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Abstract. Interpreting tangency as a limit of two transverse intersections, we obtain a con-
crete formula to enumerate smooth degree d plane curves tangent to a given line at multiple
points with arbitrary order of tangency. Extending that idea, we then enumerate curves
with one node with multiple tangencies to a given line of any order. Subsequently, we
enumerate curves with one cusp, that are tangent to first order to a given line at multiple
points. We also present a new way to enumerate curves with one node; it is interpreted as
a degeneration of a curve tangent to a given line. That method is extended to enumerate
curves with two nodes, and also curves with one tacnode are enumerated. In the final part
of the paper, it is shown how this idea can be applied in the setting of stable maps and per-
form a concrete computation to enumerate rational curves with first-order tangency. A large
number of low degree cases have been worked out explicitly.
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1 Introduction

A prototypical question in enumerative geometry is as follows: what is the characteristic number
of curves in a linear system that have certain prescribed singularities and are tangent to a given
divisor of various orders at multiple points? The curves are, of course, required to meet further
insertion conditions so that the ultimate answer is a finite number. For example, in P? there
are exactly 2 conics passing through 4 generic points that are tangent to a given line, and there
are 36 nodal cubics in P? through 7 generic points tangent to a given line. These are some special
cases of the famous Caporaso—Harris formula [4], which addresses the following question: How
many degree d curves are there in P? that pass through j generic points, having § nodes that

are tangent to a given line at r distinct points, with the orders of tangency being ki, ko, ..., &k,
where
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We have defined here the order of tangency to be k if the order of contact is k + 1 (i.e., the
intersection multiplicity of the curve and the line is k + 1, hence the transversal intersection is
of contact order 1).

The purpose of this paper is to give a new way to think about the question of tangency.
The main idea can be summarized in one picture: This interpretation of tangency allows us to
effortlessly enumerate smooth curves with multiple tangencies of any order. With a little more
effort, this method can also be applied to enumerate 1-nodal curves with tangencies (henceforth,
curves with 6 nodes are referred to as é-nodal curves). We then go on to show that the method
can also be applied to enumerate 1-cuspidal curves (i.e., curves with one cusp) with first-order
tangencies at multiple points. We note that the Caporaso—Harris formula counts curves with
only nodal singularities.

Our idea can also be applied to study the question of enumerating stable maps tangent to
a given divisor. The difficulty of applying this idea in the context of stable maps has been
discussed by Gathmann in his paper [8, p. 41]. Subsequently, the idea has also been discussed
in the more recent paper by Dusa McDuff and Kyler Siegel [14, pp. 1179-1180]. The discussion
in [14] illustrates that for applying this idea in the context of stable maps to enumerate curves
with tangencies, we need to compute the characteristic number of curves with an m-fold point;
[2] precisely does the latter. Hence, using the results of [2] and by interpreting tangency as a limit
of points lying on a line (as illustrated by Figure 1), it is possible to enumerate stable maps with
tangencies. In Section 10, a very concrete computation based on this idea is worked out.
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Figure 1. Tangency as a limit of transverse intersection.

Tr1 = X2

Finally, in Section 10.3 this idea is pursued again, but with a difference. We make the points
in the domain come together, not in the image. This directly gives us rational curves with
tangencies. The idea is implemented using the equality of divisors in My 4. In this way, we are
able to count rational curves with first-order tangencies without making use of the psi classes
in any way; only a knowledge of primary Gromov-Witten invariants is required.

2 Main results

We now state the main results of this paper. Let k1, ko, ..., k, be positive integers and d be an
integer greater than or equal to k+n, where k := k; +- - -+ ky,. Define Ng(Tyg, ... Tk, ) to be the
number of degree d curves in P2, passing through the requisite number of generic points, and
that are tangent to a given line at n distinct points with orders ki, ko, ..., k,. Note that aside
from these n points of contact, the curve also intersects the line transversally at d — (k + n)
further points. Define

Nd(AlTk1 Ce Tk") and Nd(AQTkl e Tkn)
to be the number of 1-nodal (respectively 1-cuspidal) degree d curves in P2, passing through the

requisite number of generic points and that are tangent to a given line at n distinct points with
orders k1, ko, ..., ky,. The first main result of this paper is as follows.
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Main Result 2.1. By interpreting tangency as a limit of transverse intersections, we are able
to compute

Nd(Tk1 e Tkn)7 Nd(AlTkl ‘e Tkn) and Nd(A2 T1 e Tl),

n-times
provided d >n+k—1,d >n-+k and d > 2n + 2, respectively.

Denote by Ng(A1) (respectively, Ng(Az)) the number of 1-nodal (respectively, 1-tacnodal)
plane degree d curves, passing through the right number of generic points. Also, denote Ng(A1A1)
by the number of 2-nodal plane degree d curves, passing through the right number of generic
points. Our next result is as follows.

Main Result 2.2. By interpreting a nodal point as a degeneration of a first-order tangency, we
obtain a new method to compute Ng(A1) and Ng(A1A1), provided d > 1 and d > 3, respectively.
Furthermore, by interpreting a tacnode as a limit of two nodal points, we obtain a new method
to compute Ng(Ag), provided d > 3.

To see what we mean by a node arising as a degeneration of a tangency point, consider the
polynomial fi(z,y) := ty + y*> — x2. We note that the zero set of this curve is tangent to the
z-axis at the origin. The origin is also a smooth point of the curve when ¢ # 0. However, in the
limit when ¢ goes to zero, we see that this becomes a nodal curve.

Our final result is on counting stable maps (modulo automorphisms of the domain). Let N:irl
denote the number of rational degree d stable maps (modulo automorphisms) passing through
3d — 2 generic points and that are tangent to a given line (to first order). Our third result is as
follows.

Main Result 2.3. By interpreting tangency as a limit of transverse intersections, we obtain
two new ways to compute the number N;lrl. The first method consists of moving the two points
on the images of the stable maps, while the second method consists of moving the two points in
the domain of the stable map.

The bound we impose on d for Main Results 2.1 and 2.2 is not optimal. It is a sufficient
condition for our formula to be valid, it is not necessary. The bound is imposed to prove
transversality, which involves constructing curves satisfying certain conditions. If d is sufficiently
large, then one can easily construct such curves. In Section 11, we do several low degree checks.
We observe in that section that even when d is smaller than what is required by our result, the
values agree with the expected values.

We have written a MATHEMATICA program to implement the formulas in Sections 6, 7, 8, 9
and 10. Also a PYTHON program is written to implement the Caporaso-Harris formula.’

3 Comparison with other methods

Let us compare our method with the Caporaso—Harris formula. The central idea of the Capora-
so—Harris formula is a degeneration argument, which can briefly be described as follows. They
argue that the number of degree d plane curves with prescribed tangencies and passing through j
generic points is equal to the number of plane degree d curves with the same prescribed tangencies
passing through j— 1 generic points and also intersecting the line transversally at one more fixed
point, plus an excess contribution. The excess contribution comes from

!The programs are available at https://www.sites.google.com/site/ritwik371/home. The reader is invited
to use the program and verify the assertions.
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e Degree d curves with the same prescribed tangencies, but where one of the free tangency
points gets replaced by a fixed tangency point.

e Curves of lower degree with possibly higher order tangencies.

The total excess contribution is a sum over all these terms.

This will be explained more precisely by working out the following question: How many
degree d curves are there in P?, that pass through d; — 1 generic points and are tangent to
a given line, where 4 := d(d; 3)  After we explain how Caporaso and Harris solve this problem,
we then explain how we solve this question in this paper. This one example clearly illustrates
the difference between the two methods.

We make a few definitions. First of all, define Ng(T1,m) to be the number of degree d curves,
passing through 64 — 1 — m generic points that are tangent to first order to a given line at an
unspecified point and intersecting the line transversally at m fized points. Notice that requiring
the curve to intersect the line at a fized point is what imposes a genuine constraint. Requiring the
curve to intersect the line transversally at some unspecified point would not impose any condition
(because any curve does intersect a line somewhere). Our goal is to compute Ng(T1,0) (which
we often abbreviate as Ng(T1)).

Next, we define Nd(TIft, m) to be the number of degree d curves, passing through d; —2 —m
generic points that are tangent to first order to a given line at a fixed point and that also
intersects the line at m fixed points. As before, we often abbreviate Nd(TIft,O) as Nd(TIft).
Also, define N4(S) to be the number of degree d curves passing through §; generic points. Of
course, this number is equal to one, but never the less denote it by the symbol Ny(S), which
make the geometric ideas behind the subsequent formulas more transparent. A special case of
the Caporaso—Harris formula [4, p. 348, Theorem 1.1] is as follows:

Ng(Ti,m) = 2Nd(T11’t, m) + Ng(Ty,m+1) Yd > m + 2 and (3.1)

Na (TP m) = Ng(T¥,m +1)  Vd>m+3. (3.2)
Furthermore,

Ng(T5',d —2) = Ng_1(S)  Vd>2. (3.3)

Using the fact that Ng(S) = 1, equations (3.1), (3.2) and (3.3) recursively give us the value
of Ng(Ty) for all d > 2.

This recursive formula will be analysed. The structure of the formula is as follows: one gets
a recursive formula for Ng(T1) in terms of Ng_1(T;). Furthermore, the underlying geometric
principle is as follows: the point constraints that are imposed on the curves (to get a finite
number) are one by one moved to the line and the corresponding numerical invariants are
compared. As we keep moving the points on the line, the curve is forced to break into a reducible
curve (one of whose components is the line) and a curve of lower degree. Unwinding this
geometric phenomenon in terms of numbers ultimately gives us equations (3.1), (3.2) and (3.3).

Next, we explain how Caporaso—Harris enumerate curves with one node. We make a few
definitions first. Define Ng(A;,m) to be the number of degree d curves with one node, passing
through 6; — 1 — m generic points and m generic points on the line. Our goal is to com-
pute Ng(A1,0) (which as before, is abbreviated as Ng(A;)). With these notations, a special case
of the Caporaso—Harris formula [4, p. 348, Theorem 1.1] is as follows:

Ng(Ar) = Ng(A,m)  Vd>m+1, (3.4)

Nd(Al, d— 1) = Nd(Al,d) + (d — 1)Nd_1(S) and (35)
Nd(Al, d) = Nd—l(Al) + de_l(S) + 2Nd_1(T1). (36)
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Equations (3.4), (3.5) and (3.6) give us that
Nd(Al) = (2d - 1) + Nd—l(Al) + 2Nd_1(T1). (37)

Since Ng—1(T1) can be computed, equation (3.7) enables us to compute Ng(A1).

Let us again try to understand the underlying geometric reason behind the formulas. Equa-
tion (3.4) says that the number of 1-nodal degree d curves passing through d4 — 1 generic points
is the same as the number of 1-nodal degree d curves through 64 — 1 — (d — 1) generic points
and d — 1 points on a line (apply the equation for m = d—1, for which it is valid). Equation (3.5)
on the other hand says that once we move another point on the line, the two numbers are no
longer the same. There is an excess contribution from a curve of degree d —1 (because the curve
can now break). The two numbers Ng(A;,d — 1) and Ng(A1,d) are related via equation (3.5).
Finally, equation (3.6) gives us a formula for Ng(A;,d) in terms of counts of curves of lower
degree.

More generally, consider the computation of the number Nd(A‘kal...Tkn), the number
of §-nodal degree d curves tangent to a given line at m points, with order of tangency be-
ing k1, ko, ..., k, (and also passing through the right number of generic points). The Caporaso—
Harris formula give a recursive formula for this number in terms of Ny (A‘{/Tll ...Ty,), where
d < d and §' < §. The geometric principle based on which this is obtained is the same: the
point constraints are moved to the line and as a result the curve breaks, giving contributions to
the intersection from curves of lower degree.

We now briefly explain our method (details are of course worked out in the subsequent
sections). Consider the question of computing N4(T1). We view this as an intersection number
in the ambient space Dy x Dg x P? x P?, where Dy and Dy refer to the space of lines and degree d
curves in P? respectively. On this ambient space, we define the subspace of degree d curves
and a line and two marked points, such that the two marked points lie on the line and the
curve. We find an expression for the homology class represented by the closure of this space.
Now we impose the condition that the two marked points come together (this is where we use
the collision lemma). That gives us the space of curves tangent to a given line. Finally, we
intersect it with the point constraints that are necessary to get a finite number. That gives us
the number Ng(Tq).

Next, consider the question of computing Ngy(A1). The underlying idea is as follows. We view
this as an intersection number on Dy x Dy x P2, On this ambient space, we define the subspace
of degree d curves and a line and one marked point, such that the curve is tangent to the line
at the marked point. On the closure of this space, impose the condition that the directional
derivative of the polynomial defining the curve in the normal direction to the line vanishes. That
gives us the subspace of line, a curve and a marked point, such that the marked point is a nodal
point of the curve and it lies on the line. In order to compute N4(A;), we simply make the curve
pass through 64 — 1 generic points, and make the line pass through one point (the second point
through which the line will pass is the nodal point of the curve).

We now make a few remarks. First and foremost, the underlying geometric mechanism
that governs our formula is completely different from what Caporaso—Harris are doing. Our
formula for Ng(T1) is governed by the principle that when two transverse points coincide, they
become a point of tangency. A generalization of that principle is used in the computation of
Ng(Tg, ... Tk,). The Caporaso-Harris formula is based on the principle that when the point
constraints of an enumerative problem are repeatedly moved to a divisor (a line in this case),
the curve eventually has to break.

The second point is as follows: our formula is not a recursion on d. We directly get a formula
in terms of d. Our formula does involve recursion on other quantities, such as the number of
points of tangency and the orders of tangency, but not the degree of the curve. It is therefore
completely straightforward to see that our formula produces a polynomial in d (this is explained
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clearly at the end of Section 6). It is however far from obvious that a recursion on d produce
a polynomial in d. To see why that is so, write down the full Caporaso-Harris formula [4, p. 348,
Theorem 1.1]

NY(a, )= Y kN®(a+ex,f—ep)
k:Br>0

+y 177 (Z‘,) (g) N1 (o g1, (3.8)

where the second sum is taken over all o/, 5’ and ¢, such that
o <a, B<p, ¥y < and §—8+|8-p=d-1.

The reader can refer to [4] for the relevant notation; for the purpose of this discussion only
the structure of the formula is important. From the structure of the formula, we can see that
it is far from clear that the characteristic numbers N%9(a, 3) are polynomials in d is because
they are expressed recursively in terms of characteristic numbers of lower degree. Seeing the
formula (3.8), we can not rule out the possibility that the characteristic numbers behave as
factorial or exponential functions of d. In light of Gottsche like conjectures (which broadly
speaking says that the solutions to enumerative problems involving degree d curves is given by
universal polynomials), this is perhaps an interesting point.

The final difference we would like to mention is that we enumerate curves with cuspidal
singularity that are tangent to a line at multiple points. As of now, Caporaso—Harris has only
been worked out for nodal curves with tangencies. However, in our paper [3], we have shown
how to extend the idea of Caporaso—Harris to enumerate curves with one cusp.

Finally, we mention another approach to enumerate curves with tangencies, which is taken
by the fourth author in [15, 16]. Again consider the computation of Ng(T1). Instead of viewing
tangency as a limit of two transverse intersections, only one point is considered. The geometric
condition imposed here is that the directional derivative of the function, defining the curve,
along the direction of the line is zero. This can be suitably interpreted as the Euler class of
a bundle. Using this approach, the author has been able to compute the characteristic number
of singular curves, tangent to first order to a given line at one point.

4 A few remarks on intersection theory

In this section, we summarize a few facts about intersection theory. The ambient space M inside
which intersection theory is done will be a product of projective spaces. Whenever we talk about
an open set, we mean open set with the analytic topology of the projective space; we are not
talking about the Zariski topology.

Let a and 8 be two homology classes in M, i.e., o, € H.(M,R). We define a - 8 the
topological intersection of o and S to be the unique homology class whose Poincaré dual is the
cup product of the Poincaré duals of o and S.

We now follow a standard abuse of notation. Given a homology class «a, we denote its Poincaré
dual (a cohomology class) by the same letter a.. Hence, from the point of view of cohomology,
topological intersection is simply the cup product.

The homology classes that we encounter are going to be obtained by taking the closure of
certain algebraic varieties. More precisely, our situation is as follows: we have a set S, which is
a smooth complex submanifold of the ambient space M, but it is not closed. The closure of S
(inside M) need not be smooth. Nevertheless, S does define a homology class. The reason for
this is as follows. The singularities of the closure are of complex codimension one and hence,
of real codimension two. Hence, by Stokes theorem for analytic varieties [11, p. 33] integration
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over S makes sense. Hence, any analytic subvariety of a compact complex manifold M, always
defines a homology class in H,(M,R) as explained in [11, pp. 33 and 61]. We often refer to S as
the open part of the cycle S.

We often be dealing with zero sets of sections of certain complex vector bundles. It is
a standard fact that when the section is transverse to zero, the cycle represented by the zero
set is Poincaré dual to the top Chern class of the vector bundle. The top Chern class is also

referred to as the Fuler class of the bundle; we usually use the latter terminology.

