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1 Introduction

Recall the usual g-series notation,

o
(01,82, ., Gx)oo = (a1,02, ..., ki Qoo = | [ (1 — a1¢?) (1 = a2¢) - (1 — axd)
=0
and
n—1 A ‘ '
(a1,a2,...,a)n = (a1,02, ..., ak;qQ)n = H(l —a1¢’) (1 —asq’) -+ (1 — apq’),
=0

valid for n > 0, along with the g-binomial coefficient

0 otherwise.

This paper is a contribution to the Special Issue on Basic Hypergeometric Series Associated with Root
Systems and Applications in honor of Stephen C. Milne’s 75th birthday. The full collection is available at
https://www.emis.de/journals/SIGMA /Milne.html. This paper is a contribution to the Special Issue on Recent
Advances in Vertex Operator Algebras in honor of James Lepowsky’s 80th birthday. The full collection is available
at https://www.emis.de/journals/SIGMA /Lepowsky.html


mailto:shashank.kanade@du.edu
https://cs.du.edu/~shakanad/
mailto:lovejoy@math.cnrs.fr
https://lovejoy.perso.math.cnrs.fr
https://doi.org/10.3842/SIGMA.2025.021
https://www.emis.de/journals/SIGMA/Milne.html
https://www.emis.de/journals/SIGMA/Lepowsky.html

2 S. Kanade and J. Lovejoy

In a recent study of g-series and partitions related to Ariki—Koike algebras, Chern, Li, Stanton,
Xue, and Yee [8] established the following family of ¢g-multisum identities.

Theorem 1.1. Let m > 1 and 0 < a <m — 1. Then we have

q(n%ﬁ-l)—}—...-&-(m;l) m—1 i1 + 5(172' B (qa+17 qm+1—a’ qm+2; qm+2)oo
> @ [T, = — .
N see1 >0 Dnm i=1 v (Q)OO((L q )oo

This generalizes a classical identity in the theory of partitions [4, equation (2.26), t = ¢],

(") 1
q — = (—
E (q) - - ( Q)oo-

= @i (@)

The proof of (1.2) in [8] is lengthy and impressive, involving a symmetry property, a g-binomial
coefficient multisum transformation formula, and two identities of Andrews [5] and Kim—Yee [14].

In the first part of this paper, we give a streamlined proof of (1.2) using the Bailey pair
machinery. All that we require are the classical Bailey lemma and Bailey lattice along with
a Bailey-type lemma from [16] — see Lemma 2.3. In fact, we establish a much more general
result, which allows us to prove (1.2) and many more families of identities like it.

Theorem 1.2. If (ap,Bn) is a Bailey pair relative to q and f, is a sequence defined for all
integers n which satisfies

1 — g2+l

and

Q" fo=—q"""fon1, n € Z, (1.4)
then for allm > 1 and 0 < a < m, we have

) e (M) (2. 2 -
q( 2 ) ( 2 )(q 14 )n1+6a,0 iy Ni+1 +5a,i
( ) Bn1+6a,0 H n;
P seey1 >0 nm i=1 ¢

B <<_qq>ii° > gy, (1.5)

ne”Z

Note that using (1.4), the condition (1.3) could be written alternatively as:

n = M7 n > 0.
1—q
Theorem 1.1 now follows using the classical Bailey pair relative to ¢ [20, E(3)],
1— q2n+1 5
=—(—1)"¢" 1.6
o= T (1) (1.6
and
1
Bo= (17)
(%),

together with the triple product identity (2.2). Other Bailey pairs lead to similar families of
identities, and we give a number of examples in Section 3 — see Theorems 3.2, 3.3, and 3.5.

In the second part of the paper, we prove a result similar to Theorem 1.2 but involving false
theta functions instead of theta functions. To state it, we define the function

1 ifn>0,
() =01 irn <o
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Theorem 1.3. If (o, Br) is a Bailey pair relative to q and fy, is as in (1.3) and (1.4), then for
allm>1 and 0 < a < m, we have

. nm+1 et ni+1 2. 92 _
(=" q( ) (" )(q 14 )n1+5a,0 s Nit1 + Oayi
S = Bravano L1 |7,
Pomyeeesn1 >0 Unm i=1 !

Z sgn(—n)(—l)"qm(3)+anfn if0<a<m-1,

nez . 1.8
> sen(n)(-1)"g"("2 ), if a =m. ()
ne”

Each family of identities arising from Theorem 1.2 then has a false theta counterpart using
Theorem 1.3. In the case of (1.2), using (1.6) and (1.7) this is the following.

Theorem 1.4. Form > 1 and 0 < a <m — 1, we have

Nom nm+1 n1+1\ m—1
Z (—1) q( 2 ) () H [ni+1+5a’i] :Zsgn(—n)q(m“‘g)(g)"‘(a*‘l)”.

Tmyeey1 >0 (=D, Pl n; ~

The base case m = 1 and a = 0 is the well-known

n+1)

Z (—1)nq( 2 ) _ an(3n+1)/2(1 ),

n>0 (=a)n n>0

See Theorems 4.5—4.7 for further examples.
In the final part of the paper we are motivated by the series §,,,, defined for m > 1
and 0 <a <m by

R {ni-l—l + 5az]
8 = e . )
e X AL e ]

T yeees11 >0 N i=1

These are naturally dilated versions of the series in (1.2), and it is known that we have

m+3  2m-+4,
q ) )

q q

)

_ (- q2)oo (qm+1

Sm,O = Sm,m - (qQ; q2) 2m+4)
00

" (1.9)
See [22, Corollary 1.5 (b)] for general m and [7, Section 5] for m even. While it appears that
the 8,,, o are not infinite products for a ¢ {0, m}, we prove the following result on the differences
of these series.

Theorem 1.5. For 1 < a < m, we have

S _g _ a (_q;q2)oo( mtl-2a  mt3+2a 2mid, 2me+d)
m,a m,a—1 = ¢ (q2'q2) y 4 »q ' q
) 0o

o
This and several similar families of identities will follow as special cases of our third main

theorem.

