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Abstract. In this note, we prove the Riemannian analog of black hole mode stability for
Hermitian, non-self-dual gravitational instantons which are either asymptotically locally flat
(ALF) and Ricci-flat, or compact and Einstein with positive cosmological constant. We show
that the Teukolsky equation on any such manifold is a positive definite operator. We also
discuss the compatibility of the results with the existence of negative modes associated to
variational instabilities.
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1 Introduction

A gravitational instanton is a complete and orientable 4-dimensional, Ricci-flat and asymptot-
ically flat Riemannian manifold. In this note, we are interested in Hermitian asymptotically
locally flat (ALF) instantons, as well as compact Einstein—Hermitian 4-spaces. Recall that
a Riemannian manifold is Hermitian if there is an integrable almost-complex structure which
is compatible with the metric. In both the Ricci-flat and Einstein cases, the Goldberg—Sachs
theorem adapted to Riemannian signature implies that the above is equivalent to the curvature
being algebraically special, see [22, 26]. For the definition of a Riemannian manifold being ALF,
see [12, Definition 1.1]. A classification of Hermitian, toric, ALF gravitational instantons has
been given by Biquard and Gauduchon [12]. The toric assumption was recently removed in [33].
In fact an ALF Hermitian non-Ké&hler instanton belongs to the Euclidean Kerr, Taub-bolt, or
Chen—Teo families, or is Taub-NUT with the opposite orientation. We shall ignore the last
case, since the Taub-NUT manifold is half-flat, see Remark 1.6 below. The Euclidean Kerr
and Taub-bolt instantons are both Petrov type D, that is both the self-dual and anti-self dual
parts of the Weyl tensor are algebraically special and the manifold is non-K&hler with respect
to both orientations. The Chen-Teo instanton [19], on the other hand is Hermitian but has
algebraically general anti-self dual Weyl tensor [1]. The classification of Hermitian non-Kéhler
ALF instantons complements the classification of hyperkéhler instantons [15, 16, 17, 30, 34, 42],
and furthermore bears a close similarity to the classification of compact Einstein—Hermitian
non-Kéhler manifolds by LeBrun [32].

Local rigidity of Hermitian ALF instantons was proved by Biquard, Gauduchon, and LeBrun,
see [13]. Given a Hermitian gravitational instanton (M, g,p), there is an open neighborhood O
of ggp in the space of metrics on M such that any gravitational instanton g/, € O is also
Hermitian.


mailto:lars.andersson@bimsa.cn
mailto:baraneda@ed.ac.uk
mailto:dahl@kth.se
https://doi.org/10.3842/SIGMA.2025.022

2 L. Andersson, B. Araneda and M. Dahl

Remark 1.1. The above result leaves open the question of whether a Hermitian ALF gravita-
tional instanton is integrable in the sense of [11, Section 12.E]. The notion of mode stability for
instantons that we study in this paper is a step towards addressing this problem, see below.

Let gqp be a Riemannian metric on a 4-dimensional manifold M with Ricci tensor R,;(g) and
scalar curvature S(g). We define the Einstein tensor E,;(g) by

S
Eap(9) = Rap(9) — ig) Gab (1.1)
see [11, Section 12.26]. The metric g4 is Einstein if E,;(g) = 0. We shall be interested in two
classes of Einstein metrics: ALF Ricci-flat manifolds, and compact Einstein manifolds with

S(g) # 0. Let g(s)qp be a 1-parameter family of metrics, with

d

&g(s)ab‘szo = hap, (1.2)

and let E(s)q be the Einstein operator of g(s)sp. Assume that g(0)s = gap is Einstein and
that hgp is a linearized Einstein perturbation, that is hgp satisfies the equation

%E(s)aﬂs:o =0. (1.3)
If (M, gap) is ALF Ricci-flat, then E(s)qp in (1.3) can be replaced by R(s)qp, and we say that hgy,
is an ALF vacuum perturbation if for any integer k > 0, VFhy, = O(rilfk). See Definition 2.2
below for notation. The ALF Ricci-flat instanton (M, gq) is said to be integrable if for any
ALF vacuum perturbation hgp, there is a 1-parameter family g(s)q, of ALF Ricci flat metrics
such that d/ds g($)ap|s=0 = hap. Similarly, if (M, g4p) is compact Einstein, then we say that it is
integrable if for any Einstein perturbation hg, there is a 1-parameter family g(s)q, of Einstein
metrics such that d/ds g(s)ap|s=0 = hap-

The above notion of integrability (which follows [11, Section 12.E]) intends to describe the
space of solutions to the Einstein equations around the given solution g,;. This space is not neces-
sarily a manifold, so the required curve of metrics may not exist. Integrability in this sense is also
known as linearization stability as defined by Fischer and Marsden [24]. For Lorentzian metrics
satisfying the Einstein equations, this concept was introduced by Choquet-Bruhat and Deser [20],
and then thoroughly studied by Fischer, Marsden, Moncrief, and Arms [9, 25, 23, 35, 36]. In par-
ticular, for vacuum spacetimes with compact Cauchy hypersurfaces, Moncrief showed [35, 36]
that linearization stability fails if the solution has Killing vector fields.

