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Abstract. We construct finite R-matrices for the first fundamental representation V' of two-
parameter quantum groups U, s(g) for classical g, both through the decomposition of V@V
into irreducibles U, s(g)-submodules as well as by evaluating the universal R-matrix. The lat-
ter is crucially based on the construction of dual PBW-type bases of Ufs (g) consisting of the
ordered products of quantum root vectors defined via (r, s)-bracketings and combinatorics
of standard Lyndon words. We further derive explicit formulas for affine R-matrices, both
through the Yang—Baxterization technique of [Internat. J. Modern Phys. A 6 (1991), 3735
3779] and as the unique intertwiner between the tensor product of V(u) and V(v), viewed
as modules over two-parameter quantum affine algebras U, 4(g) for classical g. The latter
generalizes the formulas of [Comm. Math. Phys. 102 (1986), 537-547] for one-parametric
quantum affine algebras.

Key words: two-parameter quantum groups; R-matrices; PBW bases; Yang-Baxter equation

2020 Mathematics Subject Classification: 17B37; 16T25

1 Introduction

1.1 Summary
Let g be a Kac—-Moody Lie algebra of finite type. Then, it admits a root space decomposition
g=n ®&he nt with n* = Paco+C - e1a

corresponding to a polarization of the root system ® = ®* J (—®*). The elements e4, are
called root vectors. Thus,

U(g)=Um")@U(h) ®U(n")

and the ordered products in {eiq}ocqp+ form a basis of U (ni) for any total order on ®*. The
root vectors can actually be normalized so that!

lea,ep] = eaep — €geq € L - eqyp for all a, 3 € & such that a4+ 5 € ®7. (1.1)

This inductively recovers all root vectors from the generators {e;};cr, corresponding to simple
roots {a; }icr. When g is a Kac-Moody algebra of affine type, the root subspaces corresponding
to imaginary roots are no longer one-dimensional. However, the theory of such algebras and their
representations are well-understood due to their alternative realization as central extensions of
the loop algebras Lg for g of finite type:

0—+C—g— Lg—0. (1.2)

! Throughout the paper, we use R* to denote the set of nonzero elements of any ring R.
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For any Kac-Moody algebra g, Drinfeld and Jimbo simultaneously introduced the quantum
groups Uy, (g) which quantize the universal enveloping algebras of g. Similarly to U(g), the quan-
tum groups admit a triangular decomposition Uy(g) = Uy(n™) @ Uy(h) ® Uy(n™). Furthermore,
U, (ni) admit PBW-type bases

Uy(n*) = P Clg) iy eiy (1.3)

Y12 2R €EPT

formed by the ordered products of g-deformed root vectors e+, € Uy (ni), defined via Lusztig’s
braid group action, which requires one to choose a reduced decomposition of the longest ele-
ment wo in the Weyl group W of g. It is well-known [38] that this choice precisely ensures
that the order > on ®* is convex, in the sense of Definition 5.7. Moreover, the g-deformed
root vectors satisfy a g-analogue of relation (1.1), where «, 5 and a + ( are any positive roots
satisfying @ < a4+ 8 < 8 and the minimality property (5.4):

[eas€8lq = €ap — q(o‘”B)egea IS Z[q,q_l} . €atBs (1.4)

where (-, -) denotes the scalar product corresponding to the root system of type g. Therefore,
the g-deformed root vectors can be defined (up to scalar multiple) as iterated g-commutators
of the Drinfeld—Jimbo generators e;, using the combinatorics of the root system and the chosen
convex order on ®T.

There is however a purely combinatorial approach to the construction of PBW-type bases
of Uy (ni), cf. (1.3), that goes back to the works of [30, 31, 33, 41]. To this end, recall Lalonde—
Ram’s bijection [32]:

¢: &~ {standard Lyndon words in I}. (1.5)

We note that in the context of (1.5), the notion of standard Lyndon words intrinsically depends
on a fixed total order of the indexing set I of simple roots. Furthermore, (1.5) gives rise to
a total order on ®* via:

a<f <= [l(a) <L) lexicographically.

It was shown in [41] (see [33, Proposition 26]) that this total order is convex, and hence can be
applied to obtain root vectors e4q € Uy (ni) for all a € T, cf. (1.4), thus eliminating Lusztig’s
braid group action.

When g is of finite type and ¢ is not a root of unity, the representation theory of Ug,(g) is
completely parallel to that of g. On the other hand, to develop the representation theory of U, (g)
for affine g one needs an alternative “new Drinfeld” realization U(Pr (g) from [12], a g-analogue
of (1.2). The isomorphism

v U(})r(g)%Uq(g) for affine g (1.6)

was constructed in [3] using an affine braid group action, while ¥~! was stated in [12] using
q-bracketings.

One of the key features of quantum groups is that they are actually quasitriangular Hopf
algebras. The corresponding universal R-matrices R € U,(g) ® Uy(g) (one needs to consider
a completion here) satisfy

quantum Yang-Bazter equation: Ri12R13Ro3 = RozRi3R12. (1.7)

In particular, for any two finite-dimensional U,(g)-modules V', W one obtains a Ug,(g)-module
intertwiner

Ryw = (pw @ pv)(R)om: VOW-SW @V, (1.8)
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where 7: V@ W — W @ V is the flip map v ® w — w ® v, and py: Uy(g) — End(V),
pw: Uylg) — End(W).

In fact, quantum groups first appeared in the quantum inverse scattering method, the study of
exactly solvable statistical models and quantum integrable systems arising through the quantum
Yang-Baxter equation (1.7). In this context, one starts with a solution of (1.7) or its version
with a spectral parameter

Ri2(z)Riz(zy)Ra3(y) = Ra3(y)Riz(zy)Riz(x), (1.9)

and defines the algebra U;‘TT(Q) via the so-called RT T-relations, see [40]. The isomorphisms
T: Uq(g)%U;‘TT(g) for finite type g (1.10)
and
T: U(?r(g)L)UqRTT(g) for affine type g (1.11)

were first constructed in [11] for types A,, Aq(}) through the Gauss decomposition of the gener-
ating matrices. For other classical Lie algebras and their affinizations, such isomorphisms were
first discovered in [16] and were revised much more recently in [28, 29].

The theory of multiparameter quantum groups goes back to the early 90s, see, e.g., [1, 39, 42].
However, the current interest in the subject stems from the papers [5, 6, 7], which study the
two-parameter quantum group U, s(gl,,) and provide a further application to pointed finite-
dimensional Hopf algebras. In [5], they developed the theory of finite-dimensional representa-
tions in a complete analogy with the one-parameter case, computed the two-parameter R-matrix
for the first fundamental U, ¢(gl,,)-representation, and used it to establish the Schur-Weyl duality
between U, 5(gl,,) and a two-parameter Hecke algebra.

The above works of Benkart and Witherspoon stimulated an increased interest in the theory
of two-parameter quantum groups. In particular, the definition and the basic structural results
on Uy s(g) for other classical simple Lie algebras g were provided in [8, 9]. Since then, multiple
papers have treated such algebras case-by-case; we refer the reader to [17] for a more uniform
treatment and complete references.

The generalization of this theory from simple finite-dimensional Lie algebras to affine Lie
algebras started with the work [18] (which however had some gaps in the exposition, see [43] for
an alternative treatment of the PBW results stated in [18] without any proof). Subsequently,
some attempts were made to provide a uniform Drinfeld—Jimbo presentation of such algebras,
establishing the triangular decomposition and the Drinfeld double construction for them. More
importantly, a new Drinfeld realization of these algebras U, 5(g) was established on a case-by-case
basis for g being of type A, (see [18]), types D,, and Eg (see [22]), type G2 (see [14]), and type C),
(see [23]). However, we note a caveat in this treatment: while a surjective homomorphism from
the Drinfeld—Jimbo to the new Drinfeld realization is constructed similarly to ¥—! of (1.6), there
is no proper proof of its injectivity. The aforementioned new Drinfeld realization of U, s(g) was
used to construct the vertex representations of U, s(g) in an analogy with the one-parameter
case (cf. [13]). Finally, the FRT-formalism for two-parameter quantum groups was carried
out for U, s(gl,) and U, s(gl,) in [26, 27], establishing the two-parameter analogues of (1.10)
and (1.11) for types A,, and AD,

In this work (followed up by [36]), we develop the FRT-formalism for both U, s(g), Uy s(g)
when g is an orthogonal or symplectic Lie algebra. The present note is mostly concerned with the
derivation of finite and affine R-matrices (denoted by R and R(u)), while in [36] we use R, R(u)
to construct (1.10) and (1.11), naturally generalizing [28, 29] to the two-parameter setup. The
latter, in particular, immediately provides the new Drinfeld realization of U, 4(g) (which seemed
to be missing for B,,). Let us outline the key ingredients.
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To derive the finite R-matrix RVV, we factorize the universal R-matrix into the “local” ones
(one factor for each positive root of g) and then evaluate the result on the first fundamental
representation V' of U, s(g). Due to the absence of Lusztig’s braid group action on U, s(g) (noted
first in [8]), we use the aforementioned construction of orthogonal dual bases of positive and
negative subalgebras of U, s(g) through standard Lyndon words and the technique of quantum
shuffle algebras, which goes back to [30, 31, 33, 41] in the one-parameter setup, to [10] in the
super case, and finally to [2, 4, 19, 20] and our accompanying note [35] for the two-parameter
case. We note, however, that once the explicit formula is obtained, one can directly check that
it coincides with the R-matrix Ry by verifying that it intertwines the U, s(g)-action on V@ V/
and acts by the same scalars on the highest weight vectors of V ® V as Ryvy.

To derive the affine R-matrix Ry (u/v), we use the Yang-Bazterization technique of [15].
Since Ry has three distinct eigenvalues (in contrast to the case g = sl, when it has only two
distinct eigenvalues), there are 12 possible resulting operators, and in each case one needs to
check some extra conditions to guarantee that they satisfy the Yang—Baxter equation. Instead,
once the explicit formula for the correctly chosen one is derived, it is straightforward to check that
it intertwines the U, s(g)-actions on the tensor products of evaluation modules V(u) ® V(v) —
V(v) ® V(u). The results of [25] then guarantee that the space of all such intertwiners is at most
one-dimensional, and therefore the operator R(u /v) constructed through the Yang-Baxterization
coincides with Ryv (u/v), thus producing a solution of (1.9) by further composing with the flip
map 7.

While we were finishing the present note, closely related preprints [21, 44, 45] appeared on
arXiv. Though we communicated our results to one of those authors back in February 2024,
it is a pity they decided not to consolidate our papers to be posted simultaneously. Partially
due to this flaw, the present note is separated from a more straightforward part [36] that will
be posted later.

1.2 Outline

The structure of the present paper is the following:

e In Section 2.1, we recall two-parameter quantum groups U, (g) for simple finite-dimen-
sional Lie algebras g, see Definition 2.2, and summarize their basic properties (including
the pairing of Proposition 2.5).

e In Section 3, we explicitly construct the first fundamental representations of U, s(g) for
classical g, see Propositions 3.1-3.4. We further decompose the tensor product V ® V
into irreducible U, 4(g)-submodules, see Proposition 3.9. The proof of the latter is derived,
through a reduction to the Lie algebra limit, by providing explicitly the corresponding
highest weight vectors.

e In Section 4, we evaluate the universal intertwiner Ryy from Theorem 4.1 on the first
fundamental U, s(g)-representations from Section 3 for g = 502,41, 5Ps,,, 502y, see Theo-
rems 4.4—4.6. This generalizes the corresponding formula of Theorem 4.3 discovered first
in [5]. Our proof is slightly different though, as we only match the eigenvalues of the three
highest weight vectors in V' ® V featured in Proposition 3.9 (see Lemmas 4.8-4.10), and
then verify the intertwining property with the action of f;’s (see Lemma 4.11).

e In Section 5, we provide an alternative proof of the formulas for Ry from Theorems 4.3-4.6
by showing that they arise as the product of “local” operators parametrized by the positive
roots of ®. Since Lusztig’s braid group action has no analogue for U, s(g), we instead use
a combinatorial approach to the construction of orthogonal PBW bases, see Theorem 5.12
(which constitutes the main result of [35]). To this end, we construct the (quantum)
root vectors iteratively by using the combinatorics of standard Lyndon words, recalled in
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Sections 5.1 and 5.3. The factorization formula that results from these considerations is
stated in Theorem 5.13. We conclude the section with a case-by-case treatment of each
classical series, providing proofs of the formulas (4.6), (4.7), (4.9), (4.11) that are more
conceptual than those presented in Section 4.

e In Section 6, we introduce the two-parameter quantum affine algebras U, 5(g), see Defini-
tion 6.2, which is in agreement with [18, 22, 23] for g of types A,,, C,, D,,. We also intro-
duce their counterparts UA +(9) without degree generators and extend the first fundamental
Urs(g)-representations p from Propositions 3.1-3.4 to evaluation U] ,(g)-representations
in Propositions 6.5-6.8. The latter ones are upgraded to U, s(g)-modules in Proposi-
tion 6.9. The main results of this section are Theorems 6.11-6.13, which evaluate the
universal intertwiner of U, s(g) on the tensor product of two such representations for
g = $02,41, 5Py, 502,. This generalizes the corresponding formula (6.10) of Theorem 6.10,
first discovered in [27]. According to [25], composing R(z) of (6.10)-(6.13) with a flip
map 7 produces solutions of the Yang-Baxter relation with a spectral parameter (1.9).
While the proofs are straightforward, the origin of these formulas (whose one-parameter
counterparts were discovered in [25]) is postponed till Section 7.

e In Section 7, we derive the formulas (6.10)—(6.13) through the Yang-Baxterization tech-
nique of [15].

2 Notations and definitions

Throughout the paper, we will work over an algebraically closed field K D C(r, s), where r and s
are indeterminates.?

2.1 Two-parameter finite quantum groups

Let E be a Euclidean space with a symmetric bilinear form (+,-), and & C E be an indecompos-
able reduced root system with an ordered set of simple roots I = {aq,...,a,}. Let g be the
complex simple Lie algebra corresponding to this root system. Let C' = (¢;;)!*:_; be the Cartan

. . . . _ 2(oy,04) 1 2= .
matrix of g, explicitly given by ¢;; = (o) and let d; = 5(ay, o) where (-, -) is normalized so
that the short roots have square length 2. We denote the root and weight lattices of g by Q
and P, respectively,

n n
@ZO@ =QCP= @Zwl with (oz,-,wj) = dzéz]
i=1 i=1
Having fixed above the order on the set of simple roots II, we consider the (modified) Ringel
bilinear form (-,-) on @, such that (unless {i,5} = {n — 1,n} in type D,,) we have
dicij ifi < 7
(g, ) = ¢ d; if i =3, (2.1)
0 it i > 7,
while in the remaining case of D,,-type system, we set
<05n71a an) = <5n71 —En,En—1+ 5n> = *17
<Oénu O[n—1> = <5n—1 +ényEn—1— 5n> =1 (22)

We note that (u,v) = (u,v) + (v, u) for any p,v € Q.

*While most of the formulas are valid for arbitrary parameters r, s, we need to assume that r/s is not a root of
unity for Section 5, and we further prefer to keep them algebraically independent for the proof of Proposition 3.8
and construction (7.5).
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Remark 2.1. The modification (2.2) is made to ensure that the algebra U, s(s02,,) defined below
matches its original definition in [8].

We shall also need two-parameter analogues of g-integers and g-factorials (cf. [5, equa-
tion (2.2)]):

T — s m—1 m—2 m—2 m—1
mlps =———=r +r"T s+ Frs +s for all m € N,
r—S
[m]r,s! = {m]r,s[m - l]r,s T [1]7",5 for m > 0, [O]T,S! =1,

and most importantly two-parameter analogues of Gaussian binomial coefficients:

m [m] s!
— J f Ho<k<m.
M T = Er ]! orati=ar=m

Finally, in analogy with the one-parameter case (see [24, Section 4.2]), we define

T’Y — T(PY:’Y)/zj S'Y = S(V’ﬁ/)/2 fOI“ all ’y S (b7

ri =1, =%, Si = Sq;, = s% forall 1 <i<n. (2.3)

We are ready now to introduce the main actor of this paper, the two-parameter quantum
group of g, following [17]. While this definition is uniform for all types, we will make it more
explicit for classical Lie algebras g in Section 2.3.