Theorem 1.6. Suppose that (cn, Br) is a Bailey pair relative to 1 and that there is a sequence gy,
defined for all integers n, with gy = 1,

1 ifn =
a, = ifn=0, (1.10)
(1 + qn)gn if n > 1,
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and

J—n = q"gn. (1.11)

Then for all m > 0 and 1 < a < m, we have

2 (M ttnd) (g m-1 [

2 : (D q27q>nlﬁ”1n

Nmy...,1 >0

Niy1 + Oai
n;

g3 Mt ) (-

1
3 -1
a2, q>n1+5a_1,oﬁ 5 ni—[ |:ni+1 + 5a—1,i:|
+8a—
(Q)nm " Lo ey n;

——q'7 Co) Zq*" g (1.12)
nez

Note that with (1.11), the condition (1.10) could be written alternatively as

1 ifn=0
Qp = ]
gn+9g_n ifn>1.

The paper is organized as follows. In the next section, we collect some basic facts about Bailey
pairs. In Section 3, we prove Theorem 1.2 and give several applications, including Theorem 1.1.
In Section 4, we prove Theorem 1.3 and give false theta companions for each family of identities
in Section 3. In Section 5, we prove Theorem 1.6, which allows us to deduce Theorem 1.5 and
other similar identities. Wherever possible, we include historical remarks about the “base cases”
of our identities.

While it may be striking that identities involving products of ¢g-binomial coefficients

m—1
H Nit+1 + Oai (1.13)
n; )

=1

are so widespread, the fact that the Bailey pair machinery can be used to prove such identities
should not be a surprise. This is the most powerful and systematic technique for treating g-
multisum identities, and a number of identities with products of g-binomial coefficients like (1.13)
have already appeared in the literature in connection to Bailey pairs. We discuss these briefly
in the concluding remarks at the end of the paper.

2 Baliley pairs

In this section, we review the necessary background on Bailey pairs. A Bailey pair relative
to x [3] is a pair of sequences (an, By), n € Z>o, satisfying

B":Z(q G

k=0 )nfk(‘rQ)n+k ‘

Note that in the limit, this gives (subject to convergence conditions)

lim 8, = o Zak. (2.1)
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In practice, the above sum often becomes an infinite product by an appeal to the Jacobi triple
product identity [4, equation (2.2.10)],

ST = (P e, 2 g s (2.2)
neL

or the quintuple product identity [9],

1(n+1 _ _
( o= > >Z”q3( ) = (q,2¢,27) (20,224 4) . (2.3)
nez neL
n=0 (mod 3) n=2 (mod 3)
The most important fact about Bailey pairs is the following, which is known as the Bailey
lemma. From a given Bailey pair relative to z, it produces new Bailey pairs relative to x.

Lemma 2.1 ([3]). If (an, Br) is a Bailey pair relative to x, then so is (o, Bl,), where
T NE S Lo L olag/ oot

(va/b,zq/c), " " (wa/bwg/)n & (@n-s

-

A result similar to Lemma 2.1 takes a Bailey pair relative to x and produces Bailey pairs
relative to x/q.

Lemma 2.2 ([1]). If (ay, Bn) is a Bailey pair relative to x, then (o, B,) is a Bailey pair relative
to x/q, where

;L x\ (b, ¢)pn(z/bc)™ QU 2q* 20,1
an—(l—m)(%) (x/b,x/C)n (1—xq2” 1 —a¢?n2 )
and
g = 1 (baC)j(x/bC)n—j(w/bC)]ﬁ%'

(z/b,z/c)n j=0 (Q)n—j

Here by convention we take
a_1 = 0. (24)

Finally, we have two lemmas that change a Bailey pair relative to x to one relative to xq.
The first will be key to introducing ¢-binomial coefficients of the form ["”nli“ ] The second is
not needed for the proof of Theorem 1.1 but will be used to establish a certain Bailey pair later
in the paper.

Lemma 2.3 ([16]). If (an, () is a Bailey pair relative to x, then (o, B),) is a Bailey pair
relative to xq, where

/ 1 ( 1—g"t! g"(1 — xq")

— / n+1
T T g \1— zg2nr2 ! Tz rg®" an) ond o= (="

Lemma 2.4 ([15]). If (an,Brn) is a Bailey pair relative to x, then (o, B),) is a Bailey pair
relative to xq, where

, = Lz ) @a/Dnba ) ),
" (1= 29)(bq)a & (wa/b);
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3 Proof of Theorem 1.2 and applications
We begin this section by establishing a key Bailey lemma for the proof of Theorem 1.2.

Lemma 3.1. Let m > 1 and 0 < a < m. Suppose that (o, By) is a Bailey pair relative to q
and that there is a sequence (fn)n>—1 such that

1 — g2l
n - mnH ']‘
o= (3.1)
where
g fo1=—fo. (3.2)

Then (o, B) is a Bailey pair relative to q, where

r_ 1iqqm(n;1) (@) frgr — 271 1) f0<a<m—1,
%—ﬁﬁWTM—Wﬁh ifa=m,
and
B = Brmin

G5 O g

-1
1 n1+38a,0 m] [ Niy1 + dai
— § > 5 Sa ’ . 3.3

(_q)nm+1 (q)nm+l_nm (q)nrn mr 0 i=1 nl ( )

Nmy...,m1 >0

Proof. Step 1: First assume a > 0. Iterate Lemma 2.1 a times with x — ¢, b — —¢q, and
¢ — 00 to obtain another Bailey pair relative to g. The resulting «,, and 3, are

ity 1 — 2n+1
oy = qa( 2 )%qfn (34)
and
1 e (e T
n = Pne+1 — 7 N ni - 3.5
On = Fnes = gy, I B (3:5)

Na,...,n1 20

Here and throughout the paper we use the convention that 1/(q), = 0 if n < 0. If a = m, we
stop here. Multiplying the numerator and denominator of the above sum by (¢)n, - - - (q)n,, and
rewriting in terms of g-binomial coefficients using (1.1) gives (3.3) for a = m.