5 The collision lemma

This section contains the central lemma that we will be using throughout the paper, which is
be referred to as the collision lemma. Before stating the lemma, we need to introduce a few
notations.

Let D; be the space of lines in P?; it is the dual projective space P2. Define M := D; x X x Xo,
where X; is a copy of P? for i = 1,2. The pullback to M of the hyperplane classes in X, Xo
and D; are denoted by a1, as and yi, respectively. Define

X ={(H,q,@)eM|q,q2€ H} and Y ={Hq,¢) € X|q=q¢}

Lemma 5.1 (collision lemma). The cohomology class (a1 + ag — y1) restricted to X is equal to
the Poincaré dual of Y in X.

Remark 5.2. Let AIl_,Q be the following divisor class on M
A'LQ =a1+az — Y. (5.1)

The geometric content of the collision lemma is that the intersection of X with the class All',z is
equivalent to the class obtained by making the two points come together in X.

Proof. First of all, we note that the cohomology of X is generated by a1, as and y1; this follows
from the Leray—Hirsch theorem. Since Y is a codimension one submanifold of X, we conclude
that the Poincaré dual of Y in X is given by

PDx[Y] = (Aa1 + Baz + Cy1)|x, (5.2)

for some numbers A, B and C that are to be determined. To prove the lemma, it suffices to
show that A =1, B =1 and C = —1. This, we show by computing three different intersection
numbers.

First of all, we note that the Poincaré dual of X in M is given by

PDy[X] = (y1 +a1) - (y1 + a2). (5.3)

To see why this is so, first define Z; as Z1 := {(H,q1) € D1 x X1 | @ € H}. To prove (5.3),
it suffices to show that [Z1] = (y1 + a1). To justify this, note that [Z1] = ny1 + ma; for
some numbers n and m. Next, we note that n = [Z1] - y1a3 and m = [Z1] - y3a;. Geometrically,
[Z1]-y3ay is the number of lines passing through two points (Which corresponds to the factor y%)
and a marked point on the line that intersects another generic line (which corresponds to the
factor a;). This is clearly 1. Similarly, [Z1] - y1a? is geometrically the number of lines through
two points (the first point corresponds to the factor a? and the second point corresponds to the
factor y1). This number is also equal to 1. Hence, [Z1] = y1 + a1, thereby proving (5.3).

Next, we note that Y can also be described as a codimension three submanifold of M in the
following way

Yi={(H,q,2) e M|q €H, q=q}
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Hence, the Poincaré dual of Y in M is given by PDy[Y] = (y1 + a1) - [A12], where Ay is the
subspace of points (Hi,q1,q2) in M, such that ¢; = ¢2. Using the standard fact that the class
of the diagonal [A19] is equal to (a% + ajas + a%), we conclude that

PDy[Y] = (y1 +a1) - (a] + araz + a3). (5.4)
Let p be a class in M of degree three. By equations (5.2), (5.3) and (5.4), we conclude that
(1 +a1) - (a] + araz + a3) - p = (Aay + Bag + Cy1) - (1 + a1) - (y1 + a2) - .

By suitably choosing y, we can determine A, B and C. Choosing u := aja3, aza? and asy?, we
have A+ C =0, B+C =0 and A = 1, respectively. This precisely implies that A = B =1 and
C=-1. [

6 Counting smooth curves with multiple tangencies

In this section, we use the collision lemma to derive our Main Result 2.1. Before we get into the
details, a brief outline of our method is described.

Let Dy denote the space of degree d curves in P?. This is a complex projective space of
dimension

dq = M (6.1)
2
We now try to answer the following question: How many degree d curves are there in P? passing
through 64 — 1 generic points and that are tangent to a given line?

We approach this problem in the following way: First, consider the space of curves with
two marked points x1 and zo, such that both the points lie on the curve and the line. Now
impose the condition that x; becomes equal to x2; this is precisely where we use the collision
lemma. Once we impose the condition that the points 1 and x5 have become equal, the curve
becomes tangent to this line. We now implement this idea precisely. Let X; denote a copy of
the projective plane. Define the incidence variety

I; = {(Hd7x1) € Dy x X4 ‘ xr1 € Hd} (62>

FElements of the incidence variety consists of degree d-curve Hy and a marked point z; that lies
on this curve. Let a; and y, denote the divisor classes on Dy x X7 obtained by pulling back the
hyperplane classes on X7 and Dy, respectively. Then we have

[L4] = ya + das. (6.3)

Indeed, this follows immediately from the fact that the restrictions of (6.3) to both {point} x CP?
and Dy x {point} are valid.

Next, we study subspaces of D1 x Dy x X;. First, define I (respectively, I¢) to be the subspace
of D1 x Dy x X7 consisting of all (Hy, Hg,x1) € D1 X Dy x X1 such that x; € Hy (respectively,
x1 € Hy). Next, define

To (6.4)

to be the subspace of D; x Dy x X consisting of all (Hy, Hg,x1) € D1 X Dg x X1 such that H;
and Hj intersect transversally at z1. Note that the closure T consists of (Hy,Hg,z1) € Dy X
D, x X7 such that z1 € Hy ﬂHd.

For making the notation easier to read, we denote the homology class represented by the
closure by the notation [To] (as opposed to more cumbersome [To]).
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Lemma 6.1. The class [To] € Hy(s,42)(D1 x Dy x X1, R) represented by the cycle To C D1 x
Dy x X1 (see (6.1), (6.4) and (6.1)) is the following:

[To] = [L] - [Ic], (6.5)
where [I\] and [I¢] are the homology classes of I and I¢, respectively.

Proof. Consider the divisor I; C Dy x X in (6.2). Let f: I} x Dy < D; x Dy x X1 be the
natural map defined by ((Hy,x1), Hg) — (H1, Hgq,x1), where (Hy,21) € I} and Hy € Dy. Let

p: D1XDdXX1—>DdXX1 (66)

be the natural projection. Note that To C Iy x Dy (see (6.4)) and Ty is a divisor.
To prove the lemma, it suffices to show the following;:

" Op,xx,(1a) = O, xp,(To)- (6.7)
We now describe three subvarieties Sq, So and S3 of I1 x Dy. Fix a point zg € I; and define
S1:={20} x Dy C 11 x Dy. (6.8)

Fix curves (Hy,Hy) € D1 X Dy in X1, and we have
Sy :={(Hy,Hg,x1) € D1 x Dy x X1 |21 € H1} CI; x Dy. (6.9)

So 59 is identified with the line Hy. Fix a point zy € X7 and also an element H; € D;. Now
define

S3 1= {(H,Hd,$0)€D1 X Dg x X1 |I0€H}C11 X Dy. (610)

Consequently, S5 is identified with the pencil of lines in X7 containing x.

Given two cohomology classes L1, L2 € H?(I1 x Dy, R), to show that £ = Lo, it is enough to
prove that El‘sj = Eg}sj for j =1,2,3 (see (6.8), (6.9), (6.10)).

In view of the above criterion, it is now straightforward to prove (6.7) using (6.3). [

Note that using (6.3), we can rewrite equation (6.5) as
[To] = (y1 +a1) - (ya + dar), (6.11)

where - denotes topological intersection. Generalizing the notion of Ty, given any nonnegative
integer k, we define Ty to be the subspace of D; x Dy x X consisting of all points (Hy, Hg, x1)
such that

e The points z; is a smooth point of the curve Hy.
e The line H; intersects the curve Hy at the points x1 with the order of tangency precisely

equal to k.

Notice that as per its definition, T; is not a subset of Ty, but a subset of the closure Ty.

Next, generalizing D1 x Dy x X1, define M,, := Dy XDy x (X1 x---xX,,), where X;,1 < j <n,
is a copy of P2. Let S1,So,...,S, be subvarieties of D; x Dy x P2. Denote $1S5...S,, by S.
Then, S C M,, consists of (Hy, Hy, x1, ..., x,) such that

o (Hy,Hy,x;) €S, for all i =1 to n.

e The points x1,...,z, are all distinct.
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As an example, consider the set T;Ts. This comprises of the set of curves along with two
distinct marked points on a line, where the curve is tangent to first order to the line at the first
marked point and is tangent to second order to the line at the second marked point. Similarly,
T1T5 denotes a slightly bigger space, where the curve is at least as degenerate as being tangent
to the line to first order at the first marked point and is at least as degenerate as being tangent
to the line to second order at the second marked point. The curve could be tangent to second
order at the first marked point. The curve could even have a nodal point at the first marked
point, since these both lie in the closure T;. However, the two marked points have to be distinct.
In particular, T Ty is not the set-theoretic intersection of T; and T, since the latter includes
the locus where the two marked points are equal. Finally, in the space T1T,, the two marked
points need not be distinct; this denotes the closure of the space T1To and it includes the locus
where the two marked points coincide.

We denote the homology class defined by the closure of S by the notation [S] as opposed to
the more cumbersome [S]; this makes some of the computations and statements easier to read.

Finally, let

7 Mpyi1 — M, (6.12)
be the projection that sends any (Hi, Hy, 21, ..., Tn, Tnt+1) to (Hy1, Hg,x1,...,2,). Let
Tnt1: Mpypr — My (6.13)

be the projection that sends any (Hy, Hg, x1, ..., Tn, Tnt1) to (Hi, Hg, Tpt1). Forany 1 < i < n,
let Ajp1 C Myyq be the locus of all (Hy, Hy,x1,...,%n, Tnt1) such that z; = z,41. We are
now ready to state the main results to enumerate smooth curves with tangencies.

Theorem 6.2. Let n be a positive integer and ki, ko, ..., k, nonnegative integers with k :=
k1 + ko + -+ kn. Then the following equality of elements of Ha(s,42—k)(Mny1,R) holds:

W*[Tkl - Tkn] . 7T:H_1[T0] = [Tk’l . TknTO] + Z(kz + 1)7T* [Tkl - Tkn] . [Ai,n—l—l] (614)
=1

(see (6.12), (6.13)) provided d > k + n.

Note that implicit in Theorem 6.2 is the assertion that the closure of Ty, ... Ty, in M,, and
the closure of Ty, ... Tk, To in My actually define homology classes. We will justify that
assertion as well. In order to prove Theorem 6.2, we first prove an intermediate statement which
is interesting in its own right.

Proposition 6.3. Let n be a positive integer and ki, ke, ..., kn, nonnegative integers with k :=
ki +ky+ -+ k. Then Ty, Tg, ... Tk, ts a smooth submanifold of My,, provided d > k + n.

Remark 6.4. We are not claiming that Ty, Ty, ... T, is a smooth manifold. Notice the differ-
ence between Ty, Ty, ... Ty, and Tk, Tk, ... T; ; in the former space all the marked points are
distinct, while in the latter space, that is not necessarily true.

Proof. We start by proving the proposition for n = 1 and k; = 0, i.e., we show that Tg is
a smooth submanifold of Mj.

Let F4 be the space of polynomials in two variables of degree at most d. This is a vector
space of dimension @ + 1, because an element of F4 can be viewed as

f(xay) = f00+f10w+f01?/+%x2+f11xy+%y2+---+ %yd7
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and hence f can be identified with the vector (foo, fi0, fo1,-- -, foa). Let .7-"; denote the space
of nonzero polynomials of degree d. We note that the projectivization of ]:j is Dy.
Consider the projection map

Ty ffXFIXX1—>’D1X'DdXX1.

We note that the projection map is a submersion. Hence, it suffices to show that T := 7r;1 (To)
is a smooth submanifold of ]-T X ]:j x X1. We prove that now.

Let (g, f,p1) € To. By choosing a chart around the point p;, we can identify an open neigh-
bourhood of p; (in Xi) by C2. Hence, in order to show that T is a smooth submanifold
of Fit x Ff x Xi, it suffices to show that (0,0) is a regular value of the map

p: Fir x Ff xC*—C?  givenby (g, f.(2,9)) = (9(z,9), f(2,9)).

Let us prove that now. Assume that ¢(g, f, (a,b)) = 0. We need to show that the differential
of ¢, evaluated at (g, f, (a,b)) is surjective. In order to prove that, consider the two curves

1,72 (—e,6) — Fif x Ff x Cc?, given by
n(t) = (g+tm, f,(a,b))  and  72(t) := (g, f + tn, (a,b)),

where 777 and 7 are as yet, unspecified elements of ;" and .7-";. We now note that

{dgpl(g,f(a,b))}(’){ (0)) = (771 (CL, b)7 0) and {d¢’(g,f,(a,b))}(7é(0)) = (07 772(a7 b))

Hence, to prove that the differential is surjective, we simply need to produce n; € ]_-1+ and
n2 € F such that n1(a,b) # 0 and n2(a,b) # 0. That is easily achieved: we simply define both
of them to be the constant functions taking the value 1.

Before proceeding further, we make a couple of simplifications that make the subsequent
proofs easier. We showed that if (g, f, (a,b)) = 0, then the differential of ¢ is surjective.
We claim that by making a suitable change of coordinates, we can always assume that (a,b)
is the origin and the line is the z-axis. To see why this is so, assume that the line is given
by goo + g10T + go1y = 0. Assuming that gg1 # 0, define the new coordinates X and Y by
X :=z—aandY := goo+g102+901y- If go1 = 0, then define X := y—band Y := goo+g102+901y-
Define

F(X,Y) = f(z(X,Y),y(X,Y)).

i+J
This is the polynomial f written in the new coordinates X and Y. Define F;; := 68;57(%’;/)‘ 0.0)°

In these new coordinates, the point under consideration is the origin and the line is the X-axis.
Furthermore, the coefficients of the polynomial are given by 5;3, Hence, what we have shown
is that Ty is a fibre bundle over the incidence variety J (where J is defined to be the subset
of Fi" x X; where the point lies on the line) and the fibre over (g,p) € J can be identified
with (TO)AH, where (TO)AfF =A{fe€ fj: foo = 0}. The map f going to F' is a trivialization of
this fibre bundle. Henceforth, we set the line to be the z-axis and the point to be the origin;
this makes the calculations simpler.

We now show that Ty, is a smooth submanifold of My for all k;. We use induction on k.
Assume that we have proved the assertion till k&1 — 1. Hence Tkl—l is a smooth submanifold
of My. Hence, Ty, 1 := ﬂzl(fkl,l) is a smooth submanifold of .7-'1+ X .7-"; x X7q.

We now show that Tkl is a smooth submanifold of Tkl_l. Define (Tkl_l)

(Ter—1) e = {f € Ff | foo, fr0- -, fri—10 = 0}.

Rt follows:

We note that Ty, 1 is X} fibre bundle over ]__1+ x X7 whose fibres can be identified with (Tkl_l) A
In order to show that T, is a smooth submanifold of 7" x ] x Xy, it suffices to show that zero is
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a regular value of the map ¢: (Tkl—l)AfF — C, given by ¢(f) := fr,0. Suppose f € (Tkl—l)Aff'
Let vy: (—g,e) — (Tk’l—l)AfF be a curve, given by ~(t) := f+tn, where 7 is as yet an unspecified
polynomial. We now note that {dp}(7/(0)) = 1k, 0. Now choose 1 as follows n(z,y) := z*.
Since f € (Tkl_l) Ao J 11 also belongs to (Tkl_l) g for all ¢ nonzero but small. Furthermore,
Mk,,0 7 0. This proves the claim.

Next, for multiple points, we now use induction on n. If &, > 1, define

(Thy Ty - ‘Tk‘n—lfkn—l)Aff
to be the following subset of ]—'j x C"1: it is the collection of all (f,ay,...,a, 1), such that

e The numbers aj,as,...a,_1 are all distinct from each other and different from zero.
e All the derivatives of f with respect to x at a; up to order k; are zero, for i =1 ton — 1.

e All the derivatives of f with respect to z at (0,0) up to order k, — 1 are zero.

It is also convenient to define (Tj, Tg, ... Tk, ; T—1) o as the following subset of Fj x C"~1: it

is the collection of all (f,ai,...,a,-1), such that

Aff

e The numbers ay,as,...,a,_1 are all distinct from each other and different from zero.

e All the derivatives of f with respect to x at a; up to order k; are zero, for i =1 ton — 1.

Arguing as before, it suffices to show that for all k, > 0, zero is a regular value of the map
o (Thy Thy - -Tknﬂfkn—l)Aff — C given by o(f,z1,...,Tn-1) := fi,.0-

Let us prove that now. Suppose
(frat, - an1) € (Tey Thy oo Thyoy The1) aqee

Let v: (—£,8) — (Thy Thy -+ Thyy Tha—1) pg D€ & curve, given by y(t) := (f +tn,a1,...,a, 1)
where 7 is as yet an unspecified polynomial. We now note that {d¢}(7/(0)) = nk, 0. Now
choose n as follows

0z, y) = (@ — a1 (@ - ap)P (@ - 0),

Since (f,ai,...,a,_1) belongs to (Tk, Thy -+ Thy_y Thu—1) pqe> V(t) also lies there for all ¢. Fur-
thermore, ny, o # 0, because the a; are all different from zero. This proves the proposition. W

We are now ready to prove Theorem 6.2.

