+ 3.

3.1 Existence of harmonic bundles

We consider (Kx3,60(g)) for a generalization to other Riemann surfaces. Let X be a com-
pact Riemann surface and D be a finite subset of X. Let X = X \ D. We hereafter write
(E,0) = (Kx,3,0(q)) and C = Cx 3.

Let X g be the spectral curve of (E,f). Suppose that the natural projection ¥pg — X is
a one- or two-sheeted branched covering. For p € X, let (Up, zp) be a complex chart centered
at p. In terms of local frame (dzp, 1, (dz,) 1), we can write

4 _1 0 P2p 43p
Q(dzp, 1, (dzp) ) = (dzp, 1, (dzp) ) 10 qop|dz, (3.1)
0 1 0

where g2, and g3, are meromorphic functions on U, which possibly have poles at p.

Lemma 3.3. There exists a meromorphic 1-form w on X such that
g =3 279/3,2, g3 = W

Moreover, the spectral curve X9 C Kx is defined as the image of the sections
A= 22/3w, Ay = —9~1/3,,

In particular, the projection X g — X is a one-sheeted branched covering if and only if w = 0.
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Proof. Since the characteristic polynomial of the matrix (3.1) has a multiple root, we obtain
—4(—2q2)3 — 27(g3,»)?* = 0 by considering the discriminant. Thus, there exists a meromorphic
function f,, on U, such that

qQ2.p = 3- 2_5/3f5) q3p = fp

Moreover, there is a meromorphic 1-form w on X such that w = f,dz, for all p € X. Then
Q=3 275352 and g3 = w3. The spectral curve ¥ B, is given by calculation of the eigenval-
ues of (3.1). [

We assume w # 0. For p € X, we define

0 if f, is holomorphic on U, and f,(p) # 0,
ordy(w) = ¢k if f, has a zero of order k at p,
—k if f, has a pole of order k at p.

Let sgp ), sg ?) and sé P) be local sections on U, defined as follows: with respect to the frame
(dzp, 1, (dzp) - 1)’

5. 2_5/3f3 5/3f2 _22/3fp
) = 22137, |, s = _2 1/3f ’ sP) = 1 , (3.2)
1 1 0

Then we obtain

A 00
o(sP, 59 sP) = (s, 9 sP) [0 Ay dz,
0 0 X

We define a locally free O (*D)-module E such that E|U Ou, (*p)sg) + (’)Up(*p)sg) +
Ou, (*p) ) for p € D. Then the Higgs field ¢ and the pairing C' extend to the morphism
6: E — E ® K+ and the pairing C:E®FE — O <(xD), respectively. Let Ei, Ey and E3
be subbundles of E defined as follows:

Ei=Ker(f — Midg),  Ex=Ker(§— Xaidg),  Ez = Ker(f — hoidy)>.
Moreover, let E4 be the smallest subbundle of F such that FEi C E4 and Ey C Ey.

Lemma 3.4. All nontrivial Higgs subbundles of the meromorphic Higgs bundle (E, 9~) are only
El, EQ, E3 and E4.

Proof. Let U = X \ {p € X | w, = 0}. There exists a decomposition
(E,0) |y = (B1,01)|u & (Es3,05)|0.

If E’ is a nontrivial Higgs subbundle of (E,é), then (E' N E1)|y is a subbundle of Ei|y and
(E' N E3)|y is a subbundle of Es|y. The ranks of (E' N Ey)|y and (E' N Es)|y completely
determine E’, and E’ is one of Ey, Fo, E3 or Ej. [ |

Suppose that P.E is a filtered bundle over E and C is a perfect symmetric pairing of
(P*E,H). The filtered bundle P, E; over E; is induced by P.F; = P.E N E;. We assume the
following.
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Assumption 3.5. For any p € D, there exists a decomposition
P* (Ep) - P* (E17p) ©® P* (E3,p) .

Lemma 3.6. Suppose that w has a pole at p € D. If the filtered Higgs bundle (P*E,§)|Up 18
good, then there exists a decomposition

P (Ep) =P (ELP) P (E?»p)'

In particular, if any point of D is a pole of w and (P*E, 9) is good, then the filtered bundle P, E
satisfies Assumption 3.5.