Step 2: Apply Lemma 2.3 with 2 — ¢ to obtain a Bailey pair relative to ¢?:

1— n+1 nt2
a0 = LT 8 4

")

In)

1- n
= 7qq(a+2)( -2%1)_712 (fn + qa(n+1)_nfn+1)

and

ng+1 ny+1
1-— qna+1+1 q( 2 )Jr +( Y )(—q)nl
— Brs -

(_q)'ﬂa+1+1 Naye.yn1 >0 (q)na+1+1*na U (Q)ngfnl

ﬂn = Bna_,_l =
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Step 8: Use Lemma 2.1 with z + ¢, b — —¢?, and ¢ — 00 to obtain another Bailey pair
relative to ¢2. The resulting pair is
1 — g2n+2

_ q (a+3)(”+1)7n2 a(n+1)—n
Op = 77— 2 n+ n
EIO (fn+4q fr41)

and
1 () (1 et (g
(]‘ + q) (_q)na+2

n
~ By -

(Q)na+2*na+1 (Q)na+1+1*na U (q)nQ*nl

ﬁn = 5na+2 =

Na+1,...,01 >0

At this point, we multiply both «,, and 3, by 1+ q.
Step 4: Use Lemma 2.2 with = — ¢% and b, ¢ — ¢ to obtain a Bailey pair relative to q. This
retains the 3,, but does change the a,,. When n > 1, we have

an = T (@I (g 4 )

_ qzn+(a+3)(’5)—(n—1)2 (fao1 + ¢ "1 1,)
1

= — - (q(a+3)(n;1)_n2+a(n+1)—nfn+1 . q2n+(a+3)(’;)—(n_1)2fn_1)
1 n+1 _ _
_ 17_qq(a+1)( 5 )(qa(n+1)fn+1 —q an+2n 1fn71)-
When n = 0, the above is also valid, using (2.4) and (3.2).
Step §: Iterate Lemma 2.1 m — a — 1 times with x — ¢, b — —q, and ¢ — oo to arrive at the
final Bailey pair relative to ¢:

]. n+1 _ _
p = 17_qqm( 5 )(qa(n+l)fn+1 —q an+2n 1fn—1)
and
B /8 1 q(n'm2+1)+,‘.+(n12+1) (1 B qn““—i_l)(*Q)m ﬁ
to e (_Q)nm+1 (Q)nm+1—nm T (q)na+1+1_na, e (Q)nz—nl "

m,-..,n1 20

Rewriting the sum in terms of g-binomial coefficients gives

D) fep (M) (2. 2 ~1
6 B 5 _ # q( 2 ) ( 2 )(q yq )nl ﬁ 77]1] |:77,7;+1 + 5a,i:|
n = Pnmi1 — n ,
i (_Q)an Tomrm1 >0 (Q)nmﬂfnm(Q)nm ' =1 g

which coincides with (3.3).
Step 6: If a = 0, performing Steps 2-5 leads to the following (,, (while the formula for «, is
the same as in Step 5 with a — 0):

. q(nm2+1)+---+(n12+1) (1 B qn1+1) (—qQ)ny 11
(_Q)nm+1 (Q)nm-u*nm T (Q)nzfm

Bn = 5nm+1 =

/Bnl—i—l‘
Nmse.;n1 20

Rewriting this in terms of ¢g-binomial coefficients gives
1 q(nm2+1)+m+(n12+l) (q2’ q2)

Bn = ﬁnm+1 = (_Q)nm+1

m—1
ni+1 Nit1 + Oa i
Bnﬁ»l . 9

N yeeesn1 >0 (q)”m+1—nm (@ Pl n;

which again matches (3.3). This completes the proof. [
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Armed with this Bailey pair, we are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let (ay,,) be a Bailey pair relative to ¢ satisfying (3.1) and (3.2).
Applying (2.1) to the Bailey pair in Lemma 3.1, we obtain

) (MUY 9 9 -
q( 57 (" )(q iq )m+5a70 ot Nit1 + Oa,i
Z o By +6a.0 H N
Nm;...;n1 20 @ = Z
Zq n+1 (n+1) fn+ q—an+2n—1fn_1) if0o<a<m-—1,
_ (—q)oo n>0
T (@ (") g2t i 0
0= | S Iz o
n>0

If f,, also satisfies (1.4), then we obtain the right-hand side of (1.5) from the right-hand side
of (3.6) when a < m by computing as follows:

Z q a(n+1)f g q—an+2n—1fn_1)
n>0
_ Z qm(g)+anfn . Z qm(";l)—an—&-Zn—lfnil
n>1 n>0
+an +an 2n—1
=> q" fo=> _q" fon-
n>1 n<0
+an +an
DI AR TR DU A 8
n>1 n<0
The case a = m is similar. |

We now give several applications of Theorem 1.2, beginning with Theorem 1.1.

Proof of Theorem 1.1. Using the Bailey pair in (1.6) and (1.7), we have

which is readily seen to satisfy (1.4). Applying Theorem 1.2, the left-hand side of (1.5) becomes
the left-hand side of (1.2), while the sum on the right-hand side is

n m+2 n2 _
qu(z)+“”fn — Z(_l) q Ha=Bn _ (gotl gmii-a gmt2, g+
neL nez

by (2.2). |
Our next two applications of Theorem 1.2 are contained in the following theorems.
Theorem 3.2. Form > 1 and 0 < a < m, we have
Z gl Fm e nitn nﬁl |:7”Li+1 + 6a,i:|
(¢%4%), (~a:d%) ni e

N yeenyn1 >0 n1+6q,0 i=1
2. .2 2 1 2m—2a+2 .2 3. .2 3
(—¢% %) (P, g?m—2at2, g?mts; g2mt3)

(¢%:1¢%),

o0 (3.7)




Bailey Pairs and an Identity of Chern—Li—Stanton—Xue—Yee 9

Theorem 3.3. Form > 1 and 0 < a < m, we have
q(n%+1)+...+(n12+1) (_1; q2) m—1 [

2 |

Nj41 + 5a,z’:|
.2
Nim,y---,n1 >0 (Q)nm (q’ q )n1+5a,0 =1

ng

a m+l+a m+l—a 2m—+2—a m+1  2m-+2. 2m+2
- .q —q —g" T PR PR

) ) )

0o’

For m =1 and a = 0,1, Theorem 3.2 gives the identities

3 gt _ (%) (0.0 0% )
= (@), (-6¢%),1, (4% %)

and

= (5, (~ad), (4% 4%)

The first of these appears in Slater’s compendium of Rogers—Ramanujan type identities [21,
equation (17)], while the second appears there in an equivalent form [21, equation (99)]. Theo-
rem 3.3 generalizes

("3 (g2 02
> o (), (—0)% (—a"q")

= @nl6¢?),4

and

n = (=% (—*qY) .

which are the cases (a,b) = (ig, —ig) and (i, —i) of the g-analogue of Gauss’ second theorem
(see [2, equation (1.8)] or [10, Appendix II, equation (II.11)]),
")

(a, b)nq( B (aq, bq;q2)oo
nz;; (@)n(abg; ), (q,abg;q?)