A step towards addressing integrability of Hermitian instantons is the problem of mode
stability, which is a concept that originates in the study of dynamical stability of Lorentzian
black holes, but can be adapted to Riemannian metrics. Let (M, gq,) be Hermitian, with com-
plex structure J?%, and unprimed Weyl spinor ¥ pcp (see Section 2 for notation). Then J%,
can be represented by a spinor o? as in (2.1) and (2.2) below, with respect to which ¥y =
U apcpo?oPo®oP = 0. This follows from (2.10) below and its integrability condition, see, for
example, the discussion around [29, equation (12.3)]. Let g(s)q be a l-parameter family of
metrics on M, with g(0)a = gap- The linearized ¥y is given by

9o = L Wo[g(s)as] oo (1.4)

ds
where ¥ denotes the variation operator introduced in [10] (adapted to Riemannian signature)
which we shall use in this paper to treat perturbations, see Section 2.3. Since the background ¥q
vanishes, 90 is a gauge invariant quantity. If the Hermitian manifold (M, g4) is Ricci-flat or
Einstein, then for a perturbation satisfying (1.3), we have that 9W satisfies the Teukolsky
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equation, see (2.18) below. The Teukolsky equation in the Riemannian case is the analog of the
Teukolsky equation which governs perturbations of the Kerr black hole and other Lorentzian
Petrov type D Einstein metrics. In the Lorentzian case, mode stability means that there are
no solutions of the Teukolsky equation with frequency in the upper half plane and satisfying
a condition of no incoming radiation, see [5, 45]. In the Riemannian case, we have the following
analog of the notion of mode stability.

Definition 1.2. Let (M, g,5) be Hermitian. If (M, gup) is ALF Ricci-flat, then we say that mode
stability holds for (M, g4p) if for any ALF vacuum perturbation we have 9Wy = 0. If (M, gup)
is Einstein and compact, then we say that mode stability holds for (M, g,p) if for any Einstein
perturbation we have 9W¥g = 0.

Remark 1.3. In Lorentzian signature, mode stability for non-vacuum spacetimes such as the
Kerr—Newman solution to the Einstein—-Maxwell system, or the Kerr—de Sitter black hole in the
Finstein case, remains open. In Riemannian signature, Einstein—-Maxwell instantons are also of
interest, and the problem of their mode stability is also worth studying. The instanton version
of the Kerr—de Sitter black hole is a compact Einstein space found by Page [38], whose mode
stability is proven in Theorem 1.5 below.

It was recently shown by Nilsson that mode stability holds for the Petrov type D Euclidean
Kerr and Taub-bolt families of instantons, see [37]. In this paper, we give a new proof of this
result which is valid for all Hermitian ALF instantons, that is including the Chen—Teo case. Our
argument also applies for compact Einstein—-Hermitian 4-manifolds.

Theorem 1.4. Let (M, gqp) be a Hermitian non-Kdhler ALF instanton. Then mode stability
holds for (M, gap)-

Theorem 1.5. Let (M, gqp) be a compact Einstein—Hermitian 4-manifold with positive cosmo-
logical constant. Then mode stability holds for (M, gap).

Remark 1.6. Recall that a hyperkahler instanton is half-flat. Due to the Hitchin—Thorpe
inequality for closed four-manifolds M, a Ricci-flat manifold (M, g4) is half-flat if and only if
(M) = 2x(M), see, for example, [11, Section 13.8]. Since 7(M) and x(M) are topological
invariants, any Ricci-flat metric on a closed manifold admitting a half-flat metric will satisfy the
same equality and will thus be half-flat.

For ALF manifolds (M, gq), the Hitchin-Thorpe inequality has an additional term giving
the contribution from the ALF end, see [18, 21]. Again, equality holds if and only if (M, gup)
is hyperkéhler. Since neither 7(M), x(M) nor the contribution at infinity depends on the
particular ALF metric, any other Ricci-flat metric will again satisfy the same equality and will
thus be half-flat.

This gives the analog of mode stability for hyperkéhler instantons. Therefore, we shall con-
sider mode stability only for Hermitian, non-Kéhler manifolds.

Mode stability is a step towards proving the following conjecture.

Conjecture 1.7. Let (M, ga) be a Hermitian non-Kdhler ALF instanton. Then (M, gqp) 1S
integrable.

Remark 1.8. It follows from the classification of Hermitian non-Kéhler ALF instantons that the
corresponding moduli spaces are smooth and 2-dimensional. Therefore, Conjecture 1.7 can be
restated in terms of infinitesimal rigidity, that is the statement that an ALF vacuum perturbation
is, modulo gauge, a perturbation with respect to the moduli parameters, see [37]. The conjecture
can be addressed by analyzing the compatibility complex along the lines in [2]. In the Lorentzian
case, the corresponding result for Kerr has been shown to hold in [4].
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2 Preliminaries and notation

In this section, (M, g,5) denotes a four-dimensional orientable Riemannian manifold with Levi-
Civita connection V.

2.1 Spinors and complex structures

We shall use the formalism of 2-spinors as developed by Penrose and Rindler [40, 41], with the
exception that we adapt the framework to Riemannian signature following Woodhouse [47] (see
also [27]). This can be done by first using that the constructions in [40, 41] formally apply in
a complex space as explained in [41, Section 6.9], and then noticing that one can specialize to
Riemannian signature by equipping the spin spaces with the Riemannian spinor conjugation {
defined in [47, equation (2.5)].