Proof. If ord,(w) > 2, then we obtain the decomposition by definition of good filtered Higgs
bundle. Suppose that ord,(w) = 1. We consider the vector space Py (E) ‘p denoted by V. We
have the filtration F,V on V defined by F,V = Im (P, (Ep) — V) for a € [-1,0]. Let ¢ be the
morphism such that § = ¥dw/w and Res(¢): V' — V be the linear map induced by . We
see that Res(¢)(F,V) C F,V for any a € [—1,0]. Thus, we have the generalized eigenspace
decomposition of Res(1)) compatible with the filtration F,V. It implies the decomposition that
we want to prove. |

Lemma 3.7. Under Assumption 3.5, the following holds. For p € D and ¢ = (c(p
PeEilu, = Op, ([¢? + ordy(w)]oo) st

where for a € R we write [a] for the integer satisfying a — 1 < [a] < a.
Proof. Since the local section sgp) is a frame of E; on U,, then there exists d® e R such
that P.E|y, = Ou, ([c(p) d(p)]oo)sgp ). The decomposition in Assumption 3.5 is orthogonal
with respect to C' and the induced pairing C|Up P.E1|y, ® PeErly, — Pl )((97(*D))\Up is
perfect. Therefore, we obtain

24P = —ord, C’(sgp), sgp)) —2ordy(w). [ |
Lemma 3.8. Under Assumption 3.5, the following holds:

deg Pu(E1) = deg Pu(Es) = — Y ord,(
peX

Proof. The induced pairing

é|Up : P*E1|UP & P*E1|Up — Pio) (OY(*D)) ‘Up

is perfect. Since ord, (C(sgp), Sgp))) = 2ord,(w) holds for p € X, we obtain
P*El & P*El = >|(<0) (Oy(*D)) &® OX(Z -2 ordp(w)p> .
pEX

Thus, we see that deg(Px(E1)) = — >, x ordp(w).
The induced pairing

Clu,: PuBslv, @ P.Bs|y, — P (Ox(+D))],,
is perfect. Since Ol"dp(C(Sép), (p))) = ordp(w) and C(sgp), v )) = 0 hold for p € X, we obtain

det(P.E3) @ det(PyLs3) = P (Ox(xD)) ® OX(Z —2 ordp(w)p>.

peX

Thus, we see that deg(P«(E3)) = deg(det(Px(E3))) = — > cx ordp(w). [ |
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The holomorphic differential go has a zero at p € X if and only if w has a zero at p € X.
Thus, if g2 has a zero in X, then deg P,(F7) and deg P.(FE3) are negative.

Lemma 3.9. Suppose that qo has some zeros and Assumption 3.5 holds. The following are
equivalent:

. (77* (E),é) s polystable,
o (P. (E),é) is stable,
o degP.FEs and deg P.E4 are negative.

Proof. By Lemma 3.8, (73* (E) , 5) is stable if and only if deg P, Fo and deg P, FE, are negative.
Short exact sequences

0—>E2—>E—>E/E2—>O, O—>E4—>E—>E/E4—>O
do not split as Higgs bundles. Thus, (73* (E),é) is polystable if and only if it is stable. |

Let us construct a filtered bundle over E. If a filtered bundle P, E over E satisfies Assump-
tion 3.5 and C is a perfect pairing of P, F, then the induced filtration P.(FE1) is uniquely deter-
mined by Lemma 3.7. Thus, it suffices to consider the filtration P.(FE3). Let ¢ = 5|E3 — Aoidg,.
¢: B3 — FE3® K+ satisfies ¢, # 0 for p € X and ©? = 0. Therefore, ¢ induces the isomorphism

E3/Kerp — Kerp @ K. (3.3)

For p € D, the local section sép) is a frame of Fy = Ker ¢ on U, and sép) satisfies go(sép)) = sgp)dzp.