Proof of Theorem 3.2. We will prove this theorem with ¢ — ¢'/2. We start with the seed
pair relative to ¢ [23, equation (4.4)] determined by

Jo = (~1)"gan @, (3.9)
which satisfies (1.4), and
1
(%), (—a2:q),,
The sum is obtained immediately from (1.5), and on the product side we have

n 2m+3,.2 | (4a—2m—1 1 _ 3 3
qu(z)J”mfn = Z(_l)”q Ton+( 1 n _— (qa+27qm+1 a7qm+2;qm+2)oo7
nez neL

by (2.2). [

ﬂn:
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To prove Theorem 3.3, we will need the following Bailey pair relative to ¢, which does not
appear to be in the literature.

Lemma 3.4. The pair (o, By) is a Bailey pair relative to q, where
(—1)(B)g(2) (1 — g2+1)

(~1:¢%)
n = d n = —
“ l1—¢q o ’ (@)2n

Proof. We start with the Bailey pair relative to 1 [20, p. 470, line 7],

1 if n =0,
Ap = (—1)Tq2r2(qT +q7") ifn=2rr >0, and B, =
(_1)Tq2r2(q’r‘_q37”+l) lfn:2’l"+1

(-1,
(q)2n ’

Using the case b = 0 of Lemma 2.4, we have that (ay,[3,) is a Bailey pair relative to g,
where 3, = B,, and
(1 2n+1 n
_ 72
e e
7=0

To prove the lemma, then it suffices to show that for all n we have
n “
S g Ay = (-1)E)g (%),
j=0

This is easily established by mathematical induction. |
Proof of Theorem 3.3. Corresponding to the «;, in the Bailey pair in Lemma 3.4, we have
fo = (=1)()q(), (3.10)

which can again be seen to satisfy (1.4). We obtain the product using (2.2)

Zq +anf _ Z(_l)(g)quanJr%n _ (_qa,qm—&-l—a’ _qm+1; _qm+1)oo_
nez nez

Here, while invoking (2.2) with ¢ — iq% and z — ig gnil, we use that

(_1)nin+n2 _ (_1)n+ 5 — (_1)(3) B

The final result in this section collects three further applications of Theorem 1.2, where the
infinite product now arises from the quintuple product identity (2.3) instead of the triple product
identity.

Theorem 3.5. Form > 1 and 0 < a < m, we have the following identities:

nm+1 ni+1 —
Z q( )+ (") ni—f [niﬂ +5a,i]
N ye-,M1 >0 (q)" ( )n1+5a,o i=1 i
_ (=9 _
(q)oooo ( m+1— a’ q2m+3+a7 q3m+4; q3m+4)oo(qm+2+2a’ q5m+6 2(1; q6m+8)007 (311)
("

Z q

T ye.y1 >0 (@ (q; q2)n1+5a,0

mt1 +1 -
A b (M) (1 464,0) 2 — (n1+0a,0) ML |:ni+l+5a,i:|
.
=1 v
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— ((_q(i)oo (qm+1—a’q2m+1+a7 q3m+2; q3m+2)oo(qm+2a’ q—2a+5m+4; q6m+4)ooa (312)
oS
q(n7,12+1)+,..+(n12+1) (_1; 1

n1+5a0 [nn+1'+'5az]
0 (Q)nnl(Q;QQ)nl+5mo( L; q)n1+5a0 i=1

Moy 2>

_q _
_ )@3(1n+1 a,q%n+2+a’q&n+3;q&n+3)
(@)oo

Proof. For each of these identities, we will use a Bailey pair with relative to ¢ that has the
form (1.3) with f,, of the following shape for some ¢:

Oo(qm+2a+1’ g 2eoms, q6m+6)oo_ (3.13)

q%(ngl)_" ifn=0 (mod 3),
Jn=140 ifn=1 (mod 3), (3.14)
—q%(ngl)_” ifn=2 (mod 3).

It can be seen that this f, satisfies (1.4) for any ¢, however, for our identities, we will only
require t € {2,3,4}.
For (3.11), we use t = 4, and the corresponding Bailey pair is [23, equation (4.6)], with

1
Bpn=-—. 3.15
" (Q)Qn ( )
For (3.12), we use t = 2, and the Bailey pair is given right before [23, Theorem 4.1], with
qn27'ﬂ
= . 3.16
o (@)2n (3.16)

For (3.13), we use t = 3, and the Bailey pair is [18, P(6)]. This can also be obtained from the
pair P(1) of [18], by using Lemma 2.4 to retain the 3, and change the «, so that x = ¢; see
also [13]. This pair has

(-1¢%),
(Q)Qn(__1§Q)n'

Using (3.15) and (3.16), and (3.17) in (1.5), we immediately obtain the requisite sum-sides
of (3.11)—(3.13). For the products, using (3.14) we obtain

ST D VD ol T

nes nez nez
n=0 (mod 3) n=2 (mod 3)

:< Z _ Z >q3"§+t(";1)+(—m+a—l)n’

nez nez
n=0 (mod 3) n=2 (mod 3)

Bn = (3.17)

and then substituting (z,q) — (q_m+“_1, q3m+t) in (2.3) completes the proof. |

Remark 3.6. The base cases of (3.11), corresponding to m = 1 and a = 0, 1 are recorded with
the right-hand side in the form of a theta series by Rogers [19, p. 331, equation (1)]. These same
cases of (3.12) are also given by Rogers [19, p. 330, equation (2)]. The cases m =1 and a = 0,1
of (3.13) could be deduced by using the limiting case of the Bailey lemma (with b = —¢q, ¢ — o0)
applied to the Bailey pairs relative to ¢ given in [6, equations (3.6) and (3.11)], respectively.

Remark 3.7. Note that the products in all three of these identities are closely related to the
principal characters of standard Ag) modules. Alternate sum-sides for the same products may be
found in [13]. It would be interesting to investigate whether the sums appearing in Theorem 3.5
have any connection to the Ariki—Koike algebras or to Kleshchev multipartitions.
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4 Proof of Theorem 1.3 and applications

We begin this section by establishing a key Bailey lemma by following steps similar to Steps 1-6
in Section 3 with appropriate modifications. Only slight modifications are required for a = m
or when a < m — 1, but for the case a« = m — 1 we will use an analogue of the case z = ¢ of
Lemma 2.3 with 8], = (1 — ¢"™') Bn41 replaced by 3], = (1+ ¢"*')Bn41. This will be the third
of a sequence of three lemmas. The first of these is a transcription of [16, Lemma 3.3].