Proof of Theorem 6.2. We first show that (6.14) is valid on the set-theoretic level. Consider
the first term on the left-hand side, namely 7*[Ty, ... Tg,]. It is represented by the closure
of the following space: a line, a curve and n + 1 distinct points (x1,...,Zn+1), such that the
curve is tangent to the line at the points (z1,...,x,) to orders ki, ..., k, respectively; the last
point x,1 is free (it does not have to lie on either the line or the curve).

Now consider second factor on the left-hand side of (6.14), namely ) [To]. This is simply
represented by the following space: a line, a curve and n + 1 points (z1,...,Zn+1), such that
the points (z1,...,x,) are free, while the last point x,; lies on the line and the curve.

Consider the set-theoretic intersection of the above two spaces. There are two possibilities.
The first possibility is that the point x,; is distinct from all the other points (z1,...,2,). The
closure of that space represents the first term on the right-hand side of (6.14). But there is
another possibility. The point z,41 could be equal to one of the z; (for i € {1,...,n}). That
precisely gives us the second term on the right-hand side of (6.14).
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To see that equation (6.14) is valid on the level of homology, we need to do the following. To
justify the first term on the right-hand side of (6.14), we need to show that the intersections are
transverse; this follows from the proof of Proposition 6.3. To justify the second term, we need
to justify the multiplicity of the intersection.

Consider the situation of z1 coinciding with x,,+1. We take a chart that sends the point z,11
to be the origin and sets the line to be the z-axis. The situation now is that we have a curve f
that is tangent to the xz-axis to order k; at the origin. We are now going to study the multiplicity
with which the evaluation map vanishes at the origin. Hence, f is such that foo, fio0,- .., fx0 all
vanish. It is given by

fdo i, yR(z,y).

10 g1 Set20 ko
f(ﬂﬂ,y)—m +ml‘ Tty

Now consider the evaluation map

?,

.f  Jk+10 k1, JE420 k4o fa,0
pUla) = @ 0) = G e Gy

The order of vanishing of ¢ is clearly ki + 1, provided fi, 1,0 # 0 (the values of f, 420, fk1+3,0,
.., fa0 are not relevant for the order of vanishing in a neighbourhood of the origin if fi, 110 is
non-zero).
The assumption fi, 110 # 0 is valid, because to compute the order of vanishing, we will
be intersecting with cycles that correspond to constraints being generic. Hence, the order of
vanishing is k1 4+ 1. This proves (6.14) on the level of homology. |

We are now ready to prove our next result.

Theorem 6.5. Let n be a positive integer, ki, ko, ..., kn_1 nonnegative integers and k, a pos-
itive integer. Define k := ki + ko + --- + k. Then the following equality of elements of
H2(6d7k)(Mn+17R) holds:

[Tkl e Tkn_lTknflTO] . [A!:b,n-i-l] = 7'(>|< [Tkl . Tkn] . [An,n+1]; (615)
provided d >k +n — 1.

Before we prove Theorem 6.5, a few things are explained. Consider the special case of this
theorem, when n =1 and k; = 1. In this case, (6.15) simplifies to

[TQT()] . [AIIQ] = ’R'*[Tl] . [Alg]. (616)

If we draw an analogy with equation (7.6), it might seem that the right-hand side of equa-
tion (6.16) has a missing term, namely a term that corresponds to nodal curves lying on a line.
However, that is not the case; there are no missing terms. The term that seems to be missing is
actually present: it is present inside the closure T{. However, since this locus is one codimension
higher, when we intersect equation (6.16) with a class of complementary dimension, we do not
get any contribution. We explain this more precisely. Define p := y%yfﬁfl. Now intersect both
sides of equation (6.16) with p. That gives us [ToTo] - [AL,] - 4 = [T1] - p. The term that one
might be worried that one has missed out, namely nodal curves with the node lying on the line,
giving empty intersection with u; this is because we are making the curve pass through d; — 1
generic points (since we are intersecting with y‘sd*l).
In contrast, look at equation (7.6), namely

[AfToTo) - [AL] = 7*[AfT1] - [Aro] + 27 [AL] - [Ara] - [A]].
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The first geometric fact we note that A} is not a subset of the closure ATT,. What is true
is that AFAL is a subset of the closure (which for dimensional reasons, does not contribute
when we intersect with a class of complimentary dimension). In order to extract numbers,
define p := y%ydd % Intersecting both sides of equation (7.6) with p gives us

[ATToTo] - pu= [ATT1] -+ 2[Af] -

In contrast to the earlier case, the intersection of [AH with p is nonzero (or at least not neces-
sarily zero) because we are making the curve pass through d; — 2 points; that is precisely the
right number of points to enumerate 1-nodal curves, with the node lying on a line.

Proof of Theorem 6.5. We first prove the theorem for n = 1 and k; = 1, namely we prove
equation (6.16). The main set-theoretic statement that we need to prove is as follows: consider
the component of the closure ToT,. where the two marked points are equal. Then the first
derivative of the polynomial (defining the curve) along the direction of the line (evaluated at
the marked point) is zero. In other words, if (Hy, Hq,p,p) € ToTg, then (Hy, Hy,p) € T1. Let
us prove this assertion.

We continue with the set-up of the proof of Proposition 6.3 and Theorem 6.2. Choose
coordinate where the designated line stays the x-axis. Let f; be a curve that passes through
the origin and also through the point (¢,0). The expressmn for f; is of the form fi(x,y) =
oi(z) + yRe(z,y), where @i(z) = (frox + =22 + -+ ). Since the curve passes through (¢,0),
it follows that ¢i(x) = (K¢(x))z(z — t) for some function Ki(z). Denote fo by f. Hence,
flz,y) = (Ko(z))2? 4+ yRo(z,y). It is a simple check to see that foo and fip are both zero.
Hence, if two Ty points collide, then we get a point which is at least as degenerate as a T point
(it could be even more degenerate). This proves the assertion we made.

We now prove a more general statement. We claim the following: consider the component of
the closure T T where the two marked points are equal. Then the (k + 1)-th derivative of the
polynomial (defining the curve) along the direction of the line (evaluated at the marked point)
is zero. In other words, if (Hy, Hg,p,p) € TxTo, then (Hy, Hg,p) € Tri1.

In order to prove the above assertion, put the Tj point at (0,0) and the Ty point at (¢,0).
The expression for f; is going to be of the form

fileo) = @ula) +yRilwy), where (e) = fugr + a7 4 S0 4

Since the curve is tangent of the x-axis to order k and it also passes through (¢,0), it follows
that ¢, (z) = (Ki(z))x* 1 (2 — t) for some function K;(z). To see what happens in the limit as ¢
goes to zero, denote fo by f. Hence,

f(@,y) = (Ko(2))2"? + yRo(x,y).

It is a simple check that foo, fi0,..., fit1,0 are all zero. Hence, if a T}, and a T point collide,
then we get a point which is at least as degenerate as a Tyi1 point (it could be even more
degenerate).

We now need to prove the converse of the above assertion. We claim the following: if
(Hl,Hd,p) c Tk+1, then (Hl,Hd,p,p) < TkTO

First we note that to prove the above claim, it is sufficient to prove the following: if
(Hi,Hg,p) € Tpy1, then (Hy, Hy,p,p) € TxTo. This is because if A is a subset of B, then
closure of A is a subset of closure of B. Hence, if B is a closed set, then to show that closure
of A is a subset of B, it is sufficient to show that A is a subset of B.

We start by proving the claim for k£ = 0, namely, we show that every T point can be obtained
as a limit to two Ty points.
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Let f € (T1)ag. This means that foo and fip are both equal to zero. Hence, f is given by

flx,y) = (‘f;():UQ + %x?’ +> + yR(x,y).

It will be shown that there exists a point ( fy, (¢,0)) close to (f, (0,0)), such that f; passes through
the origin and (¢,0). Note that since f; passes through the origin, it is of the form

o) = g+ (22224 T ) R

Furthermore, f;,, has to be small (since f; is close to f and fig is zero). Impose the condition

that f;(¢,0) = 0. Plugging in (¢,0) inside f; and using the fact that ¢ # 0, it follows that

f t20
2

frio = =2t + O(?). (6.17)
Hence, we have constructed this nearby curve f; and a marked point (¢,0) different from the
origin that lies on the curve and the line.

To find the multiplicity of the intersection, we note that using equation (6.17), using the fact
that fi,, # 0 and the implicit function theorem, we can rewrite it as

t= _f2ft10 +O0(f2,) (6.18)
t20

Setting the two points to be equal is the same as setting ¢ to be equal to zero. By equation (6.18),
the order of vanishing of ¢ is one. This justifies the multiplicity.
We now prove the assertion for a general k, i.e., we show that every Ty, curve is in the limit

of a Ty and Ty point. Let f € (Tpy1)as. This means that foo, fio,. .., frt1,0 are all equal to
zero. Hence, f is given by

It will be shown that there exists a point (fy, (¢,0)) close to (f,(0,0)), such that f; € (Tg)an
and (¢,0). Since f; € (Tg)as, it is of the form

Jtisro k+1 Jtrsan k+2 Jtisso k+3
— kY > _vRTe,Y R X
fle) = a2 T\ e ™ Thra® o) TyRdey)

Furthermore, fy, ., , has to be small (since f; is close to f and fyxi10 is zero). Impose the
condition that f;(¢,0) = 0. Plugging in (¢,0) inside f; and using the fact that t # 0, it follows
that

ftk+2,0

Jtisro = "t 2)t +0(#). (6.19)

Hence, we have constructed this nearby curve f; and a marked point (¢,0) different from the
origin that lies on the curve and the line.

To find the multiplicity of the intersection, we note that using equation (6.19), using the fact
that f,.,, # 0 (which is true because after we make the curves pass through generic points)
and the implicit function theorem, we can rewrite it as

2
7ftk+l,0 + O(fi+170)- (6.20)

t=—
ftk+2,o
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Setting the two points to be equal is the same as setting ¢ to be equal to zero. By equation (6.20),
the order of vanishing of ¢ is one. This justifies the multiplicity.

We summarize the set-theoretic statement we have just proved. We have shown that (H;, Hy,
p,p) belongs to T, T, if and only if (Hy, Hy,p) belongs to Tg 1.

We now examine what happens when there are more than two points involved. We explain
with the help of a single example; the general case follows in a similar way. Consider the following
assertion:

[TgToTo] . [Alég] = 7'('* [Tng] . [Agg].

The closure claim that we need to prove is as follows: (Hj, Hg,q,p,p) belongs to TaToTy
if and only if (Hy, Hy,p) belongs to T1. One direction is the same as before namely that
if (Hy, Hy, q, p,p) belongs to ToTo T, then (Hy, Hy,p) belongs to T1. The fact that (Hy, Hy, q)
belongs to To makes no difference in the proof. It is the converse that requires a little bit more
argument. We need to show that every ToT; point can be obtained as a limit of ToTgTg. First
see what we did when we had to show every T; point can be obtained as a limit of ToTy. We
constructed the curve as given by equation (6.17). The problem with equation (6.17) is that
if we set fi,, as given by (6.17) and the remaining f;,; to be complex numbers close to f;j,
then this curve does not satisfy the T condition at g. The problem is the f;,. are not all free.
However, we have shown through the proof of Proposition 6.3 that restricted to the submani-
fold ToTg, the section induced by fig is transverse to zero. Hence, fig is an actual coordinate
on the submanifold ToTg. Hence, (6.17) defines a curve lying in ToTo that converges to an
element of ToT; as t goes to zero. The multiplicity computation is the same. The general case
follows from equation (6.19) and using the fact that fri10 is a coordinate on ToTx. When
there are more than three points involved, the same argument holds via the proof of Proposi-
tion 6.3, namely that f;, o is a coordinate on Try Ty - .Tkn_lfkn,l. This completes the proof
of Theorem 6.5. |

Remark 6.6. The pullback to M,, of the hyperplane classes in X; for ¢ = 1,...,n are denoted
by ai,...,an. Note that (6.14) can be rewritten as

[TlekQ .. -TknTO] = 7'l'>'< [TlekQ . Tkn] . 7T:<L+1[T0]

— Z(l + ki)ﬂ'* [Tle]Q - Tkn] . [Ai,n—f—l]' (6.21)
=1

Also, [Ajnt1] = a? + ajani1 + a2 1. Hence, using (6.11) and (6.21) we can recursively compute
all the intersection numbers involving the class [Ty, Tg, ... Tk, To]. Next, let o be a class in M,,.
Then (6.15) implies that

[Tkl e Tkn] X = [Tkl e Tkn_1Tkn71T0] . [Al;z,n—‘rl] 'R (622)

Hence, using equations (6.22) and (5.1) and using the fact that all intersection numbers involving
the class [Tk, Tk, - .. Tk, To] are computable, we conclude that all intersection numbers involving
the class [Tg, Tk, - . Tk, | are computable. From the procedure to compute, it is clear that these
intersection numbers are all polynomials in d.

7 Counting 1-nodal curves with multiple tangencies

We now consider plane curves with singularities. Consider the following question: How many 1-
nodal degree d curves are there in P? that pass through d; —2 (see (6.1)) generic points and that
are tangent to a given line? For this, consider the space of curves with three distinct points py, x1,
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and 9 such that the curve has a node at p; and intersects the given line transversally at x;
and xo. The closure of this space represents a cycle. Next, impose the condition that x1; becomes
equal to xg (which again, represents a cycle). We might naively expect that the intersection of
these two cycles give us the space of one nodal curves tangent to a given line, as it would be
suggested by the following picture:

T
X1 2

JL T = T
V

But there is an extra object that occurs. There is also the space of curves with one node
lying on the line, as shown by the following picture:

I T2
‘; P1 =21 =22
P1 \/\

This results in an excess contribution to the intersection. The same thing happens if the
curve has a more degenerate singularity. We have been able to compute the excess contribution
to the intersection in the following cases:

e When the degree d plane curve has a node and is tangent to a given line at multiple points
of any order.

e When the degree d plane curve has a cusp and is tangent to a given line at multiple points
(only tangency of order one).

When the singularity is a node, our answers agree with those predicted by the Caporaso—Harris
formula. When the singularity is a cusp, our results are new (to the best of our knowledge).
We expect that this idea can be pursued further to enumerate curves with multiple nodes and
also enumerate singular curves tangent to a given line, when the singularities are even more
degenerate than a cusp. We hope to pursue these questions in future.

We now implement the idea which has just been described. For that, recall a standard
definition about singularities.

Definition 7.1. Let U be an open neighbourhood of the origin in C? (open with respect to
the usual topology of C? ~ R* given by the Euclidean metric) and let f: (U,0) — (C,0) be
a holomorphic function. A point ¢ € f71(0) has an Ay-singularity if there exists a coordinate
system (z,y): (V,0) — (C?,0) such that f~1(0) NV is given by y? + 2""1 = 0. An A;-
singularity is also called a node, an As-singularity is called a cusp while an As-singularity is also
called a tacnode.

Define

M := Dy x Dg x (X1 x o x X™) x (X1 x - x Xp),
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where each copy of X; and X7 is P?; the hyperplane classes are denoted by a; and b;, respectively.
Let W and S1,Ss, . .., S, be subsets of D; x Dy x P? (here m = 1). We define WS;S,...S,, C M},
as follows: it consists of all (Hy, Hg,p, z1,...,xy,) such that

b (Hldeap> € W7

e (Hi,Hy,xz;) €S, forallie{l,... ,n},

e The points p, x1,...,x, are all distinct.

As before, we denote the homology class represented by the closure by putting a square bracket,
but without putting the cumbersome bar.
Next, define a few subsets of M (we are setting here m to be equal to 1). First of all, we
define Af C M(l) to be the subset of all (Hy, Hy,p) € M(l) such that Hy has a node at p. The
letter F is there to remind us that the nodal point is free, i.e., it does not have to lie on the line.
Similarly, we define A'l‘ - M(l) to be the subset of all (Hy, Hy,p) € I\/I(l) such that
e The curve H,; has a node at p.
e The point p lies on the line H;.
Finally, given any nonnegative integer r, we define P(WA; C M} to be the subset of all (Hy, Hy,p) €
M} such that

e The curve H; has a node at p.

e The point p lies on the line H;.

e One of the branches of the node is tangent to the line H; to order r.

We note that the closure of P(O)Al is same as the closure of A% (in M(l]). Note that
[AT] = [AT] - (w1 + bo); (7.1)

this is because intersecting with (y; 4+ b1) corresponds to the point p lying on the line.

We now prove a few transversality results that we use to enumerate nodal curves with
tangencies. In the following propositions, n, ki,ko,...,k, and r are nonnegative integers
and kK =k + ka4 -+ kp.

Proposition 7.2. The space P(OA Ty, ... Ty, is a smooth submanifold of ML, provided d >
k+r+n-+2.