Definition 2.2. The two-parameter quantum group U, s(g) of a simple Lie algebra g is the

associative K-algebra generated by {ei, fi wgﬂ, (wg)il}?zl with the following defining relations

(for all 1 <i,5 <mn):

+1 1

o] = o] = o] =0, T =1 = () () 2

w’iej — ,r_(aj,aﬁs—(ai,aj)ejwi’ wzf] — ’I"_<aj’ai>8<ai’aj>fjwz', (25)

wz(ej _ T—(m,aﬁS(aj,ai)eng’ wz,‘fj _ r(()émOéj)S_(aijéi)fng’ (2.6)
/
wi — W'

eifj — fiei = dij———, (2.7)
Ty — Sq

and quantum (7, s)-Serre relations

l—Cij

1— ¢ 1100 N l—cii— . .
5 (—Dk[ kcj] (risy) S ED (rs)Earade =0 ek =0 i,
k=0 Ti,Si

1—cyj

1 — ¢ —Cpi— . .
Z (—1)k[ kcw] (risi)%k(k_l)(rs)k<ajvoéi>flkfjfi1 =k _ Vi # 7. (2.8)
k=0 TisSi

Remark 2.3. We note that this definition does depend on the choice of an order of II. We shall
make a standard choice for classical g in the end of this section, thus matching with the rest of
the literature [7, 8].

We note that the algebra U, s(g) is Q-graded via
deg(e;) = o, deg(fi) = —c, deg(w;) =0, deg(w;) =0 forall 1 <i¢<n.

For p1 € Q, let Uy 4(g), (or simply (Uy.s),) denote the degree p component of Uy s(g) under this
Q-grading.
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Analogously to the one-parameter case (cf. [24, Section 4.11]), there is a Hopf algebra struc-
ture on U, 4(g), where the coproduct A, counit €, and antipode S are defined on generators by
the following formulas:

AWH) =t But! W) =1 ) =
A = @) o W)™ (@)™ =1 S()™) =)™
Ale;)) =6, @1+ w; ® ey, e(e;) =0, S(e;) = —w; tes,
Alfi) =1® fi + fi @ wj, e(fi) =0, S(fi) = —fi(w)

Remark 2.4. The simplest way to see how the definition above generalizes the usual Drinfeld—
Jimbo one-parametric quantum groups U, (g) (cf. [24, Section 4]) is to work in the numeric setup.
To this end, let 7, s € C\ {0} with r? # s? and define U, 5(g) as in Definition 2.2, but now viewed
as an algebra over K = C. Then, for any ¢ € C with ¢* # 1, there is a natural Hopf algebra
epimorphism
T Uq’qq(g) — Uy(9)
given by e; — E;, fi— Fi, w;— K;, W) Ki_l forall 1 <i<n.
Moreover, the kernel of 7 is the two-sided ideal J generated by {w; —w; 1}?:1. Thus, we get
Hopf algebra isomorphism : U, ,-1(g)/T—=Uqy(g).
Let us also define several subalgebras of U, s(g):
e the “positive” subalgebra U, (g), generated by {e;}7;,
e the “negative” subalgebra U, (g), generated by {fi}i i,
e the “Cartan” subalgebra U} (g), generated by {wz?tl, (wg)il}?zl,
e the “non-negative subalgebra” UES(g), generated by {ei,wiil}?:l,
e the “non-positive subalgebra” UES (g), generated by { fi, (wg)ﬂ}?zl.

When g is clear from the context, we will use U,. ; instead of U, s(g), and similarly for the above
subalgebras.
For any = Y1 ki € Q, we define w,,w/, € U, (g) via

Wy = w’flwlgz e w; = (w’l)kl (wé)k2 e (w,’l)k".

2.2 Hopf pairing

One of the basic structural properties of U, s(g) is that it may be realized as a Drinfel’d double of
its subalgebras Ufs(g) and Ufs(g) with respect to the Hopf algebra pairing. This was established
case-by-case in the literature, and we shall rather just refer to [17]:

Proposition 2.5. There exists a unique bilinear pairing
satisfying the following structural properties:

(yy,z) = (yoy, Az)), (y,z2") = (A(y), 2’ ® z)

Vo, 2 € Ugs(g), v,y € Uss(g), (2.10)
as well as being given on the generators by
1
(flaw]):07 (ngei) :07 (fuej) :51‘77 fOl" all 1 SZ,]SH,
S; —T;

(wﬁ\,wu) = pAm) g=(1A) for all A\, u € Q. (2.11)
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We can also formally extend this pairing to the weight lattice P as follows:

n

n n
(wh,wp) = H (wzl-,wj))‘mj for any weights A\ = Z)\Z-ai eEP u= Zuiai e P (2.12)
ij=1 i=1 i=1

Although )\;, u; may not be integers, the expression above still makes sense because K is alge-
braically closed.

Remark 2.6. As mentioned in the beginning of this subsection, the above pairing allows for
the realization of any two-parameter quantum group U, s(g) as a Drinfel’d double of its Hopf
subalgebras US,(g), UZ (g) with respect to the pairing (-,-) of (2.9).

Let us list several basic properties of this pairing that will be needed later:

e First, if 2 € U, 4(g), and v € Q, then we have
- — -1
wyrw, b = (wy, wy), W)™t = (w),,wy) @
e Second, the pairing (-, -) is of homogeneous degree zero, i.e.,

(y,2) =0 for x € Ufs(g),“ y € Ufs(g)_,, with p # v. (2.13)

e Third, similarly to the one-parameter case (cf. [24, Sections 6.14 and 6.15]), we have

A)ez@l+ @ Ul(0)u-wwr @ Ul(g)y +wu ® (2.14)
o<v<p
Aly) eyouw,+ B Ury(0)-v @ U o(0)—(uenywl, + 10y (2.15)
o<v<p

for any z € U,f,(g), and y € U, (@), Here, we use the standard order < on Q:

V§M<:>M_V:Zkiai Withk‘iEZZO.

2

Then, combining the properties (2.13)—(2.15) with the defining properties (2.10) and (2.11),

we obtain
(w:Ly7$) = (w:uwl/) (ya IE), (yw;t,x) = (y,x),
(y, wpz) = (WL7WV)(yax)7 (y, 2wy) = (y, )

for any = € Uﬁs(g)y and y € U, 5(9)—p-

2.3 Classical types

Since in this paper we are only interested in the classical Lie algebras g, it will be helpful to
have more explicit formulas for the bilinear form, avoiding the use of the form (-, -) on @ defined
in (2.1) and (2.2). To this end, let us first recall the explicit realization of the classical root
systems as well as specify the choice of simple roots for them:

o A,-type (corresponding to g = sl,11). Let {;}"7]' be an orthonormal basis of R"*1. Then,
we have

Py, ={ei—¢c;|1<i#j<n+1} CR" My, ={ai=¢; —€it1}iy.
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e B, -type (corresponding to g =~ s02,41). Let {e;}!; be an orthogonal basis of R" with
(€4,€;) = 2 for all i. Then, we have

g, ={ai =& —eir1}/ U{an =en}.

e C,-type (corresponding to g =~ sp,,,). Let {e;} ; be an orthonormal basis of R™. Then,
we have

o, ={te;tej|1<i<j<nyu{d2e|1<i<n}CR"
e, = {ai =& — gir1 77 U{an = 265}

e D, -type (corresponding to g =~ s09,). Let {&;}I"; be an orthonormal basis of R™. Then,
we have

q)Dn:{:l:Eii€j | 1§i<j§n}CRn,
lp, ={a; =¢; — 5i+1}?;11 U{an =¢en-1+en} (2.16)

Remark 2.7. We note that (¢;,¢;) = 2 in type B, in agreement with our scaling of the form (-, -).

Then we have the following respective formulas for the pairing of Cartan elements (we note

that while the second formula follows from the first one in each case, it will be convenient to
use both later on):

o A,-type
(whowi) = rENEA) (0 ) = pmE N g E),
o B, -type
;o JrEVsE N i <<,
(wA,Wz) = r(gm)\)(rs)—kn if i =n,
—(Eir1, M) g—(EA)  if 1 < 4
, _ r S 1 <1 <n,
(wi7w>\) - {s_(snv)‘)(TS)A" if 1 =n. 247
o (), -type
(wh, i) = rEN g i 1 << n,
A 7»2(5717)‘) (7"3)72)‘" if 1 = n,
—(eit1 N g= (A if 1 <4 <
, B r S 1 S n,
(W@'aw}\) - {82(5”’>\) (7"8)2)\” ifi=n. (218)
o D, -type
;o rEiA) g(Eir1,A) if 1 <i<mn,
(WA’ Wl) - r(€n71,>\)s—(5na>\) (rs)_2>‘"*1 if 1= n,
, ,r._(ai+17)‘)5_(5i7)‘) lf ]. é Z < n,
(whrwn) = p(End) g=(En—1.0) (pg)2An-1if § =,
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3 Column-vector representations

Let N = n+ 1 for A,-type, N = 2n + 1 for B,-type, and N = 2n for Cp- and D,-types.
Let V = K% with standard basis vectors {v;}X,. In this section, we construct an action
of U,s(g) on V for any classical g by specifying explicitly p: U, s(g) — End(V'), and further
decompose V ® V into irreducible submodules.

3.1 First fundamental representations

While the A-type representation goes back to [5], we decided to include it since it serves as
a prototype for the other classical types, new in the literature.

Proposition 3.1 ([5, Section 1]). The following defines a representation p: Uy s(sly41) —
End(V) with

plei) = Ejiy1, p(fi) = Eix14,

JFiyi+1 jAi,i4+1
pwi) =rEi+ 5B+ >, By p(w) =sEi+rEqin+ Y, Ej
1<j<n+1 1<j<nt1
In what follows, we shall use the involution ' on the indexing set {1,..., N} defined via

i =N+1—1 forall 1 <7< N.

Proposition 3.2 (type B,). The following defines a representation p: Uy s(s02,41) — End(V)

with
plei) = Eiiv1 — By, 1<i<mn,
Ei+177; - (TS)_QEi’,(iJrl)’ if 1 <¢<n,
p<f1> = -1 -1 -1 -1 o
(r +s )En_A'_Ln — (7“ +s )En',n+1 if i =n,
P Eii + 5" Eip1in + 1 2B + 5 2By 41y
JF#ii+1
+ Y (Bij+Epjr) + Eatins iflsi<n,
p(wi) = 1<j<n
n—1
Ts_lEnn + En+17n+1 + T_ISEn/n/ + Z(T_ls_lEjj + TSEj/j/) if 1 = n,
j=1
$°Eii + 17 Eij141 + 8 2Epy + T72E(i+1)/,(i+1)’
JFi,i+1
, + Z (Ejj + E]/j/) + En+1,n+1 if 1 <i<n,
p(wi) = 1<j<n
n—1
r L sEp, + Eniins1 + rs_lEn/n/ + Z(r‘lg_lEjj + rsEj/j,) if i =n.
j=1

Proof. The proof is straightforward, as we just need to verify that the above linear opera-
tors satisfy the defining relations (2.4)—(2.8). The relation (2.4) is obvious since all the op-
erators p(w;), p(w)) act diagonally in the basis {vg}_,. To check the first equality of (2.5),
we note that both sides act trivially on v, unless k € {j 4+ 1,5'}. In the latter case, one
needs to compare the ratios of eigenvalues of p(w;) on v; and vji1, or v(;1y and vy, to
the pairing (w},w;). The other three relations of (2.5) and (2.6) are verified analogously.

The relation [p(e;), p(fj)] = 0 for i # j is obvious as both p(e;)p(f;) and p(f;)p(e;) then
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act trivially on V. On the other hand, for 1 < i < n, the commutator [p(e;), p(fi)] acts
diagonally in the basis {vk}{f:l, with nonzero eigenvalues 1, —1, r=2572, —r~2572 only for
k=1i,i+1,(i+1),4, respectively, which exactly coincide with the eigenvalues of %.
Likewise, the commutator [p(ey,), p(fn)] acts diagonally in the basis v with nonzero eigenvalues
r~t 457t —r=t — 571 only for k = n,n/, respectively, which exactly coincide with the eigen-
values of %@W. Finally, the Serre relations (2.8) hold as each summand acts trivially on

all vg. [ |

Proposition 3.3 (type C,). The following defines a representation p: U, s(sps,) — End(V)
with

ples) = Eiit1— Eq1y ?f 1 <i<n,
E,. if i =n,

(f) . Ei_i'_l,i — (TS)_IEi’,(iJrl)’ if 1 < 1< n,
P (rs) B, if it =mn,

rEii+ sEip1ip1 + 1 By + 57 Egpy (i)
JAi+1
+ > (Ej+Epy) if 1<i<n,
p(wi) = 1<j<n
n—1
rs 1 Epy + T_lsEn/n/ + Z(T_ls_lEjj + ’I“SEj/j/) if i =n,
j=1
'SEZ'Z' + TEH-LH-l + S_lEi/i/ + T_lE(i+1)/’(i+l)/
JAii+1
/ + > (Ej+Epy) if 1<i<n,
plw;) = 1<j<n
n—1
r Y sEpp + 18 Epy + Z(r‘ls_lEjj + rsEj/j/) if i =n.
\ 7j=1
Proof. The proof is analogous to that of Proposition 3.2; we leave details to the reader. |

Proposition 3.4 (type D,,). For n > 2, the following defines a representation p: U, s(s02y,) —
End(V) with

Eiit1— By if 1 <i<n,
plei) = i o
(rs)" " En1 — Ep 1y ifi=mn,

p(fi) = Eit1i— (rs) 'Ey 1y if 1<i<n,
' E”llvn—l - E(nfl)’,n if 7 =n,

Ty + sEi1i41 + TﬁlEi/i/ + SilE(i+1)/,(i+1)/

i i1

_ 1<j<n

plwi) =9 _ -
' S 1E‘nfl,nfl + 7Enn + SE(n—l)’,(n—l)’ +r 1En’n’
n—2
+ Y (s By + rsEyy) if i = n,

j=1
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sE;; + TEH-LH-l + SilEZ-/i/ + TﬁlE(i+1)/’(i+1)/

i+

— 1<j<n

p(wi) =q _ -
' r 1E’n—l,n—l + sEnn + TE(n—l)’,(n—l)’ +s lEn’n’
n—2
+ Z(r_ls_lEjj + rsEj/j/) if i =n.
j=1
Proof. The proof is analogous to that of Proposition 3.2; we leave details to the reader. |

The classification of finite-dimensional U, s(g)-modules for classical g is completely parallel
to that of one-parameter quantum groups (cf. [24, Section 5]). For A-type, this has been carried
out in [5], while for BC'D-types this constitutes the major result of [9]. Let us recall only the
notions relevant to the rest of this section. A vector v in a U, s(g)-module V is said to have
weight A\ € P if

wiv = (W, w;)v and whv = (wh,wy) "t forall 1 <i<n.
Let V[A] denote the subspace of all weight X vectors in V. The following result is straightforward.

Lemma 3.5.

(a) For the vector representation V' from Propositions 3.2 in type B, we have
@@ ei] © V[—¢i])
with V0] = K'Un+1, Vlei] = Kv;, V[—ei] =Koy for1 <i<n.

(b) For the vector representation V' from Proposition 3.3 in type Cy,, we have

V= EB il ® V[-g])  with Vl[e;] = Ku;, V[—¢&;] = Kuy for 1 <i < n.

(¢) For the vector representation V' from Proposition 3.4 in type D,,, we have

V= @ [ei] ® V[—¢i]) with Vig;| = K, V][—¢g;] = Kuy for 1 <i <n.

We note that e; = w; is the first fundamental weight of g. Since the vector vy is clearly
annihilated by all p(e;) and p(UQ s(9)) acts diagonally on the basis {v;}1_; with distinct joint
eigenvalues, we conclude the following corollary.

Corollary 3.6. For g being one of the Lie algebras s02,41, po,, S02y, the U, s(g)-module V
constructed respectively in Propositions 3.2-3.4 is isomorphic to L(wy), the first fundamental
U, s(g)-representation.

3.2 Decomposition of the tensor square

In the rest of this section, we shall study the decomposition of the tensor square V ® V into
irreducible U, s(g)-submodules. In type A, this has been carried out in [5, Proposition 5.3].
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Proposition 3.7 ([5]). The U, s(slp41)-module V@ V decomposes into the direct sum of two
irreducible modules V@ V.~ L(2e1) @ L(e; + €2) with the highest weight vectors v1 ® vy
and v1 ® vg — vy ® V1.