We shall in fact only use spinors up to scale, so the existence of a global spin structure
is not assumed. Note that the Taub-bolt and Chen—Teo instantons do not admit spin struc-
tures [19, 39].

Abstract spinor indices are denoted by A, B, ... and A’, B/, ..., and can be raised and lowered
with the symplectic forms esp, €4/p- and their inverses. Tensor indices correspond to pairs
of primed and unprimed spinor indices, a = AA’, b = BB’, etc. For example, the metric
iS gup = €aB€a g, and the Weyl tensor is

Waved = Yapepeapec'p + Y arpcrpr€ABECD,

where U 4 e and U apep are the (totally symmetric) self-dual and anti-self-dual Weyl cur-
vature spinors, respectively.

We shall assume that (M, g,p) has an almost-complex structure J%, compatible with gq,. From
in [31, Chapter IV, Proposition 9.8], J%, can be represented by a projective spinor, say o4. The
explicit representation is

/

JM 5 =i(0%ip + 11oB) o5, (2.1)
see [47, equation (4.7)], where 14 is the complex conjugate of 04:
A oA (2.2)

In (2.1), we chose the normalization o 4t = 1. The pair (OA, /,A) is called spin dyad. The com-

ponents of ¥ 4pcp in this dyad are
Uy = U spcpotoPolol, Uy = Uapepo?oPo P, Uy = Uapopo?ol O, (2.3)

together with W3 = —W; and ¥4 = U,. Note that ¥, is real.

2.2 Conformally invariant GHP connections

An almost-complex structure is invariant under two kinds of transformations: a rescaling of the
spinors in (2.1) of the form

ot — Mo’ A LA (2.4)
where \: M — U(1), and conformal transformations
9ab —> Jab = Q2gab7 (25)

where () is a positive function.
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We shall use a framework that is covariant under both of the above transformations. This
is closely related to the conformally invariant Geroch-Held—Penrose (GHP) formalism given
in [40, Section 5.6, but with three main differences arising from the following requirements: it
should apply to arbitrary spinor/tensor fields (the framework in [40, Section 5.6] applies only to
scalar fields), it should be independent of a choice of primed spin dyad, it should be adapted to
Riemann signature. A framework satisfying these requirements can be found in [§].

Under conformal transformations (2.5), the spin dyad in (2.1) transforms as

o4 = 71204, =07 12A (2.6)

A metric-dependent tensor/spinor field ¢ which transforms with respect to (2.4) and (2.5)
according to

et — APQU A (2.7)

is said to have conformal weight w and GHP weight p. Here, A represents an arbitrary collection
of tensor/spinor indices. We shall refer to fields satisfying (2.7) as properly weighted fields
with weights (w,p). For example, o4 and +* have weights (—%, 1) and (—%, —1), respectively,
while 04 and ¢4 have weights (%, 1) and (%, —1). The components Wy, ¥, ¥y of the Weyl spinor
(equation (2.3)) have conformal weight w = —2 and GHP weights 4, 2, 0, respectively.

Let x be a scalar field, @ 4 a spinor field, and v, a covector field, all of them with conformal

weight w and GHP weight p. We define the covariant derivative C, by

Cax = Vax +wfax + pPaX,
Canrop =Vanvp — fappa+wfaaps +pPaaes,
Can = vavb + wfavb + PPan - Qabcvca

where
1
Ja=—=5J%V e a, (2.8)
1
P, =wq — iinafbv (29)

C?abC = faég + fb5g - fcgab~

Here w, = 15V 40" is the GHP connection 1-form, and f, is the Lee form. The action of C, on
fields with an arbitrary index structure is defined in the standard way.

Remark 2.1. We have the following facts, which generalize similar results for the standard
GHP formalism and its corresponding covariant derivative O,.

1. If x has weights (w, p), then x has weights (w, —p). This follows from (2.2), (2.4) and (2.6).
This is different from Lorentzian GHP, since in that case there is also a “g-weight” asso-
ciated to a primed spin dyad, and complex conjugation interchanges p and q.

2. C, is real (it commutes with complex conjugation) and metric (Cogp. = 0). Reality can be
seen by making use of the previous item together with the fact that the 1-form P, in (2.9)
is purely imaginary, P, = —P,.

3. C, is covariant under GHP and conformal transformations [8, Section 2.3]: if (2.7) holds,
then

Coo™ = APQUCL ™.

This generalizes the transformation rule of the standard GHP derivative, that is ©,¢* —
MO, A under GHP scalings (2.4).
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4. (M, gy) is Hermitian if and only if C,0® = 0. This follows since
Caa0P :O'A/LALB, oA ZOAOBVAA/OB,
and, using GHP notation [40],
0PV pop=0 &  k=0=0, (2.10)

which is the condition for the existence of a shear-free null geodesic congruence [41, equa-
tion (7.3.1)], or, equivalently, an integrable complex structure [8, Section 2.4]. This gener-
alizes the characterization of Kahler manifolds in terms of the GHP connection: a Rieman-
nian 4-manifold is Kihler if and only if ©,0” = 0, see [31, Chapter IV, Proposition 9.8].

5. (M, gap) is conformally Kahler iff it is Hermitian and f, = V,log ¢ for some scalar field ¢
(with w = —1, p = 0). This field satisfies
Cop = 0.
For example, in the Einstein—Hermitian case we have that [8, Remark 5.1]

¢ oc U3, (2.11)

6. If (M, gup) is conformally Kéhler, and u, has weights w, p = 0, then

Cou® = ¢~ WDV, (4 207). (2.12)

2.3 Perturbations and the Teukolsky equation

Here we introduce some notation for gravitational perturbations and prove an identity that will
be needed in Section 3.