Proposition 7.3. The space Ai'lszl ... Tk, 8 a smooth submanifold of ML, provided d > k+n+1.

n

Proof of Proposition 7.2. We show that the space P("WA;Ty, ... Ty, is a codimension one
submanifold of Trﬂfkl ...Tkn. The proof is very similar to that of Proposition 6.3, where we
show that TH_QT/Q .. .Tkn is a smooth codimension one submanifold of Tr+1Tk1 .. -Tkn-

We switch to affine space at set the T,41 point to be the origin (and the line to be the x-axis).
To show that T,42Tg, ... Tk, is a smooth submanifold, we show that the section induced by
taking the (r 4 2)-th derivative (i.e., fr42,0) is transverse to zero. The procedure for doing that

was as follows: we considered the polynomial 7, given by

ki+1, kn71+1(x _ kn+1(x . 0)r+2'

n(z,y) = (z—a)" - (- an) an)

Here (a;,0) is the point at which the degree d curve is tangent to the z-axis to order k;. Using
this polynomial 1, we are able to construct a tangent vector, such that the differential of the
section (that is induced by taking the (r + 2)-th derivative) evaluated on this tangent vector is
nonzero. This proves transversality.
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In a similar way, we can show that the section induced by taking the first derivative in the y
direction (i.e., fop1) is transverse to zero. To do that, we define the polynomial 7, given by

ne.y) = (@ =2 o = e ) @ = ) @ = 0 (g~ 0).

Using this 1, we can use a similar argument to compute the differential and prove transversality.
Hence, P(T)Alfkl .. -Tkn is a smooth codimension one submanifold of Tr-s—le .. -Tkn- Note
that the bound on d is required because to apply our argument, we need T, 1T, ... T, to be
a smooth manifold; this where the bound on d is required (which is bigger than what is required
to simply construct the given 7). |

Proof of Proposition 7.3. Start with n = 0, i.e., we show that AF is a smooth submanifold
of Mé of codimension three. The assertion is proved in [13, pp. 216-217], but for the convenience
of the reader, we include the proof here. Switching to affine space, we consider the map

pr FfxC—C (fi(x,y) — (f(z,9), folz,y), fy(z,y)).

It suffices to show that (0, 0,0) is a regular value of ¢. Suppose ¢(f, (a,b)) = 0. We need to show
that the differential of ¢, evaluated at (f, (a, b)) is surjective. Consider the polynomials 7;;(x,y)
given by noo(z,y) := 1, nio(z,y) := (z — a), and no1(z,y) := (y — b). Let v;;(t) be the curve
given by v;;(t) := (f + tnij, (z,y)). We now note that

{dol (7,00} (100(0)) = (1,0,0),  {de@l(s(ap)}(710(0)) = (0,1,0)  and
{dol(£,(a0)) } (101 (0)) = (0,0, 1).

This shows that the differential is surjective. .
Next, assume that n = 1 and k; = 0. We show that AF T is a smooth submanifold of M1.
We switch to affine space and set the designated line to be the z-axis. Define (AD A b0 be

(AE)Aff = {(f> (x7y)) S 'Fj x C? ‘ f(:r,y) =0, fr('x:y) =0, fy(x,y) = 0}' (72)

Consider the map : (ADMf — C, given by defined by (f, (x,y) — f(0,0). We need to
show if ¥(f, (a,b)) = 0 and (a,b) # (0,0), then the differential of ¢ is surjective. Note that
we are setting here the Ty point to be the origin. Let 7(t) be the curve in (ADAff given
by ~(t) := (f +tn, (a,b)), where is 7 is as yet unspecified. We note that {dv[(s )} (7' (0)) =
1(0,0). We now see what is our requirement on 7. First, we need that 1(0,0) # 0. Second of
all, we need the curve () to lie in (Af),.. For this, it is sufficient if the value of 5 and both

its first partial derivatives evaluated at (a,b) are equal to zero. Define 0(x,y) as follows:

{w-b? b0,
Oay) = { (x—a)? ifb=0, a#0. (73)

Define n(z,y) := 0(x,y). It is a simple check to see that 7 satisfies all the required condi-
tions. Note that we separately define 6, because it is used later on for further purposes (in the
subsequent proofs, our definition of 7 keep changing by multiplying § with appropriate factors).

Hence, we have shown that AfTg is a smooth submanifold of M}. We now show that AT Ty,
is a smooth submanifold of M}. We show that AfTj, is a smooth submanifold of AfTx,_; of
codimension one. The proof is as before; the required curve is given by 7(x, ) := 0(z,y)z* 1.
This proves the claim when n = 1.

Finally, suppose there are more than one point of tangency (in addition to the nodal point).
The nodal point is at (a,b) and suppose that the tangency points are at (aj,0), (az,0),...,
(ap—1,0) and (0,0). The assertion is proved by considering the polynomial

n(z,y) = 0(z,y)(x —a)" ™+ (@ —an-) (2 - 0)F

This completes the proof. |
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We are now ready to state and prove the results about enumerating 1-nodal curves with tan-
gencies. In the following theorems, it is always be understood that whenever there is a collection
of numbers ky, ko, ..., kp, then k is defined to be k:=> " | k.

We also recall the projection maps and the diagonal subspaces that we will be encountering.
We denote m: M} ,; — M, to be the projection that forgets the last marked point. We also
denote 741 I\/I}H_1 — Mj to be the map that forgets all the marked points, except the last
one. Next, for any 1 < ¢ < n, we denote A; 1 to be the following subset of M711+1: It is the
locus of all (Hy, Hg,p,x1,...,%n, Tpy1) such that z; = z,41. Finally, we denote A%H to be the
following subset of l\/|,11+1: It is the locus of all (Hy, Hyq,p, 1, ..., Zn, Tnt+1) such that p = x,41.

Theorem 7.4. Let n,ky,ko,...,k, be nonnegative integers. Then the following equality of
homology classes in H, (M}, ;R) holds:

A Ty o T ] T [To] = [ATThy .. Tk, To)

+ Z(l + kz)ﬂ'* [AET}gl .. Tkn] . [Ai,n—i—l}v (74)
=1

provided d >k +n + 1.
Proof. This is simply a straightforward generalization of Theorem 6.2; the proof is identical. W
Next, we generalize Theorem 6.5.

Theorem 7.5. Letn be a positive integer, k1, ks, . .., kn—1 nonnegative integers and k,, a positive
integer. Define

2 ifkn =1,
Mg, ‘= .
1 ifky, > 1.

Then the following equality of homology classes in H*(M;H;]R) holds:
ATTh o Th  Tha To] - [AL ] = 7 [A  Thy o T ] - [Ann]
Fmp, 7 [PETVA T T ] [Annr] - [ALL], (7.5)
provided d > k + n.

Remark 7.6. Let us see how to extract numbers from this. On the (n + 1)-pointed space M},
let o and B be the following classes:

En—1
n—1 -

e T, SHVL E1 € e o ToSEV1ITER €1
o=y ygbitalt .. ay and B i=y1ysbi' ""ayt .. .a

Intersecting both sides of equation (7.5) with a, gives us
AT Ty o T Th1 To) - [AL ] - @
= [ATTy, .. Th] - a+my, [PE VAT Ty, ] 8.

Proof of Theorem 7.5. We first prove the special case where n = 1 and k,, = 1. In that case,
equation (7.5) simplifies to

[AFToTo] - [AL] = 7*[ATT1] - [Aro] + 27 [AT] - [Ara] - [A]]. (7.6)

The proof of (7.6) builds on what was already shown in Theorem 6.5, namely when two Ty
points collide the first derivative along the line vanishes. Now there are two possibilities. The
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first one is that the limiting point is a smooth point of the curve. This corresponds to the
locus AT T;. There is another possibility that the limiting point is a singular point of the curve.
This corresponds to the locus A%. On the set-theoretic level, this argument shows that the left-
hand side of (7.6) is a subset of its right-hand side. To show that the right-hand side is a subset
of the left-hand side, we need to show that every element of AfT; and AL can be obtained as
a limit of elements in AETOTO. It was shown in the proof of Theorem 6.5 that every element
of Ty arises as a limit of elements in ToTy. To complete the proof here, it is enough to show
that every element of Ale can be obtained as a limit of elements in AETOTO. The argument
for it is the same as how we showed (at the end of the proof of Theorem 6.5) that every element
of ToT; arises as a limit of elements of ToToTy. The crucial fact that was used there is that fig
is indeed a local coordinate on the space ToTo. The proof of Proposition 7.3 shows that fig
is a local coordinate on AETQTO. This completes the proof about why every element Ale can
be obtained as a limit of elements in AT ToTg. In particular, this justifies the first term on the
right-hand side of equation (7.6).

The new thing we need to do for completing the proof of equation (7.6) (on the set-theoretic
level) is to show that every element of A} can be obtained as a limit of elements in AfT(Ty.
To prove this assertion, switch to affine space. Let f belong to (AII_)AH. As before, the line is
the z-axis. For convenience, set the nodal point to be the origin. Hence, the expression for f is

given by
Fla) = 2202 1 fuay + 1202 4 R, y),

where the remainder term R(x,y) is of degree three or higher.
We now try to construct a curve f; close to f, such that f; passes through the origin, passes
through (¢,0) and has a nodal point close to (0,0). The expression for f; is given by

ftzo ft02 2

Joz

f( ) ft1ox+ftmy7L

First of all, f;,, and f;,, are small. It is required that ft has a nodal point close to the origin.
Hence, we need to find (u,v) # (0,0) but small, such that

l’ Jrftn-Ter + e

fi(u,v) =0, (ft)z(u,v) =0 and (ft)y(u,v) =0. (7.7)
To solve (7.7), using the facts that (f¢).(u,v) =0 and (f;)y(u,v) =0 it is deduced that
ftlo = _Uftu - uft20 - Rfli(“?”) and ft01 = _uftu - Uft02 - Ry(u’v)' (78)

Plugging in these values for f;,, and fi,, from (7.8), and using the fact that fi(u,v) = 0, it
follows that

f t20 f t02

2002 A+ fryyuw +
where Rg(u, v) == —272(u, v) + 2uRy(u,v) + 20Ry(u, v).

We now try to solve u in terms of v using (7.9). Since the curve has a genuine node at the
origin, it may be assumed that the hessian is non-degenerate; in other words, fi,, fty, — ftZ1 L is
nonzero. Hence, after making a change of coordinates and using the fact that the remainder
terms Ra(u,v) is of order three, it is deduced that there are two solutions to equation (7.9)

20202 L Ro(u,v) =0, (7.9)

given by
_ [£2 _
" ftu + ftn ftzoftm v+ 0(1}2)
ftzo
—ftrs = \/fEy = Frao S
or w— 11 t11 20J t0o2 v + O(,UQ)

ft20
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2 . . . . 2
Here 1/ fi, — fta0 fto, 18 @ specific branch of the square root, which exists because ff., — fi,0 ftos
is nonzero. Hence, the above solution can be re-written as

—fen £\ f2 — feo ke
u=Av+0(v?), where A := - o i (7.10)

ft20

Now impose the condition that the curve passes through the point (¢,0). Using (7.10) and the
condition that f;(¢,0) = 0, it follows that

t=2 (W) v+ O(v?). (7.11)
t20

Hence, the condition of making the two points equal (namely setting ¢ = 0) has a multiplicity,
which is is given by (7.11). For each value of A, the multiplicity is one. Since there are
two possible values of A (corresponding to the branch of the square-root chosen), the total
multiplicity is two. Hence, when we intersect with the class [g1 = ¢o], each branch of A}
contributes with a multiplicity of 1 resulting in a total multiplicity is 2. By a branch we refer to
each distinct solution to equation (7.7) of a neighbourhood of AFTOTO inside A1 This property
of multiplicity finally shows that (7.6) is true on the level of homology.

We now prove the next case where n = 1 and k, = k — 1 with £ > 3. In that case,
equation (7.5) simplifies to
[ATTL_oTo] - [AL] = [ATTi ] - [Ar] + [PE2A] - [Ar] - [AL]. (7.12)

In order to prove (7.12), we build on what has already been proved in Theorem 6.5. The
justification for the first term on the right-hand side of (7.12) is the same as in the proof of
Theorem 6.5. In order to show that every Aka_l point can be obtained as a limit of Aka_l,
we use the fact that f;_;o is indeed a local coordinate on ATTk,Q as seen in the proof of
Proposition 7.3.

The new thing needed is to justify the second term on the right-hand side of (7.12). In
particular, it is needed to show that every element of P(E=2)A, can be obtained as a limit of
elements in A'I:TOTk_Q. To prove this assertion, restrict, as before, to affine space.

Let f be a curve that belongs to P®~2)A;; the line is set to be the z-axis and the nodal point
is set to be the origin. We try to construct a curve f; that is tangent to the x-axis at the origin
to order k — 2 (i.e., it is an element of Ty_o). It is given by

ft(‘rvy) = Uy+ P$k_1 + ft11xy+ ft02 2

R(z,y) = 2" A(x) + y2?B(z) + yQC(az, Y) and C(0,0) = 0.

+ QzF + R(x,y), where

Notice that f;,, is written as u. Assume that Q # 0. Next, impose the condition that the curve
also passes through (¢,0). In other words, f;(t,0) = 0. Using this equation and dividing out
by t, it follows that P = —Qt + O(tz). Now impose the condition that the curve has a node
at (z,y). Hence, fi(z,y) =0, (f1)z(z,y) = 0 and (f;)y(z,y) = 0. We are looking for solutions
where u, ¢,  and y are small and (x,y) # (0,0). Using the equation (f;),(x,y) =0, it follows
that

r=—t Ve gy, (7.13)
ftu ftu
where the error term E(u,y) is of second order in (u,y). Next, plug this in the equation
(ft)z(x,y) = 0 and solve for y in terms of u and ¢. This produces

(=1)ky = RQ - 1+( DQ k- 2t + & (u,t), (7.14)

ftll ft11
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where the error term &(u,t) is of order k in (u,t). Plugging all this in fi(z,y) = 0 gives an
implicit relationship between w and ¢. Note that u cannot be zero. This is because if u were
zero, then y would be zero (equation (7.14)) and as a result x could be zero (equation (7.13)).
This is a contradiction, since we are looking for solutions where x and y are not both equal to
Zero.

Next, notice that the expression for f;(x,y) contains a factor of u3. Since u # 0, we can
cancel off the factor of u? and get a simplified implicit expression for u and t. Now we can
directly solve for u in terms of ¢ and conclude that v = —f;,,t + O(tQ). Plugging this back into
the expression for z, gives

xz=t+O0(t). (7.15)

These solutions are the only solutions. Hence, from the expression for z (namely (7.15)), it
follows that the multiplicity of the intersection is one. This proves equation (7.12).

Notice that the nearby curve was constructed by specifying the value of u (which is fy;) and P
(which, up to a constant factor of (k—1)!is fr_1,0). Now we note that on top of Tj_2, both fo;
and fi_1 0 are indeed local coordinates (as seen in the proofs of Propositions 6.3 and 7.2). The
general case of Theorem 7.5 (when n > 1) now follows in an identical way. |

These next few results enable us to enumerate curves tangent to a line at multiple points and
one node lying on the line, such that one of the branches of the node is tangent to the line to
some given order. We state the first one of these results.

Theorem 7.7. Let n, v and ki,ko, ..., k, be nonnegative integers. Then the following equality
of homology classes of l\/IiLJrl holds:

T [POAT, Thy o Th ] 71 [To)

= [POAT, Thy o T, To] + D (ki + D [POA T Thy o T, ] - (Al
=1
+r+2)m [POA T Thy - Tro ] - [AL4], (7.16)

provided d >n + k +r + 2.

Proof. This is a generalization of Theorem 6.2. The new thing needed is to justify the third
term on the right-hand side of (7.16). The special case of the theorem where n = 0 will be
proved first. In this special case (7.16) simplifies to

™ [PUAL] - 7i[To) = [PUAITo) + (r + 2)7* [POA] - [Al]. (7.17)

On the set-theoretic level, the justification is the same as before (the first term corresponds to
when the two marked points are distinct, while the second term corresponds to the case where
the two marked points coincide). The reason that the first term on the right-hand side of (7.17)
appears with a multiplicity of one is because the intersections are transverse (this is the content
of Proposition 7.2).

The new thing that we have to justify is the multiplicity of (r 4+ 2) for the second term on
the right-hand side; let us justify that. As before, we switch to affine space. Set the P(A;
point to be the origin. The situation now is that we have a nodal curve such that one of the
branches of the node is tangent to the z-axis to order r (at he origin). Hence, the curve f is
such that foo, fi0, fo1, f20, .- -, fr+1,0 all vanish. The function f is given by

o) = ZE5a (),
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where yR(x,y) is a remainder term. Now consider the evaluation map

Plf.a) = £(2.0) = a2

The order of vanishing of ¢ is clearly r + 2, provided f,120 # 0. But that assumption is valid,
since to compute the order of vanishing, we will be intersecting with cycles that correspond to
constraints being generic. Hence, the order of vanishing is 7 + 2. This proves (7.17) on the level
of homology.

The general statement of Theorem 7.7 is now similar to how Theorem 6.2 is proved. |

We prove the next theorem.