Lemma 4.1. If (ay, By) is a Bailey pair relative to x with ag = o = 0, then (o, B),) is a Bailey
pair relative to xq, where

2n

1 1 zq
! !/
o, = [ <1 T Qpi1 — 1= poon T an> and Brn = Bn+1-

The next lemma removes the hypothesis oy = 5y = 0 when =z = gq.

Lemma 4.2. If (ay,, B) is a Bailey pair relative to q, then (o, 3.) is a Bailey pair relative to ¢2,
where

1 1 q2n+1 50 atl
! n+1 n
Hn = 1_q2(1_q2n+30‘"+1_ 1_q2n+1o‘" + (q)z(l‘HI )(—1) C]( :)

and
61/1 - /Bn+1 .

Proof. Recall the unit Bailey pair relative to ¢ [3, equations (2.12) and (2.13), a — q]:

1— 2n+1
PRt

- (—1)"(](2) and By, = dnp.

Using the linearity of Bailey pairs, we have that (o, — ApBo, Bn — Bnfo) is a Bailey pair relative
to ¢ satisfying the hypothesis of Lemma 4.1. A short computation then gives the result. |
The third lemma is the necessary lemma for our proof of the case a = m — 1.

Lemma 4.3. If (ay,, B) is a Bailey pair relative to q, then (o, 3.) is a Bailey pair relative to ¢2,
where

«

1 14 g™+t " (1 + gt 250 ntl
;l - 1—q2 <1 _ q2n+3a”+1 o 1(_ g2+l ) n)+ 7(1 + anrl)(_l)nq( 2)

and

B =1+q¢"") Bns1.

Proof. The result follows from taking the negative of the Bailey pair in Lemma 2.3 with = = ¢
plus twice the Bailey pair in Lemma 4.2. |

We are now ready to prove the key result on Bailey pairs.

Lemma 4.4. Let m > 1 and 0 < a < m. Suppose (o, By) is a Bailey pair relative to q and
let f be as in Lemma 3.1. Then (a),, ), is a Bailey pair relative to q, where

1 n
, ﬂ(_lqum( ;Fl) (qa(nJrl)fn_H _ qfan+2n71fn_1) sz <a<m-—1,
Oén = 1 n+1
—— (1)) (1 - g2t £ ifa=m,

1—g¢q
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and
By =By (4.1)
m o (M) (M) (2. 2 -
1 3 (=g )T (g2 )m+6a,06 Ti—f [mﬂ +5a,1}
= +5a, . °
(@rs Tyl 20 (Drsr=rm (=D e i=1 i

Proof. The proof is broken up into three cases. First suppose that a = m. In this case, we
apply Step 1 as in the proof of Lemma 3.1, except that at the final iteration of Lemma 2.1 we
use b — g and ¢ — oo instead of b — —q and ¢ — oco. The resulting pair is

nt1y 1 — 2n+1
Qg = (_1)nqm( 2 )%fn

and

1 (@) (—1)rmg("2 ) T4 () (g

On =P = (=@ @Driyr i @z

By -

Nm,...,n1 >0

Multiplying the numerator and denominator of the above sum by (q)n, - - - (¢)n,,_, and converting
to ¢g-binomial coefficients gives (4.1).

Next assume that a < m — 1. In this case, we follow the same steps as in the proof of
Lemma 3.1 except that in the very last iteration of Step 5 we use b = ¢ and ¢ — oo instead of
b= —q and ¢ = oo. The result is

1 n+1 _ _
Oy = — q(_l)nqm( 5 )(qa(n+1)fn+1 —q an+2n lfnfl)
and either
1 (q)nm(_1)nmq(an+1)+--‘+(n12+1) (1 . q”“+1+1)(—q)n1
611 — Bnm+1 i — B?’Ll
(q)nm+1 Ty >0 (=D (q>nm+1—nm T (q>na+1+1—na o (Qng—na
if a >0, or
1 (@) (1)U () (1 — gt (< gy
Bn — 57Lm+1 — Bn1+1

(D (=D (Drmsr—nm = (Dno—n

Nm,...,n1 >0

if a = 0. Rewriting in terms of g-binomial coefficients gives the result.

Finally, we consider the case a = m — 1. If a > 0, then we begin with the Bailey pair in (3.4)
and (3.5), then redo Steps 2-4 with modifications as follows.

Step 2: Applying Lemma 4.3, we obtain a Bailey pair relative to ¢2,

B U PR C L PR L s PTG
Oy = (@) (q frn+1—4q fn) +2 (q)2 (=1)"q
n+1 el 9 ntl n+1
— 1_'(_(52 (a+2)( -; )—n (_fn + qa(n+1)—nfn+1) +2 _‘(_(52 )(_1)nq( ; )
and
(5 (57
Brn = Brays = # Z . (=), B -

(*q)na“ (Q)na+1+lfna T (Q)nzfm

Ng,..,n1 >0



14 S. Kanade and J. Lovejoy

Step 3: Using Lemma 2.1 with = — ¢2, b — ¢% and ¢ — oo, we obtain another Bailey pair
relative to ¢2,

1— q2n+2 (a+3)("F1)=n2 3 1 q2n+2) ,
qp = 70—~ -1 g\ )( 2 ) ne(_ n + a(n+1)—n - +27 n2+n
= a@s (St @ ) 4 2
and
1 —1)"a+1 —_— ("a+21+1)+...+(n12+1) .
/Bn = 5na+2 = E ( ) (q) at+1+19 ( q) /Bnl‘

B (1 - Q)(Q)na+2 (_Q)na+1 (q)na+2_na+1 (q)na+1+1_na T (Q)nz—nl

Ng+1,---,M1 >0

The factor (1 — q) cancels.

Step 4: Use Lemma 2.2 with 2 — ¢? and b,c — ¢ to obtain a Bailey pair relative to q.
This does not change the 3,,, which, after rewriting in terms of g-binomial coefficients, coincides
with (4.1) for a =m — 1 and a > 0. As for the a,, for n > 0 we have

1 n (a+3)(n+1)_n2 a(n+1)—n 2qn2+n
an:fq((—l) q 2 (—fn+q Jn+1)) + 1—4¢
1 5 2q2nqn2—n
o 17_(]((_1)n—1q2n+(a+3)(2)7(n71) (_fn—l + qan—(n—l)fn)) o ﬁ
1 n
_ — ((_1)nq(a+1)( ;1) (qa(n+1)fn+1 _ q—an+2n—1fn71)).