The gravitational perturbations we consider are of two types: either compactly supported in
the compact Einstein case, or they satisfy certain fall-off conditions in the ALF Ricci-flat case.
For the latter, we use the following notation, which is taken from [3].

Definition 2.2 ([3, Definition 2.6]). Let (M, gq») be an ALF manifold as defined in [3, Defini-
tion 2.1]. Let ¢ and s be any two tensor fields on (M, g.p). We write

t=0(r?), s =0%(r")

if there is a constant C' such that [t|] < Cr® for r > A, and ‘Vks‘ = O(Taik) for all non-negative
integers k. Here, [t|? = t, gtad.

We treat variations of spinor and tensor fields following the approach introduced in [10],
which can be adapted to Riemannian signature. In particular, given a symmetric 2-tensor hgp
on (M, ga), viewed as a linear perturbation of the metric, the corresponding perturbations of
spinor and tensor fields are given by the variation operator 1. For example, the variation of
the unprimed Weyl spinor is 9V 4pop, and the variations of the scalars W;, ¢ = 0,1, 2 are given
by 9¥;. The formula for YV spcop is

1 /7 ! 1
WWapcp = §V(AAV§ hepyarpr + defhef‘l/ABCDa (2.13)

which coincides with [40, equation (5.7.15)].
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Let hg be an arbitrary metric perturbation. Recall that we defined the Einstein operator
n (1.1). We denote its linearization by ¥ E, and the linearized Ricci tensor and scalar curvature
by 9R4, and 9S. From [11, Theorem 1.174], we have

1

Zs(g)hab

1 1 1 1
= §Ahab - ivavb (nghcd) + ivcvahbc + §V6Vbhac

19E|ab = 79Rab - iﬁ‘sgab -

1 1
- Zgab [vcvdhcd + A(.{]thcd) - thRcd] - ZS(g)haba (214)

where A = —g®V,V,,. Define the operator
L = g®C,Cp — 180, (2.15)
acting on scalar fields of weight (w,p). We have the following lemma.

Lemma 2.3. Let (M, gqp) be Einstein—Hermitian, with (possibly vanishing) cosmological con-
stant X. Let hgy be an arbitrary metric perturbation (1.2), VEg, the linearized Finstein opera-
tor (2.14), and V¥ the linearized Weyl scalar (1.4). Furthermore, let f, be the Lee form (2.8),
and Q¢ the tensor field

Qabcd _ OAOBOCODGA,B/ GC/D/. (216)

Then
—Q71Q (Y, — 4f,) Va9 By = L[Q19Tq], (2.17)

where L is the operator (2.15) and Q is an auxiliary constant conformal factor, that is a scalar
field with weights w =1, p =0 and V,Q = 0.

Corollary 2.4. Let hy be a linearized Finstein perturbation 9Eq,, = 0, and let x = QO 19w,,.
Then x solves the Teukolsky equation

Lix] = 0. (2.18)
Remark 2.5.

1. The auxiliary constant conformal factor Q is necessary for conformal invariance (note
that V£ = 0 but C,2 # 0), see the proof below. Once the operator C, is written in terms
of the ordinary Levi-Civita connection (see (2.19) below), one can set 2 = 1.

2. If (M, gap) is Hermitian, and x has w(x) = —3 and p(x) = 4, then in Newman-Penrose
notation, we have

Lix] =2[(D+&—3c—4p—p)(D' + 4’ — p)
— (048 =38 —4r —7) (&' +28 - 7') — 3], (2.19)

so we see that L coincides with the Teukolsky operator [43, equation (2.12)].

Proof of Lemma 2.3. The strategy is to consider identities for an arbitrary Riemannian man-
ifold (M, gap), and then to linearize around an Einstein—Hermitian metric. Consider then an
arbitrary (M, gap), with Levi-Civita connection V, and unprimed Weyl curvature spinor ¥ 4pcp.
Let J% be a (locally defined) compatible almost-complex structure, and let 0 be the associated
spinor field as in Section 2.1. We can then define conformally and GHP weighted fields as in
Section 2.2, together with the connection C, on the corresponding bundles.
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Let Q) be an arbitrary constant conformal factor, that is a scalar field with weights w =1,
p =0 and V,Q2 = 0, and define

wapcp = Q "Wapep. (2.20)

This object has weights w = —1, p = 0, and it is essentially the “gravitational spin 2 field” of
Penrose and Rindler [41, equation (9.6.40)]. We have

CanCYPopepp = (Vaa —4fan)V* Popopr
= O N (Van — 4fan) VYV pepp

= QY (Vaa —4faa)V B‘I’CD) A
where in the second line we used the definition (2.20) and the fact that Q) is constant, and in the
third line we used the spinor form of the Bianchi identities [40, equation (4.10.7)] adapted to
Riemann signature (recall Section 2.1). Here ® 4p4/p/ is the trace-free Ricci spinor. Contracting

with 0%0PoCoP:

voBocoDCAA/CA/EapBCDE O 1OA0BOCOD(VAA' — 4fAA')Vgl‘I>CDB'A/
= Q1020 0P PN BV gnr — 4fan )V DD ®peBcr
= *ié_lQade(va - 4fa)vdEbca (221)

where in the last line we used the definition (2.16) and the identity ®5. = —3 Ep. (see [40, equa-
tion (4.6.25)] and recall (1.1)).