In contrast, we shall show in Proposition 3.9 that V ® V' actually decomposes into the direct
sum of three irreducible U, ¢(g)-submodules in the remaining classical types By, Cy,, D), (with
n > 2 for type C,, and n > 3 for type D,,). To this end, we start by establishing the following
preliminary result (which is of independent interest).

Proposition 3.8. If A\ € Pt is a dominant integral weight, then the irreducible U, s(g)-module
L(X) of the highest weight A has the same dimension as the corresponding irreducible g-module.

Proof. The idea of the proof is to specialize © to ¢ and s to ¢—', and then appeal to the

analogous result in the one-parameter case. The argument presented below closely follows that
of [24, Sections 5.12-5.15].

Let us first set up some notation. Let M(A) = Uy,5s(g) ®,, UZ4(0) K be the Verma U, ¢(g)-module
of highest weight A € PT, and let V = L()) be its ﬁnlte—dlmensmnal irreducible quotient, with
highest weight vector denoted by vy (cf. [5, 9]). Let F = C(r) and A = F[s,s™!]. For any
sequence Z = (i1,...,ix) € {1,2,...,n}* set fr = fi -+ fi,, so that V is spanned by all the
vectors fzwvy. Since V is finite-dimensional and @Q-graded, we note that frvy = 0 for all but
finitely many sequences Z. Therefore the A-submodule

Va=>_ Afzvy
T

is finitely generated, and is clearly also torsion-free. Thus, V4 is a free A-module since A is
a PID. Furthermore, one can easily check that the natural map K ®4 V4 — V is an isomor-
phism (since K contains the field of fractions of A), so that rkqVy = dimg V. On the other
hand, we have an isomorphism F—~5C(q) given by 7 + ¢, which may be further extended to
a homomorphism A — C(q) via s — ¢!, making C(q) into an A-module. Consider the module
V = C(q) ®4 Va, which has an obvious C(g)-vector space structure. Note that any basis of Vj
over A yields a basis of V over C(q). Thus, it suffices to make V into a U,(g)-module in such
a way that V ~ L(\) as U,(g)-modules, where U,(g) is the Drinfeld-Jimbo quantum group
over C(q) (as the irreducible highest weight modules over g and U,(g) have the same dimension,
cf. [24, Theorem 5.15]).

Let us first show that Vj is actually stable under the action of all generators f;, &> wiﬂ,
(wg)ﬂ. For f;, this is obvious. Moreover since all the pairings (wu,wz)ﬂ, (wz, )i belong
to A, the fact that Vy is stable under w; ", ( ) follows from the fact that V4 has a weight
space decomposition. Finally, to prove stability of V4 under e;, we first note that if v € V,,, then

w; — W plai) g=(aip) _ p—(ou,p) g(1,0u) rlasp) _ g(aip)

v = v = (7“5)7@2”“)—1),
T — 84 Ty — S84 Ty — 84

which belongs to Vy since (a, pt) is divisible by d;. Evoking ejvy = 0 for all j, we thus get

is:j /
W,
ejfil"'fikv)\: Z fil' fls 1 9_ zgfls+1"'fikv>\7

1<s<k T

which is in V4 by what we have already proved.

It remains to note that the factors r{®i@i) s=(@i,05) and y—(@i:%) glas,:0i) gpecialize to (@)
and ¢~ (®25) respectively, under the specialization r — ¢, s — ¢~ !. Therefore, the operators e;,
fiy wi, wi on V satisfy the same relations as the generators E;, Fj, K;, Ki_l of Uy(g), so that 1%
is a U,(g)-module. Since V is also a finite-dimensional highest weight module with the highest
weight A, we have V ~ L(\) as U,(g)-modules. [
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Proposition 3.9. For g being one of the Lie algebras 502,41, 5Ps,,, 502, (where n > 2 if g = spoy,,
and n > 3 if g = sogy,) and V being the corresponding U, s(g)-representation from Proposi-
tions 3.2-3.4, we have the following decomposition into irreducibles:

V®V2L(2€1)@L(81+62)@L(0). (3.1)

Proof. We shall only present complete details for g = 509,11, the other cases being analogous.
Type By,. Let us first show that the following are highest weight vectors for the U, 4(502,+1)-
actionon V@ V:

w1 = v1 ® v,

, V1 QU —rs v ifn=1,
wg = V] ® vy — (wgl,wl)vz KX =

V] ® vy — T2y ® vy ifn>1,
n n
w3 = Zr%_l)w ® vy + 7"2”_18_1vn+1 & Vpt1 + Z 7"2”_132(’_”)_1111-/ Q v;. (3.2)
i=1 i=1

The equality e;(w1) = 0 for all i follows immediately from

v; ifj=i+1,
€i " V; = —U(i—l-l)’ 1fj = 7;’,
0 otherwise.

Likewise, since e;(v2) = 0 unless i = 1 and e (v2) = vy, wi(v1) = (wél,wl)vl, we also obtain
ei(wa) = w;i(v1) ® €;(v2) — (WL, ,wi)ei(v2) ® vy =0 forall 1 <i<n.

It remains to check that ws is a highest weight vector. Indeed, for £ < n we get

2n7182(k7n)71

ex(ws) = r** o, ® U(k41) — T V(k+1) @ Vk

. TQ(kfl)wk(vk) ® Vet 1) + T,2n7182(k7n)+1wk (’U(k+1)/) ® vy,

= r2kvk @ V(k+1) — Tz(k_l)?"QUk @ V(k41)

o r2n—182(k—n)—1 2n—182(k—n)+1 -2

Viky1y QU+ S V(gg1y @ vk =0,

and similarly for £ = n, we have

2n—1 _—1
"TUST Uy @ Up

2n71871

201~y @ g — 7

2(n—1)

en(ws) =r

-r Wn(Vp) @ Vpg1 + 1

— 2Ly @ vy — sl F2(n=1)

2l @ 42l

wn(”n—i—l) & vp,
Un & Untl

Un+1 & vy = 0.

It is clear that wi, we, ws are linearly independent, and since w; has weight 2¢1, we has weight
€1+ €2, and w3 has weight 0, the result of the Proposition will follow if we can match the
corresponding dimensions:

dim L(ey1) + dim L(e; + €2) + dim L(0) = (2n + 1)*. (3.3)

In view of Proposition 3.8, we can prove this by using the Weyl dimension formula. In type B,,
we have

p:% Z azZ(nqL;i)ei,

n
aedt =1
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and therefore
(%p,éi—€j)=j—i, (%p,&‘i—f-é‘j):Qn-l-l—i—j, (%p,ai):n—ké—zﬂ
Consequently, we obtain:
n
I Geoe) = <H(n+§z‘)> ( II G-Hen+1-j i)).
acdt =1 1<i<j<n
A similar computation yields

H (51 + %p, a)

acdt
=(H<1+i><2n+2—i><n+;—i>)<n+3>( [T G-ieo+1-i-))
i=2 2<i<j<n

and thus we get

Ha€<1>+(2€1 + P, Ck) _ Haeq>+ (61 + %p’ Oé)
1_[oz€<1>Jr (P, Oé) Hae<1>+ (%p’ Oé)

dim L(2e1) = =n(2n+3).

Similarly, we obtain
dim L(e; +e2) =n(2n+ 1).

This completes the proof of the equality (3.3) and hence of the Proposition, since dim L(0) = 1.
Type Cy,. Highest weight vectors for the U, s(sp,,)-action on V ® V are

/
w, = v1 ® V1, wy = V1 ® V2 — (wel,wl)vg Qv =101 U2 — U2 Uy,
n
w3 = 2 :(’I“Z_I’UZ' ® vy — Tnsz—n—lvi, ® Ui)a (34)
i=1

and we have
dim L(2e1) = n(2n + 1), dim L(e; +e2) = (2n+1)(n — 1), dim L(0) = 1.

Type D,,. Highest weight vectors for the U, s(s02,)-action on V ® V' are

/
wr =v v,  wy =11 Qv — (W, w1)v2 ® v =V @ va — T2 @ v,
n
wy = Z(r%lvi @ vy + "5 Ty ® v;), (3.5)
=1

and we have

dim L(2e1) = 2n —1)(n+ 1), dim L(e; + e2) =n(2n — 1), dim L(0) = 1. [

4 R-matrices

In this section, we evaluate the U, s(g)-module isomorphism V@ V-5V @V for g one of $09,,41,
59, 502, and their first fundamental representation V from Section 3, arising through the uni-
versal R-matrix. This produces two-parametric solutions of the quantum Yang—Baxter equation
for classical Lie algebras, cf. (1.7):

RiaR13R23 = RozRi3 2. (4.1)
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4.1 Universal construction

Let us first recall the general construction (1.8) of a U, 4(g)-module isomorphism VW — WV
arising through the universal R-matrix (see [7, Section 4] for U, s(sl,,) and [9, Section 3] for other
classical U, s(g), both modeled after the treatment of one-parameter case in [24, Section 7]).
To this end, we pick dual bases {2} and {y!'} of U/ (g), and U, ,(g)—, with respect to the
Hopf pairing (2.9), and set

O=1+» 0, withe,=>Y yeal (4.2)
n>0 7

Let 7: VW — W ®V be the flip map v ® w — w ® v. Finally, consider f: P x P — K*
satisfying
fO+vp) = fAwfw.pw),  fup+v)=FfAumfny),
—1 —1

for all \,u € P, v € Q, and a; € II. Then, for any two U, s(g)-modules V and W with weight
space decomposition, we define a linear map f: VW — V@ W via f(v @ w) = f(\, p) - v @ w
if v € V][], w € W{u]. The following is standard.

Theorem 4.1. For any finite-dimensional U, s(g)-modules V' and W, the map
Ryw=0ofor: VAW s>WaV (4.4)
is an isomorphism of U, s(g)-modules.

Let Ryw = Ry or =00 f: VoW =V ®W. Given finite-dimensional U,. ¢(g)-modules
V1, Vi, V3, define three endomorphisms of V1 @ Vo®V3: Rio = EV17VQA®IdAV37 Ro3 = Idy, ®@ Ry, v,
Ri3 = (Id®7)R12(Id® 7). We likewise define linear operators Rj2, Ro3, R13. According to [7, 9],
modelled after [24], we have

RigR13Ro3 = RogRizRiz: Vi@ Vo @ Vs - V1@ Ve ® Vs,
RisRosRip = RozRioRoz: Vi@ Va®@ Vs = V3@ Vh® V. (4.5)

In particular, we obtain a whole family of solutions of the quantum Yang—Baxter equation.
Corollary 4.2. For any finite-dimensional Uy s(g)-module V', the operator Ryy = fivv oT
satisfies (4.1).

4.2 Explicit R-matrices

For the representation V' of Proposition 3.1, the explicit formula for Ryy was obtained in [5,
Section 5].

Theorem 4.3 (type A,). The U, s(sl,+1)-module isomorphism Ryv:VaVvV-svVeV from
Theorem 4.1 for the Uy s(sl,41)-module V' from Proposition 3.1 coincides with the following
operator:

n+1
R= Z by @ By +r Z E;; @ Eij + st Z E;; @ Ej;
i=1 1<i<j<n+1 1<i<j<n+1
+ (1 — TSil) Z Ejj ®Q Ey;. (46)

1<i<j<n+1
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The main results of this section generalize the above formula to the other classical series.

Theorem 4.4 (type By). The U, s(s02,+1)-module isomorphism Ryy:VeV-VeV from
Theorem 4.1 for the Uy s(s02p41)-module V' from Proposition 3.2 coincides with the following

operator:

i#n+1 i#n+1
R=r"ls Z Eii ® Eii + Epi1041 ® Enginr1 + 787! Z Eiy ® Ey;
1<i<2n+1 1<i<2n+1
i n
+ Z aszZ] & E]’L + (TQ - 32)(7’8)71 Z(rz(nil)+182(lin)il — 1)E’i/i/ X E”
1<i,j<2n+1 i=1
A A
+ (s> =) (rs) ™" Z E; ® Ejj + (r* — %) (rs) ™ Z tl-tj_lEi/j ® Eijr, (4.7)
i>j i<j
with the constants t; and a;; given explicitly by
2(i—n)—1 yy
s ift<n+41, e .. . ..
. f ) (rs)=7% ifi<g,j ori>j,j,
ti=1<s ifi=n+1, aij = T (48)
(rs)?i%  qfj<i<j orj <i<j,

P20 s 4,
where we set

-1 ifi<n+1,
0;i=40 ifi=n+1,
1 ifi>n+1.

Theorem 4.5 (type C,). The U, 4(spy,)-module isomorphism Ryvy: V@V -5V @V from The-
orem 4.1 for the U, s(spo,,)-module V' from Proposition 3.3 coincides with the following operator:

2n 2n Ve
R=r"1/251/2 Z E;i @ By + p/2sm1/2 Z iy @ By + Z ai;j By @ Ejj
i=1 i=1 1<i,j<2n
n . .
+ (s —r)(rs)"H/? Z:(r”*l*’s%"*1 +1)Eyy @ Ey
i=1
A G
+(s—7)(rs) V2> By @ Ejj + (r — s)(rs) V2 tit; ' By @ iy, (4.9)
i>j 1<jJ

with the constants t; and a;; given explicitly by

ti = (4.10)

. 1
—rtif i >, (rs)27% ifj<i<j orj <i<jy,

A o loge g .. . .
{s’—n—l ifi <n, {(Ts) 2719 f i < g, 5 ori > j,j',
a,-j -

where we set

B {1 ifi <n,

11 ifisn
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Theorem 4.6 (type D,,). The U, s(502,)-module isomorphism Ryv: VeV-sVeV from The-
orem 4.1 for the U, s(s02,)-module V' from Proposition 3.4 coincides with the following operator:

2n 2n VER
R = 7’_1/281/2 Z By @ By + 7”1/28_1/2 Z Eii’ & Ei/i + Z aijEij & Eji
i=1 i=1 1<i,5<2n
n
+ (S - 7’)(7’8)_1/2 Z(l — Tn_isi_n)Ei/i/ ® Ej;
=1
J# J#i
+ (s —r)(rs)"Y? Z Ey; @ Ejj + (r — s)(rs)"Y/2 Z titj_lEi/j ® Eyjr, (4.11)
1>7 1<J

with the constants t; and a;; given explicitly by

(4.12)

D E N A (rs) 737 if i < j.j ori>j,f,
_ | a = 19
B P e A S Y (rs)z%%  ifj<i<j orj <i<j,

where we set

{1 if i <n,

P =

-1 ifi>n.

Remark 4.7. Although the proofs of Theorems 4.4-4.6 share many similarities with that of
Theorem 4.3, there are slight differences. Indeed, instead of explicitly determining bases of each
irreducible component from the decomposition (3.1) and computing the action of R on these
basis vectors, we rather verify that operators R from (4.7), (4.9) and (4.11) do commute with
the action of all f; acting on V ® V, and act on the three highest weight vectors by the desired
scalars. This approach is essential to our construction of f%(z) in Section 6.

4.3 Proofs of explicit formulas

To prove theorems in the previous subsection, we shall first study the operators R featured
in (4.7), (4.9) and (4.11). Our first technical result evaluates R-action on the three highest
weight vectors of V ® V', see Proposition 3.9.