Lemma 3.10. For p € D and the local sections s;p) and sép), the following holds:

C(sgp),sgp)) =0, C(Sép),sép)) # 0.
Proof. By (3.2), we can calculate C(sgp), sgp)) and C(sgp), sép)). |
Let vép) = sgp) and
200 5)

—52 .
o)

Then vép ), ng ) are a frame of E3 on U,. Moreover, by Lemma 3.10, we obtain go(vép )) = vép )dzp
and C’(vgp), v,fp)) =0 for i = 2,3. For d = (do,d3) € RP x RP, we define a filtered bundle P¢F;

over E3 as follows:
PeEBsu, = O, ([ — df)oc)vy” @ Ou, ([ — di']oc) o,

where ¢ = (¢P)),ep is contained in RP, and for a € R, [a] is the integer satisfying a—1 < [a] < a.
Then by PYEs; and P.E; in Lemma 3.7, we obtain the filtered bundle P¢E which satisfies
Assumption 3.5. The filtered bundles over Fy and E3/F5 then are induced by

PIEy = (PIEs) N By, PL(Es/Ey) = Im(PYEs — Es/E),
and deg PLF3 = deg PIFy 4 deg P(E3/Fs) holds by Lemma 2.4.

Lemma 3.11. The filtered Higgs bundle (PfE3,9~|E3) s good if and only if d;p) —-1< dgp) for
allpe D.
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Proof. Suppose that (Png, 5\];3) is good. Then ¢ = (§|E3 — A2id g, is logarithmic with respect
to the filtrations. For p € D, we obtain dgp) —-1< dgp) because @(vép)) = vép)dzp. Conversely,
if dgp) -1< dép) for p € D, we see that p(PIE;,) C PL E3), ® Ky, for ce R. n

Lemma 3.12. The pairing C: PLEQPIE — P, ((’)y(*D)) is perfect if and only if dép) —I—dgp) =
—ordy(w) for any p € D.

Proof. The induced pairing C]Up P.Esly, ® PuEs|y, — 73(0) ((’) )‘U is perfect for any
p € D if and only if C is perfect because the decomposition in Assumptlon 3.5 is orthogo-
nal with respect to C. By C’( () (p)) = 0 for ¢ = 2, 3, the pairing C|Up is perfect if and only if

dgp) + dgp) = —orde(Uép),vép)) = —ordy(w). [ |
Lemma 3.13. The following holds:

deg PIE, = ( S ordy(w) + Y (a) — df) +2 - 2g>,

peX peD
where g is the genus of X.

Proof. Since the morphism ng (E3/Es) — Pi (E2) ® K+ induced by (3.3) is an isomorphism,
we obtain

deg PY(Bs/B2) + > > P dim Gr%y) (B3 /Bs),
peD dgp) —1<c®) Sdép)
= deg P4, (B3/Es) = deg P} Es + deg K+

=degPIEy + Y S Pdim G (Bay) +29 -2, (3.4)
peED dgp)_1<c(p)§dép)

Since
Z ) dim Grf(z) (Es/E3)y = d(p), Z ) dim Grzz) Eyp = dép),
AP —1<c® <d) AP —1<c® <d
we obtain degPIE, = 3(— > pex ordp(w) + Zpe( - d( )) — 2g) from Lemma 3.8,
deg PYE; = deg PLE; + deg PY(E3/E») and (3.4). [

Lemma 3.14. The following holds:

deg PIE, = ( S ordp(w) + Y (dY) — dY) +2 - 2g>.

peX peD

Proof. Let [vép)] and [ (» )} be the images of vé ?) and vé P) under the natural projection P4E —

Pd (E /E1), respectively. The images [vy (v )] and [v:()) )] give a frame of E/E; on U, such that [’Ué )]
is a frame of F4/F;. Then we see that

deg PL(Es/Er) = % <deg7>:’ (E/B) + > (Y — dP) +2 - 2g>

peD

— (S ordle) + (@) - ) +2-29),

peX peD
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where the second equality holds from Lemmas 2.4 and 3.8. Considering the short exact sequence
0— Ey = Ey — Ey/E; — 0, by Lemmas 2.4 and 3.8, we obtain

deg PIE, = deg P (Ey4/E1) + deg PLE,
_ ;<_ S ordp(w) + Y (dY) —df) +2 - 29). m
peX pED
Proposition 3.15. Suppose that ¢ has a zero in X and do,ds3 € RP satisfy the conditions that
. dg) 1<d3 forpe D,
) dé Py dgp) = —ordy(w) forpe D,
o — > exordp(w)+> 0 cp (d(p) — dgp)) +2—-2¢<0.