It remains to find a convenient expression for the first line in (2.21). This can be done using
[7, equations (3.6) and (3.15)]. We have

, 1
02080 0PC a0 CY P opepE = 5 (9°°CaCy — 18W5) 0o + B, (2.22)

where ¢o = 020P0 0P apcp = 9*1\110 and B is a term which couples the GHP quantities &, o,

Uy, ¥; quadratically. Equating the last line of (2.21) to the right-hand side of (2.22), and taking
a linearization around a metric which satisfies Eqp|s—0 = 0, Up|s=0 = ¥1|s=0 = K|s=0 = 0|s=0 = 0,
that is, an Einstein-Hermitian metric, see (2.10), the result (2.17) follows. [

Lemma 2.6. Let (M, gup) be Einstein—Hermitian, with volume form du. Let V be a four-dimen-
sional region in M with boundary OV, whose unit normal and induced volume form are n®, dX,

respectively. For any scalar field x with conformal weight w = —3 and GHP weight p =4
satisfying (2.18), we have
o_/ U, (nCoy) X — /\112_4/3(\CX]2—|—18\I/2\X\2)du. (2.23)
ov Vv

Proof. We have that (M, gq) is Einstein and conformally Kéhler, see [22], so identities (2.11)
and (2.12) hold. Let x be a solution to (2.18), with w = —3, p = 4. First notice that the
covector field YCqx has weights w = —6, p = 0, so using (2.11) and (2.12), we have

Ca(XC™X) = 03V, [w5 P xCy ] (2.24)
Now we multiply (2.18) by ¥ 4/3>Z and use the Leibniz property of C, together with (2.24),
0=, XLy = W, xgtCaCox — 1805 % x
= 0, g, (XCox) — W5 g™ (Ca) (Cox) — 185 P |x[?
— V(U5 x¢x) — T P (1Cx ] + 18T x ).

Integrating this equation over a four-dimensional region V' and using the divergence theorem,
we get (2.23). [
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3 Mode stability

3.1 ALF instantons

The proof of the following lemma is similar to the proof of [13, Theorem A].

Lemma 3.1. Let (M, gq) be a Hermitian non-Kdahler ALF instanton. Then Wo > 0 in M.
Remark 3.2.

1. In view of the classification of Hermitian non-K&hler ALF instantons [33], one could prove
Lemma 3.1 by an explicit calculation for the relevant families of instantons. For the
Chen-Teo case, the calculation needed is lengthy but can be done along the lines in [1].

2. For a conformally K&hler manifold (M, g,p), where the Kéhler metric and its scalar cur-
vature are g = 0?gay and S, it holds
S
U, = 2 1
2 ' 12° (3 )
see [6]. Thus sign ¥o = sign S, so it is sufficient to show that S > 0.

Proof. Let W be the self-dual part of the Weyl tensor. By [22, Proposition 5, p. 420], we
have that W does not have zeros in M, so Wy does not have zeros either. Hence, by (3.1),
S does not change sign. With the conformal factor

1/3

o = 2415 |!

(3.2)

the metric gq, = ©?gap is extremal Kéhler with scalar curvature S satisfying
S =64,

where A = —¢™®V,V,. By construction, ¢ > 0. Recalling Definition 2.2, we have ‘Wﬂ =
O(r‘g) so ¢ — 0 at co. Hence ¢ must have a local maximum at some x € M, and Ap|, > 0.
This implies ggo?”x > 0, which since ¢ > 0 implies S(z) > 0. By point (2) of Remark 3.2, we
find that ¥y > 0. [

We are now ready to prove our main theorem.

Proof of Theorem 1.4. Consider an ALF vacuum perturbation hgp, that is, hep, satisfies (1.3)
and VFhgy, = O(r‘l_k) for any integer k > 0. We recall that the symbols O, O* used here and
below were introduced in Definition 2.2. Let x = 9V be the linearized extreme Weyl scalar.
Since this involves two derivatives of hgy, (see (2.13)), the ALF assumption for the perturbation
implies y = O* (7“_3). In particular, we have Cy,x = O(r_4). In addition, the ALF condi-
tion for the background instanton implies ¥y = O(r*3), SO \112_4/3 = O(r4). Therefore, letting
V = {r < R}, from the above we deduce that on OV we have

U, 5 (Cax) = O(r?)

while A(8V) = O(r?). This shows that the boundary term in (2.23) is O(r~') and hence letting
r — 00, we have

0— /M Wy 3 (12 + 18Ws|x|?) dp.

Since by Lemma 3.1 Wy > 0, we get x = 0 and the result follows. |
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3.2 The compact case

In this section, we extend our mode stability result (Theorem 1.4) to the compact case. The only
known Ricci-flat compact 4-manifolds are the flat 4-torus and K3 surfaces (which are half-flat),
so we need to include a cosmological constant A # 0 (see Remark 1.6).

A classification of compact Einstein—Hermitian (non-Kéhler) 4-manifolds with A > 0 is known
from LeBrun [32], the only possibilities are the Fubini— Study metric on CP? (with orientation
opposite to the Kéhler one), the Page metric on CIP’2#CIF’ or the Chen—LeBrun—Weber metric
on CIF’2#2(CIF’ We note that the Page metric corresponds to a special limit of the Riemannian
Kerr—de Sitter solution [38].