Using (2.4) and (3.2), the above is also valid for n = 0. This completes the proof except for
m =1, a = 0. For this case, the argument is similar. One applies Steps 2-4 beginning with the
Bailey pair (ap, () in the statement of the lemma. |

With the Bailey pair from Lemma 4.4 in hand, we are now ready to deduce Theorem 1.3.

Proof of Theorem 1.3. Let (ay,,) be a Bailey pair relative to ¢ satisfying (3.1) and (3.2).
Applying (2.1) to the Bailey pair in Lemma 4.4, we obtain

m nm+1 Fot ni+1 2. 92 _
(_1)n q( 2 ) ( 2 )(q 4 )n1+6a,o s Ni+1 + 5a,i
Z (—q) Bnl+5a,0 H n,;
N yee,N1 >0 U i=1 ’

Z(_l)nqm(ngl) (qa(n+1)fn+1 _ q_a"”"_lfnq) if0<a<m-—1,

o (4.2)
Z(—l)”qm(ngl) (1= fn if a = m. '
n>0

If f,, also satisfies (1.4), then a short computation as in the proof of Theorem 1.2 converts the
right-hand side of (4.2) into the right-hand side of (1.8). [

Using Theorem 1.3, we obtain false theta companions for each family of identities established
in Section 3. The proofs use the same Bailey pairs but in (1.8) instead of (1.5). For example,
as noted in the introduction, Theorem 1.4 follows upon inserting (1.6) and (1.7) in (1.8).

The false theta companions to (3.7) and (3.8), obtained using the Bailey pairs corresponding
to (3.9) and (3.10) in Theorem 1.3 are collected in the following two results.

Theorem 4.5. Form > 1 and 0 < a < m, we have

Z (_1)nmqn3n+nm+~--+n%+n1 ni_f [TLH—I + (5a72}
q2

N yee,M1 >0 (_qQ;qQ)nm(_q; q2)n1+6a,0 =1 i
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D sgu(—n)g TGN g < o <m - 1,
_ neZ
Z sgn(n)qm(”2+”)+"(3"_1)/2 if a =m.
ne”L
Theorem 4.6. For m > 1 and 0 < a < m, we have

. nm-+1 I ny+1 .92 _
(—1)n q( 2 ) ( 2 )(_Lq )n1+6a,0m ! |:ni+1+5ai:|

Z (—Dnnm, (q; q2)n1+5a70 i=1

Nmye..,m1 >0

3 sen(—n) (~1) (gt 0 <o <m 1,

_ nez
S sen(n) (-1 gD ip g = m,
nez

Finally, we record the false theta companions to the identities in Theorem 3.5. To keep the
expressions concise, we use the Legendre symbol

1 ifn=1 (mod 3),
n
(§>= 1 ifn=-1 (mod3),
0 ifn=0 (mod 3).

Theorem 4.7. Form > 1 and 0 < a < m, we have
nm+1 ni+1 -1
Z (_1)nmq( 2 )+ +( 2 )m |:ni+1 +5a,i:|
N yee,M1 >0 <_q>”m (q; q2)n1+5a,0 i=1 ¢

> sgn(—n)(—l)n<]L 3 n>q3”?4(’§1)+(“m1)” ifo<a<m-—1,

- el 1 — ’i:L 3m+4 (n+1 (43)
S sen(m(-1) (157 ) O fa=m.
nez

nm+1\ .4 (n1+1 2_ m—1
Z (—1)nmq( y ) (M) (a4 6e,0)?(mta0) H [nz‘+1 + 5(”]
Ty yeees M1 20 (_q)nm (Q? q2)n1+5a10 i=1 Uz

Z sgn(—n)(—l)n<1 ; n>q3m3+2(n;1)+(aml)” if0<a<m-—1,

_ ) nez

- A(Lom) iz | (4.4)
>_sen(n)(=1)" (5= Ja U= if a=m,

m nmA1) g (r1l .3 _
Z (=)™ q( 2 (" )(_17 q )n1+5a,0 ml |:ni+1 + 5a,i:|
(_Q)nm (Q§ q2)n1+5a,0 (_1; Q)n1+§a,0 i=1 i

Nimse-.,11 >0
> sgn<—n)<—1)”<1 3 n>q(mﬂ’(n?)“"m”" if0<a<m-1,

3
_ ) nez
S ssn(m)(-1) (157 ) fa=m.
neZ

We close this section by noting that a number of the bases cases of Theorems 4.5-4.7 appear in
classical work of Rogers [19]. For example, the base cases corresponding to m = 1 of Theorem 4.5
are found at [19, p. 334, equation (7)]. The case m = 1 and a = 0 of Theorem 4.6 is found at
[19, p. 333, equation (5)]. Finally, the two cases of (4.3) and (4.4) corresponding to m =1 are
at [19, p. 332, equation (1)] and [19, p. 332, equation (2)], respectively.
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5 Proof of Theorem 1.6 and applications

We begin this section with the following Bailey lemma.

Lemma 5.1. Let m > 1 and 0 < a < m. Suppose that (o, Bn) is a Bailey pair relative to 1
and that there is a sequence (gn)n>0 with go =1 and

1 ifn=0,
= ,
U+ qgn ifn>1.

Then (al,, BL) is a Bailey pair relative to 1, where

1442 .
R <L ifn=0,
1—gq2
/
o, = _ a _1 _ _ a=2 (51)
8 mrin [((gn+ @ 2g000) g2 (gn+q " g0 )
q? T — o ifn >0,
1—¢"2 1—q" 2
and
/67/’1, = 5nm+1 (5 2)
_ 1 L(n2,4n2 _ ++n?) 1 - Nit1 + Oai
-, 1N Z q (_q ’q)nl«‘réa,oﬁnl“réa,() H n; .
(_q2’q)nm+1 Nms...,1 >0 i=1 v

Proof. As in the two previous sections, we break the proof into several steps.