Lemma 4.8 (type By). The highest weight vectors wy,ws, w3 € V®V from (3.2) are eigen-
vectors of the operator R from (4.7), with respective eigenvalues N\ = r~'s, Ao = —rs~!,

_ .2n.—2n
A3 = rets™em,

Lemma 4.9 (type C,). The highest weight vectors wi,wa, w3 € VRV from (3.4) are eigenvec-
tors for the operator R from (4.9), with respective eigenvalues \y = 12612 Ny = —pl/2571/2,
A3 = _pntl/24—n—1/2

Lemma 4.10 (type D). The highest weight vectors wi,wa, ws € VRV from (3.5) are eigenvec-
tors of the operator R from (4.11), with respective eigenvalues Ay = 2612 Ny = —p1/2571/2,
A3 = rn—l/ZS—n—O—l/Q'

As the proofs of all three results are completely analogous, we shall prove only the first one.
Proof of Lemma 4.8. For wi, we clearly get

R(vi ®vy) = r~lsv; @ vy.
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Likewise, if n > 1, then for we we obtain

R(m ® vg — 7"2112 ® Ul) =7svs Q@ V1 — rs_lvl & vg — (52 — 7“2)7‘3_1112 & v1

= —7“571(111 X v9 — 7”2112 ® 1)1).
If n =1, then we have a2 = a2; = 1, and so we get

R(m R v9 — rs_lvg ® Ul) =9 @V — rs_lvl R vg — rs_l(r_ls — rs_l)vg ® V1

= —pg ! (vl R vo — rsilvg X vl).
Finally, for ws we obtain
n n
R (Z 20Dy @ vy + s i ® Ungr + Z p2n—lg=2n=i)—1, . o v,-)
i=1 i=1

n n
— E T‘2Z_18_1UZ‘/ ®v; + ’I"2n_18_111n+1 ® Unt1 + E r2n82(z—n)—2vi @ vy

i=1
+ (rs™t =17 1s) i(r2(n—i)+ls2(i—n)—1 — 1)7’2n_132(i_n)_1v1;’ Qv
izl
b (st — ) 3 gy gy,
=1
Zn 1—1
+ (rs” ZZ s ]ZU]®U]
i=1 j=1
n J#i

+ (rs™ )Y DT gty Ty gy,

i=1 1<5<(i+1)’

where the last three summands arise from the action of the last sum in (4.7).
The last two summands simplify as follows:

n i—1 n—1 n
ZZ (i-1) 20— Zv-/®vj :Z< Z T2(i—1)52(j—i)>vj,®vj

i=1 j=1 =1 \i=j+1

n
§ : 2j 2(] n) n_j]TQ,SQUj’(X)Uj

and

n J#i

=1 1<5< z+1)’

_2:2:471 27, 2(i+j— 2n11]/®1]] §:r4n22 (i—n) ’UZ®'U1

1= 1_] 1
n
_|_Z Z 2(j—i4+n)—1 2(1 n)— 'Uy®vj +Zr4n 2 2(z n— 1)Un+1®vn+1
=1 j=141 =1
n
Z 2n 23 r2,s2 _ T4n—2j54(j—n)—2)vj/ ® v;

Jj=1
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n
+ Z pAntlgl=2ni; 1],2 205 @ vjr + r2ng2n [n]r2 s2Vn41 @ Vpyr.
j=1
Thus, the coefficient of vy ® v; in R(U)g) for 1 < i < n equals
p2i-lg=1 (1"5_1 _ T—ls) (r2(n—i)+182(i—n)—l _ 1)r2n—152(i—n)—1
n (7"8_1 B T—IS)TZn—182(i—n)—1 42l 2(i—n)—1( 2n—i) _ 82(n—i))
+r2n7182i74n71 (74271 - 82n) o 4n 2i—1 4(1 n)— 3(7, - 82)
_ r4n7182i74n71 — p2ng—2n T2n7182(17n)71

)

as desired. Likewise, the coefficient of v; ® vy in R(ws) for 1 < i < n equals r 2(nti-1)g=2n —
png=2n . TQ(Z_I)7 while the coefficient of v,41 ® vy41 equals pAn=lg=2n=1 — ;2ng=2n  ,2n—1gs-1

This completes the proof. |

Next, we verify that the operators R are indeed Ur.s(g)-module homomorphisms.

Lemma 4.11. The operators R: V@V — V@V from (4.7), (4.9) and (4.11) are isomorphisms
of Uy s(g)-modules.

Proof. In each case, it suffices to verify A(fy)R = RA(f) € End(V ® V) for all k, since
Lemmas 4.8-4.10 then imply that R acts as a nonzero scalar on each irreducible component
of V.® V (see Proposition 3.9). We will present this verification only in type B,, since the
arguments in the remaining cases are similar.

To make the computations more manageable, it will be helpful to break the operator R
from (4.7) into the following six pieces:

i#n+1
1
Ri=r""s g Eii @ By + Eniiny1 @ Eng1 nyt,
1<i<2n+1
i#n+1
Ry=rs! E Eiy @ Eyrg,
1<i<2n+1
J#i
R3 = E aijEij ® Eji,
1<i,j<2n+1

R4:(r — 5%)(rs) 12 2(n—i)+1 g2(i—n)—1 1)Ei/i,®EZ-Z-,

J?él
Rs = (32 — r2) (rs)~1 Z E;; ® Ejj,
1>7
J#i
Rg = (r2—52 Ztt 1E’”®Ew

1<j

Now, for k < n, the matrix of A(fy) is

A(fr) =1® Epyrp — (r8) 21 ® Ep (rg1y + 8° i @ Egg

+1°Epi1 ® B i1 + 5 2Btk ® By + 1 2 Ejga i @ By (ki 1y
£k k+1

+ Z (Brs1,k ® Ejj + Ejg1 1 ® Ejrjr) + Epg1 ® Epging1
1<j<n
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=1 2By (ki1 @ Epe — 5 By (311 © Brgrpa1 — 128 By (k1) © Epw

—r 42 B o1y © Egegay (o1
J#kk+1
—(rs)™> > (Bw ges1y @ Ejj + By 51y ® Ejryr)

1<j<n

— (7’8)72Ek/7(k+1)/ & En-i—l,n—‘rl-
Thus, by direct computation, we get

RiA(fi) =7 8Eki1401 @ By p — 7 %8 1By ® Ep (k1)
+r8Epi1k @ Byt p+1 — 7“_38_3Ek',(k+1)/ ® Eprpr
A(fr)R1 =17 B ® Eyp1p — 1 s Bty (b+1y © Err 1y
+ rilngkH’k ® Eir — r*‘:’s*lEk/’(kH)/ ® Eg1) (k+1)s
A(fe) =75 Byt b1y © Bty o — 178 By e ® By 31y
+ (rs) " Egy1y s @ Epyr ky1y — (r8) T Eg o1y ® B,
A(fr)Re =15 "By ® By — '8 Epyr 541y © B kg1
+ 78 3By ® Eyg — 18 2 Ep g1 ® Epi1,(kv1)
A(fe) = A(fr)Rs
= 1r5Epi1 @ Epe + (r8) ' Egpi @ By — (r8) ' By i1 ® Epy1,(kr1y
— (rs) By 11y © Egegry o1y + 77 5Ewe ® Epgrk + 15 By © Epqap
—r8Epi1k ® Bpprkar — (78) 7 By o ® B o1y + (75) 7 Ep (k1) ® B
+ (r8) P Ey (ky1y © Bow — 17 s Epi1 1y ® B o
- 7“_38_1E(k+1) (k+1) @ Ejps (k+1)’ — 18 Epg i1 @ Eypap
—r Bt b1y @ Egpay i + 1708 Bk ® By 1y + 178 By ® By (g1
RyA(fr) = (7” - 52) (rs)” ( 2=k 2kl ) =1 1)E(Ic+1)’,(k+1)’ ® Egi1,k
(7"2 32)r 341 (r (n—k)+1 2(k—n)-1 _ 1)Ek’,(k+1)' ® Exg,
A(fi)Ra = (r* = s%)(rs) 7L (P2 R 2= D) By @ Brga g
—(r 2 52) 15—3 (T2(n—k)—ls2(k—n)+l B
A(fr)Rs — RsA(fx)
= (rs™ ' —r7'8) By @ Epyr g+ (r7's — s ) Epy1 o1 © Ersrg
+ (r s = s By ety ® Ergrk — (127 =17 T8 By ® B oy
— (7‘_153 — ’I“S) Epi1x @ By + (7“_15_1 — 7“8_3)Ek/7(k+1)/ @ Egq1 k41
= (s =TT B g1y @ Epge + (1757 = 17%57%) By 1y @ gy ey
RsA(fr) = (T2 — 52)(rs)717“2("7’“)7182(k7")71Ek/,(k+1)/ ® By,
(2 52)(rs)—ISQ(k—n)—l—lTQ(n—k)—l

1) Ep (ks1y © Err1 ki,

( Egi1y (k1) © Btk
-1 -1_,-3 —-3.-1
— (’I”S -r S)Ek+1,(k+1)’ & E(k+1)’,k: + (T s " —1r s )Ek’k & Ek’(k+1)/7
A(fk;)Rﬁ — (,r_2 _ 52) (TS)—1T2(n—k)—182(k—n)—1Ek/’(k+1), ® Ek+1,k+1
r2_ 52) (’I“S)_1T2(n_k)+182(k_n)_1Ek/k/ ® Ek—i—l,k

(
+ (7"8_3 — T_ls_l)Ek/Jngl ® Ek+1,(k+1)’ - (’1"8_3 — T_ls_l)Ek+17k/ ® Eyg.
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In particular, we obtain
RaA(fi) + Re A(fr)
= —(T‘S_l — T_IS)E(k+1)/7(k+1)/ ® Ek+17k + (T_ls_l — T‘_SS)Ek/7(k+1)/ ® Ekk
—(rs7' = 7’_18)Ek+1,(k+1)' ® Egg1y k + (r s —r s B ® Ey (k+1y

and
A(fi)Ra+ A(fr) Re
= —(7“5_1 — r_ls)Ek/k/ () Ek—f—l,k’ + (7“8_3 — T_ls_l)Ek:’,(k—i—l)’ X Ek—i—l,k—i—l
+(7“873 — Tﬁlsfl)Ek/,k_H ® Ek+1,(k+1)’ — (7“873 — Tﬁlsfl)Ek_H,k/ ® Eiy,.

From the computations above, we finally get

RsA(fr) — A(fr)Rs + RiA(fi) + ReA(fx) — A(fk) R — A(fr) Ro (4.13)
= (r s = r s Buw @ By iy + (rs™ = r718) Brgt o1y @ By ok
+ (r3s Tt =TT By © By kr1y + (rs — r 1Y) Bk ® Epg,
+ (r s = rs T By @ By + (rs™ =171 ) B kgt ® Ejpy g1y
+ (r s = T_SS_S)Ek/,(k;H)/ ® Ekg1y (k1) + (r~'s —rs ") Ery1p11 © Bk

and

A(fx)Rs — RsA(fr) + A(fr)Ra + A(fr)Re — ReA(fr) — ReA(fx) (4.14)

= (7”_18 - TS_l)Ek_A'_]_,kJ'_]_ &® Ek+1’]€ + (7”_18_3 - T_Ss_l)Ek/k/ X Ek’,(k—i—l)’

+ (T‘S — T71$3)Ek+1yk ® By + (7“75371 — Tﬁgsig)Ek/7(k+1)/ &® E(k+1)’,(k+1)’
+ (rs_3 — r_ls_l)Ek/7k+1 ® Ep i1 (ky1y + (7"_15_1 — 7"5_3)Ek+1,k’ ® Epg

+ (7“8_1 - r_ls)Ek—i—l,(k—l—l)’ & E(k—i—l)’,k + (7“_38_1 — T_IS_S)Ek/k ® Ek’,(k—i—l)"

The right-hand sides of (4.13) and (4.14) are obviously equal, which implies RA(fk) = A(fk)}?
for k < n.
The computation for £ = n is similar. This completes the proof of the lemma. |

Now we are ready to prove the main results of this section, Theorems 4.4-4.6. We present
full details only for the first one, since the other two are completely analogous (details are left
to the interested reader).

Proof of Theorem 4.4. According to Theorem 4.1 and Proposition 3.9, the action of va
on the tensor product V ® V is uniquely determined by the eigenvalues of the highest weight
vectors wy, wa, w3 from (3.2) with respect to Ryyv. We shall now verify that these eigenvalues are
precisely equal to A1, A2, A3 from Lemma 4.8, which thus completes the proof due to Lemma 4.11.

The eigenvalue A1 of the ]:Zvv—action on wj is equal to f(e1,e1). Since 1 = a1 + - +
fler,04) = (wg,wgl)_l, and a computation using (2.17) yields (w},we,) = 572, (w},,ws,) =75,
(wh we,) =11if 1 < i <n, we thus obtain A\; = rls = \r. )

The eigenvalue Ao of the Ryy-action on wy equals the coefficient of v; ® ve in Ryy(wa),
and the latter appears only from applying f o 7 to the multiple of v ® vy. Thus, we have
Ay = —rs 1f(e1,0) = —rs~! = Ay if n = 1. On the other hand, if n > 1, then Ay = —r2f(e1,€9),
and since €2 = @ + - - + ay,, a similar calculation to the one above yields Ay = —r2 - (rs)~! =
—rs 1 = \g. B

The eigenvalue A3z of the ]:Zvv—agtion on w3 equals the coefficient 0~f v1 ®vy in va (ws). The
latter appears only from applying fo7 to the multiple of vi: ®v1, thus A3 = p2n=lgl=2n g0 —gp).
As f(e1,—¢e1) = f(e1,e1) "L = rs71, we thus get A3 = r?"s72" = \3. [
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Remark 4.12. The above proofs of Theorems 4.4-4.6 are quite elementary, but they require
knowing the correct formulas for R in the first place. In the next section, we provide the
conceptual origin of these formulas by factorizing them into an ordered product of “local”
operators, one for each positive root of g.

5 PBW bases, orthogonality, and factorization

In this section, we present the factorization formulas for R from (4.7), (4.9) and (4.11). In the
absence of Lusztig’s braid group action on U, 4(g), one rather needs to use the combinatorial
construction of orthogonal dual bases of U/ (g) and U, (g), based on the combinatorics of
standard Lyndon words, cf. [30, 31, 33, 41] (the details are presented in [35, 36]).

5.1 Standard Lyndon words

Let I ={1,2,...,n} be a finite ordered alphabet parametrizing the simple roots of g, and let I*
be the set of all finite length words in the alphabet I. For u = [iy ... 1] € I*, we define its length
by |u| = k. We introduce the lexicographical order on I* in a standard way:

[il Zk] < []1 ]l] T 11 =J1,-+%a = Jarla+1 < Ja+1 for some a >0
or iy = ji,...,4 = jr and k < L.

For a word w = [iy ...1i] € I*, the subwords
Wq| = [il cee ia] and W)q = [ik,aJrl R Zk]

with 0 < a < k will be called a prefiz and a suffix of w, respectively. We call such a prefix or
a suffix proper if 0 < a < k. We start with the following important definition:

Definition 5.1. A word w is Lyndon if it is smaller than all of its proper suffixes:
w < W, for all 0 < a < |w|.
We recall the following two basic facts from the theory of Lyndon words:

Proposition 5.2 ([34, Proposition 5.1.3]). Any Lyndon word ¢ has a factorization
=101l (5.1)

defined by the property that ¢1 is the longest proper prefix of £ which is also a Lyndon word.
Then, £s is also a Lyndon word.

The factorization (5.1) is called a costandard factorization of a Lyndon word.

Proposition 5.3 ([34, Proposition 5.1.5]). Any word w has a unique factorization
w=1">... 0, (5'2>
where 61 > -+ > Ly are all Lyndon words.

The factorization (5.2) is called a canonical factorization.
Let n" be a Lie subalgebra of g generated by all {e;}" ;. The standard bracketing of a Lyndon
word ¢ (with respect to the Lie algebra n™) is defined inductively by the following procedure:

® cp =e¢; ent foriel,
e ey = [er,), )] € 0T, where £ = {10 is the costandard factorization (5.1).

The following definition is due to [32].
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Definition 5.4. A Lyndon word ¢ is called standard Lyndon if e, cannot be expressed as a linear
combination of e,, for various Lyndon words m > /.

The major importance of this definition is due to the following result.
Theorem 5.5 ([32]). The set {ey | {—standard Lyndon word} provides a basis of n'.

Due to a root space decomposition nt = aco+ 9o With all g, being 1-dimensional, we get

¢: & {standard Lyndon words},

the so-called Lalonde—Ram bijection, evoked in (1.5). This bijection was described explicitly
in [33].

Proposition 5.6 ([33, Proposition 25|). The bijection ¢ is inductively given as follows:

e for simple roots, we have {(c;) = [i],

e for other positive roots, the value of ¢(c) is determined using Leclerc’s algorithm:

U(a) = max{(11)(72) | @ =71 + 72, 71,72 € DT, L) < L(72)}-

We shall also need one more important property of £. To the end, let us recall the following.
Definition 5.7. A total order on the set of positive roots ®* is conver if
a<a+p<p
for all o« < 8 € ®T such that a + 3 is also a root.

The following result is [33, Proposition 28], where it is attributed to [41] (see also [37, Propo-
sition 2.34]).

Proposition 5.8. Consider the order on ®* induced from the lexicographical order on standard
Lyndon words:

a<pf <<= [{l(a)<{l(P) lexicographically. (5.3)
This order is convez.