Proof of Theorem 1.5. Let (M, g,3) be a compact Einstein-Hermitian 4-manifold with A > 0,
and consider a metric perturbation hg. Note that Lemmas 2.3 and 2.6 apply also to the
compact case. By item (2) in Remark 2.5, if hgy, solves ¥E,;, = 0, then we have a solution x to
equation (2.18), so identity (2.23) applies. From the above list of compact Einstein—Hermitian
instantons, we see that all of them are closed, so the boundary term in (2.23) vanishes:

—4/3
0= /M v, / (\Cx|2 + IS\PQ\X\Q)d,u

The sign of ¥y can be determined by an analog of Lemma 3.1: from item (2) in Remark 3.2, we
need only focus on the sign of the scalar curvature S of the conformally related Kéahler metric
Gab = ©>gap, where o is still given by (3.2). Using [44, equation (D.9)] with Q = ¢, the conformal
behaviour of scalar curvature is

0?5 =S+ 60" Ap.

Since S = 4\ > 0, and since the proof of Lemma 3.1 applies to show that ¢ Ay > 0, we
have S > 0, and thus ¥y > 0. So x = 0, and the result follows. |

3.3 Negative modes

Here we comment on the compatibility of our mode stability results with other notions of stability
in the literature, both in the ALF and compact cases.

A frequently used definition of Riemannian linear stability for Einstein metrics, see, for
example, [11, Definition 4.63], is in terms of a variational problem: given the Einstein—Hilbert
functional S, an Einstein metric g4 is said to be stable if the second variation of S at g, is
negative for all compactly supported, trace-free metric perturbations. If, on the other hand, one
can find a perturbation such that the second variation of S is positive, then g, is said to be
unstable.

The above definition is often formulated as an eigenvalue problem: if hg, satisfies the TT
conditions V®hg, = 0 and g®hgy, = 0, one considers the problem L(h)qp = jthay, where L(h)q, =
— g%V V ghap — 2R heq, and the solution is unstable if there is a negative mode p < 0. See,
for example, [28, Section V], where a negative mode is found for the Schwarzschild instanton,
and used to argue about the semi-classical instability of the solution; see also Witten’s work [46].

It was recently shown in [14] that if (M, g.) is a conformally Kéhler 4-manifold which is
either compact and Einstein, or ALF and Ricci-flat, then it is unstable in the above variational
sense. Here we point out the following.

Proposition 3.3. The unstable metric perturbations found in [14] are conformally half-flat: the
unprimed linearized Weyl curvature spinor identically vanishes.
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Remark 3.4. The above result means that YV pop = 0, thus in particular 9¥y = 0, so
we see that the variational instability is still compatible with mode stability in the sense of
Definition 1.2.

Proof. In both the compact and ALF cases, the unstable metric perturbations in [14] are given
by the composition of a closed anti-self-dual 2-form w™ and the conformal Killing—Yano tensor 7
associated to the conformal Kéhler structure; see [14]. In spinor notation, this can be expressed
as follows: w_; = ¢arpreap, Tab = Kapeap/, and the unstable perturbation is

hap = (W™ 0 T)ab = darp K ap, (3.3)
where ¢ 4/p and K 4p satisfy the Maxwell and Killing spinor equations, respectively,
VAY parp =0, VaaKpe) =0. (3.4)

In the compact case, w_, can be any closed anti-self-dual 2-form, that is any Maxwell field ¢ 4.
In the ALF case, ¢arpr = Vur X g/), where X is the Killing field associated to the Killing
spinor K ap [14].

We can compute the linearized Weyl spinor using formula (2.13). Since the trace of (3.3)
vanishes, we have

1 ’ ’
Wapcp = §VE4AVB [Kcpyparp] =0
where the second equality follows from (3.4). [

Acknowledgements

This work was initiated while the authors were participating in the conference “Einstein Spaces
and Special Geometry” at Institut Mittag-Leffler in Djursholm, Sweden, in July 2023. BA
acknowledges support of the Institut Henri Poincaré (UAR 839 CNRS-Sorbonne Université)
and LabEx CARMIN (ANR-10-LABX-59-01) in Paris, during a research stay.

References

[1] Aksteiner S., Andersson L., Gravitational instantons and special geometry, J. Differential Geom. 128 (2024),
928-958, arXiv:2112.11863.

[2] Aksteiner S., Andersson L., Backdahl T., Khavkine I., Whiting B., Compatibility complex for black hole
spacetimes, Comm. Math. Phys. 384 (2021), 1585-1614, arXiv:1910.08756.

[3] Aksteiner S., Andersson L., Dahl M., Nilsson G., Simon W., Gravitational instantons with S* symmetry,
arXiv:2306.14567.

[4] Andersson L., Hafner D., Whiting B.F., Mode analysis for the linearized Einstein equations on the Kerr
metric: the large a case, J. Fur. Math. Soc., to appear, arXiv:2207.12952.

[5] Andersson L., Ma S., Paganini C., Whiting B.F., Mode stability on the real axis, J. Math. Phys. 58 (2017),
072501, 19 pages, arXiv:1607.02759.