Step 1: We first assume that a > 0, postponinglthe case a = 0 case until later (see Step 6).
Iterating Lemma 2.1 a times with z — 1, b+— —¢2, and ¢ — oo, we obtain the following pair
relative to 1:

1 if n =20,
Oy = a. 2 . (53)
2" (14+q¢")g, ifn>0,

and

(n3+n3_1+~-+n%>(_q%)

Bn = ﬁnaJrl = # Z r i Bnl- (5.4)

(—q%)n 1 P10 (Dras1—na(@Dna—na—s * (Dng—m

Step 2: Now we apply Lemma 2.3 with x — 1 to obtain a Bailey pair relative to ¢:

14q2

# ifn =0,
an - q%n2+g .

1 q (gn + qn(a—1)+§gn+1) ifn>0
a2
q§n “+n B o
=T g" g ),
and
10,22 2 1
1— qna+1+1 qi(”a+”a—1+"'+”1)(_q§)

b = Py = L) m__g

(—q%)n 141 s >0 (Q)na+1+1—na (Q)na—naA T (Q)nz—m
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Step 3: Next we apply Lemma 2.1 with z — ¢, b— —q%, and ¢ — oo, and then cancel

a factor of (1 + q%) "in the resulting a,, and B, to obtain the following Bailey pair relative
tox =q:

anH"2+" 1
o = g (o0 + " g ) (L4 4772)
and
1 2 2 2 1
1 (1 _ qna+1+1)qg(na+1+na+.--+n1)(_qa)
BTL - 6na+2 == m Bnl-

(—q%)n s Map1ron1 20 (Drnaro—nart (Dnapr+1-na (Dna—na—1 = (Dng—ny

Step 4: In the next step, we retain the (,, but change QSO that the new Bailey pair is
relative to x = 1, by using Lemma 2.2 with z — ¢ and b, c — ¢2. Keeping in mind (2.4) for the
case n = 0, we have

1 a
+7q21gl ifn=0
oy = 1 o q§ 1 _92
" wiipr (90t @ T ) a2 (ga bV g0 )|
q > i il if n >0,
1-— qn+§ 1— q”fﬁ

and
(1- qna+1+1)q%(n§+1+ng+--~+n§ (_q%)

Bn = ﬂnaJrQ = # Z L 6111.

(—q%)n s Mt 1120 (Drnaro—nart (Dnapr—nat 1 (@Dna—na—1 *** (Dng—n,

Step 5: If a # m, we use Lemma 2.1 m — a — 1 times with x — 1, b — —q% and ¢ = oo.
Converting the 3, to ¢g-binomial notation then gives tlhe required Bailey pair relative to x = 1.

If a = m, we use Lemma 2.1 with z — 1, b— —¢2, and ¢ — 0 to obtain a new Bailey pair
relative to x = 1. This gives the correct a,, in (5.1), while

1
n” n —qQ2
q 2 _ (nfnm+2)( q )nm+2
B — E _1 n nm+2q 2
" 3 - (q)n—nm+2

(1 — gt 1) gzt nd) (_g3)

y 1 3 mog

(—q%)n vo Mgt >0 (Drmsz=nmss (Dnmsr—nm+1(Dnm—nm_y * (Dng—m

We now sum over ny,yo first, using the g-binomial theorem [4, equation (3.3.6)]:

n

n—n,, 1
Z (_1)n_nm+2q( 2 +2) — 5n7nm+l .
nm+2:0 (Q)n*nm+2 (q)nm+27nm+l
Thus, the 3, simplifies to
10,2 2 1
1 (1 _ qnm+1+1)q§(nm+...+n1) (—qi)
/Bn = 5nm+1 = 1 Z ™ /Bnl)

(—q%)n 1 120 (Drms1 =41 Dnm—nm_1 = (Dng—n

and converting to g-binomial coefficients gives the required (5.2).
Step 6: If a = 0, we skip Step 1 and use Steps 2-5. We obtain the Bailey pair with a,, given
by (5.1) for a = 0 and

B’n = Bnnhq = ; Z

(_q%)n 11 Mmyeen1 >0 (Q)nm+1—nm o (Q)nz—nl

gt ) (1 — gty (—g2)
1

/8n1+1-

Converting to ¢g-binomial notation completes the proof. |



18 S. Kanade and J. Lovejoy

Armed with the Bailey pair in Lemma 5.1, we now prove Theorem 1.6.

Proof of Theorem 1.6. Subtracting the case a — 1 from the case a of Lemma 5.1, we obtain
a new Bailey pair (ay, 8,) relative to 1. For n = 0, we have

a a—1
14+q291 1+q2 g a1
Qo = T 1 =—q 2 g1,
1—¢>2 1—gq2

and for n > 0 we have

a _1 _ _ a—2
o — q%n2+n <(gn +qn(a—1)+29n+1) q 2 (gn +4q n(a-1)+% gnl))
n =
a—3

a—1 _1 _ _
mo2, ((f/qu”(“‘2)+ T gn1) @ 2 (gn+q I gn1)>

1_qn+% 1—g¢q

—q 2 —
1— qn-i-% 1— qn—%
m a—1 a—3
= —q7n2+n (qn(a72)+Tgn+1 + qfn(a71)+Tgn_1) .

Now using (5.2) and (2.1) along with the fact that

lim |:nm+1 + 6a,m:| = 1
Nim 4100 Nm (Q)nm ’
we obtain
1
_q§ a—1 m _ a—1 _ _ a—so
Lh.s. of (1.12) = ((q))00<_q 2191 _ Zq 2n2+n(qn(a 2)+ 21gn+1 +q nla—1)+ 23gn_1)>.
o0 n>1

If g,, satisfies (1.11), then we compute

1
a— —q?2 m m
Lhs. of (1‘12) — 21 ((q))oo <Z C]?n2+(mfngn+1 + Z qanan+2nlgn_1)
1)oo n>0 n>1

1

_ _qagl (_q2)oo (Z q%n2+anfngn+1 + Z q’gn2+an2nlg_n_1>

(Q)oo n>0 n<—1
(—¢?)
a— —q?2 m
=g > ") Z q7n2+na—ngn+1,
(Q)oo nez
as desired. m
We now give several applications of Theorem 1.6, beginning with Theorem 1.5.
Proof of Theorem 1.5. We use the Bailey pair relative to 1 [20, p. 468],
1 if n=0, 1
Qp = { non2_1lp s and Brn="——F—"—
(=D)"g™ 2" (14 4q¢™) ifn>0, (—qz)n(q)n

corresponding to g, = (—1)”q"2_%. Using this in Theorem 1.6 with ¢ = ¢?, we obtain