Finally, recall that given any convex order on ®*, a pair (a,3) of positive roots is called
a minimal pair for v = o+ B € ®T if

a < fand fa < o’ <y < B < B such that o/ + 5 =~. (5.4)
The following result goes back to [33, 41] (cf. [37, Proposition 2.38]).

Proposition 5.9. For any~y € ®*, consider the costandard factorization (5.1), so that {1 = {(«)
and by = U(B). Then («, B) is a minimal pair for v = o+ (.
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5.2 Convex orders for classical types

Let @ be a root system of classical type, and choose the order of I exactly as in Section 2.3.
Combining Propositions 5.6 and 5.8, we obtain the following explicit convex orders on the sets ®*
of positive roots:

o Type A,:

o <alta< <ot ta, <oy << < Op—1 + ap < o, (5.5)

o Type By:

ap <o ta<---<aptcotay
<oap+ ot apor 20, <o <ag 200+ -0+ 20,
<oy << ap1 < Opo1 +an < ap_1+ 20y, < ap. (5.6)

o Type Cy:

op<artax<--<opt-cFdop—1 <22a1 -+ F 201 o <o+t
<ol+--topgot+20nh1ta, < <or+200+ -+ 2001+ ap
<oy << apal <201+ ap < 01 + ay < Q. (5.7)

o Type D,:

g <atoa<- <ot tapota g <ot toap_otay
<apttap<aptccocotap3t 22+ ap_1+a, <
<op+ 20+ -+ 20p-2+ap-1+ay
<ap << op_g < Op_gt+ap_q
< Op_g + ay < Qo + 01 + ap < 01 < O (5.8)

Remark 5.10. An important feature of these convex orders on root systems of type X,, (with
X = A,B,C, D) is their telescopic structure, that is, erasing all roots containing «; provides
the order alike on the rank 1 smaller root system of type X, —1. This will significantly simplify
our calculations in Section 5.4.

Remark 5.11. It is a classical result, due to [38], that the convex orders on ®T are in bijection
with the reduced decompositions of the longest element wgy of the Weyl group W of the root
system ®. In particular, the convex orders (5.5)—(5.8) correspond respectively to the following
reduced decompositions of wy (with s; = s,, denoting the simple reflections):

wo = (5182...50)(8182...8p—1) ... (s5152)(51),

wo = (81 .. Sn—15nSn—1---51)(82...Sn—15nSn—1---52) - .. (Sn—15n5n—1)(Sn),
wo = (81--Sn-15n8n—1---51)(82 -+ . Sn—18nSn—1---52) ... (Sn—18nSn—1)(Sn),
($1-.-Sn—18nSn—2...51)(82 ... Sn—28nSn—1...52) ...
_ X (Sp—28n—15n5n—2)(SnSn—1) if n is odd,
o= ($1...Sn—15nSn—2...51)(82. .. Sp—28nSp—1...52) ...
X (8n—28n8n—15n—2)(Sn—15n) if n is even.
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Let us set up convenient notation for the positive roots in each type, and identify the minimal
pairs arising through the costandard factorization of the corresponding standard Lyndon words,
see Proposition 5.9.

Type Ay. Let vij = i+ -+ aj for 1 <4 < j < mn, so that @+ = {v;;}i<;. For v = v,
with ¢ < j, the minimal pair arising through the costandard factorization of £(y) is («, ) =
(Yij-1,)-

Type By,. Let v;; = a;+---+ajfor 1 <i < j <n,andlet 8;; = o+ - -+oj_1+2a;+ - -+2ay,
for 1 < i < j < n. Let us now indicate the minimal pairs arising through the costandard
factorization of £(v):

e for the roots v = ~;; with ¢ < j, the minimal pair is (o, 8) = (Vi j—1, ®);

e for the roots v = f3;;, with 1 <i < n, the minimal pair is (a, 8) = (Vin, on);

e for the roots v = §;; with ¢ < j < n, the minimal pair is (o, 8) = (8i,j+1, ).

Type C,,. Let 75 = o + -+ aj for 1 <i < j <n,andlet 8;; = a; +--- + aj_1 + 205 +

o4 2ap-1 + ap for 1 < i < j < n. Let us now indicate the minimal pairs arising through the
costandard factorization of ¢(~):

e for the roots v = 7;; with i < j, the minimal pair is (o, 8) = (Vi j—1,®;);

e for the roots v = f;; with ¢ < j < n — 1, the minimal pair is (o, 8) = (8 j+1,);

e for the roots v = f;; with 1 < ¢ < n, the minimal pair is («, 8) = (Vin—1,Yin);

e for the roots v = f; ,—1 with 1 <i < n — 1, the minimal pair is (o, 8) = (Yin, n—1)-

Type D,. Following (2.16), let v;; = €; —€j41 for 1 <i < j < n, and let B;; = &; + ¢ for
1<i<j<n Then vy =+ F+oajforl <i<j<n, Bin =0;+ -+ ap_a+ ap,
Bin—1 = o+ -+ oy, and ,Bij =a;+ a1 +205+ -+ 20 2+ ap 1t ay for j <n—1.
Let us indicate the minimal pairs arising through the costandard factorization of £(vy):

e for the roots v = ~;; with ¢ < j, the minimal pair is (o, 8) = (Vi j—1, ®);

e for the roots v = B, with ¢ < n — 2, the minimal pair is («, 8) = (Vin—2, an);

e for the roots v = f;; with ¢ < j < n, the minimal pair is (o, 8) = (8i,j+1, ).

5.3 Root vectors and the PBW theorem

The following construction of (quantum) root wectors e, f, goes back to [30, 31, 33, 41] in
the one-parameter setup, to [10] in the super setup, and to [2, 4, 19, 20] in the two-parameter
setup. For v = o; € II, we set e,, = €;, fo, = fi- By induction on the height of a root, for any
v € ® \ 11, define (cf. (1.4))

ey = eats — (W Wa)epear  fo = fafa — (Whows) " fals, (5.9)

where the minimal pair («, ) for v corresponds to the costandard factorization of ¢(v), see
Proposition 5.9.

We now state a two-parameter version of a classical result of [30, 31, 33, 41] (which was
also adapted to the super case in [10]). A detailed proof of Theorem 5.12 (a), (b), and (5.10)
is presented in [35, Theorem 7.1], and the special case of (5.11) specified in (5.14)—(5.17) is
presented in [35, Theorem 7.2]. Both arguments make crucial use of an embedding of Uﬁf , into
an appropriate quantum shuffle algebra. A proof of the recursive formula (5.11) in general is
given in [36], along with an alternative proof of the rest of the theorem.
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Theorem 5.12.
(a) The ordered products
— —
{Hez%ﬂszO} and {Hf;n”|mq,20}
~yEDT yEDF

are bases for U (g) and U, ((g), respectively. Here and below, the arrow <— over the
product signs refers to the total order (5.3) on ®*.

(b) The Hopf pairing (2.9) is orthogonal with respect to these bases. More explicitly, we have

( 117 11 m) =TT G (5.

~yedt yedt ~yedt+
(c) For each v € ®t and m > 0, we have (cf. notation (2.3))

(fmem) = s;mm=VR2(f e )™ ml, ! (5.10)

Moreover, we have the following recursive formula for the pairing (fy,e,):

(fy:€9) = (fas €a)(f3,€8)
. 71(:08) " (8) P9 [P0+ 1Rl — 50)(r — 59)

, (5.11)
TaTp(8y — 1)

where (o, B) is the minimal pair of Proposition 5.9 corresponding to the costandard fac-
torization of £(y), and

PBa = max{k > 0| [ —ka € ®}.

As an immediate corollary, we obtain the following factorization formula.

Theorem 5.13. The operator © of (4.2) can be factorized as follows:

o= ] (Z mlmf;”@%”)’ (5.12)
~EDT 7n20( 7’67)

with e, fy defined in (5.9) and ( ;n,efyn) evaluated in (5.10)—(5.11).

Remark 5.14. In fact, © can be expressed in an even more compact form by using (5.12)
in conjunction with (r, s)-exponential
Zm

exp, ¢(2) = Z smm=D/2_~__

m>0 [mrs!

Indeed, for each v € &1, we have

m(m—1)/2
1 m m S m m ®e
> o e =) ( ! @l —eXpTWS,Y(f’Y 7). (5.13)

mZO( ;n’egn) m>0 f’y’ev)m[m]r%&f (fW7e’Y)

Thus, the factorization formula (5.12) simplifies as follows:

— f®e
0= H Prsy <(}w€7;>.

yedt




28

I. Martin and A. Tsymbaliuk

We conclude this subsection by presenting explicit formulas for ( S e’,?) in all classical types:
o Type A,
|
(fm,em) = (_1)msm(m1>/2([m]’”5);n for 1 <i<j<n. (5.14)
r—s
e Type By
m o _m m _—m(m— [m]rz,SQ! . .
(fsel) = (=1)ms—mim=D g lrlgigi<n
|
(fm em ) = (_1)msm(m1>/2([m]“);n for 1 <4 <n, (5.15)
r—s
m m m m —2m(n—j) .—m(m— [m]r2 52! . .
(f5 ef) = (~)™ (227 (rs)~2mn=d) g=mim=1) CErow for 1 <i<j<n.

o Type C,

|
(f%,em ) = (—1)ms*m(m*1)/2Lr’s'm for 1 <i < j <n with (4,j) # (n,n),

" (r—s)
m m _ m _—m(m—1 [m]r2,52!
(f'Ynn’e’Ynn) - (71) s ( )m’
|
(f5.,ep.) = (_l)m[z]zgs—m(m—l)m for 1 <i<n,
re—3S

m o om\ _ (_1\m —m(n—j) ,—m(m—1)/2 [m]T,S!
(fﬁij’eﬂz‘j) - ( 1) (TS) Vs (7’ _ S)m

e Type Dy

_ ms—m(m—n/zm
(—1) CET

(%ve%)

m om \ _ (_1\m —m(n—j) ,—m(m—1)/2 [m]T,S!
(fﬁiﬁeﬁij) - ( 1) (7’8) Vs (T _ S)m

5.4 R-matrix computation

for1<i<j<n. (5.16)

for1 <i<j<n,

for1<i<j<n. (5.17)

We shall now use the factorization formula (5.12) to compute © and Ry for all classical types.
Throughout this subsection, we will use the more convenient notation (cf. (5.13))

1
GVZZWJ{’T(XW? for any v € @7,
m>0 \Jv 7Y

so that equation (5.12) becomes

«—

(5.18)
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5.4.1 Factorized formula in type A,

We start by evaluating the action of {e,, fy},co+ on the U, s(sl,41)-representation V' from
Proposition 3.1.

Lemma 5.15. p(ey,;) = Ejji1 and p(fy,;) = Ejr1; for any 1 <i <j <n.

Proof. The proof is straightforward and proceeds by induction on the height |v;;| =7 — i + 1,
where we use

— P /. . . .
€vij = €vi,j-16j (wjvwl - ’wjfl)eje’ﬁ,j—l’

Fri = filyijor = (@i 'w;'—l’wj)_lf%’jflfj
and the explicit U, s(sl,41)-action on V, cf. (5.9) and Proposition 3.1. [
Clearly, p(e,,)? = p(fy,;)* =0 for all i < j, so that
0,, =101+ (s —7)Ej11, ® E;j11
on the U, (sl +1)-representation V ® V. To evaluate ©, let us first set

0, = @'Yin@'Yi,nfl ERC) @aw

Yi,it1
so that
0©=0,0,1--01.
Since Ej11,; ® Fjj41 - Eyq1, @ Bjpy1 = 0 for any ¢ < k < j, we thus obtain
n
0,=1®1+ (S — ’I“) Z Ej+1,i &® EZ'J‘Jrl.
j=it1

Moreover, since Ey11; @ Ej i1 - Epy1; @ B g4 = 0 for any k > j > i and £ > i, we get

©=0, -0 =1®1+(s—7r) >  E;®E; (5.19)
1<i<j<n+1

For type A,, the function f satisfying (4.3) can be chosen as follows (see [7, Lemma 4.4]):

s oifi< g,
f(si,ej) = 1 ifi = j,
r if1 > j.

Combining this formula with the formula (5.19) and the flip map 7, we recover the explicit
formula (4.6) for Ryy = ©o form:V®V = V&V, thus providing an alternative proof
of Theorem 4.3, and giving a factorization of the R-matrix from [5] into “local” operators,
parametrized by the set of positive roots.

5.4.2 Factorized formula in type B,

We start by evaluating the action of {e,, fy},co+ on the U s(s02,+1)-module V' from Proposi-
tion 3.2.
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Lemma 5.16.

(a) Fori < j<mn, we have

pler;) = Bijr — "9V Eq Ly o,
(F) = Eji1— s (rs) 2By (j11y if j <mn,
P i (,,r1 + 571)(En+1,i _ 82(i7n)E’i/7n+1) if i =n.
(b) Fori < j <n, we have
ples,) = (—1)nti=i (Eyjr — 52(n—1) . —2(n—j) (rs)Ejin),

p(fﬁij) = (—1)"“77‘ (7“*1 + 371)2 . g20-m) (rz(jfn)Ej/i — g2=n) (rs)Ei/j).

Proof. The proof is straightforward and proceeds by an increasing induction on j (from j =i
up to j = n) for the roots v = 7,5, and then by a descending induction on j (from j = n
till j = i+ 1) for the roots v = B;;. Here, we use the explicit U, s(502,41)-action on V' from
Proposition 3.2, the explicit list of minimal pairs («, 3) as specified in Section 5.2, and finally
the inductive construction (5.9). [

According to Lemma 5.16 (a), we have p(ey,,)? = p(f,,,)? =0 for 1 <i < j <n, so that

0,,=1®1
+ (82 — T2) (EjJrl’i — 82(i_j) (T’S)_2Ei/’(j+1)/) ® (EZ'JJrl — 82(j_i)E(j+1)/’i/) (520)

for any 1 < i < j < n. In contrast, for j = n, we have

pley,)? = ="V By, P(frn)? = =82 (1 + )% (rs) 2By,
p(e’ym)g = P(f’ym)?) =0.

Therefore, we obtain

Oy, =101+ (7 —7%)(rs) " (Bns1i — SQ(i_n)Eﬂ,nH) @ (Bin1 — SQ(n_i)En+1,i’)
+ 7”72871(7“2 - 82) (T - S)Ei/i & Eii’~ (5.21)

According to Lemma 5.16 (b), we also have p(eg,;)* = p(fs,,)* = 0 for all i < j < n, so that

Op, =1®1
+ (s> = 1) (rs) ™2 (TQ(j_")Ej/i — g2 (rs)Ey;) @ (TQ("_j)EZ-j/ — =) (rs)Ejy).

To evaluate O, let us first set
92/ = eﬁi,i+1®ﬁ¢,i+2 T G,Birﬂ @; = e’Yme’W,n—l T @"/z’,i-H G)Oéw 0, = 62/6;7
so that

0=0,0,_1---01.
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We will now show by induction on n — k that
ok .— ©0,0,_1- - O
=1®1+ CZ(Tils — T2(n7i)82(iin))Ei/i & E’ii’
i=k

+c Z (rsEﬂ ® Ejj — r2(j_i)_1sEji ® Ejryr — r_lsQ(i_j)HEi/j/ ® Ej

k<i<j<n
+ (T‘S)ilEZ‘/j/ X Ej’i’)
n
+c Z(En+1,i ® Byl — 7“2(”71)En+1,i g 82(17H)Ei',n+1 ® Eint1
i=k

+ Eit 1 ® Eny1,9)
+c Z ((TS)_lEj/i & EZ]’ — ?”Q(n_i)SQ(j_n)Ej/i X E]Z’)

+c Z (—TQ(n_j)SQ(i_n)Ei/j ® El'j' + TSEi/j & Eji’)a (5.22)
k<i<j<n

where ¢ = (s* — r?)(rs)~!. For k = 1, this provides the desired formula for © = oW,
Let us start by computing a single ©;. First, it is easy to see from (5.20) and (5.21) that the
only non-zero products in 0., 0., ., -0, involve 1 ® 1, and thus

@; =1®1+ C(T718 — 1)E¢/i K FEiyr
n
+c Z (T‘SE]'Z' ® Eij — T‘S2(j7i)71Eji ® Ejryr — T7152(i7j)+1Ei/j/ ® Eyj
j=it1
+(rs) " Eyj © Ejir)
+ ¢(En+t1,i @ Einy1 — 2B, 1@ Enro — 82TV E 1 @ Bipa
+ Eif 1 ® Eny1,0r).