[6] Araneda B., Hidden symmetries of generalised gravitational instantons, Ann. Henri Poincaré, to appear,
arXiv:2309.05617.

[7] Araneda B., Conformal invariance, complex structures and the Teukolsky connection, Classical Quantum
Gravity 35 (2018), 175001, 23 pages, arXiv:1805.11600.

[8] Araneda B., Conformal geometry and half-integrable spacetimes, Adv. Theor. Math. Phys. 27 (2023), 1591
1663, arXiv:2110.06167.

[9] Arms J.M., Marsden J.E., Moncrief V., The structure of the space of solutions of Einstein’s equations. II.
Several Killing fields and the Einstein—Yang-Mills equations, Ann. Physics 144 (1982), 81-106.


https://doi.org/10.4310/jdg/1729092451
https://arxiv.org/abs/2112.11863
https://doi.org/10.1007/s00220-021-04078-y
https://arxiv.org/abs/1910.08756
https://arxiv.org/abs/2306.14567
https://doi.org/10.4171/JEMS/1544
https://arxiv.org/abs/2207.12952
https://doi.org/10.1063/1.4991656
https://arxiv.org/abs/1607.02759
https://doi.org/10.1007/s00023-024-01515-1
https://arxiv.org/abs/2309.05617
https://doi.org/10.1088/1361-6382/aad13b
https://doi.org/10.1088/1361-6382/aad13b
https://arxiv.org/abs/1805.11600
https://doi.org/10.4310/atmp.2023.v27.n6.a1
https://arxiv.org/abs/2110.06167
https://doi.org/10.1016/0003-4916(82)90105-1

12 L. Andersson, B. Araneda and M. Dahl

[10] Backdahl T., Valiente Kroon J.A., A formalism for the calculus of variations with spinors, J. Math. Phys.
57 (2016), 022502, 18 pages, arXiv:1505.03770.

[11] Besse A.L., Einstein manifolds, Classics Math., Springer, Berlin, 2008.

[12] Biquard O., Gauduchon P., On toric Hermitian ALF gravitational instantons, Comm. Math. Phys. 399
(2023), 389422, arXiv:2112.12711.

[13] Biquard O., Gauduchon P., LeBrun C., Gravitational instantons, Weyl curvature, and conformally Kéahler
geometry, Int. Math. Res. Not. 2024 (2024), 13295-13311, arXiv:2310.14387.

[14] Biquard O., Ozuch T., Instability of conformally Kéhler, Einstein metrics, arXiv:2310.10109.

[15] Chen G., Chen X., Gravitational instantons with faster than quadratic curvature decay I, Acta Math. 227
(2021), 263-307, arXiv:1505.01790.

[16] Chen G., Chen X., Gravitational instantons with faster than quadratic curvature decay II, J. Reine Angew.
Math. 756 (2019), 259-284, arXiv:1508.07908.

[17] Chen G., Chen X., Gravitational instantons with faster than quadratic curvature decay III, Math. Ann. 380
(2021), 687-717, arXiv:1603.08465.

[18] Chen X., Li Y., On the geometry of asymptotically flat manifolds, Geom. Topol. 25 (2021), 2469-2572,
arXiv:1908.07248.

[19] Chen Y., Teo E., A new AF gravitational instanton, Phys. Lett. B 703 (2011), 359-362, arXiv:1107.0763.

[20] Choquet-Bruhat Y., Deser S., On the stability of flat space, Ann. Physics 81 (1973), 165-178.

[21] Dai X., Wei G., Hitchin—Thorpe inequality for noncompact Einstein 4-manifolds, Adv. Math. 214 (2007),
551-570, arXiv:math.DG/0612105.

[22] Derdziiiski A., Self-dual Kéhler manifolds and Einstein manifolds of dimension four, Compositio Math. 49
(1983), 405-433.

[23] Fischer A.E., Marsden J.E., Linearization stability of the Einstein equations, Bull. Amer. Math. Soc. 79
(1973), 997-1003.

[24] Fischer A.E., Marsden J.E., Linearization stability of nonlinear partial differential equations, in Differential
Geometry, Proc. Sympos. Pure Math., Vol. 27, Part 2, American Mathematical Society, Providence, RI,
1975, 219-263.

[25] Fischer A.E., Marsden J.E., Moncrief V., The structure of the space of solutions of Einstein’s equations. I.
One Killing field, Ann. Inst. H. Poincaré Sect. A (N.S.) 33 (1980), 147-194.

[26] Flaherty E.J., Hermitian and Kéahlerian geometry in relativity, Lecture Notes in Phys., Vol. 46, Springer,
Berlin, 1976.

[27] Goldblatt E., A Newman—Penrose formalism for gravitational instantons, Gen. Relativity Gravitation 26
(1994), 979-997.

[28] Gross D.J., Perry M.J., Yaffe L.G., Instability of flat space at finite temperature, Phys. Rev. D 25 (1982),
330-355.

[29] Huggett S.A., Tod K.P., An introduction to twistor theory, 2nd ed., London Math. Soc. Stud. Texts, Vol. 4,
Cambridge University Press, Cambridge, 1994.

[30] Kronheimer P.B., A Torelli-type theorem for gravitational instantons, J. Differential Geom. 29 (1989),
685—697.

[31] Lawson Jr. H.B., Michelsohn M.L., Spin geometry, Princeton Math. Ser., Vol. 38, Princeton University
Press, Princeton, NJ, 1990.