Theorem 7.8. Letn be a positive integer, k1, ks, . .., kn,—1 nonnegative integers and k,, a positive
integer. Then the following equality of homology classes holds in H*(M:TLL—‘,-I;R) :

[POA Ty oo Ty Thuo1To) - [AS ] = 7 [POATH . Th] - [Anns], (7.18)
provided d >n +k +r + 1.
Proof. This is a generalization of Theorem 6.5; the proof is the same. |

The final result is as follows.

Theorem 7.9. Let v be a positive integer. Then the following equality of homology classes hold
n H, (I\/I%; R) :

[PO=DATo] - [(A])7] = [PDA] - [Al], (7.19)
provided d > r + 1 and where the class [(A%)L] is defined as

[(AD] := b1 + a1 — w1

Proof. First (7.19) will be proved on the set-theoretic level. We switch to affine space. As
before, the line is the z-axis. Set the PU~YDA; point to be the origin and the Ty point to
be (¢,0). Let f; be a curve that has a P A; point at the origin and a Ty point at (t,0). The
former condition says that the first r derivatives with respect to x vanish at the origin. The fact
that the curve also passes through (¢,0) tells that the (r + 1)-th derivative is given by

_ Jr+2,0 2
frir0= <r+2)t+0(t ).

Hence, as t goes to zero, f,10 vanishes. Furthermore, the curve has a node at the origin. Hence,
in the limit, the curve belongs to P("MA;.

To complete the proof on the set-theoretic level, it suffices to show that every element of P A;
arises as a limit of elements of PU~YA;Ty. The proof is exactly the same as how we show
every element of T,11 is a limit of elements of T,Ty. The multiplicity of the intersection also
follows in the same way. This proves (7.19) on the level of homology and completes the proof
Theorem 7.9. |

Finally, we note that the expression for the homology class [Af ] can be computed using the
results of [1]. We give a new way to derive that expression in Section 9. For now, assume that
the expression for [A[] is known (which in Section 9.1, given by (9.1)).
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We now explain how to compute all the characteristic numbers involving the class [Akal .
Tk,]. Using equations (7.4) and (7.18), we can reduce it to a question of computing char-
acteristic numbers involving the classes [ATTy, ... Ty, 1] and [P(k"_l)AlTkl ... Tk,_,]. Using
equations (7.16) and (7.18), this ultimately reduces to the computation of all intersection num-
bers involving the class [P(T)Al]. Using equations (7.19) and (7.16), this finally reduces to
the computation of [A}]; this can be computed from equations (9.1) and (7.1). Hence, all the
intersection numbers can be computed.

8 Counting 1-cuspidal curves
with multiple tangencies of first order

In this section, we show how to enumerate one cuspidal curves with first-order tangencies. We
continue with the set up and notation of Section 7. In addition, we need to define two new
spaces. Define Ag C I\/Ié to be the subset of all (Hy, Hy,p) € M[l) such that H; has a cusp at p.
Similarly, define A% - M(l) to be the subset of all (Hy, Hy,p) € I\/I(l) such that

e The curve H,; has a cusp at p.

e The point p lies on the line H;.

Note that

48] = [AS] - (o1 + b 1)
this is because intersecting with (y; + b1) corresponds to the point p lying on the line. Let
us now prove a few transversality results. In the following propositions, n, ki, ks,...,k, are

nonnegative integers and k := k1 + ko + -+ - + ky.
Proposition 8.1. The space ASTy, ... Ty, is a smooth submanifold of ML, provided d > k-+n-+2.
Proposition 8.2. The space A'Q-Tkl ... Tk, is a smooth submanifold of M}, provided d > k+n-+2.

Proof of Proposition 8.1. We show that AfT,, ... T, is a codimension one submanifold
of AFTy, ... Ty,. We first prove it for n = 0, i.e., we show that Af is smooth codimension
one submanifold of Af. As before, we switch to affine space. Let (Af) A Pe as defined in
equation (7.2). Define the map

pr (AD), e —C,  (f.(2,9) — (Foafyy — f2) (@, y).

It suffices to show that whenever (a,b) is a genuine cuspidal point of f, the differential of ¢ is
surjective.

In order to prove that claim, assume that (f,(a,b)) € ¢~ 1(0) and that (a,b) is a genuine
cuspidal point of f. In that case, fyz(a,b) and fy,(a,b) both can’t be zero, because otherwise,
even fzy(a,b) would be zero, making (a,b) a triple point of f (i.e., it is not a genuine cusp).
Assume that fy,(a,b) # 0. Define the polynomial 1 given by n(z,y) := (z — a)?. Define the
curve vy given by y(t) := (f + tn,z,y). We note that v(t) lies in (Af)
small. We now note that

{del(£,(ap) (V' (0) = fyy(a,0)nez(a,b).

Since fyy(a,b) # 0 by assumption and 7, (a,b) # 0 by our construction of 7, we conclude that
the differential is surjective. Note that if fy,(a,b) = 0 (which means in turn that f;,(a,b) # 0),
then we would have defined n(z,y) := (y — b)2. In that case, we would get

{dol (,(ap) (V' (0)) = faz(a, b)nyy(a,b).

This is again nonzero. This completes the proof of the proposition for n = 0.

A Since t is nonzero but
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The rest of the proof (for n > 1) is now identical to the proof of Proposition 7.3. The only
change we need to make is in equation (7.3) where we define #. That definition is replaced by

Owy) = { (r—a)® ifb=0, a#0. (82)

Modulo that redefinition of 6, the proof is identical. |

Proof of Proposition 8.2. We show that ATy, ... T, is a codimension one submanifold
of AbTy, ... Ty,. We first prove it for n = 0, i.e., we show that AL is smooth codimension
one submanifold of AL. This is identical to the first part of the proof of Proposition 8.1, where
we show that Af is smooth codimension one submanifold of AF.

The proof for n > 1 is also identical to the second part of the proof of Proposition 8.1. The
only point to note here is that now since all the points lie on the line, # is unambiguously defined
via equation (8.2), i.e., 0(x,y) := (v — a)3. [

We are now ready to present our main results. The following result enumerates all one
cuspidal curves with tangencies at multiple points but all are of first order.

Theorem 8.3. Let n be a nonnegative integer. Then the following equality of classes in
H*(M}Hl,R) holds:

n
* [Ag T1T1 PN Tl] . 7T:;+1[T0] = [Ag T1T1 ce T1 To} + Z 27 [Ag T1T1 PN Tl] . [Ai,n+1]7

n n i=1 n
provided d > 2n + 2.
Proof. This is simply a generalization of Theorems 6.2 and 7.4; the proof is identical. |

Theorem 8.4. Let n be a nonnegative integer. Then the following equality of classes in
H*(M}HQ,R) holds:

T [ASTiT1 .. T1 To] - 70 [Tol

n

= [ASTiTi... T ToTo] + Z; 2 [AE T1T1 ... T1 To] - [Ainto]
+ A TiT1 T To] - [Antinsal,

n
provided d > 2n + 3.
Proof. This is simply a generalization of Theorems 6.2 and 7.4; the proof is identical. |

Theorem 8.5. Let n be a positive integer. Then the following equality of homology classes hold
in H.(ML, :R):

ATy Ty ToTo] - [AL41]
n—1
= [AS T T a+ 3 [AS Ty Th) - [Apnsa] - [An 4], (8.3)

n n—1

provided d > 2n + 2.
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Remark 8.6. Let us explain how to extract numbers. On M., consider the following classes,
given by

. .Tr, Si1V1 €1 € e T, SLV1ITER E1 En—1
a = yrygbitalt .. ant and B=yryab' et oa

Intersecting both sides of equation (8.3) gives us

AT Ty TaTa] - [Af,0] o= (AT Tl o 3[AS To T 5.

n—1 n n—1

Proof. This is a generalization of Theorems 6.5 and 7.5. We first prove the special case
where n = 1. Then (8.3) simplifies to

[ASToTo] - [Afy] = 7*[AST1] - [Ara] + 37 [AL] - [Ara] - [Af]. (8.4)

To prove (8.4), we proceed in a similar way to how we proved equation (7.6). The first term on
the right-hand side of (8.4) is justified in the same way as the first term on the right-hand side
of equation (7.6). Next, we justify the second term.

On the set-theoretic level, we need to show that every point of AL arises as a limit of A5 T To.
As before, we will be working in affine space. Take f € (/—\'2') afe As usual, the line is the -
axis and the cuspidal point is the origin. Assume that fag # 0; here f;; denotes the (i, 7)-th
derivative at the origin. Let f; be a curve close to f that passes through the origin and also
passes through (¢,0). The Taylor expansion of f; is

(T, Y :uy+Px+ft2° 22+ f $y+ ft11 yz—i-@x?’
11

ftzo 6
+ ft221332y+ ft212 ftosyS —|-54(.73 y)

where the error term &;(x,y) is fourth order in (z,y). Here fi,, is denoted by w and f,, is
denoted by P.

Now impose the condition that the curve passes through (¢,0), so f;(¢,0) = 0. This implies
that

f t20
2

P=—=20¢40(t%).

Now impose the condition that the curve has a cuspidal point at (x,y). This implies that

ft(l',y) = 07 (ft)cc(x;y) = 07 (ft)y(l’,y) =0 and
Hft (z, y) = ((ft)xm(ft)yy — (ft)?cy) (.%‘, y) =0.

Using the conditions that (f;),(x,y) =0 and (f¢)y(z,y) = 0, it follows that

ft220t = ft11 + xftQ() ft212 2 + ft21xy + ft230 2 + 53(:1; y) and
cu= (s 20 Y sy T b ey + a4 ), 55
20

Next, use the condition Hy,(x,y) = 0 to conclude that

f211f30 2 11J012 f211f21
—S:(ft12+ tft%: )$+<ft30— f}tjt + tf%: )y
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Finally, plugging all these in f;(x,y) = 0, it follows that

ftQHft:so . ftlg)

2
_(ft20x+ft11y) _ hxiﬁ _ ft21x2y+xy2 <

2ft20 3 2f15220 2
Jtos Tt ftrs ft211 ft21> 3
+ < - + y° = 0. (8.6)
6 ft20 2ft220

Next, make the following change of coordinates:
T = frp0® + ft1,Y and yi=y. (8.7)

Note that this is a valid change of coordinate because f;,, # 0. Under a further genericity
assumption on the third derivatives, we can make a change of coordinates (centred around the
origin) so that (8.6) can be rewritten as

-5 =0. (8.8)

Equation (8.8) has exactly one solution close to the origin, namely

3 and g =07% (8.9)

=

Using (8.5), (8.7) and (8.9), it follows that

2
t =

=5 v* 4+ 0(v?). (8.10)
20

Since we are setting ¢t to be equal to zero to obtain the A% point, (8.10) implies that the
multiplicity of the intersection in the second term on the right-hand side of (8.4) is 3. This
proves (8.4). Note that the assumption fi,, # 0 and the genericity assumption of the third
derivative is valid, since to compute the multiplicity of intersections, we will intersect with
a generic cycle. The general case now follows as before. |

Theorem 8.7. Let n be a nonnegative integer. Then, the following equality of homology classes
hold in H, (M}LH, ]R) :

[AIZ_MTOTO] ' [Alr'z+1,n+2] = [Ali‘Tl - T] - [Anginta), (8.11)
n n+1
provided d > 2n + 4.

Proof. This is a generalization of Theorems 6.5 and 7.8; the proof is the same. |

Remark 8.8. Let us explain how to extract numbers. On M} 1o consider the following classes,
given by

. T, 81V E1 En+2 T, 81V E1 En+1t+En42
a =y ygbyat .oy and B = yiygbitayt .. .a, .

Intersecting both sides of (8.11) with « gives us

[ASTu Ty ToTo] - [Alr ] o= [ASTL. . Th] -5

n n+1

The next theorem is as follows.
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Theorem 8.9. Let n be a nonnegative integer. Then the following equality of classes in
H,(M} 1, R) holds:

71'* [AIQ' T1T1 N Tl] . 7T,:;+1[T0]
= [ASTiTy... Ty To] + ; 2 [ASTiTy ... Ty - [Ai ]

+2r [AS T T T - [Ar 4], (8.12)

n

n

provided d > 2n + 3.

Proof. This is a generalization of Theorem 7.7. The new thing we need to show is to justify
the third term on the right-hand side of (8.12).
We first prove the special case of Theorem 8.9 where n = 0. In this case, (8.12) simplifies to

7 [AS] - i [To] = [A5To] + 2% [AL] - [Al]. (8.13)

We prove equation (8.13) in a similar way to how we proved equation (7.17). The justification
for the first term on the right-hand side of (8.13) is same as the justification for the first term on
the right-hand side of equation (7.17). The new thing we need to do is justify the second term.
On the set-theoretic level, the second term is clear. What we need to do now is justify the
multiplicity of 2. For convenience, set the A'Q- point to be the origin. We are now going to study
the multiplicity with which the evaluation map vanishes at the origin. Note that the curve f is
such that foo, f10, fo1, fe0fo2 — f121 all vanish. Further assume that fog # 0. Consequently, the
curve is given by
2
Fa) = 2202 1 puay + 2 4 R, y),
Jfo2
where R(z,y) is a remainder term of order three. The order of vanishing of the evaluation map
should be 2. To see why that is so, consider the evaluation map

p(f,2) = f(z,0) = %:ﬁ +0(2%).

Since by assumption fop # 0, we conclude that the order of vanishing is 2. The assumption
that fog #£ 0 is valid, since to compute the multiplicity of intersections, we intersect with generic
cycles. This proves (8.13) on the level of homology. The general statement now follows simi-
larly. |

Theorem 8.10. Let n be a nonnegative integer. Then the following equality of classes in
H*(M}HQ,R) holds:

T [A5T1T1... Ty To] - mh o [To]
n
= [A5TiTy... Ty ToTo| + 2" [ASTiTy... Ty To] - [ALL]
n n

+ AT Ty Ty Tol - [Apsnge] + ) 27" [ASTi Ty Ty Tol - [Anal,

n =1 n

provided d > 2n + 4.
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Proof. The proof is the same as that of Theorem 8.9. |

Finally, we note that the expression for the homology class [Ag] (Which is an element
of H*(I\/l(l), R)) can be computed using the results of [1], given by

[AS] = (12d® — 36d + 24)y3b7 + (8d — 12)y3b1 + 2yj.

Using equation (8.1), we can compute [A'ﬂ as well. Hence, using the same reasoning given at the
end of Section 7 and using the theorems proved in this section, we conclude that all intersection
numbers involving [Ag Ty.. .T1] can be computed.

—_——

n
9 Counting singular curves

In this section, we derive our Main Result 2.2. We begin by asking the following question:
How many 1-nodal degree d curves are there in P? that pass through 5q — 1 (see (6.1)) generic
points?

We solve the above question by treating it as a special case of the following more general
question: how many pairs are there, a line and a degree d curve, such that the line passes
through m generic points and the curve passes through d; —m points and the curve has a nodal
point lying on the line? Note that the answer to this question is automatically zero if m > 3,
since a line does not pass through three generic points. Fixing the line corresponds to setting m
to be equal to 2 (since a unique line passes through two points). The answer to our original
question is obtained when m = 1.

In order to solve the above question, we first consider the space of curves with a marked
point p at which the curve is tangent to the line. On this space, we impose the condition that
the derivative of the curve in the normal direction vanishes. That precisely means that the curve
has a node at p.

Taking the derivative in the normal direction induces a section of an appropriate bundle.
This bundle is described in detail in Section 9.1 (see equation (9.8)). Hence, computation of the
Euler class of this relevant bundle yields the desired number.

We now explain how to enumerate curves with one tacnode. Before that there is small
digression. We first try to solve the question of enumerating curves with two nodes. However,
both the nodes are required to lie on a given line. Consider the space of curves with three
marked points x1, x2 and x3, such that all the three points lie on the curve and the line while
the curve has a node at the point x;. Pictorially, such a curve looks as follows:

\l’l/_\qu s /

N\
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Now impose the condition that xo and x3 become equal. This results in the following objects:

12_%/

/\

Next impose the condition that the derivative of the curve at xo in the normal direction
is zero. This corresponds to the curve having a node at x3. However, there is a degenerate
contribution to the Euler class, which occurs when x1 and x2 come together, as is seen by the

following picture:

T1 = T2 =1T3

In the above picture, one of the branches of the node is tangent to the given line of second
order. Subtracting off this degeneracy allows us to solve the problem. In particular, we can
count the number of pairs consisting of a line and a degree d curve, such that the line passes
through m points, the curve passes through n points with m +n = 64 — 2 (see (6.1)) while the
curve has two nodes lying on the line. When m = 2 and n = d4 — 4, it corresponds to case
where the curve has two nodes on the same fixed line. On the other hand, setting m = 0 and
n = d4 — 2 corresponds to the case where the two nodes are free.

For tacnodes, we use the fact that they occur precisely when two nodes collide. Consider the
space of curves with two nodes x; and x5, both of them lying on a given line. Now impose the
condition that x1 = x9, and the following object is obtained:

N N\
A

Figure 2. Two nodes on the line limiting to a tacnode.

Next assume that the line passes through m points and the curve passes through n points,
where m +n = §4 — 3. The case where m = 0 and n = 3 gives the number of degree d curves
through §; — 3 generic points that have a tacnode.