Then the filtered Higgs bundle (PdE 0) is good and stable, and the induced symmetric pairing C
is perfect. Conversely, if (PdE 9) is good and polystable, and the induced pairing C is perfect,
then do and ds satisfy the above conditions.

Proof. From Lemma 3.11, (PfE, 9~) is a good filtered Higgs bundle. From Lemmas 3.9, 3.13
and 3.14, we see that (PEE, 9) is stable. From Lemma 3.12, we see that C is perfect. |

The following corollaries are part of Theorems 3.1 and 3.2.

Corollary 3.16. Suppose that (Y, D) = (Pl,{oo}). There exists a polynomial f € Clz]
such that

g2 =327 f2(d2)?, g3 = f°(dz)”.
If deg f > 2, then there exists a harmonic metric of (E,0) compatible with C'.

Proof. By Lemma 3.3, there exists a polynomial f € C[z] such that
g =327/ f2(dz)?, g3 = f3(dz).

Then we see that ords(w) = —(deg f + 2). Suppose that dgoo) = (deg f + 3)/2 and déoo) =
(deg f +1)/2 for p € D. By Proposition 3.15, if deg f = > ¢ y ordy(w) > 2, then (PfE,é) is
a good stable filtered Higgs bundle with the perfect symmetric pairing C. Therefore, if deg f > 2,
then there exists a harmonic metric of (F,6) compatible with C' from Theorem 2.18. [

Corollary 3.17. Suppose that (X, D) = (Pl,{O,oo}). There exists a rational function f €
C[z,zil] such that
g2 =327 f2(dz/2)?, g3 = [7(dz/2)>.

Moreover, if f has a zero in C* or f(z) = azb, a € C*, b € Z, |b| > 3, then there exists
a harmonic metric of (E,0) compatible with C.

Proof. By Lemma 3.3, there exists a rational function f € C[z, z_l] such that

qp =3 2*5/3f2(dz/z)2, q3 = fg(dz/z)?’.

The case when f is of the form f(z) = az® reduces to the case of Corollary 3.16. Thus, there exists
a harmonic metric of (E, §) compatible with C. Suppose that f has a zero in C*. Then we obtain
that > yordy(w) > 1. By Proposition 3.15, if we set dgp) and dép) as (—ordy(w) +1)/2
and (—ordy(w) — 1)/2, respectively, then there exists a harmonic metric of (E, ) compatible
with C. [
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Remark 3.18. In the case of (X,D) = (P!, {o0}), if 2 < déoo) < (deg f +3)/2 and dgoo) =
deg f+2— d;oo) hold, then ds and dj satisfy the conditions in Proposition 3.15. Thus, we obtain
a family of harmonic metrics compatible with C' which is parameterized by dgoo

The following proposition also gives part of Theorems 3.1 and 3.2.

Proposition 3.19. For the two cases of (X, D) = (Pl, {oo}) or (IP’l, {0, oo}), if f is constant,
then there does not exist any harmonic metric of (E,0) compatible with C.

Proof. Suppose that f is a non-zero constant function and there exists a harmonic metric h
of (E,0) compatible with C. Then we obtain the good filtered Higgs bundle (PfE, 0) defined
by (2.1). By Lemma 3.6, the decomposition (F,0) = (E1,0") & (F3,60") extends to the decompo-
sition as the good filtered Higgs bundle and the induced filtered Higgs bundles (PfEl, 0’ ) and
(PlE3,0") are polystable. Therefore, (E1,6') and (E3,0”) have harmonic metrics. However,
because the Higgs field #” — A\ id is nilpotent and non-zero, there does not exist any harmonic
metric of (F3,0”) (see [4, Propositions 3.41 and 3.42] for details). Hence, there does not exist
any harmonic metric of (E,6) compatible with C. If f = 0, the Higgs bundle (F,#) does not
have a harmonic metric since 6 is nilpotent and non-zero. |

3.2 The case of C

In this subsection, we consider the case when (Y, D) = (Pl, {oo}) and deg f = 1, where f is the

polynomial in Theorem 3.1. Let z be a holomorphic coordinate of C and let w = 1/z. We here-

after write (F,0) = (K¢ 3,60(q)) and C = Cc 3. Let ¢ be the morphism such that 6 = ydw/w.
Let E be a meromorphic extension of E defined as

Ely. = O, (+00)s™) + Oy, (+00)s5) + Op, (#00)sy™,
where Uy is a neighborhood of oo and 3100), sg)o) and sgoo) are the sections defined as (3.2).
Let véoo) = sgoo) and

o (o) 2005755 o)
Ys T (00) _(o0)y 2
0(52 ) 83 )

Then we obtain C(vgoo) U(OO)) =0 for i = 2,3.