For similar reasons, we have

n
@;/ =1®1+c Z ((TS)_IEj/i ® Eijr — T2(j—n)52(n—i)Ej/i Eji’)
j=i+1
n
+c Z (—T2(n7j)82(iin)Ei/j ® Eijr +rsky; ® Eji’)‘
j=i+1
On the other hand, when computing the product ©/©/, there are some non-zero products not

involving 1 ® 1, namely crz(”_j)SQ(i_”)Ei/j ® By ~CT52(j_i)_1Eji®Ej/i/ for i < j < mn. The overall
contribution of those equals

n
02T2n+18_2n_1 ( Z T_2j82j> Ei/i (024 Eii’ = CQTSQ(i_n)+1[7’L - i}TQ,SQEZ'/i (024 Eii’
J=i+1
= C(l - T2(n_i)32(i_n))Ei/i & Eii’y

and therefore we have

0; =00, =101 +c(r s — D20 g @ By
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n
+c Z (rsEji ® Eij — 7‘82(3'7@')71Eji ® By — r7152(i7j)+1Ei/j/ ® Eij
j=it+1
+(rs) " Evy ® Ejy)
+ ¢(En+1,i ® Eing1 — 82(n_i)En+1,i ® Epy1 — Sz(i_n)Ei/,nJrl ® ;1
+Eipni1 ® EnJrl,i’)

+c Z TS i & E”/ —-r 2G=n) Q(n_i)Ej/i X E]z’)
Jj=i+1

+c Z 2(n ]) 2(i— n)Ei/j [ E’L’j/ + ’I“SEilj X Eji’)- (523)
Jj=i+1

In particular, for ¢ = n we get

O,=1®1+ C(TﬁlS — 1)Ei’i ®Q Ey
+ C(En—i-l,n & En,n—i—l - En+1,n & En+1,n’ - En’,n—l—l ® En,n—i—l + En’,n—l—l b2y En+1,n’)7

which agrees with the claimed formula (5.22) when k = n, thus establishing the base of our
induction.

Let us now prove the step of induction in (5.22). It suffices to treat the k = 1 case, due
to the telescopic structure of the action on V and order on ®*, see Remark 5.10. It thus
remains to evaluate ) = 02 . @, where ©@ is given by (5.22) and ©; was just evaluated
above. In addition to the terms of this product that involve 1 ® 1, we get the following extra
summands:

n
(-CZ 32(i_n)Ei’,n+1 ® Ei,n—i—l) (_ng(n_l)En—l-l,l ® Ent11)

i=2
n
= (r* - 52)2 Z r2s* By @ By, (5:24)
i=2
(—c Z P22, @ Eji’) <_CZT521_3E1‘1 ® Em/)
2<i<j<n =2
n—1 n i L
=2y N 2t g, @ By
i=2 j=i+1
n
CQZ(Z (n=i)+1 g2(j+i—n—1)— >Ej’1 ® Eju
=2
n . .
= (2 —)? Y PArmIEUTI T 9]0 2B @ By, (5.25)
j=2
(—C Z T2(n7])82(zfn)Ei/j ® Ez’j’) (—CZ T32]73Ej1 & qu/)
2<i<j<n =2
2 s - (n—j)—1 _2(i+j—n—2)—1 ) :
= (=T 3 P B
oo
= (= %)° D e st ] @By @ B, (5.26)
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(CZ g — p2(n—i) 20— ”))Ei/i ® Eii/> (—CZ rs?D1 B ® Ei/1,>

i=2
n
= 7“ — 2 2 Z —lghi=2n=5 _ r_2s2(i_2))Ei/1 ® Ejr, (5.27)
=2
(—c Z r_lsQ(’_])HEi/j/ ®Eij> <_CZ,,.2(]—H)82(71—1)EJ.,1 ® Ejl’)
2<i<j<n =2
n—1 n
_ (r2 _ 32)2 Z( Z ,r2(j—n—1)—1$2(n+i—j—1)—1)Eill ® By
i=2 \j=i+1
n . .
= (r2 _ 82)2 Z 7,2(1—71)—1521—3[” —i],2 2 Ein ® B, (5.28)
i=2
<—C Z T2(]_l)_1$Eji & Ej’i’) (—CZTSQZ_gEil & Ei’l’)
2<i<j<n i=2
n n
_ (7"2 - 82)2 Z Z T2(j—i—1)82(i—2)Ej1 ® Ej’l’
i=2 j=i+1
n [j—1 A
= ('r2 — 32)2 Z (Z rQ(]_’_l)sw_Q)) Ej @ Ejry
j=3 \i=2
9 n
= (=) i — 222 En © By, (5.29)
j=2
_ - 2(n—1i) , ) _ - 2i—3 o, A
¢y P By @ By | | —¢Y ™ En ® Epy
i=2 i=2
n
2 —i)— i—2)—
_ (7"2 _ 32) <Z F2(n—i)—1,2(i-2) 1) Boi11 ® Byp11
i=2
= (r2 — 32)2(7“3)*1[71 — 122 Eni11 ® Epy1v. (5.30)

Thus, the overall contribution of the terms {E;1 ® Eji1'}1<j<n+1 into © equals

n n
Z(TQ _ 52)32(j—2)Ej1 ® Ejyr + Z(T2 - 82)2[j — 2,2 2 Ej1 @ By
j=2 Jj=3
n
(P ) 3B By,
=2

where the first summand arises from 1 ® 1-0; and the second from (5.29). Likewise, the overall
coefficient of Fj 11 ® Ep111 in O is

(7“2 - 52)(7‘3)_182("_1) + (7"2 — sz)z(rs)_l[n — 12 2 = (7“2 - 52)(rs)_1r2("_1),

where the first summand arises from 1®1-0; and the second from (5.30). Finally, the remaining
terms (5.24)—(5.28) contribute to the coefficients of {E;; ® Ej1/}2<j<pn. Combining these with
the corresponding terms from 1 ® 1 - ©1, one eventually arrives at

(7” —S ZT’ n- 1 Ei’1®Ei1"
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Thus, (5.24)—(5.30) and their counterparts from 1®1-©; match the corresponding part in the
right-hand side of (5.22) for £k = 1. On the other hand, it is easy to see that the remaining terms
arising from ©® .1®1 and 1®1 -0, exactly match with the remaining terms in the right-hand
side of (5.22) for k = 1. This completes our proof of the induction step, thus establishing (5.22).

To derive the formula for Ryy it only remains to compute the values of f from (4.3) on the
weights of V. In accordance with (4.3), we have

FOn) = (W,wn)

where we extend the Hopf pairing to the weight lattice as in (2.12). From the formulas (2.17),
the equality e, = a + - - 4+ a,, for 1 < k < n, and the basic properties of the Hopf pairing, we
derive

(re)~1 ifi < 7,
f(e’fi,é“j) = f(—Ei, —Ej) = 7“_18 if i = j, (5.31)
rs ifi > 7,
while the remaining values are then determined by
flei—e5) = f(—eig5) = fleie) ™" f(0,0) = f(0, £e;) = f(£e;,0) = 1. (5.32)
We also note that if we set €,41 =0 and € = —¢; for all 1 < ¢ < n, then we obtain
f(ei,e5) = aij for all i # 3,7, (5.33)
where a;; are given by (4.8). Combining the formulas (5.31) and (5.32) with the formula (5.22)
for k = 1 and the flip map 7, we recover the explicit formula (4.7) for Ryy = Qo for: VRV —
V ® V, thus providing an alternative proof of Theorem 4.4.
5.4.3 Factorized formula in type C,

The calculations in this case are very similar to those for type B,,, so we highlight only the main
points. As before, we start by deriving explicit formulas for the action of {e,, f;},ce+ on the
Uy s(spg, )-representation V' from Proposition 3.3.

Lemma 5.17.
(a) Fori<j<n, we have
plen ) = L Bigt =8 By i <n,
Yij Ein’ + 5n+1_iEni/ ij =n,
p(fy,) = 4 Lt~ SIrs) " By iy WG <,
(b) For1<i <n, we have

p(eﬁm‘) = Sn_i(r + S)Eii/a
p(fs:;) Pl (r_l + 8_1)Ei/i.

(¢c) For1<i<j<n, we have

p(eﬁij) = (_1)n7j (Eij’ + rj7n5n+17iEji’)a
p(f;) = (=8) " (P77 (rs) " By 4+ 8" Eyj).
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Similarly to the above treatment of B,-type, we define
0, = @Bi,i+1 e '@5i,n—1®'yz‘n®5n‘ @'Yi,nfl T 9%,i+1@0¢¢ for 1 <i<mn,

where each factor is evaluated through (5.18) by using Lemma 5.17 and formulas (5.16). The
following formula is derived completely analogously to (5.23):

Q; =1®1+c(r" s + 8)Ey; @ By

n
+c Z (T’SEji ® Eij — TSj_iEji ® Ejryr — Si_j+1EZ-/j/ QB+ By @ Ej/i’)
j=it1
n . . . .
+c Z (E]/Z X EZ]/ —+ T‘JinanrlilEj/i X Eﬂ/ —+ Tn7j+1SlinEi/j X Ez]’
j=it1
+ TSEZ'/]' X Eji’)7 (5.34)

where ¢ = (s — r)(rs)~'. Consider the following family of operators ©*) = ©,0,,_;--- 6y, so
that © = O, We claim that ©®) is explicitly given by the following formula:

n
G(k) =1 (29 1 + CZ(T’”ii‘H'Siin + S)Ei’i X Eii’

i=k
+c Z (TSEJ'Z‘ ® B — T‘j_isEjZ’ ® Ejryr — Si_j+1Ei/j/ QB+ By @ Ej’i’)
k<i<j<n
+c Z (E]’z ® Eij/ + T’n+1_i8j_nEj/i X Eji’ + Tn_j+13i_nEi/j ® Eij’
k<i<j<n
+ T‘SEZ'/]' ® Eji’) . (535)

The proof proceeds by an induction on n — k, with the base case k = n following from (5.34).
As per the step of induction, we note that when opening brackets in ©1) = 8@, besides for
the summands where one of the terms is 1 ® 1, we get the following additional terms:

n
(s—r) Z pnlgi—n—l1 (1 — (r_ls)j_Q)Ej/l ® Ejr,
=2

n
(s—r) Z r”_js2j_2_”(1 - rj_nsn_j)Ejll ® Ejy,
=2
n
—(r—s)?) $3 ("I 47 ls) B @ By,
j=2

pIn g (P migi T — 1) By ® Ejr,

(s =7)

= 1-

ri=2? (7‘2_3'57'_2 — 1)Ej1 ® Ejryr.

(s =)

<.
[|
N

Combining these summands with the appropriate terms from 1 ®1-0; and ©®) .1 ® 1 matches
precisely the right-hand side of (5.35) for k£ = 1, thus providing the formula for ©.
From (2.18), the equality ey = o + -+ ap—1 + %an for 1 < k < n, and basic properties of
the Hopf pairing, we derive
(rs)~Y2 ifi<j,
fleives) = f(—ei—ej) = (r1s)? if i =3, (5.36)
(rs)1/? if i > j,
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while the remaining values are then determined by

flei,—€j) = f(—¢iej) = fleigf) " (5.37)
Furthermore, setting ¢;; = —g; for all 1 < i < n, we obtain
f(eie5) = aij for all i # 7,7/, (5.38)

where a;; are given by (4.10). Combining the formulas (5.36) and (5.37) with the formula (5.35)
for k = 1 and the flip map 7, we recover the explicit formula (4.9) for Ryy = 0o for: VRV —
V ® V, thus providing an alternative proof of Theorem 4.5.

5.4.4 Factorized formula in type D,

As in the previous types, we start by deriving explicit formulas for the action of {e,, fy},co+
on the Uy s(s09,)-representation V' from Proposition 3.4.

Lemma 5.18.

(a) For1<i<j<n, we have

pley;) = E}j+1 - SjiiE(jH)/ i
(f%]) =FEjt14 — s 3(7"3) 'E z’/,(j+1)/~

(b) For 1 <i< j<n, we have
plegy) = (—1)"7 ((rs) "By — 7 "™ 1By,
p(fp,) = (1) ((rs)) " Ejry — s By ).

Similarly to the previous types, we define
©;=0p5,.,"605,.,03,0y . 60, , 04,0 for 1 <i < mn,

(in particular, ©,_1 = 04, ©,, _,) and derive the following counterpart of the formulas (5.23)
and (5.34):

@ — 1® 1+ ( n 7 Z+1 n)Ez’z ®E“/ (539)
n
+e Y (rsEj® Eij—rs' 'Eji ® Epy — s By @ Eij + Eyj @ Eypy)
j=i+1

n
ey (B ® Ey — T T By @ By — " s By @ By + sy @ Ejy),
j=i+1

where ¢ = (s — 7)(rs)~!. Consider the following family of operators %) = @,_; --- O, so that
0 = 0, We claim that ©%) is explicitly given by the following formula:

@(k) =1®1 +CZ r @ Z+1 n)EZ/Z ®E“/

i=k
+c Z (rsEji ® Eij — rj_isEji ® Ejry — sITLE, it @ Bij + By @ Ej/i’)
k<i<j<n
e D (Epi® By —r" ST By @ By — oS By @ By
k<i<j<n
+1sEyj @ Ejy). (5.40)

The proof proceeds by an induction on n — k — 1, with the base case kK = n — 1 following
from (5.39). As per the step of induction, we note that when opening brackets in (1) = 0@,
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besides for the summands where one of the terms is 1 ® 1, we get the following additional
terms:

n
Z(r — 8)r" 2T (1 — 1?72 By @ By,
j=2

Z(r — )" I I (L — I By ® By,
j=2

Z(r —8)?r 2 (P T — 1) By ® Ejyr,

(r—s)ri= "2 (r" 1" — 1) Ejy @ Ejyr,

. oL
M: i
[\

J=2

n

Z(r - s)rj_Q(l - r2_jsj_2)Ej1 ® Ejyr.
=2

Combining these summands with the appropriate terms from 1 ®1-0; and ©) .1 ® 1 matches
precisely the right-hand side of (5.40) for k = 1, thus providing the formula for ©.
Since f is again given by (5.36), we recover the explicit formula (4.11) for

va:@ofOT: VeV VeV,

thus providing an alternative proof of Theorem 4.6.

6 R-matrices with a spectral parameter

In this section, we generalize the previous constructions to the affine setup of two-parameter
quantum affine algebras, which were introduced and studied in the literature case-by-case,
see [14, 18, 22, 23].

6.1 Two-parameter quantum affine algebras and evaluation modules

We start with a uniform definition of U, 5(g). To this end, let § € ®* be the highest root of g,
so that the new simple root ag of g is given by ag = d — 0. Define the matrix of structural
constants Q = (€2;;)7",_o by

Qij = (wj,wj), Qoj = (wlp,wj),
Qo = (w;,w_g), Qoo = (w'_g,w_g) forall 1 <4,j <n.

We also recall that the Cartan matrix C' = (cij)i j—o for g is given by

o 2(061',06]') o 2(_9aaj)
clj - (CY“CKZ) I COJ - (6,9) bl
2(041‘,—9)

Cio = — 000:2 foralllgi,jgn.
(0, )
Thus, C is the extended Cartan matrix of the Cartan matrix C for g from Section 2.1.

Remark 6.1. For the reader’s convenience, we specify the new values of C and Q in classical
types:
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e Type 4, (n>2):
_ el _ 1 _
Qoo=rs"",  Qoi=r"", Qon = s,
Qo = s, Qo = T‘_l, Qo =0 =1 for 1 <i<mn;
Co1 = Con = C10 = Cpo = —1, coi =¢cio =0 for 1 <i<n.
e Type B, (n > 3):
Qoo = r?s™2, Qo1 =727, Qo2 =772,
Qo = 1287, Qo = r?s?, Qo = 5%,
Qo = 7“_25_2, Qg =N =1 for 2 < i < n;
Cco2 = Co9 = —1, co1 = cio =0, coi =cio=20 for 2 <i<n.
e Type C), (n > 2):
Qoo =757, Qo =172 Qon = 1r7s%,
Qo = 82, Qo = T'_QS_Q, Qoi = Qo =1 for 1 <i<mn;
co1 = —1, cl0 = —2, co; =cio=20 for1 < <n.
e Type D,, (n >4):
Qoo =rs ", Qor =r"'s71, Qo =r"",
Qo = 1r7s%, Mo =18, Qoo = s,
Qpo = 7”_28_2, Qo =Qo=1 for2<i< n;
0022620:—1, Cco1 2010:0, co; = cio =20 f0r2<i§n.