To summarize, we have been able to solve the following questions about enumerating singular
curves:

e Plane curve of degree d having a node.
e Plane curve of degree d having two distinct nodes.

e Plane curve of degree d having a tacnode.
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Let us now implement this idea precisely. Similar to Af and Ag , define Ag C I\/Ié to be the
locus (Hi, Hy,p) such that Hy has a tacnode at p. Furthermore, define ATAF € M2, to be the
locus (Hi, Hg, p1,p2) such that Hy has a node at p; and py and p; and ps are distinct. The
following formulas will be proven in this section:

[AT] = (3d — 6d + 3)yab? + (3d — 3)y3b1 + v, (9.1)
[Af] = (50d* — 192d + 168)y3bT + (25d — 48)y3b1 + 5y  and (9.2)
[ATAT] = (9d" — 36d° + 12d° + 81d — 66)y;b7b5

+ (9d* — 27d* — d — 30)y3b1b3 + (9d* — 27d* — d — 30)y;b7bs

+ (3d* — 6d — 4)yjbi + (9d% — 18d + 2)ygbiba + (3d> — 6d — 4)y;;b3

+ (3d — 3)y3by + (3d — 3)y5ba + ¢S, (9.3)

9.1 Counting 1-nodal curves

We prove (9.1). Recall that (7.1) says that the class [A}] can be computed by multiplying the
class [Aﬂ with (y4+ b1). Note that knowing [A'ﬂ does not — a priori — give [Aﬂ Nevertheless,
it will be shown that knowing [A'ﬂ in fact does give the class [Aﬂ

First of all, we note that [Aﬂ is a codimension 3 class in M(l). Hence, it is of the form

F i1
(AT = D Cyyibi.
i+j=3,
1,720,
J<2
There is no term involving 3, because it is the pullback of a class in Dy x X!. We also note
that j can not be greater than 2, since b} is zero. Hence, it suffices to compute the following

three numbers C1s, Cy1 and C3y. Next, we note that
Sq—1 5q—2 dqa—3
Cia = [AT] iy, Car=[Al]-uiyy bt and  Cso = [AT] - yiyg bl

It is rather straightforward that C; is the number of degree d curves passing through §; — 2
generic points with a node lying on a line; intersecting with yg’i — 2 makes the curve pass
through 64 — 2 points and intersecting with b; makes the nodal point lie on a line (the line
represents the class b1). But that can also be obtained as an intersection number involving the
class [A'l'], namely

Cor = [AY] - iy . (9.4)

Hence, knowing [AH gives the coefficient Co;.
Next, observe that C}2 is the number of degree d curves passing through §; — 1 generic points
with a node. Hence, one concludes that

Ci2 = [A]] Sy (9.5)

Indeed, intersecting with ygdfl makes the nodal curve pass through d; — 1 points. For each such
curve, the nodal point is now fixed. Intersecting with y; now fixes a unique line. Hence, the
right-hand side of (9.5) gives us Cj.

Finally, note that Csg is the number of degree d curves passing through §; — 3 generic points
with a node located at a fixed point. A similar argument gives that

Cy = [Ali] 'y%blyflrg- (9.6)

Hence, in order to compute [Aﬂ it suffices to compute [AH
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We do the intersection theory on I\/I(l]. Think of T; as a subspace of M(l) :=D; x Dy x X1
Let (Hy, Hg,p) € T1 and suppose that the curve Hy is given by the zero set of the polynomial fy.
Furthermore, suppose that the line is given by the zero set of fi. This gives us the following
short exact sequence

0 —KerVfil|, — TX', — ¥h, ®vi1 — 0. (9.7)

Here vp, and yx1 denote the tautological line bundles over D; and X! respectively and D,
and 7% denote their duals. The first nontrivial map in equation (9.7) denotes the inclusion
map into the tangent space T'X l\p. The second map denotes the vertical derivative V f1|,. This
map is surjective since the point p is not a singular point of the line ffl(()) (all points of a line
are smooth). Define the line bundle . — Ty, whose fiber over each point is KerV fi|,.

We now impose the condition that the derivative of f; in the normal direction to the line
is zero. This means that V fy|,(u) = 0, Vu € (TX'/L). Taking the derivative along u induces
a section of the vector bundle

V= (TX'/L)" ® 5, ® (vi1)™ (9.8)
Hence,
[AT] = [T1] - (ya — y1 + (d — 1)by). (9.9)

The second term on the right-hand side of (9.9) is the Euler class of V, which can be computed
using (9.7). Using the results of Section 6, all intersection numbers involving the class [T]
can be computed. Hence, (9.9) enables us to compute all intersection numbers involving the
class [AL]. As a result, using (9.4), (9.5) and (9.6) one obtains (9.1).

It remains to prove that the intersection in (9.9) is transverse. But this is precisely the
content of the proof of Proposition 7.2, with n =0 and r = 0.

9.2 Counting 2-nodal curves

We now prove (9.3). First of all, note that [AEAT] is a codimension 6 class in I\/Ig. Hence, it is
of the form

[ATAT] = ) Cujryiblbs. (9.10)
i+j+k=6,
0,J,k>0,
Zikgz

There is no term involving ¥, because it is the pullback of a class in Dy x X! x X?2. We also note
that j or k can not be greater than 2, since b3 and b3 are both zero. We also note that Cijr = Cikjs
this is because the map from AEAT to itself, that permutes the two marked points is a bijection.
Hence, it suffices to compute the following five numbers Cogo, C312, Cy29, Ca11, C510 and Cgop.
We perform intersection theory on M2. Define AYA} € M2 to be the locus (Hy, Hy,p1, p2) such
that curve Hy has a node at the two distinct points p; and ps. Furthermore, the two points p;
and po also lie on the line Hy. Let us for the moment assume that we can compute all intersection
numbers involving the class [A'{AH It will now be shown how to compute the numbers Cjjj
from this information. In particular, it will be shown that

Cazo = [AYAT] -y 72 Chio = [ATAL) - 907%01,  Cuno = [AYAL] - 4003,
Canr = [AYA}] -ydd Thiby,  Csio = [AYAY] 457003 and
Cooo = [AYAL] - 45 ~Ob303. (9.11)
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We start by justifying the expression for Ca92. Note that by definition Cazo = [AfAﬂ . y%ygd_2.

Hence, Ca99 is equal to the number of degree d curves passing through d; — 2 points and having
two (ordered) nodal points. This is the same as the right-hand side of the first equation of (9.11).
Let us see why this is true. Intersecting [A'{A'ﬂ with ygd_Q corresponds to making the curve
pass through d; — 2 points. By definition of [A%AH, both the nodal points lie on the line. Since
there are two nodal points, the line is now fixed. This proves the first assertion of (9.11). The
remaining five assertions of (9.11) can be seen similarly.

Hence, we have shown that to prove (9.3), it suffices to compute all intersection numbers
involving the class [ALAL]. To explain how to compute those numbers, think of A{T; as a sub-
space of MZ. Let (Hy, Hg,p1,p2) € A%Tl. We now impose the condition that the derivative
of the polynomial defining the curve Hy in the normal direction to the line H; vanishes at po.
Analogous to (9.9), it is tempting to conclude that [AYT1] - (yg — y1 + (d — 1)b2) = [A[AY]. Un-
fortunately, the above equation is incorrect. This is because when p; and ps collide in the closure
we get a PDA, as can be seen intuitively by the following picture:

b2 p1= D2
P1 P2

P Edyl+(d1)bﬂ:/U\/+

In other words, we are claiming that on H, (I\/I%; R), the following equality of homology classes
hold

[ATT1] - (ya — y1 + (d — 1)by) = [AYAY] + [PWA] - [AM]. (9.12)

Here Al! denotes the locus of points (Hy, Hg, p1,p2) € M3 such that p; = ps. We first explain
how to extract numbers from this equation. Let o and 8 be classes in H*(Mg; R) given by

a = ylyg it b3? and B = yiysbi e,

Using equation (9.12), we conclude that

[AYT1] - (ya — y1 + (d— 1)ba) - = [ATAY] -+ [PWA] - 8 (9.13)
= [ALA] - = [AIT1] - (o — 1 + (d = D)by) - o — [PA] - 8. (9.14)
By the results of Section 7, we can compute all intersection numbers involving the classes [A'{Tl}

and [P(I)Al]. Hence, using (9.14) we can compute all intersection numbers involving the
class [ATAY]. Hence, using (9.11) and (9.10), we get (9.3).

We now justify (9.12). First, it will be proved on the set-theoretic level. We switch to affine
space. As before, the line is the z-axis. We have already shown that (A'ifl) af 1S @ smooth
submanifold of .7-";{ x C2. The argument that the intersection of the cycles on the open part is
transverse is similar to how we have shown the earlier transversality statements. This justifies
the first term on the right-hand side of (9.13) (on the level of homology).

The second term will now be justified. One needs to figure out what happens when the nodal
point p; and the T point ps coincide. The following fact has already been shown: if at p; and po
the first derivatives of the polynomial defining the curve vanish (along the direction of the line),
then when p; and py coincide, the first and second derivatives of the polynomial vanish. This
was shown while proving that T; and T collide to form a T3. Notice that one does not need p;
and po to be smooth points of the curve for the argument to work.

Now note that p; is a singular point of the curve. Hence, when the two points collide, it will
continue to remain a singular point of the curve. Hence, we conclude the following: when p;
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and py coincide, the first two derivatives of the polynomial defining the curve vanish (along the
direction of the line). Furthermore, it is a singular point of the curve. Note that any element
of PMWA, satisfies these conditions. We now show that every curve in PMA; actually lies in the
closure.

Let (f,(0,0)) belong to (P(l)Al)AfF. Note that we are setting the P(A; point to be (0,0).
Hence, the Taylor expansion of f is given by
f02 . @xg f12 Jo3 )

2 +? Y

Jooa

flz,y) = fury + =~
We now try to find a nearby curve f; that has a nodal point at (0,0) and has a T point at (¢,0).
The Taylor expansion of f; is given by
ft20 ft02 2 ftso ft21 ft12 ftoa 3 ft40 4

6 y + y + 6 Yo+ 24 T+

We now impose the condition f(¢, 0) = 0 and (ft)m(t, 0) = 0. We can solve for this and get an
expression for fi,, and fi,,. Moreover, every solution is constructed by this procedure. Hence,
there is only one branch.

It remains to justify the multiplicity of the intersection. Consider the condition of taking
the derivative in the normal direction at the point (¢,0). This is given by (f:)y(¢,0). Written
explicitly, it is given by the map t — f;,,t. Assuming that f;,, # 0, the order of vanishing of
the above function at ¢ = 0 is one. This is a valid assumption, since to compute the intersection
multiplicity, we will be intersecting with generic cycles. This proves (9.13) on the level of
homology and hence, completes the proof of (9.3).

fi(x,y) = “222 + fi 2y + 22

9.3 Counting 1-tacnodal curves

We now prove (9.2). First of all, we note that [Ag] is a codimension 5 class in M[l). Hence, it is

of the form
> Cijyiabi.
H—] 5,

,J>O
712

There is no term involving %, because it is the pullback of a class in Dy x X'. We also note
that j can not be greater than 2, since b} is zero. Hence, it suffices to compute the following three
numbers Cso, Cy1 and C59. We make a small digression and discuss the condition of a singularity
being a tacnode. Recall Definition 7.1: the zero set of a holomorphic function f: U — C has
a tacnode at the origin if after a local (analytic) change of coordinates, the function can be
written as f(z,y) := y? + z*. Here U is an open subset of C? (with the usual topology of C).
A tacnode satisfies the condltlon that the kernel of the hessian is precisely one dimensional (i.e.,
the hessian is degenerate, but not identically zero). We call the kernel of the hessian of f to be
the distinguished direction of the tacnode. For the tacnode y? + 2* = 0, the tangent vector %
is the distinguished direction.

We now define PA3 C M} to be the locus (Hy, Hy, p1) such that curve Hy has a tacnode at p
and the distinguished direction of the tacnode is given by the line Hy. Pictorially, it is denoted

by the following picture:
\pl/Hl




36 I. Biswas, A. Choudhury, R. Mukherjee and A. Paul

Notice the difference between the spaces Aig and PAj; the latter lies in the closure of the
former. The space A'g is pictorially represented as follows:

p1

It will now be shown that computing intersection numbers involving the class [PAs3] enables
us to compute the numbers C;;. In particular, it will be shown that

Cao = [PA3]- 4573, Cy = [PA3] -4 by and  Cso = [PA3] -y %02, (9.15)
Let us justify the first term of (9.15), namely the computation of C32. Note that by definition,
Cy = [AS] - wiy' >

Hence, (39 denotes the number of degree d curves passing through d4 — 3 generic points and
having a tacnode. We now note that intersecting [PAs] with ygd_g’ makes the curve pass
through d; — 3 points. By definition of PAj, the line is now fixed because there is a unique
line that passes through the tacnodal point and is the branch of the tacnode. This proves the
first equation of (9.15). The remaining two equations follow similarly.

Hence, it has been shown that to prove (9.2), it suffices to compute all intersection numbers
involving the class [PAs]. It will now be explained how to compute those numbers.

Although we are enumerating curves with one singularity, the intersection theory will be done
on the two pointed space M%. Let (Hy, Hg,p1,p2) € A%Ak. Now impose the condition that the
two points p; and p2 come together. It will be shown shortly that when that happens, we get
a curve in PA3 (see Figure 2). In H, (MQ; R), the following equality of homology classes holds:

[ATAT] - (b1 + b2 — 1) = [PAy] - [AM]. (9-16)

We first explain how to extract numbers. Let a be a class in H, (I\/Icl); ]R). Intersecting both sides
of equation (9.16) with «, we get that

[PA3] - a = [ATAT] - (b1 + b2 — y1) - . (9.17)

Using the results of Section 9.2, we can compute all intersection numbers involving the class
[ATAL]. Hence, using (9.17), we can compute all intersection numbers involving the class [PA3].

We now justify (9.16). First of all recall the proof of the fact that when a T; point and
another Ty point collide, we get a T3 point. The proof in fact shows the following: suppose the
first derivative of f vanishes at p; and ps, then when the two points coincide, the first, second
and third derivatives coincide. The proof does not in any way require the points to be smooth
points of the curve. Hence, when two nodal points lying on a line coincide, the first, second and
third derivatives along the line vanish. Furthermore, the point is a singular point of the curve.
Note that any curve in PAg satisfies these conditions.

We now show that every element of PA3 lies in the closure. We switch to affine space. Let f
be a curve that has a PA3 point at the origin. Hence, the Taylor expansion of f is given by

fo2 fa1 fi2 fos -
f(z,y) = fury + 7y2 + 73522/ + 735212 + 6 3
fao 4 f31 3 fo2 5 9 f13 foa 4

— PES— PES— — 3 — ..
+24x+6my+4xy+6xy+24y+
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We now try to construct a nearby curve f; that has a nodal point at (0,0) and at (¢,0). We also
show that every nearby curve is of the type we have constructed.
The Taylor expansion of f; is given by

filz,y) = Jen 2 fenwy + Jwa oy Jiso sy Sy Jra 2 T s
2 2 6 2 2 6
ft40 4 ftsl 3 ftzz 2 2 f13 3 ft04 4
+24m+6xy+4xy+6:vy+24y+ .

We now impose the condition f¢(¢,0) = 0, (f¢)«(¢,0) = 0 and (f;),(¢,0) = 0. Using the equa-
tion (f)y(t,0) = 0, we can uniquely solve for f;,,. Next, using the equation (f¢).(t,0) = 0, we
can uniquely solve for f;,,. Plugging these two solutions in the equation f(¢,0) = 0, we can
uniquely solve for fi,,.

This gives us a procedure to construct a curve fy, close to f, that has a nodal point at (0,0)
and at (¢,0). Since our solution was unique, this implies that every nearby curve is of this type,
i.e., there is only one branch.

It remains to compute the multiplicity of the intersection. We are basically setting the z-
coordinate to be equal to zero. But the z-coordinate is . Hence, the order of vanishing is one
(since there is exactly one branch). This completes the proof of (9.17).

10 Counting rational curves

Finally, in this section, we give an alternative approach to enumerate stable maps with first-order
tangency. Before getting into the details, the idea will be outlined.

First of all, it may be recalled that we are counting maps, not zero sets of polynomials. We will
be considering the Kontsevich moduli space of maps of rational curves with two marked points,
i.e., we will be doing intersection theory on MQQ (]P’2,d). Denote an element of HQQ (IP’2,d)
as [u,y1,y2]. The letter u denotes a map from a possibly singular genus zero Riemann surface
to P? while y; and 1o are two distinct points on the domain. The square bracket is there since
we are looking at equivalence classes of such maps. Denote 1 := u(y;) and 3 := u(y2). Note
that x; and zo are points on the target space (i.e.7 IP’Q). Now consider the space of maps of
rational curves with two marked points and a line, such that the image of the curve evaluated
at those two points intersects the line. A pictorial representation of an element of this space is
as follows:

u(yr) = xl/\u(yg) =2

[\

Figure 3. Stable maps intersecting a line at two points.