? 7

Lemma 3.20. Let E' be a meromorphic extension of E, i.e., a locally free Op1 (x00)-module E'
such that E'|c = E. Suppose that E' satisfies the following:

e the pairing C' induced by C satisfies C' (E’ ® E’) C Opi1(x00),
e the morphism 0 induced by 0 satisfies é’(E’) CE® Kpr.

Then the meromorphic extension FE' is equal to E.

Proof. Let ¢/: E'os — E's, be a morphism defined by 6/ = 4'dw/w. Since the character-
istic polynomial det(tid — ') is equal to det(tid — 1), ¥ and ¢’ have the same eigenvalues.
Thus, there exists the decomposmon Ey =F_& Bj ., where E] = Ker(é’ — Aiidg,) and
E} = Ker(@’ )\gldE,) Let ¢’} /) be a frame of E1 on a nel%hborhood U’ of oo. There exists
a holomorphic function h; on U’ \ {oo} such that s g Then since C(s'} 7o) )8 goo)) =
hiC ( (Oo) 5 o) ) is meromorphic, the function hy is meromorphlc on U’. Therefore we obtain
E’ Er. It suffices to prove E3 = FE3. Let B, = Ker(&’ Aoid E,) and sg *) be a frame of E}
on U’. Since the morphism ¢’ = o' | B, — Aoid B, : B4 — EY induces the isomorphism

@' Eé/Eé — E, ® Kp1,
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we can take a local section s’goo) satisfying ap’(s’goo)) = sg Jdw. Because C(s's /(o) OO)) #0,
we can construct v’y 19 and o' éoo) in the same way that we constructed vé o) and ’Ué ). Then

we obtain that C(v/; ( ) U/(OO)) =0 for i = 2, 3 and cp(v’%oo)) = U’g)o)dw There exists a holo-
)

2

morphic function h3 on U’ \ {ooj} such that v >) — hgv™). Then we obtain v’ 1) = by v(oo)
Since C'(v'} (0) 4 goo C(hs v2 h3113 hQC’ (véoo), )) is meromorphic on U !, hg is mero-
morphic on U’. ’ Therefore we obtain E3 ES. [ |

Because of Lemma 3.20, we focus on only filtered bundles over E. Let P*E be a filtered
bundle over E. Suppose that (73* (E) , 9) is good and the induced pairing C is perfect. If s € F
satisfies that for ¢ € R, s € P.Eo and s ¢ P.cEo, we say that the degree of s is ¢ and we write
deg s for the degree of s. We define degs = —oc0 if s = 0. Let do = deg véoo) and d3 = deg véoo)
First, we prove the following lemma.

Lemma 3.21. The filtered Higgs bundle Py (E) satisfies Assumption 3.5, that is,
P*EOO = P*El,oo @ P*E3,oo-

Proof. Since the meromorphic 1-form w = fdz has a pole at co, we obtain the desired decom-
position by Lemma 3.6. |

Note that d3 — do > —1 by Lemma 3.11.
Lemma 3.22. Let U be a small neighborhood of oco. If ds — do ¢ Z, then

PeEsl = Ou([e — da]oo)ol™ @ Oy (e — dsJoc)uy™.

Proof. Let sj = wl?—d] éoo) and dj = degss. Then 0 < dj —dp < 1. It suffices to prove
Pa, Eslu = Oyvé )GBOUwsg and Py, Esly = OUUé )EBOUS3 Let uo and ug be local sec-
tions of Pg, 3 and Pd/ FEs on U, respectlvely, such that us # 0 in GrdQ(Egoo) and ug # 0
in Grd, (E3,00). Then there exist g;, h; € Oy(x00) such that

v§°°) = gouo + g3us, s = houg + hgus.

