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Figure 1. Example of degeneration graph

Remark 4.2. In the above definition, balancing means that for every vertex V , the sum of
incoming weights matches the sum of outgoing weights. ♦

Example 4.3. In Figure 1 we draw an example of C(Y) → R⩾0 (on the left) and a corresponding
example of degeneration graph (on the right). We represent both the markings carrying
non trivial contact order, namely unbounded edges and the internal marking ( only Cv3 has
an internal marking here). Furthermore each edge, bounded or not, is decorated with the
absolute value of its weight; the sign is then determined by the natural orientation.

Finally each vertex v is further decorated with the data of the genus gv of the source curve
and a curve class βv ∈ H2(X,Z). We represent with a cross the components with gv = 0 and
βv a multiple of the fiber in Yφ(v).

♢

Let Γ be a degeneration graph. Let V be a vertex decorated with genus gV , class βV .
Let nV be the number of adjacent edges in Γ with non-zero weight and mV the number of
adjacent legs with trivial weight (called marked points). Let we = (we)e⊢V be the collection
of signed adjacent weights with sign prescribed by the divisors, so that

∑
e⊢V we = 0. We

have a moduli space of logarithmic maps associated to each vertex:
MV = MgV ,mV (Yφ(V )|Dφ(V ), βV ,we).

Let Γ̃ be a degeneration graph with a chosen labelling of its bounded edges. For a fixed
Γ there are |Eb(Γ)|!/|Aut(Γ)| such labellings. The cycle version of degeneration formula, as
presented by [Kim10] (see also [Li02, Che13] for previous versions) states that

(6) [M0]vir =
∑
Γ̃

lΓ
|Eb(Γ)|!

F∗φ
∗
Γ∆!

(∏
V

[MV ]vir
)
.

We recall the notation and refer to [KLR18] for the proof. We denoted by lΓ = lcm({we});
by ∆! the Gysin pull-back along the diagonal inclusion

D :=
∏
e

X → X =
∏
V

XnV ;

by φΓ : MΓ̃ →
⊙

V MV the étale map of degree
∏

e∈Eb(Γ) we

lΓ
to the fiber product