2

—q;q 2 _9na—
Sm,a i Sm,a—l _ ( — )ooqa Z(_l)nq(erQ)n 2na—n
(¢%d%) =
)
_a (7q’ q )oo m+1—2a m—+3+2a 2m+4. 2m+4
2. 2 ’ ( »q »q ) )007
(%%,
|

by the triple product identity (2.2).
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Next, for m > 1 and 0 < a < m define

jQm,a = Z q -

Ty >0 (2 q2)nm =1

Theorem 5.2. For 1l < a < m, we have

+- +n1(

.42 —1
q;9 )n1+(5a70 Ti—[ |:7’li+1 + 6a,i:|
q2

ng

R —- R _ a+l (_q; q2)oo ( m+6+2a  m—2a ,2m+6. 2m-+6
m,a m,a—1 — (qQ' q2) q » q »q ) )
) 9]

Proof. We use the Bailey pair relative to 1 [20, p. 468, B(1)],

oo’

1 ifn=0
oy =
(_1)nqn(3n—1)/2(1 +4") ifn>0,

and
1
(@Dn

Applying Theorem 1.6 and then letting g — ¢ gives

Bn:

R — :Rm,a—l _ _q q; 9 oo Z mn2+2an— 2n 1)n+1q(n+1)(3n+2)

)

OO neL

_ a+l (_q; q )oo (m+3)n?+(2a+3)n n
=" SR ) a (-1,
(%), %=

and the result follows from the triple product identity (2.2).
Analogous to (1.9), we have that R, ,, are products for m > 1.
Theorem 5.3. For m > 1, we have

(—a:4%)
R m= oo( m+47 qm+2 q2m+6, q2m+6)

0o’

Proof. We start with the Bailey pair in (5.5) and (5.6), and then consider the Bailey pair given

by (5.3) and (5.4) with @ = m. We then apply (2.1). Observing that
Zan = 1—}—2(12 1+q ( 1)nqn(3n—1)/2 _ Z(—l)nquM#_%

n>0 n>1 nez

m_92 41 m+3. m+3
= (g2, g2, " ™)

by (2.2), the result follows after dilating by ¢ +— ¢.
For our final application, for m > 1 and 0 < a < m define
.42 —1
T B Z 1, q )n1+5a,o Ti‘[ n;+1 + 5&,1'
ma ( 2. 2) ( 2) o :
e >0 45, \GA) 45, 0 =1 ! q?

Theorem 5.4. For 1 < a < m, we have

gt (=

T _ a1 (- qz)oo(i mi2a _gmt2=2a 2mt2, 2me2)
m,a m,a—1 — (QQ’QQ) , —q » q 5 q
’ 00

)

0o’
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Proof. In Theorem 1.6, we argue as usual using the Bailey pair relative to 1 [20, p. 468,
corrected],

1 if n=20,
ap = n (5.7)
21 +q") ifn>o0,
and
b= (5.9
(—q2,92,q),
This concludes the proof. |

Again, the T, ., are products for m > 1.

Theorem 5.5. For m > 1, we have

Y

2
—49
Tm,m — %(_qm7 _qm+2
(¢%:1¢%)
Proof. We start with the Bailey pair in (5.7) and (5.8), and then consider the Bailey pair given
by (5.3) and (5.4) with @ = m. We then apply (2.1). Observing that

m, 2 n(n—1) m+l.2_ n m m
Dan=1+Y q2"(1+q"g = =Y g2 " f=(—q2,—q2 ¢"q")
n>0 n>1 nez

2m+2. 2m—+2
AT Rl I

by (2.2) gives the result after dilating by g — ¢2. |

6 Concluding remarks

In this paper, we have shown how the families of ¢-series identities involving products of g-
binomial coefficients like the one in (1.13) fit naturally into the theory of Bailey pairs. As noted
in the introduction, this is not a surprise, given that several similar identities have already
appeared in the literature in relation to Bailey pairs. For example, Hikami’s variant of the
Andrews-Gordon identities [11],

Z q

N —1,..-,01>0

[e.8]
)

[I

24 ...4n2 4 m—2 1 2m— 2 1. .2 1
ni+-+ni, 1 +nat1++nm—1 |:ni+1 16, z:| B (qa+ L0 g m-+ . q m+ )
(Q)nm—1 =1

T (Q)oo
valid for m > 2 and 0 < a < m — 1, can be proved using the theory of Bailey pairs, as can
several other similar families of infinite product and false theta identities, [11, 16, 17].

Identities involving products of g-binomial coefficients similar to (1.13) also arose in connec-
tion with Schur’s indices of certain 4d N = 2 Argyres—Douglas theories in [12]. For ¢t > 1,
1 < s <t+1 define (with the convention that n;1 = 0):

M) |

ni,...,ne >0

Ny Ny 41 +Nr

Then, for k > 1, 0 < i < k, it was proved in [12, Theorems 6.1 and 7.1] that

k—i+1 2k+3.

k+i+2
+i+ iq

2k+3)

(¢ .q .q

k
k—1i k—j
(D" Do eyirs +2 Y (=D T Do g1 = GTam]
j=i+1 (q)oo

=, (6.1)
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k
(—1)* " Dop 1 pyi +2 Z (1) T Dop1poyj =
j=i+1

1 2.,
W Z Sgn(n)q(kJrl)n +in (6.2)
1) nez
The first step in the proof of these identities involves using quantum dilogarithm to deduce

t—2
Dyy = % 3 (—1)Z5m2ma ("5 )+ (mg“)i@mt;“t’s I1 [mif(sm-l] (6.3)
(Q)oo M1,yeymi—1>0 (q)ml i=1 Mit+1

for t > 2,2 < s <t+ 1. Here we have taken the liberty to rewrite the expressions in [12,
Proposition 4.2] to more transparently exhibit the g-binomial coefficients of the shape (1.13).
Crucially, the next step in the proof of (6.1) and (6.2) uses the theory of Bailey pairs to go
from (6.3) to the theta and false theta counterparts, as appropriate [12, Section 5|. Note the
slight change in the order of the variables: The summation variables in Theorem 1.1 are ordered
subject to njt1 + 044 > n;, however in (6.3), they are ordered m; + d; s—1 > m;i+1. We omit the

discussion of two further families of identities involving w-deformed D functions proved in [12].
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