On this space, now impose the condition that the points x; and x5 become equal. There are
two possibilities now that can be pictorially seen as follows: In the first case the corresponding
points on the domain also become equal, i.e., y1 = y2. This corresponds to the curve having
a tangency. In the second case, the corresponding points on the domains are not the same, i.e.,
y1 # y2. This corresponds to the image of the curve having a self intersection, so the curve
has a node. Hence, imposing the condition x; = x2, what we get can be summarized by the
following picture:
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Using the results of [2], all intersection numbers involving the second term on the right-hand
side of Figure 3 can be computed. Hence, we can compute the characteristic number of rational
curves tangent to a given line. Sections 10 and 11.4 contain a detailed computation along the
above line.

Finally, in Section 10.3, we pursue this idea again by making the points in the domain come
together. This is implemented by extending the idea behind the derivation of Kontsevich’s
recursion formula. We choose a suitable subspace of the four pointed moduli space M 4 (IP’Z, d)
and intersect it with the pullback of two divisors from M 4. Equating those two intersection
numbers, gives a recursive formula for the characteristic number of rational curves tangent to

a given line.
We now implement these ideas precisely. But first, we make a digression and review how
Gathmann enumerates rational curves tangent to a divisor.

10.1 A review of Gathmann’s approach to count curves with tangencies

In his papers [7, 9] and [10], Andreas Gathmann gives a systematic approach to solve the
following question: Let Y be a hypersurface inside P". What are the characteristic number of
rational degree d curves in P that are tangent to Y at a given point to order k7 Gathmann
successfully solves the above question for any ample hypersurface and any k. He goes on to use
this study to compute Gromov—Witten invariants of the quintic threefold.

Consider a special case of Gathmann’s result when Y is a line inside P? and ask the following
question: How many rational degree d curves are there in P2, that pass through 3d — 2 generic
points and are tangent to a given line? In this subsection we recapitulate Gathmann’s approach
to solve this question. The next subsection describes an alternative approach to the question
based on applying Figure 1 in the setting of stable maps (which is also discussed in [8, pp. 41]
and [14, pp. 1179-1180]).

Let us now describe Gathmann’s idea. The setup is modified in order to solve a slightly more
general question. The question we solve is as follows: How many pairs — consisting of a line and
a rational degree d curve, passing through m points and n points respectively — are there such
that the line is tangent to the curve and m+mn = 3d+ 1?7 The special case of m = 2 corresponds
to the line being fixed.

We start by describing the ambient space. Recall that MQO (]P’Q, d) is the compactification of
the Kontsevich moduli space of maps of rational curves (with no marked points). Let H denote
the divisor that corresponds to the subspace of curves that pass through a generic point. We
note that the intersection number |Mgq (IP’Q, d)] - H™ is computable via Kontsevich’s recursion
formula. For dimensional reasons, the above number is nonzero only when m = 3d — 1. On the
zero pointed moduli space, this is the only intersection number that is relevant for our purposes;
it is also called a primary Gromov—Witten invariant.

Now consider M0,1 (IF’Z, d), the one marked moduli space. As before, we have the divisor H
which corresponds to the subspace of curves whose image passes through a generic point. But
now, there are two other things as well. Denote the pullback (via the evaluation map) of the
hyperplane class in P? by ev*(b;). Finally, consider £ — My (}P’Q, d), the universal tangent
bundle, whose fibre over each point is the tangent space at that marked point. Denote the first
Chern class of the dual of this bundle by 9, i.e., ¥ := ¢1(L*). It is a standard fact that all the
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intersection numbers
(Mo, (B2, d)] - H™ - ev*(br)" - ¢ (10.1)

are computable for any choice of m, n and 6. This can be seen from the paper [12, p. 311,
Proposition 2.2]. When 6 is greater than zero, the above number is also called a descendant
Gromov—Witten invariant.

We now explain the geometric idea behind Gathmann’s method to enumerate rational curves
that are tangent to a fixed line, and how to modify his method when the line is not fixed but
is free to move in a family. Denote by M()Jc (IP)Q,d) the & marked moduli space. The pullback
of the hyperplane classes (via the evaluation map) are denoted by ev*(bi?),...,ev*(b*). Now
define M; as

My := Dy x Mo, (P? d) x P},

where P? denotes a copy of P? and D; denotes the space of lines in P2. The corresponding
hyperplane classes are denoted by a; and ;.

Note that an element of My consists of a line, a one pointed rational curve (namely an element
of Mo (IP’Q,d)), and a point of P2. The relevant classes that live in My are y1, H, ev*(by), 1,
and ap. Since we can compute all the primary and descendant Gromov—Witten invariants (i.e.,
the numbers in equation (10.1)), we can compute all the following intersection numbers:

[M1] - H™ - ev*(b7") - 47 -y - af. (10.2)
Now define (Tp)st to be the following subspace of My:
(To)st := {([f1], [w, 1], 1) € My [u(y1) = 21, fi(x1) = 0}.

Remark 10.1. Note the following fact: we are typically going to denote the marked point of
the domain by the letter y;. It is not going to cause any confusion with the other place where
the letter g7 is used, namely for the hyperplane class of D;.

Returning to the discussion, an element of (Tg)s; can be pictorially described as follows:

Let us now see how we can go about describing the class [(Tg)st]. First of all, note that
the condition fi(q1) = 0 is same as intersecting with the class (y; + a1) (see equation (6.3)). It
remains to figure out how to express the condition u(y;) = g1. Consider the map

evxidp: Mi— P2 xPE, ([fi], [u,y1), 1) — (w(yn), 21)-
The condition u(y;) = x7 is same as intersecting with the pullback of the diagonal, namely
(ev x idp2)*(Ap,q,). Hence, we conclude that

[(To)se] = (ev*(b7) + ev™(b1)as +af) - (1 + @) (10.3)

Since all the intersection numbers in equation (10.2) are computable, we conclude from equa-
tion (10.3) that all the intersection numbers

[(To)st] - H™ - ev™(01") - 4% -4 - af (10.4)

are computable.
We now define (T1)g¢. It is the subspace of (Tg)st, where the curve is tangent to the line at
the point x1. It is pictorially described as follows:
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Next, we explain Gathmann’s approach to compute intersection numbers involving the class
[(T1)st]. In the next subsection, we give an alternative approach to compute these intersection
numbers. Gathmann’s approach is best summarized by the following equation:

[(T)st] = [(To)st] - (¥ +y1 + a1). (10.5)

We explain why equation (10.5) is true. We note that for a rational curve [u, y1] to be tangent
to the line, the differential du|,, should take values in the tangent space of the line. In other
words, the differential dul,, has to vanish in the normal direction of the line. This condition is
interpreted as the vanishing of a section of an appropriate line bundle.

First of all, consider the line bundle L. — (Ty)s; whose fibre over each point ([f1], [u, 1], z1)
is the tangent space of the line f|° 1(O) at the point x7. This is basically the same line bundle
we defined in Section 9.1. For the convenience of the reader, we review the definition, namely
the short exact sequence into which the line bundle fits

0 —L — TP}, — 7, ® T2 — 0. (10.6)

The condition that [u,y1] is tangent to the line at z1 (namely that the differential dul,, vanishes
in the normal direction to the line) can be interpreted as a section of the following line bundle £*®
ev* (T]P’% / ]L). Using equation (10.6), we conclude that the Euler class of the above line bundle
is equal to (¢ + y1 + a1) which gives us equation (10.5).

Note that using equations (10.5), (10.3), and the fact that all the intersection numbers of
equation (10.2) are computable, we conclude that all the following intersection numbers [(T1)st]-
H™ - ev*(b]') - - yi - af are computable.

This idea can be pushed further to enumerate rational curves with higher order tangency.
However, starting from second-order tangency, there is a non-trivial geometric phenomenon that
occurs. In the closure of curves tangent to a given line, there are bubble maps. By a bubble
map, we refer to the following stable maps u € M, (P?,d) of degree d (see [13, Section 5.1]):

e The domain has finite number of components C; each isomorphic to P! and they are
meeting each other at nodes.

e Let u; = u|g, of degree d;. Then the image of u; and u; intersect at a common point
in P2, which is the image of the nodal point and the total degree of u is d = >, d;. If u;
is constant for some i, then it is referred as ghost bubble or ghost component.

These bubble maps are in the zero locus of the section that computes the second derivative.
Hence, one has to analyse a degenerate locus and subtract off from the Euler class. Gathmann
does that successfully in his papers [7, 9, 10] and is able to enumerate rational curves tangent
to any order.

10.2 A new method to count rational curves with first-order tangency

In this subsection, we give an alternate approach to enumerate rational curves with tangencies
based on Figure 1. This idea has been discussed in [8] (see p. 41) and [14, pp. 1179-1180]. The
idea presented has an obvious difficulty (namely the formation of self intersection). We overcome
that difficulty using the result of our paper [2].
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We continue with the setup of Section 10.1. We perform intersection theory on My, which is
defined as

My := Dy x Mo (P?, d) x P§ x P3.

The relevant classes that live in My are yq, H, ev*(by), ev*(b2), a1 and aj. Define the following
projection map mo1: My — My,given by o1 ([f1], [u, y1, y2], x1, 22) = ([f1], [u,y1],21). Basi-
cally, the map forgets the second marked point on M 02(]? d) Furthermore, it forgets the
second factor ]P’Q. The cycles that have been defined in the one pointed moduli space My can be
pulled back to the two pointed moduli space My via this projection map.

Now define the following divisor in the two pointed moduli space Mo,g (IP’Q,d). We denote
this divisor by the symbol [y; = y2]. The above symbol allows us to guess the divisor we will be
talking about: this divisor is represented by the space of stable maps with two marked points,
where the two marked points have coincided. It can be pictorially represented as follows:

Usually, in the literature, it is denoted by D({@},2;d,0) (see [6]). Note that this space can
be identified with the one marked moduli space M i (IP’Q, d). We now explain how to intersect
with this divisor. It is a standard fact that all the primary intersection numbers

[Moo(P?,d)] - H™ - ev*(b]") - ev* (b5?) (10.7)

are computable.

Now define (TOTO)St to be the following subspace of Ms: it consists of a line and a rational
curve and two marked points, where the two marked points lie on the line (see Figure 3).

It will be shown that the following equality of classes holds in Ma:

(ev*(b ) +ev*(by)ay + al) (y1 +ay) - (ev? (b%) +ev*(ba)as + G%) (1 +a2)
= [(ToTo)st] + [(To)st]- (10.8)

A slight abuse of notation is being made here. Equation (10.8) is an equality of classes in M.
The second term on the right-hand side, namely [(Tg)st] is a class in M;. However, we can
identify that as a class in My via the following process: we attach a ghost bubble at the marked
point and add one more marked point on the ghost component. This is the intended meaning
of the second term of the right-hand side.

The reason for why equation (10.8) is true is similar to why Theorem 6.2 is true (for the
special case n = 1 and k1 = 0). It has been shown in Section 10.1 that intersecting with

(ev* (b7) +ev*(bi)ar + af) - (y1 + ar)
is imposing the condition that the first marked point lies on the line. Similarly, intersecting with
(ev* (b3) +ev*(b2)az +a3) - (y1 + a2)

imposes the condition that the second marked point lies on a line. Intersecting with both of
them gives us the condition that both the marked points lie on the line. However, the two
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marked points can coincide. That gives us the degenerate locus corresponding to the second
term on the right-hand side of equation (10.8). Rewriting equation (10.8), one concludes that

[(ToTo)st] = (ev*(b7) + ev*(b1)ar + af) - (y1 + a1)
x (ev*(b3) + ev*(b2)az + a3) - (y1 + ag) — [(To)st)- (10.9)

Using equation (10.9), the fact that all the intersection numbers of equation (10.7) are com-
putable and the fact that all the intersection numbers in equation (10.4) are computable, one
concludes that all the intersection numbers

[(ToTo)se] - H™ - ev™(B") - ov* (852) - o7 - af" - a? (10-10)

are computable.
Next, define (Al)st to be the following subspace of the two pointed moduli space Mg 2 (IP’2, d)

(A1)t = {[u,y1.y2] € Moo (P?,d) | u(y1) = u(y2) }-

Also, define (Alf)st to be the following subspace of My

(Ali)st = {([f1], [w, y1,92], 21, 22) € Mo | [u,y1, 2] € (A1)sts
u(y1) = 1, u(ye) = 2, fi(z1) =0, fi(x2) = 0}.

Pictorially, the space (A%)St can be represented as follows:

T

We now explain how to compute the characteristic number of rational curves with first-order
tangency. On the space (TOTO)St, impose the additional condition that z; = x5. By the collision
lemma, this is same as intersecting with (a1 + a2 — y1). Hence,

[(ToTo)st] - (a1 + a2 — y1) = [(T1)st) + 2[(AT) - (10.11)

Again, we are making an abuse of notation here. Equation (10.11) is an equality of classes in M.
The first term on the right-hand side, namely [(T1)st] is a class in M;. However, we can identify
that as a class in My via the following process: we attach a ghost bubble at the marked point
and add one more marked point on the ghost component. This is the intended meaning of the
first term of the right-hand side.

We now see why (10.11) is true. We note that when we impose the condition z1 = x2, there
are two possibilities. The first possibility is that the corresponding points in the domain are also
the same and hence it corresponds to a point of tangency as given by the following picture:

u(yr) = m/\u(yz) =9 T = Ty
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This corresponds to the first term of the right-hand side of equation (10.11). But there is a
second possibility. The points in the domain can be distinct. This is a point of self intersection,
which is a nodal point. This corresponds to the second term in the right-hand side of (10.11).
The intersection occurs with a multiplicity of 2, because if a line intersects a nodal point of
a curve, then it contributes 2 to the intersection. Denote p as follows p 1= H™-ev*(b]!) - y] - ai*.
Rewriting equation (10.11) and intersecting with u, we conclude that

[(To)st] - 12 = [(ToTo)st] - (a1 + a2 — 1) - = 2[(A}) ] - - (10.12)

Since all the intersection numbers in (10.10) are computable, we conclude that the first term
on the right-hand side of (10.12) is computable. It will be shown in a moment that using the
result of [2], one can also compute the second term. Hence, the right-hand side of (10.12) is
computable for any p. This gives us an alternative way to compute the characteristic number
of rational curves tangent to a given line to first order. The reader can refer to Section 11.4,
where we have tabulated explicit numbers.

This idea can actually be pursued further. Suppose we wish to enumerate curves with second-
order tangency. Then as expected, we define the space (T1Tg)st. We then impose the condition
of the two points coming together. This results in two things. First of all we have curves with
second-order tangency. We also encounter curves with a node lying on the line, such that the
line is one of the branches of the node. Hence, we need to compute that number. In order to do
that, we define the space (AlfTO)st and require the points to come together. The two things we
get are, a nodal curve, with the line being one of the branches of the node. The second thing we
get is a curve with a triple point. To compute the latter, we can use the result of [2]. We have
actually carried out this entire computation. The details of the computation are available on
request. However, the analysis of the degenerate locus and its contribution to the intersection is
more non-trivial. We hope to pursue this approach in a more thorough way in future and figure
out how to enumerate rational curves with k-th order tangency.

It remains to be shown how to compute the second term on the right-hand side of (10.12).
First of all, we note that intersecting [(A'{)St] with a; or ev*(by) is the same thing. Hence,
it suffices to give a procedure to find intersection numbers with H™ -y - a}. Let o := (d,2)
and let N,(m,n) denote the intersection number defined in [2, pp. 5]. Here m and n are non-
negative integers. From the definition of N, (m,n) and the proof of the correspondence result,
[2, pp. 13-16], we conclude that

0 if =0, (10.13a)

Ny(m,n) if r=1, (10.13b)

m No(m,1) if r=2 and n =0, 10.13c

[(AD) ] " -y o = Nagm, 2; ifr=2 andn=1, ((10.13d;
0 if r=2 and n > 2, (10.13e)

0 if > 3. (10.13f)

Let us see why this is true. The first case, (10.13a) follows from dimensional reasons.

We justify the next case, (10.13b). From the proof of the correspondence result, [2, pp. 13—
16], we conclude that N, (m,n) denotes the number of rational curves passing through m generic
points and with a choice of a node lying at the intersection of n generic lines. Once such a nodal
curve is fixed, a unique line passes through one point and the nodal point. That precisely
corresponds to the left-hand side of the equation.

Next, we justify (10.13c). We start by unwinding the left-hand side. Intersecting with 32
corresponds to fixing a line. Now we intersect with H". This is equal to the number of rational
curves passing through m generic points and with a choice of a node lying on a line. That is
precisely equal to N, (m,1); again this follows from the proof of the correspondence result.