Definition 6.2. The two-parameter quantum affine algebra U, 4(g) is the associative K-algebra
generated by {e;, fi,wiﬂ, (w’«)il}n U {'yil, (v)*}u {Dil, (D’)ﬂ} with the following defin-
ing relations:

z =0
Dil . D:Fl — 17 (D/)il i (D/>:Fl — 1’ DD = D/D7
[D’wi] =0, [D,wg] =0, [D,,Wi] =0, [D/7w£] =0,

DeiD—l — T?Oi€i7 DfiD_l — ,r_i—stifi’ Dlei (D/)_l — S?Oiei, D/fz (D/)_l — Si—(soifiy

V= ws = wowg, 7 = ws = wjwy are central elements, (6.1)
+1 1
[wi,w;] = [wi,w;] = [wg,w;] =0, w;tlwfl =1= (wz') (wg)jF , (6.2)
wiej = jSejwi, wifj = Qﬁlfjwi, (63)
wgej = Q;jlejw;, wl’-fj = Qijfjwzl-, (6.4)
/
wi — W
eifj — fiei = 0ij——, (6.5)
r; — S;
1fcij

1—¢,; TP
ZH)k[ k”] (rys) BNk Sl Rk — 0 iz,
k=0 Ti,Si
1—cyj

1—o¢; 1p(p_ keis 1—cii—k . .
Z(_l)k[ k ]] (rosi) 2P EVQE STV T =00 Vi g
k=0 7,84

(6.6)

Remark 6.3. We note that the relations (2.8) are compatible with (6.6) as Q;;s;” = (rs){®2a),
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It is often more convenient to work with the version of U, 4(g) without the degree genera-
tors D, D'.

Definition 6.4. Let U] ,(g) be the associative K-algebra generated by {e;, fi,wiﬂ, (wz’-)il}?zo U
{+*!, (v/)*!} with the defining relations (6.1)~(6.6).

PN

We now extend the U, s(g)-modules V from Section 3 to U] ,(g)-modules V (u) with u € C*,
depending on two additional parameters a,b € C*. We shall further extend them to U, s(g)-
modules V(u) with u viewed as an indeterminate. We call the resulting U] ,(g)- and U, 4(g)-
modules as evaluation representations pZ’b.

Proposition 6.5 (A,, n > 1). For any nonzero a,b € C set ¢ =rs-ab. Then the Uy s(sl,41)-
action p on V' from Proposition 3.1 can be extended to a U;75(5[n+1)-action pZ’b on the vector
space V(u) =V by setting

pZ’b(x) = p(x) for all x € {6i, fi,wi,wg}?zl
and defining the action of eq, fo, wo, wy, v, ¥ via

p%(e0) = au - By, P2 (fo) = bu™t - By, p2(y) = eld = p2*(v'),

n
pZ7b(wo) = c(r_lEn +r gt Z E; + s_lEnH’nH),
i=2

n
pZ’b (wé) = c(len + g7t Z E; + rlEn+17n+1> .
i=2

Proposition 6.6 (B, n > 2). For any nonzero a,b € C set ¢ = (rs)?ab. Then the Uy 5(5095,4+1)-
action p on V' from Proposition 3.2 can be extended to a U;75(§\02n+1)-action pw’ on the vector
space V(u) =V by setting

pZ’b(as) = p(x) for all z € {6i, fi,wi,wg}?zl

and defining the action of eq, fo, wo, wy, v, ¥ via
pLt(eg) = au - (Eyrg — r?s*Byry), P2l (fo) =bu™' - (Ear — Ery),
P (y) = eld = (),

n
PZ’b(WO) = C<82E11 +77%Ey + Z(T_25_2Eii + T‘2S2Ei/i/) + 12 Egroy
i=3

+ 3_2E1/1/ + En+1,n+1> )
n
Pt (wp) = ¢ (TzEn + 5 2By + Z(’"_QS_QEM + 128 Byr) + 5° By
=3

+r 2By + En+1,n+1> .

Proposition 6.7 (C,, n > 2). For any nonzero a,b € C set ¢ = rs-ab. Then the U, s(spyy,)-
action p on V' from Proposition 3.3 can be extended to a U,fﬁ(s:fagn)—action pZ’b on the vector
space V(u) =V by setting

P20 () = p(x) for all x € {eivfi,wivwé}?:l
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and defining the action of eq, fo, wo, wy, v, ¥ via
a,b _ a,b _ -1 a,b _ _ o abi !
py”(€0) = au - Eyn, py’(fo) =bu™" - Eyr, py”(v) = cld = pi" (7)),

n
:0376(000) = c(r_lsEu + Z(T’_ls_lEm' + rsEi/i/) + rs_lEm/),
i=2

n
PP (wh) = c(rlen + Z(rilsflEii +rsEyy) + r13E1/1/> ,

=2

Proposition 6.8 (D,,, n > 3). For any nonzero a,b € C set ¢ =rs - ab. Then the U, s(s02p)-
action p on V from Proposition 3.4 can be extended to a Ur,s (502n) action ,ou on the vector
space V(u) =V by setting

pZ’b(ﬂs) = p(x) for all x € {ei, fi,wi,wg}?zl
and defining the action of eq, fo, wo, wy, v, ¥ via

piP(eo) = au - (Eyra — rsEan), P2 (fo) = bu™t - (Bar — Er),
P’ () = cld = pi*(v"),

n
PP (wo) = ¢ <SE11 +r 1 By + Z(rils*IEﬁ +r5Eyy) + 1By + 51E1,1/> ,
i=3

n
0(uh) — (E b5 430 s Bk rsEuy) 4 sEyy + E)
=3

These evaluation Uy ((g)-modules p%? can be naturally upgraded to U, s(g)-modules in a stan-
dard way.

Proposition 6.9. Let u be an indeterminate and redefine the vector space via V(u) = V ®c¢
C[u, uil] accordingly. Then, the formulas defining pZ’b on the generators from Propositions 6.5—
6.8 together with

pZ’b(D)(v@)uk) =k veuF, pZ’b(D’)(v@)uk) =sk.veu forallveV, keZ
give rise to the same-named action p%° of Up,s(g) on V(u).

The proofs of all these results are straightforward, cf. our proof of Proposition 3.2.

6.2 Affine R-matrices

Let U> (g) be the subalgebra of U, s(g) generated by {ez, : ,'yil,Dﬂ}?:O and similarly let
U9 ) be the subalgebra generated by { fi, (wWh)EL, (v/)*, (D’ il}?zo. Likewise, we define
the subalgebras Urs (g) and UTS (g) of Ul ,(9). We note that the same formulas as in Sec-
tion 2.1 for U, (g) can be used to define the Hopf algebra structures on both U, s(g) and Uy ((g),
so that UZ(9), US,(8) and UTS (9), UH (g) are also Hopf subalgebras of U, s(g) and U] ,(g).

Finally, similarly to Proposition 2.5, one has bilinear Hopf pairings

() Us(@) x UL (8) » K,
() Ups(@) x Ups (@) = K. (6.7)
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We note that the second of these pairings is actually degenerate as (7’ -1, U;«ZSZ (ﬁ)) =0=
(Urs @),y — 1). On the other hand (whlch is one of the key reasons to add the genera-
tors D, D' ), the first pairing in (6.7) is non-degenerate, and hence allows to realize the two-
parameter quantum affine algebra U, 5(g) as a Drinfel’d double of its Hopf subalgebras UES (@),
UES (g) with respect to the pairing above.

The above discussion yields the universal R-matrix for U, s(g), which induces intertwiners
V @ W—5W ® V for suitable U, s(g)-modules V, W, akin to Section 4.1. In order to not overbur-
den the paper, we choose to skip the detailed presentation on this standard but rather technical
discussion. Instead, we shall now proceed directly to the main goal of this paper—the evaluation
of such intertwiners when V = p%° W = p2* are the modules from Section 6.1. In this context,
we are looking for U, ¢(g)-module intertwiners R(u/v) satisfying

R(u/v) o (pi* @ pi?) (x) = (p* @ p*)(z) o R(u/v) (6.8)

for all z € U, 4(g) (equivalently, one can rather request = € Uj ((g) in the context of U; ((g)-
modules). According to [25, Proposition 2], it suffices to check the validity of (6.8) only for
x = f;, 0 <i < mn. In fact, the space of such solutions is one-dimensional, see [25, Proposition 1],
which is essentially due to the irreducibility of the tensor product pZ’b ® pﬁ’b (which still holds
when viewing them as U] ;(g)-modules as long as u, v are generic), in contrast to Proposition 3.9.
As an immediate corollary, see [25, Proposition 3], the operator R(u/v) = R(u/v) o T satisfies
the aforementioned Yang—Baxter relation with a spectral parameter:

ng(v/w)ng(u/w)Rgg(u/v) = Rgg(u/v)ng(u/w)ng (’U/U}),
Ria(v/w)Roz(u/w)Ria(u/v) = Ros(u/v)Riz(u/w)Ras(v/w), (6.9)

with notation as in Section 4.1. We shall now present explicit formulas for such R(z) in all
classical types, generalizing [25] for the one-parameter setup.> We note that the origin of these
formulas will be explained in the next section, where they will be derived through the so-
called Yang-Baxterization technique of [15]. However, once the formulas are guessed, the above
discussions imply that it suffices to check that they satisfy (6.8) for x = f;, 0 < i < n.

We start with the simplest case of A-type (part (b) of which goes back to [27, Section 2]).

Theorem 6.10 (type A,).

(a) Let z = ufv. For U, (f?[nﬂ)—modules pﬁ’b and p%’b from Proposition 6.5, the following
operator R(z) satisfies (6.8) whenever ab = (rs)~':

n+1
R(z) l—zrs ZEZZ®EM+ 1—2)r ZEUQ@ (1-2)s Z
>j i<j
+ (l—rs ZE”®EH —|— 1 —rs” ZEWE@EM (6.10)
1>] 1<j
(b) The operator R(z) = R(z) o T given explicitly by
n+1
R(z) = l—zrs ZEu®Eu+ (1—2)r ZE”® (1—2)s lZEu®
>j 1<j
+(1—rs ZE”@JEJH— 1—rs Z:EWQQE]Z
1>] 1<j

satisfies the Yang—Baxter equation with a spectral parameter (6.9).

3We note that a twist of [39] is needed to recover the formulas of [25, Section 3] due to a different coproduct [25,
equation (2.10)] on U,(g), cf. Remark 6.14.
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The main results of this section generalize the above theorem to the other classical series.
Theorem 6.11 (type B,).

(a) Let z = UA/U. For U, g (sfo%ﬂ)-modules pﬁ’b and p%’b from Proposition 6.6, the following
operator R(z) satisfies (6.8) whenever ab = (rs)~2:

i#n+1 i
R(z) = (z — 7“_282)(2 - f) Z Eii @ By + Z aij(z)Eij & Eji
1<i<2n+1 1<i,j<2n+1
J# J#
+ (1- 7‘_252) (z =& Z Ei ® Ejj+ (1 - 7“_252)2(2 — &) Z Ei; ® Ej;
i>7 1<J
2n+1
+ ) bij(2) By @ Eijr, (6.11)
ij—1
where & = p~2ntlg2n—1

a2 = {7 ETDE =) i< g ori> 4.5
1j - 7“_18(2: _ 1)(2 _é‘)(rs)giO’j ifj<i< j/ OT’j/ <i<j,
(r2s?2 =€) (2 = 1) ifi=i, i#An+1,
bii(2) = rls(z=1)(z-)+ (r2s*=1)(¢(-1)z ifi=j=n+]1,
ke (T‘_282 — 1) §tztj_1(z —1) =0 (2 — f)) ifi < g,
(r 252 — l)z(titj_l(z —1) — 0 (2 E)) if i > g,

with t;, o; precisely as in (4.8).

(b) The operator R(z) = R(z) o T is a solution of the Yang-Baster equation with a spectral
parameter (6.9).
Theorem 6.12 (type Cy,).

(a) Let z = ufv. For U, (5/]\32”) -modules pZ’b and p%b from Proposition 6.7, the following
operator R(z) satisfies (6.8) whenever ab = (rs)~1:

J#i
Riz)=(z—r71s)(z = ¢ ZEM‘X’EZZJF > 2By © B
1<i,j<2n

J# i

+(1=rs)(z2 =Y Ea®@Ej+ (1—1""s)2(2 €)Y _ B ® Ej;
i>j +<d

n
+ Z bij(z)Ei’j ® Eijr, (6.12)
/L’]Zl
where & = r~ " lgn L

rU2512(2 — 1) (2 — €)(rs) 2% if i < §,j ori > j,j,
125122 —1)(2 f)(rs)%‘”"j ifj<i<j orj <i<j,
(7‘ sz—ﬁ)z—l) if 7 =1,

(rts—1) (& t_l( —1)=bi5(2=&)) ifi<y,

(r s—l)z(tzt;l( —1) =6y (2=8) ifi>j,

with t;, o; precisely as in (4.10).

aij(z) = {

bij(z) =
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(b) The operator R(z) = R(z) o7 is a solution of the Yang-Bazter equation with a spectral
parameter (6.9).

Theorem 6.13 (type D,,).

(a) Let z = u/v. For Urys(ff\ogn)—modules pf,ajb and pﬁ’b from Proposition 6.8, the following
operator R(z) satisfies (6.8) whenever ab = (rs)~!:

J#ii
R(z)=(z—r71s) (2 — ¢ ZE,,@E“—i— Z a;j(2)Eij @ Eji
1<4,5<2n
J# J#
+(1=rts) (2= ¢ Z E; @ Ejj+ (1—r"'s)z(z =€) ZEM ® Ej;
i>j i<j
+ Y bij(2)Ev; ® By, (6.13)
ij=1
where & = r~Hlgn—1,

~1/2 1/2( —1)(2 _é’)(rs)—%Uio'j ifi <4, ori>j,7,
1261205 —1)(z - €)(rs)2%%  ifj<i<j orj <i<j

aij(z) = {

bij(z) =

(r sz —& )z—l) if § =1,
(s = 1) (€tit; Yz — 1) = dir(= — €))  ifi <,
(rts = 1)z(tit; (2 —=1) =65 (2 = &)) ifi>j,

with t;, o; precisely as in (4.12).

(b) The operator R(z) = R(z) o7 is a solution of the Yang-Baster equation with a spectral
parameter (6.9).

Remark 6.14. The careful reader may have noticed that for » = ¢ and s = ¢!, the for-
mula (6.11) does not precisely match with the corresponding R-matrix of [25]. This discrepancy
occurs because [25] uses a coproduct A’ on Uy(g) that differs from the more standard A of [24].
One may check that

A(x) = fY2A@)f~Y?  for all z € Uy(g),

where both sides are regarded as operators on V' @ W for any finite-dimensional (type 1) Uy(g)-
modules V and W (see [24, Chapter 7] for the notation) and f denotes the r = ¢, s = ¢!
specialization of the corresponding map from Section 4.1. Using this relationship, one may then
show that

B = 2R/

is the corresponding intertwiner relative to the coproduct A’ of [25]. The Yang-Baxterization
results of Section 7, then imply that the one-parameter specialization of our (6.11)—(6.13) should
be related to the corresponding formulas in [25] via conjugation by f~1/2. The latter can be
verified directly case-by-case.
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6.3 Proofs of explicit formulas

We shall now present the proofs of the theorems from the previous subsection. We start with
A-type.

Proof of Theorem 6.10. We shall only prove (a), since (b) follows from it (see also our dis-
cussion in Section 7).

As follows from Section 7, the operator R(uv_l) of (6.10) is a linear combination of R
from (4.6) and its inverse R~!, hence it satisfies (6.8) for z = e;,f;, 1 < i < n. For the
remaining generators, it will be helpful to record the explicit action of ]:Z(uv_l) on the basis
vectors v; ® vj of V(u) ® V(v):

(1 — uvilrsfl)vi & v; if i = j,
R(uvil)vi ®v; = (1 — T‘S_l)’Ui ®uvj+ s H 1 —uv v @v; if i > j, (6.14)
uv~! (1 — rs_l)vi @v; +r(l—w Hyy v ifi<j.