We obtain deg (gouz) = dp and deg (gsu3) < dy — 1 since deg (gauz) € (d2 + Z) U {—o0} and
deg (gsus) € (dy+7Z)U{—oc}, where for a € R, we write a+Z for {a+n | n € Z}. Similarly, we
obtain deg (hous) < dp and deg (hsus) = df. Therefore, véoo) and ws4 are linearly independent
in Py, E3|oo. Similarly, véoo) and s§ are linearly independent in P, B3| o- [

Lemma 3.23. Let U be a small neighborhood of co. If ds — do = —1, then
PeBs|y = Oy ([e — da]oo)vs™ & Oy (e — ds]oo)vl™.

Proof. Suppose that angéoo) + agvz(,)oo) =0in GerDB(Egm) for as,as € C. Since

(¢ — 2_1/3w_1f) (vgoo)) =0 and (¢ — 2_1/3w_1f) (véoo)) = wvéoo),
we obtain
0= (1/1 — 271/3w71f) (angéoo) + agvéoo)) = angéoo) in Gr(Z(Egm).
(c0) (c0)

Thus, a3 = 0 and a2 = 0, that is, wvy ~ and v,/ are linearly independent in GrrZZD3 (B300). N

Lemma 3.24. Let U be a small neighborhood of co. If d3 — da € Z>, then

PeEsly = Ou([c — da)oo)ul™ & Oy (Je — dsoo)vi™. (3.5)
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Proof. We take a local frame (w”vgm),v = avéoo) + bvéoo)) of PgE3 on U, where n € Z,
a,b € HY(U, Op1 (¥0)). There are two cases.

Case 1. There exists ¢ € R such that dim GrP E3 o =2.
Case 2. There exists ¢ € R such that dim Gr E3 o = 1.

Lemma 3.25. In Case 1, Par(P.Es3 ) = Z or Par(PyE3 ) = Z+1/2 holds. Here, Z+1/2 =
{n+1/2|neZ}.

Proof. The induced pairing C|y : P.Es|y @ Py Es|y — Pio)(OU(*oo)) is perfect by Lemma 3.21.
Therefore, for ¢ € Par(P«E3 «), the non-degenerate symmetric pairing
(0)
Grl (B3 0) © Grl (B3 00) — Gil (Ovoo)
is induced. Then since dim Grp( )(OU,OO) # 0, we see that 2c € Z. [ |

We first consider the case of Par(P.Es3 ) = Z. Then the induced pairing

GrP (B3.00) ® G1F (Es3.00) — Crl " (Op o)

is non-degenerate. We see that C’(w”véoo ,v) #0in G (Ov.00) since C(w"véoo) w”vgoo)) =0
and degv = deg (w”véoo)) = 0 hold. Then we obtain

ordeo C(v,v) = ordeo @ + 0rdeg b — deg f — 2 > 0,

ordee C(w”véoo), v) =ordeob—deg f —2+n=0.

Thus, we obtain ords a > n, and we can take the local frame (w”véoo), bvz(,)oo)) of PpEson U. It

implies the equation (3.5). In the case of Par(P.E3) = Z + 1/2, the induced pairing
(0)
GI" 1/2(E3 oo) ® Gr 1/2(E3 oo) - Grp (OU,OO)

is non-degenerate. We see that C’(w"véoo ,v) #0in Grp( )(OU,OO) since C(w”vé ) w”véoo)) =0
and degv = deg (w”véoo)) = —1/2 hold. We obtain

ordeo C(v,v) = ordeo @ + 0rdeg b —deg f —2 > 1,

ordee C(w”vgm), v) =ordeob—deg f —2+n=1.

Therefore, we can take the frame (w"vgoo) bvéoo ) of PoE3 on U.