[32] LeBrun C., On Einstein, Hermitian 4-manifolds, J. Differential Geom. 90 (2012), 277-302, arXiv:1010.0238.

[33] Li M., Classification results for conformally K&hler gravitational instantons, arXiv:2310.13197.

[34] Minerbe V., Rigidity for multi-Taub-NUT metrics, J. Reine Angew. Math. 656 (2011), 47-58,
arXiv:0910.5792.

[35] Moncrief V., Spacetime symmetries and linearization stability of the Einstein equations. I, J. Math. Phys.
16 (1975), 493-498.

[36] Moncrief V., Space-time symmetries and linearization stability of the Einstein equations. 11, J. Math. Phys.
17 (1976), 1893-1902.

[37] Nilsson G., Mode stability for gravitational instantons of type D, Classical Quantum Gravity 41 (2024),

085004, 16 pages, arXiv:2309.03972.


https://doi.org/10.1063/1.4939562
https://arxiv.org/abs/1505.03770
https://doi.org/10.1007/978-3-540-74311-8
https://doi.org/10.1007/s00220-022-04562-z
https://arxiv.org/abs/2112.12711
https://doi.org/10.1093/imrn/rnae200
https://arxiv.org/abs/2310.14387
https://arxiv.org/abs/2310.10109
https://doi.org/10.4310/acta.2021.v227.n2.a2
https://arxiv.org/abs/1505.01790
https://doi.org/10.1515/crelle-2017-0026
https://doi.org/10.1515/crelle-2017-0026
https://arxiv.org/abs/1508.07908
https://doi.org/10.1007/s00208-020-01984-9
https://arxiv.org/abs/1603.08465
https://doi.org/10.2140/gt.2021.25.2469
https://arxiv.org/abs/1908.07248
https://doi.org/10.1016/j.physletb.2011.07.076
https://arxiv.org/abs/1107.0763
https://doi.org/10.1016/0003-4916(73)90484-3
https://doi.org/10.1016/j.aim.2007.02.010
https://arxiv.org/abs/math.DG/0612105
https://doi.org/10.1090/S0002-9904-1973-13299-9
https://doi.org/10.1007/3-540-07540-2
https://doi.org/10.1007/BF02106666
https://doi.org/10.1103/PhysRevD.25.330
https://doi.org/10.1017/CBO9780511624018
https://doi.org/10.4310/jdg/1214443067
https://doi.org/10.1515/9781400883912
https://doi.org/10.1515/9781400883912
https://doi.org/10.4310/jdg/1335230848
https://arxiv.org/abs/1010.0238
https://arxiv.org/abs/2310.13197
https://doi.org/10.1515/CRELLE.2011.042
https://arxiv.org/abs/0910.5792
https://doi.org/10.1063/1.522572
https://doi.org/10.1063/1.522814
https://doi.org/10.1088/1361-6382/ad296f
https://arxiv.org/abs/2309.03972

Mode Stability of Hermitian Instantons 13

X,

Page D., A compact rotating gravitational instanton, Phys. Lett. B 79 (1978), 235-238.
9] Page D., Taub-NUT instanton with an horizon, Phys. Lett. B 78 (1978), 249-251.

0] Penrose R., Rindler W., Spinors and space-time. Vol. 1. Two-spinor calculus and relativistic fields, Cambridge
Monogr. Math. Phys., Cambridge University Press, Cambridge, 1984.

[41] Penrose R., Rindler W., Spinors and space-time. Vol. 2. Spinor and twistor methods in space-time geometry,
Cambridge Monogr. Math. Phys., Cambridge University Press, Cambridge, 1986.

[42] Sun S., Zhang R., Collapsing geometry of hyperkéahler 4-manifolds and applications, Acta Math. 232 (2024),
325-424, arXiv:2108.12991.

[43] Teukolsky S.A., Perturbations of a rotating black hole. I. Fundamental equations for gravitational electro-
magnetic and neutrino field perturbations, Astrophys. J. 185 (1973), 635-648.

Wald R.M., General relativity, University of Chicago Press, Chicago, IL, 1984.

Whiting B.F., Mode stability of the Kerr black hole, J. Math. Phys. 30 (1989), 1301-1305.

Witten E., Instability of the Kaluza—Klein vacuum, Nuclear Phys. B 195 (1982), 481-492.
Woodhouse N.M.J., Real methods in twistor theory, Classical Quantum Gravity 2 (1985), 257-291.


https://doi.org/10.1016/0370-2693(78)90231-9
https://doi.org/10.1016/0370-2693(78)90016-3
https://doi.org/10.1017/CBO9780511564048
https://doi.org/10.1017/CBO9780511524486
https://doi.org/10.4310/acta.2024.v232.n2.a2
https://arxiv.org/abs/2108.12991
https://doi.org/10.1086/152444
https://doi.org/10.7208/chicago/9780226870373.001.0001
https://doi.org/10.1063/1.528308
https://doi.org/10.1016/0550-3213(82)90007-4
https://doi.org/10.1088/0264-9381/2/3/006

	1 Introduction
	2 Preliminaries and notation
	2.1 Spinors and complex structures
	2.2 Conformally invariant GHP connections
	2.3 Perturbations and the Teukolsky equation

	3 Mode stability
	3.1 ALF instantons
	3.2 The compact case
	3.3 Negative modes

	References