44 I. Biswas, A. Choudhury, R. Mukherjee and A. Paul

Next, let us justify (10.13d). Again, we begin by unwinding the left-hand side. Intersecting
with y§ corresponds to fixing a line. We recall that the nodal point lies on this line. Intersecting
with a; is restricting the nodal point to lie on another line; in other words, we are restricting
the nodal point to lie on a fixed point. Now we intersect with ™. This is equal to the
number of rational curves passing through m generic points and with a choice of a node lying
on a fixed point. That is precisely equal to N4 (m,2); again this follows from the proof of the
correspondence result. The next case, (10.13e) follows immediately, since intersecting with y3
restricts the nodal point to lie on a line and intersecting with a? is restricting the nodal point
to lie on a point; since a line and a point do not intersect, this number is clearly zero.

Finally, (10.13f) follows immediately since ¥ is zero.

10.3 Another method to count rational curves with first-order tangency

We conclude this paper by illustrating that there is yet another way to exploit Figure 1 to
enumerate stable maps with tangencies. Recall that in the previous subsection, we made the
two points in the images come together. This results in two things; curves that are tangent to
the line and curves that have a point of self intersection lying on the line. The former occurs
when the points in the domain also coincide, while the latter occurs when the points in the
domain remain distinct.

What if we could simply make the points in the domain come together? In this final part of
the paper, we do precisely that. The idea will be implemented by extending Kontsevich’s idea
to enumerate rational curves, i.e., the WDVV equation. The details are as follows.

Recall that Kontsevich’s recursion formula gives an answer to the following question: How
many degree d rational curves are there in P? that pass through 3d — 1 generic points? Denote
this number by ng. Also denote by NdT1 the number of rational degree d curves in P? that pass
through 3d — 2 and that are tangent to a given line. A recursive formula for NdTl will be obtained
by using the WDVV equation. Note that for simplicity, the line will be kept fixed; the more
general case of keeping the line variable can be worked out with very little extra effort (the only
issue would be notational).

Consider M 4 (P2,d), the moduli space of genus zero stable maps, with 4 marked points.
Let L be a fixed line inside P?. Define X4 to be the following subspace of Mo 4 (PQ, d): it is the
subspace of rational degree d curves where the image of the first two marked points lie on two
distinct points of the line L. It is pictorially represented as follows:

We denote X, to be the closure of X inside Mo,zx ((C]P’Q, d).

Following the idea behind Kontsevich’s recursion formula, we consider the forgetful map
m: Moa(P?, d) — Moy. Let [(ij]kl)] denote the divisor in M4 corresponding to the wedge of
two spheres and where the marked points (y;,y;) lie on the one sphere and (yg,y;) lie on the
other sphere. In Mo 4(PP?,d), define the class Z as Z := evj(pt) - evj(pt) - H3I=4, Since M4 is
isomorphic to P!, any two points determine the same divisor. Hence, [(12]34)] is equal to [(13]24)]
as divisors. Hence,

[Xq] - [7*(12[34)] - 2 = [Xq] - [7*(13]24)] - 2. (10.14)
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Note that the left-hand side and right-hand side of (10.14) denote intersection numbers in
Mo 4 (IP’2, d). We now unravel both the sides of the equation and get a recursive formula. Before
that, let us recapitulate a terminology about bubble maps. We define a bubble map to be of
type (dy,ds) if it is the following object: a holomorphic map from a wedge of two spheres (P!),
such that the map is of degree d; on the first component and is of degree ds on the second
component. Holomorphic here means that restricted to each of the components, the map is
holomorphic.

We unwind the left-hand side of (10.14) by looking at it geometrically. First, consider the
possibility when the two points y3 and y4 come together. That results in a bubble map of
type (d1,d3) such that

e The marked points y; and y2 lie on the d; component.
e The marked points y3 and y3 lie on the dy component.

e The image of the marked points y; and ys intersect the line L.

e The image of y3 and y, coincide with two generic points (this corresponds to intersection
with evi(pt) and evj(pt)).

e The entire configuration passes through 3d — 4 points (this corresponds to intersecting
with 7-[3d74).

The total number of such bubble maps is given by

3d—4
Z <3d1 _ 1>nd1nd2 (dldg)dl(dl — 1).

di1+dso=d

The factor dids is to encode the number of choices for the bubble point. The factor d;(d; — 1)
is there to encode the number of choices where the image of the points y; and then yo can lie.

We now see what happens when y; and ys come together. What happens is that we get
a rational curve, tangent to the given line. The point of tangency is given by the image of y;
(which is also the same as the image of y3). Furthermore, the image of y3 and y,4 coincide with
two generic points (which corresponds to intersection with evj(pt) and ev(pt)) and the entire
configuration passes through 3d — 4 points (Which corresponds to intersecting with H3d_4).
The total number of such objects is precisely equal to the number of rational curves passing
through 3d — 2 generic points, tangent to a given line. That is precisely equal to N;lrl. Hence,
the left-hand side of (10.14) is

3d—4
N:irl =+ Z <3d1 B 1) Ny Ny (dldg)dl(dl — 1). (10'15)
di+do=d

Let us now unwind what is the right-hand side of (10.14) by looking at it geometrically. When the
two points y; and y3 come together (or yo and y4 come together), a bubble map of type (d1, d2)
is obtained such that:

e The marked points y; and y3 lie on the d; component.

e The marked points yo and y4 lie on the dy component.

e The image of the marked point y; intersects the line L.

e The image of the marked point y, intersects the line L.

The image of y3 coincides with a generic points (this corresponds to intersection with
evi(pt)).
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e The image of y4 coincides with a generic points (this corresponds to intersection with
evi(pt)).

e The entire configuration passes through 3d — 4 points (this corresponds to intersecting
with FH34—4).

The total number of such configurations is given by

Z <;jl__42> ng, Nd, (dldg)(dl)(dg). (10.16)

di1+do=d

This is precisely the right-hand side of (10.14). Equating (10.15) and (10.16), we conclude that

3d — 4 3d— 4
NTT = §j didy — di(dy — 1 dyids. 10.17
! dy+d d(<3d1—2> o (3d1—1> 1l ))ndlndQ e ( )
1 2=

11 Low degree checks

In this section, we perform various non-trivial low degree checks which will be compared with
the existing known results. We remind the reader that the bound we impose on d to obtain our
results are sufficient conditions for our formulas to be valid; they are not necessary. Many of
the numbers we have computed are obtained by applying the formula where the value of d is
lower than what is required to apply our theorem. Nevertheless, we display these values and
point out to the reader that the numbers we obtain at the end agree with the expected values
(obtained by other means).

11.1 Counting smooth curves with tangencies:
confirmation with Caporaso—Harris

In Section 6, it was shown that the following numbers [T, ... Ty, ] - y%ygrk, can be computed.

We remind the reader that k := k1 +--- 4+ k,. A few values are displayed in the following table:

d 4 5 6 7 8 9
[ yiyd® | ydydS | v | vt | 0 | uiud®
F[MiTiTae] | O 0 0 36 | 144 | 360
Table 1.

Note that we have divided by a factor of 2, because in the computation of [TlTng] - 1 all the
tangency points are ordered. It is more natural to consider the two T; points as unordered.
The corresponding nonzero numbers obtained from the Caporaso—Harris by setting

0:=0, a:=(0) and B = (i,2,1), Vi=0,1,2.

are as follows:

N (o, B) | 36 | 144 | 360

Table 2.
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We are assuming that the reader is familiar with the notation developed by Caporaso—Harris in
their paper [4]; we have followed that notation in Table 2. Notice that the values in the last row
of Tables 1 and 2 are in agreement.

Next, the value of the following numbers [Ty, ... Tk, ] - y%ygd_k_lal, will be displayed for
certain values. This corresponds to fixing the line (intersecting with y?) and fixing the location
of the first tangency point (intersecting with a;). The remaining tangency points are free. The
values obtained by using the theorems of Section 6 are

d 7 8 9
I vivar | yiysdar | yive a
[TiTiTo] - pe| 12 36 72
Table 3.

Note that in this case, there is no significance of dividing by 2, because the two T points are
different; the first T1 point lies on a fixed point, while the second T; is free.
The corresponding numbers from Caporaso—Harris by setting

5 :=0, a:=(0,1) and B = (i, 1,1), Vi=0,1,2,

are as follows:

d 718109
Ne(a,B) | 12| 36 | 72

Table 4.

The values in the last row of Tables 3 and 4 are in agreement.

11.2 Counting one nodal curves with tangencies:
confirmation with Caporaso—Harris

2, 6q—k—1

Using the theorems of Section 7, the following numbers [Aka1 . ..Tkn] -ylyg
computed. A few values are tabulated below:

can be

d 7 8
z iy | yiys’
S[ATTITiTo] - o | 3420 | 19404

Table 5.

The corresponding numbers from Caporaso—Harris by setting

0:=1, a := (0), B:=(0,2,1) and
d:=1, a = (0), B :=(1,2,1)

are as follows:

d 7 8
N (a, B) | 3420 | 19404

Table 6.

The values in the last row of Tables 5 and 6 are in agreement.
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Next, the value of the following numbers [Akal .. .Tkn] . y%ygd_k_Qal, will be displayed for

certain values. This corresponds to fixing the line (intersecting with y?) and fixing the location
of the first tangency point (intersecting with a;). The remaining tangency points are free. The
values obtained by using the theorems of Section 6 are

d 8

p Yiys o
AT T Ta] - | 4912

Table 7.

The corresponding numbers from Caporaso—Harris by setting
d:=1, a:=(0,1) and g:=(1,1,1)

are as follows:

d 8
N%(a, B) | 4912

Table 8.
The values in the last row of Tables 7 and 8 are in agreement.
11.3 Counting one cuspidal cubics with tangencies:
confirmation with Ernstrom—Kennedy

Using the theorems of Section 8, one obtains that for d = 3, [Ag Tl] . y%yg = 60. This number is
equal to the number of rational cuspidal cubics passing through 6 generic points that is tangent
to a given line. This is in agreement with the answer obtained by Ernstrom and Kennedy in [5].

11.4 Counting stable maps with tangencies: confirmation with Gathmann

Using the results of Section 10.2, the following numbers [(T1)s]-y? - H3¢~2""a} can be computed.
A few numbers are tabulated in the following two tables:

d 3 | 4 5 6 7 8
Z yiH” | iR | yiH® |y yiH" yiH?
[(Tu)w]-p | 36 | 2184 | 335792 | 106976160 | 61739450304 | 58749399019136

Table 9.
d 3 4 5 6 7 8
vHSar | PHar | yiH 24y | PHPay yiHBa, yiH ! ay
[(T1)st] - 1 10 428 51040 | 13300176 | 6498076192 | 5362556317120
Table 10.

These are all in agreement with the numbers computed by Gathmann’s program GROWI (that
implements the formulas in [7, 9, 10]).

Finally, Gathmann’s approach is extend in Section 10.1 where the line can be varied. In
particular, the following intersection numbers can be computed [(T1)st] - 47 - H34"7" - af. A few
numbers are tabulated in the following two tables:
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3 4 ) 6 7 8

1 pHE | pHY | g HM y HYT 1 H® y1 H2

[(Tl)st] “p| 48 3720 | 698432 | 263129760 | 175401698304 | 189360514383488

Table 11.

These values are all in agreement with the alternative approach given in Section 10.2 to compute
these intersection numbers.

Finally, for d = 3 one can compute (using the theorems of Section 7) that [Ale] y1y§ = 48.
This number is in agreement with the first number tabulated in Table 11.

Finally, we tabulate the values of NdT1 using (10.17):

d 3 4 5 6 7 8
N;'l—l 36 | 2184 | 335792 | 106976160 | 61739450304 | 58749399019136

Table 12.

These are all in agreement with the numbers computed by Gathmann’s program GROWTI.

Acknowledgements

We are very grateful to the referees for giving us constructive and detailed comments on the
earlier version of the manuscript. We are grateful to Chitrabhanu Chaudhuri for several use-
ful discussions related to this paper. We also thank Soumya Pal for writing a PYTHON pro-
gram to implement Caporaso—Harris formula for verification. The first author is partially sup-
ported by a J.C. Bose Fellowship (JBR/2023/000003). The second author is funded by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Ex-
cellence Strategy — The Berlin Mathematics Research Center MATH+ (EXC-2046/1, project
ID: 390685689). The fourth author would like to acknowledge the support of the Department
of Atomic Energy, Government of India, under project no. RTT4001.

References

Basu S., Mukherjee R., Enumeration of curves with one singular point, J. Geom. Phys. 104 (2016), 175-203,
arXiv:1308.2902.

Biswas I., Chaudhuri C., Choudhury A., Mukherjee R., Paul A., Counting rational curves with an m-fold
point, Adv. Math. 431 (2023), 109258, 21 pages, arXiv:2212.01664.

Biswas I., Choudhury A., Das N., Mukherjee R., On a fibre bundle version of the Caporaso—Harris formula,
arXiv:2407.14832.

Caporaso L., Harris J., Counting plane curves of any genus, Invent. Math. 131 (1998), 345-392, arXiv:alg-
geom/9608025.

Ernstrom L., Kennedy G., Recursive formulas for the characteristic numbers of rational plane curves, J. Al-
gebraic Geom. 7 (1998), 141-181, arXiv:alg-geom/9604019.

Fulton W., Pandharipande R., Notes on stable maps and quantum cohomology, in Algebraic Geometry —
Santa Cruz 1995, Proc. Sympos. Pure Math., Vol. 62, American Mathematical Society, Providence, RI, 1997,
45-96, arXiv:alg-geom/9608011.

Gathmann A., Gromov—Witten invariants of hypersurfaces, Habilitationsschrift, Technischen Universitit
Kaiserslautern, 2003.

Gathmann A., Gromov-Witten invariants of blow-ups, J. Algebraic Geom. 10 (2001), 399-432,
arXivimath.AG/9804043.

Gathmann A., Relative Gromov—Witten invariants and the mirror formula, Math. Ann. 325 (2003), 393-412,
arXiv:math.AG/0009190.


https://doi.org/10.1016/j.geomphys.2016.02.008
https://arxiv.org/abs/1308.2902
https://doi.org/10.1016/j.aim.2023.109258
https://arxiv.org/abs/2212.01664
https://arxiv.org/abs/2407.14832
https://doi.org/10.1007/s002220050208
https://arxiv.org/abs/alg-geom/9608025
https://arxiv.org/abs/alg-geom/9608025
https://arxiv.org/abs/alg-geom/9604019
https://doi.org/10.1090/pspum/062.2/1492534
https://arxiv.org/abs/alg-geom/9608011
https://arxiv.org/abs/math.AG/9804043
https://doi.org/10.1007/s00208-002-0345-1
https://arxiv.org/abs/math.AG/0009190

I. Biswas, A. Choudhury, R. Mukherjee and A. Paul

Gathmann A., The number of plane conics that are five-fold tangent to a given curve, Compos. Math. 141
(2005), 487-501, arXiv:math.AG/0202002.

Griffiths P., Harris J., Principles of algebraic geometry, Wiley Classics Lib., John Wiley & Sons, Inc., New
York, 1994.

Ionel E.-N., Genus one enumerative invariants in P? with fixed j invariant, Duke Math. J. 94 (1998), 279-324,
arXiv:alg-geom/9608030.

McDuff D., Salamon D., J-holomorphic curves and symplectic topology, 2nd ed., Amer. Math. Soc. Collog.
Publ., Vol. 52, American Mathematical Society, Providence, RI, 2012.

McDuff D., Siegel K., Counting curves with local tangency constraints, J. Topol. 14 (2021), 1176-1242,
arXiv:1906.02394.

Paul A., Enumeration of singular curves with prescribed tangencies, Ph.D. Thesis, National Institue of
Science Education and Research, 2021, available at https://www.proquest.com/docview/3103007951.

Paul A., Counting singular curves with prescribed tangency, Bull. Sci. Math. 192 (2024), 103418, 27 pages.


https://doi.org/10.1112/S0010437X04001083
https://arxiv.org/abs/math.AG/0202002
https://doi.org/10.1002/9781118032527
https://doi.org/10.1215/S0012-7094-98-09414-5
https://arxiv.org/abs/alg-geom/9608030
https://doi.org/10.1112/topo.12204
https://arxiv.org/abs/1906.02394
https://www.proquest.com/docview/3103007951
https://doi.org/10.1016/j.bulsci.2024.103418

	1 Introduction
	2 Main results
	3 Comparison with other methods
	4 A few remarks on intersection theory
	5 The collision lemma
	6 Counting smooth curves with multiple tangencies
	7 Counting 1-nodal curves with multiple tangencies
	8 Counting 1-cuspidal curves with multiple tangencies of first order
	9 Counting singular curves
	9.1 Counting 1-nodal curves
	9.2 Counting 2-nodal curves
	9.3 Counting 1-tacnodal curve

	10 Counting rational curves
	10.1 A review of Gathmann's approach to count curves with tangencies
	10.2 A new method to count rational curves with first-order tangency
	10.3 Another method to count rational curves with first-order tangency

	11 Low degree checks
	11.1 Counting smooth curves with tangencies: confirmation with Caporaso-Harris
	11.2 Counting one nodal curves with tangencies: confirmation with Caporaso-Harris
	11.3 Counting one cuspidal cubics with tangencies: confirmation with Ernström-Kennedy
	11.4 Counting stable maps with tangencies: confirmation with Gathmann

	References