In Case 2, we may assume that degw" vQ 7& degv. Let co and c3 denote degw™ vé ) and

deg v, respectively. Then —1 < ¢g,¢3 < 0 holds. The induced pairing

Grf2 (E300) ® Gr (E3 ) = (}1"02+c3 (Ov.00)
(0)  n (

is perfect because of C’(w"v2 , W 1)200)) = 0. Thus, we obtain ¢y + c3 = —1. Moreover, we
obtain that

orde C(w”vém),v) =ordecb—degf —24+n=—(ca+c3)=1.
Lemma 3.26. One of the following holds:

e ordy a > n,

® ¢y < c3 and ordy, a = n.
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Proof. Because of 2c3 < 0, we obtain
orde, C(v,v) = orde @ + ordeg b —deg f —2 > 1,
and it gives ords, @ > n. Suppose ords,a = n. Then we obtain ords C'(v,v) = 1. It implies

that 2c3 > —1, and we see that 2c3 > —1 because c2 # c¢3 and ¢2 + ¢3 = —1 hold. Therefore, we
obtain ¢y < c3. |

Lemma 3.27. The condition that ordes a > n cannot occur.

Proof. Suppose ordss a > n. Then we obtain that deg bvéoo) = degv = c3. Therefore, we see

that d3 — ¢3 € Z and dy — ¢ € Z. This contradicts d3 — dy € Z and |c3 — co| < 1. [ |

Lemma 3.28. The condition that co < c3 and the condition that orde a = n cannot occur at
the same time.

Proof. Suppose that co < ¢3 and orde, @ = n hold. Then we obtain that
(00) _ _ —ny, n, (00)y _
degbvy™ = deg (v — (aw ™")w"vy ) = c3.
This contradicts dg — ¢z € Z and |c3 — c2| < 1. n

By Lemmas 3.27 and 3.28, we see that Case 2 cannot occur. |

By Lemmas 3.22-3.24, we obtain the following theorem.

Theorem 3.29. For the good filtered Higgs bundle (P*E,é) with the perfect pairing C, there
exists a neighborhood U of oo such that

P.E|ly = PuEr|u ® PoEsly.

Moreover, Py E1|y and P.Es|y are represented as

PEirly = Ou([c — deg f — 2)o0)s\™,
PeEsly = Op([c — da]oo)vs™ & Op (e — daJoc)ul™.

Corollary 3.30. If the polynomial f € Cl[z] is of degree 1, there is no harmonic metric of (E,6)
compatible with C.

Proof. Ifdeg f = 1, by Remark 3.18 and Theorem 3.29, there does not exist any good polystable
filtered Higgs bundle over E with a perfect pairing. By Theorem 2.18, there is no harmonic
metric of (F,#) compatible with C. [

By Corollary 3.16, 3.30 and Proposition 3.19, we obtain Theorem 3.1.

Remark 3.31. Theorem 3.29 gives the classification of compatible harmonic metrics of (£, 6).
In other words, compatible harmonic metrics of (F,#) are given by filtered Higgs bundles in
Theorem 3.29 and parameterized by dg, which can take any value in the interval (2, (deg f+3)/2].
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3.3 The case of C*

In this subsection, we consider the case of (Y, D) = (IPI, {0, oo}) To complete the proof of
Proposition 3.2, it suffices to study the case of f = az?, a € C*, b = 1,2 because of Corollary 3.17
and Proposition 3.19. Suppose that f = az’. Let s1, s2, s3 be sections defined as follows: with
respect to the frame (dz/z,1,(dz/z)"1),

5. 275/3](‘2 _275/3.]02 _22/3f
51 = 22/3 f : so=| —2713f |, s3= 1
1 1 0

Since the function f has no zero in C*, (s1, s2, $3) is the frame of E. We see that

3.2713f 0 0 &
(9 + (271/3fdz)/zidE)(81,52,53) = (s1, $2, 83) 0 0o 1] —.
z
0 0 0
Thus, we can take the frame (v, v9,v3) of E such that

3.2713f 0 0 &
(9 + (271/3‘]0(12)/2 idE) (v1,v2,v3) = (v1,v2,v3) 0 01 0

0 0 0

C(’Ul,’ul):l, C(vi,vi):() i:2,3,
1 if f = az?,

z if f=az.

We define E, E;, 6 and C as in Section 3.1,
3
E == @OHDl(*D)Ui, E1 == OH:DI(*D)Ul, E2 = OPI (*D)’Ug,
i=1

E5 = Op1(xD)vy @ Op1(xD)vs, Ey = Op1(xD)v1 @ Op1(xD)va.

By Theorem 2.18, it suffices to find a stable good filtered Higgs bundle over (E , é) such that C
is perfect. Under the change of coordinate z — z; = az, dz/z remains unchanged, while 52°
transforms to Balz’. For this reason, we will consider filtered Higgs bundles over (E, <pb),
where ¢y is the Higgs field satisfying

b

220 0 Az
wp(v1,v2,v3) = (vi,v2,v3) [ 0 0 1 -
0 0O
Let 1), be the morphism defined as 1, dz/z = v.

Proposition 3.32. Let u;, us and ug be sections of E defined as follows:

_ v—=1 _ _
up = 2 %, + 5 23y 4+ V—1z 1v3,
1
Uy = 2ZVg, us = —§z V9 + 2U3.

We set a filtered Higgs bundle (P*E, <p2) as

PeEy = Op1 o([c]0)u1 @ Op1 o([c]0)uz © Opr o([c]0)us,
PeEoo = Op1 oo ([c]o0)v1 ® Op1 oo ([c]o0)va © Opit o ([c]oo)vs.

Then (P*E, cpg) is a stable good filtered Higgs bundle with the perfect pairing C.
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Proof. We have

Yo(ur) = 2%up — V—lug,  tho(ug) =
Pa(vr) = 201, P2 (va)

Po(uz) = ua,

0,
0 ¢2(U3) = V2.

These imply that (P*E , cpg) is good. Moreover, we have

C(ui,u2) = V-1, C(ug,u3) = —1, C(vi,v1) =1, C(ve,v3) = 1.
Thus, the pairing C is perfect. We also have

C(ug,u3) = 22, v1 = 22up — V—12"2uy — vV—1us.

These imply that the induced pairings C: P, E1@P, E; — Pio)((’)ﬂm (*D)) and C: PyEs@P.E3 —

,EO)((’)Pl(*D)) are not perfect. Therefore, we obtain that deg(P.E1) < 0 and deg(P.E3) < 0.
Since up = zvy is a local frame of PyoFE2 on C and v; is a local frame of Py gFE> on P\ {0},
we see that

deg(Pi L) = deg(Po,oE2) = —

The sections z2u; — v/—1us = v1 + V/—1zvy and uy = zve form a local frame of Po,oEs on C.
Thus, zv1 Avg is a frame of det(Pp oFE4) on C. The section v; Avg is a local frame of det(P0,0E4)
on P!\ {0}. Therefore, we obtain that

deg(P*E4) = deg(P070E4) = —
As a result, (P*E , g02) is stable. |

Proposition 3.33. Let v}, u and u} be sections of E defined as follows:

v—1
2209 4+ V —1271113,

U/1 =zl +

/ / 1 -1
Uy = V2, u3:—§z vg + v3.

We set a filtered Higgs bundle (P*E’, cpl) as

PeEo = Op1 o([c]0)u} & Op1 o([c]0)uly & Op1 o([c]0)us,
PCEOO = O]P’l,oo([c]oo)vl @ O]P’l,oo([c - 1/2]00)1)2 D O]P’l,oo([c - 1/2]OO)U3

Then (P*E, gol) is a stable good filtered Higgs bundle with the perfect pairing C.

Proof. We have

wl(u ) = Zul \/7”37 wl(ué) =0, wl(ué) = u/27
Y1(v1) = 21, Y1(v2) =0, ¥1(v3) = va.

These imply that (P*E’ , cpl) is good. Moreover, we have
C(u’l,ué) =+v-1, C(ug,ug) =—1, C(vi,v1) =1, C(v2,v3) = 2.

Thus, the pairing C is perfect. Since we also have

C(ué,ug) =z, v) = 2u) — V127l — V/—1uf,
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we obtain that deg(P.«E1) < 0 and deg(P.E3) < 0 in the same way as Proposition 3.32.
Since uy = vy is a global frame of Py ; s2E2, we see that

1 1
deg(PxF2) = deg(Py 1 /2E2) — 5~ Ty
The sections zuj —+/—1u} = v1 ++/—127 vy and ufy = vy form a global frame of Po,1/2E4. Thus,
v1 Avg is a frame of det(Py; /2E4). Therefore, we obtain that
1 1

deg(P«FEy) = deg(Py1/2E4) — 5~ Ty

As a result, (P*E, gol) is stable. [ |

By Propositions 3.32, 3.33, Corollary 3.17 and Proposition 3.19, we obtain Theorem 3.2.
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