In particular, ﬁi(uvil) preserves the weight subspaces, so that (6.8) holds also for z = w;, w},
0<7<n.
We shall now verify (6.8) for x = eg. First, we note that

0 ifi#£1l, j#1,
UVp41 @ V; ifi=1, j#1,

a Hpu @ po)(e0) (Vi @ ;) = { uvps1 @ v1 For oy @uppy ifi=j =1, (6.15)
e T R ifi=n+1, j=1,
Ur_ls_lvi®vn+1 ifiEl,n+1, j=1,

and we have a similar formula for a=!(p, ® py)(eo)(v; ® v;) with u and v interchanged. As short-
hand, we shall use the notation E,, and E,, to denote the operators a~'(p, ® p,)(eo) and
a1 (py @ pu)(eo), respectively. According to (6.14) and (6.15), we clearly have

R(uv_l)(Em,(w ®u;)) =0= EW(R(uv_l)(Ui ® v;)) for i,7 # 1.
We now consider the remaining cases:

e Ifi=1and j# 1,n+ 1, then

N

R(uv_l)(Em,(vl ®uj)) = s_lu(l — uv_l)vj ® Upa1 + u(l — rs_l)vn+1 ® vy,
which is equal to

EvuR(uv_l)(vl ® vj) = Evu( (1 — uv_l)vj v + uv_l(l — 7“5_1)111 & vj)
1

r
=5 u(l — uv_l)vj & Upg1 + u(l — ’I“S—I)Un_H ® vj.

e Ifi=1and j =n+1, then

N

R(uv_l)(Euv(Ul b2y UnJrl)) = u(l - uv_lrs_l)vn+1 & Un+t1,
which is equal to

Ewﬁi(uv_l) (V1 @ Upg1) = Ts_lu(l — uv_l)vn+1 ® Vpa1 + u(l - rs_l)vnH ® Upt1

1

= u(l —uv 7’871)'1)”_’_1 & Upt1-
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e If i =75 =1, then we have

A~ ~

R(uv™") (Buw(v1 ®v1)) = R(uwv™") (uwvps1 @ v1 +or~ o1 @ vp41)
= us_l(l — uv_l)vl & Up41 + u(l — rs_l)vnH & v1
+ur? (1 — rs_l)vl & Vp41 + v(l — uv_l)vnH X v1

1

=ur ' (1= w 'rs o1 @ vpgr + (v —urs™ o @ vy,

which is equal to

Evulf{(uvfl) (1 ®v1) = Epu (1 —wv™'rs oy @ v

= (v — UT‘S_l)Un+1 v + ur™? (1 — uv_lrs_l)vl & Unt1-
e Ifi=n+1and j=1, then
R(uv_l)(Em,(vnH ®uv1)) = vs! (1 — uv_lrs_l)vnH ® Upit,
which is equal to

EUUR(uv_l) (Un41 ®@v1) = Eyy (8_1 (1 — uv_l)vl ® Upt1 + (1 - rs_l)vnH ® vl)
= st (1 — uv_l)vnH & Up41 + us_l(l — rs_l)vnH & Un+1

= s ! (1 — uv_lrs_l)vn_,_l & Upt1-

e Finally, if i # 1,n+ 1 and j = 1, then
R(uvil)(Euv(vi ®uv1)) =vs ! (1 — uvil)vnﬂ Qv +urts! (1 — rsfl)vi ® Upt1,

which is equal to

EvuR(uvfl) (v; @v1) = Eyy (371 (1 — uvil)vl Qv; + (1 — rsfl)vi ® vl)

= st (1 — uv_l)vnH Q v; + ur ts7! (1 — rs_l)vi & Unt1-

This completes our verification of (6.8) for = = ey.
The verification for x = fy is completely analogous. This completes the proof of Theo-
rem 6.10 (a). [

Let us now present the proof of Theorem 6.11 (the proofs of Theorems 6.12 and 6.13 are
completely analogous).

Proof of Theorem 6.11. As follows from Section 7, the operator R(uv_l) of (6.11) is a linear
combination of R from (4.7), its inverse R~!, and the identity operator Id. Hence, it satisfies (6.8)
for x = e;, f;, 1 < i < n. Moreover, R(uv_l) clearly preserves the weight subspaces, so it also
satisfies (6.8) for x = w;,w), 0 < i < n.

We shall now verify (6.8) for = fj, proceeding similarly to our proof of Lemma 4.11.
To this end, let F,, = b~} (pﬁ’b ® p%’b) (fo) and Fy,, = b~} (p%’b ® pﬁ’b) (fo), where we assume that
ab = (rs)™2, so that ¢ = (rs)?ab = 1. Then we need to verify that

R(w ™) Fyy = FpuR(uww™) € End(V @ V).
First, let us record the explicit formula for F,, € End(V @ V):

F, = Ufl -1 ® Eyypr — /U*l -1® By + u717“2E21/ ® FEi1+ U71872E21/ ® Fao
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+u's?Fayy @ Byy +u™'r 2By ® By 4+ u ' Bayr @ Eng1 1
+ Z T'S 2E21/ X E“ +u ( S)2E21/ (%) Ei’i’) — U_IT2E12/ (%) Ell

2E12/ X E22 — U7152E12/ X EQ/Q/ — u711”72E12/ X Ellll
n

—u T By @ Eppi — ) (u” (rs) P Ely @ Eig +u” (rs) iy ® Ey),
=3

while F},, is given by the same formula with u and v interchanged. As in the proof of Lemma 4.11,
it will be helpful to break the operator R(uv_l) from (6.11) into the following six terms:

i#n+1
Ry (uvil) = (uvil - 7“7252) (uvil - §) Z By @ By
1<i<2n+1
+ (rts(uo™ = 1) (woh =€) + (r7%s® = 1) (€ — Duv ™) Epg1n41 © Epgins1,
i#n41
Ry (uv_l) = (7‘_232uv_1 —¢) (uv_l -1) Z Ei; @ Ey,
1<i<2n+1
I
R3 (uvil) = Z aij (U’Ufl)Eij ® Ej;,
1<i,j<2n+1
J#
Ry (uv_l) = (1 — r_zsz) (uv_l — {) Z E;; ® Ejj,
i>7
J#
Ry (uv—l) - (1 — r—252)uv—1 (uv—l _ 5) Z E; ® Ejj,
1<J
i#]
Re (uv‘l) = Z bi; (Uv_l)Ei/j ® Eyjr.
1<4,j<2n+1

Then a direct computation yields

Ry (uvil)Fuv =yt (uvil — 7’7232) (uvil — §)E22 ® FEay/
—v N uww ™t = r728?) (wo ! — £) En @ Ery
+uts7? (uv_l - 1“_282) (uv_l — &) Ea1 @ Eay
u P (uwo Tt =128 (w Tt = €) By ®
F, Ry (uv_l) =u! (uv_l — 7“_282) (uv_l — &) E1 ® By
—u ! (uv_l - 7‘_252) (uv_l - 5) FEoror @ Eio
+o P (uot = r28%) (w Tt =€) By @ By
— v (w ! = r28%) (w ! = €) By @ Eoy,
Ry (uv_l)Fm, = v_l( 252007t — f) (uv_1 — 1)E22/ ® Foryr
l(r sSPuv™t — f) (uv_1 — 1)E11/ & Eqryr
132 (r sPuv™t — §) (uvil — 1)E2/1/ ® Eoor
—u~ 2(r sPuvr™! — &) (uwv ! —1)Eyy ® By,
™) = s o)
—u ! (1“72521”)71 — &) (w™! = 1) Esy ® Eyp



Two-Parameter Quantum Groups and R-Matrices: Classical Types 47

+ o2 (7“72521“)71 — f) (uvi1 — 1)E21 ® Fq1/
—p7lg7? (r_2s2uv_1 — §) (uv_l — 1)E12 ® FEaor,
R3 (uv_l)Fm, — FyuR3 (uv_l)
= s2v_1(uv_1 - 1) (uv_l f)EQl ® Ey1 + 1% _l(uv_l — 1) (uv_l — §)E21/ ® Fqrr
-1

— 7,*21)71( -1 1)( — E)Elg ® Eogo — s2v7 ! (uv )(uv f)Elgz & Earor
-1 (uv ) ( — §) Fi1 @ Eor + 1~ -1 (uv 1) (uv )E1/1/ ® Foys
r 2u l(uv_l — 1)( — §)E21/ ® Eay — s%u l(uv 1) (uv f)EQq/ ® Eogr
-1 (uv ) ( — 5) Foy @ E19 — 1~ -1 (uv 1) (uv f) Eyor @ Eio
+ s%u 1(uv_1 1) (uv {) Eio ® Eq1+ 1~ 1(uv 1) (uv {) Eyo @ Eqy
(uv T ) ( — 5) FEoo @ Eoyr — 1 252 -1 (uv )(uv £)E22/ ® Forqr
-1 (uv ) ( 5) Fi1 ® By + v 262 (uv ) (uv )En/ ® Eyrgr
FWR5(M) 1) —R4(uv 1)Fw
( 1) (uv ) 1B @ By + (1 — 7”_282) (uv_1 — f)v_lEQQ ® Fayr
(1 252) ( -1 §)v_1E2/2/ ® Faoyr + (1 ) (uv_l — §)U_IE22 ® By
(1 ) (uvil — §) 1Eyy @ Eyo + (7’ ) (uvil — §)vilE11 ® For
+ (82 — 7“2) (uv 1 §)u LBy @ Eqq + ( —4g2 7“_2) (uv_l — §)uv_2E12r ® Eimr,

F,.Ry (uv_l) — Rs (uv I)Fw
— (T*QSQ _ 1) (mfl — §)uv72E11 ® Fopr + (r7452 — 1”72) (uvil — f)vflEm/ ® Eiry

+ (372 — 7*72) (uvil — {)fuflElg/ ® Fog + (32 — 7“7234) (uvil — f)v*1E12/ ® FEoror
+ (r_2$2 — 1) (uv_1 — {)u_lElql ® B9 + (3_2 — 7“_2) (uv_l — §)U_1E21/ ® FEag
+ (52 - r_254) (uv_l - f)v_lEm/ ® Forgr + (82 — T2) (uv_l - f)v_lEm/ ® Ei1,
Rg (uvil)Fuv

= (7“_482 —-r 2) (uv 1) By @ Eyyr — ( 262 — 1)( 1)v_1§E22/ ® Farys
— (r_252 — 1) (uv 5)1} ' Eyrgr @ Eoyr — (r 26t — s )(uv_l — §)v_1E21/ ® Eogrgr
— (1”7234 — 82) (uv 1)7} LBy @ Fay + ( 242 1) (uvil — l)fvflEn/ ® Eqrgr
— (7’7232 — 1) (uv 1) (uv )u LB @ By
+ (r_232 - 1) w = &) v Eyy @ By
n (r_452 _ 2

(uv_l — 1) (uv L §)v 1By ® Eyy
(’U/Ui1 — §)v*1E12/ X Ellll,
F,.Rs (uv_l)

= (r* - 32)( -1 g)u_lEzlf ® B+ (r2s* = 1) (w™! = 1)o By ® By
+(r2? = 1) (™ =€) v By © Eiy + (r? = 8°) (wo™! = 1)60™ By @ By
+ ( )(uv ) LBy @ Ego + (7“_2 — 3_2) (uv_l — 1)§v_1E12 & Foo
—(r2s = 1) (uw ™ = 1)v  Biy @ By — (r7%s" = 1) (wo! = )uv 2B © Earr.

Combining the expressions above, we get
( ) — F, R3 (uv ) + Ry (uv_l)Fuv (6.16)

+ Ro(uv )Fm, — FpuRi(w™) — FpRo(wo™t)
= (1 — 77252) (uvil — £)v*1E22 ® Fo1r + (7‘7282 — 1) (uvil — §)v*1E11 ® Fqor
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+ (5 2) (uv {)v LEo1 @ By + (8 —-r )(uv ) 1B ® En

+ (r2s% = 1) (' = 1)& ' Byy @ By + (1 —r728%) (wv ™! = 1) v ' Eqy @ By
+ (r 2) (uv - 1) 1By @ By + (7“_2 - 7“_432) (uv - 1)1; By @ Eqy
+ (r )(uv ) LBy @ Eoyr + (1 — T_282) (uv_l — f)v_lnggz ® Ejo

+ (7’ 42 2)( -1 §)v LBy @ By + (32 — 7’*234) (uvil — §)v*1E12/ ® FEoror
+ (1 — r_zsz) (uv_l — )v EH/ ® Fo1 + (r 242 — 1) (uv_l — 1)v_1E22/ ® F19

+ (7“2 — 32) (uv_l — l)fv_lEgl ® Fi1 + (r_2 — 5_2) (uv_l - 1)51)_1E12 ® FEogr

and

(FouRs (uv™") = Ra(uv™") Fuu) + (FouRa(uv™!) = Rs (uv™) Fup) (6.17)
+ FyuRe(uv™') — Rg(uv™") Fy,
= (r? = 1) (ww ' =)o By © Eyy 4+ (1 —r7%8%) (uv™! = €)v™ By @ Eay
+(1=r2) (™ =)o Byy @ By + (r2s* — 1) (w™! = &)o' By @ Biy

T (r’432 _ T72) (uv’l _ §)v’1E21/ ® Eyy + ( 2 _ -2 4) (mfl _ é) 1By @ Eyy
+ (8_2 — 'r_z) (uv_l — f)v_lEglf ® Fog + (32 —r )(uv ) Elzl ® 11

+ (r_2s2 — 1) (uv_l — 1)11_1E22/ ® Eo + (7“2 -5 )(uv ) 1By ® By

+ (7“72 — 872> (uvil — 1)51}71E12 ® Foor + (1 -7 282)( 1) !B @ By

+ (772 7"*432) (uvil — 1)v*1E1/2r ® B + (7“7232 — 1) (uv* — 1)§v71E22/ ® Eoryr

+ (r_234 - 82) (uv_l — 1)v_1E2/1/ ® Foor + (1 — 7“_282) (uv_l — 1)£v_1E11/ ® FEqror.
(6.

The right-hand sides of
for x = fy.

In the same way, one can verify (6.8) for z = eg (although according to [25], it is actually
sufficient to check (6.8) only for # = f;). This completes the proof of part (a) of Theorem 6.11.
The proof of part (b) actually follows from (a), as in [25, Proposition 3]. [

16) and (6.17) are clearly equal, which completes the proof of (6.8)

Remark 6.15. Similarly to Remark 4.12, we note that the above proofs of Theorems 6.11-6.13
are quite elementary, but they require knowing the correct formulas for R(z) at the first place.
In the next section, we present the origin of these formulas, by using the Yang—Baxterization
technique of [15].

7 Yang—Baxterization

In this last section, we present a natural derivation of the rather complicated formulas (6.10)-
(6.13) from their finite counterparts (4.6), (4.7), (4.9) and (4.11). This is based on a so-called
Yang-Bazterization technique of [15], which produces R(z) satisfying (6.9) from R satisfy-
ing (4.5) when the latter has 2 or 3 eigenvalues.

Yang—Baxterization in A-type. For a uniform exposition, we start by recalling the deriva-
tion of (6.10) via that technique. As noted in [5], the R-matrix R of (4.6) is diagonalizable with
two eigenvalues \; = —rs~!, Ay = 1, so that

RV = NIDGR+ (A +agh)Id (7.1)

In that setup, the Yang-Baxterization of [15, equation (3.15)] produces the following solution
of (6.9):

R(z) = 'R+ 20 R7L (7.2)
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Plugging explicit formulas for R, R~ from (4.6) and (7.1) into the right-hand side of (7.2),
we derive precisely the operator (6.10).

Yang—Baxterization in BC' D-types. Let us treat the other three classical series. To this
end, we recall that the R-matrices R of (4.7), (4.9) and (4.11) have three distinct eigenvalues A,
A2, A3, in accordance with Lemmas 4.8, 4.9 and 4.10. In that setup, the Yang-Baxterization
of [15, equations (3.29) and (3.31)] produces the following two solutions to (6.9):

, . MM A 1 -
Riz)=Mzz—DR '+ (1+ 2+ 22 4+ 2 )21d— — (2 — 1R, (7.3)
)\2 )\3 )\3 )\3

R . ALA A2 A
R)=Mz(z—DR '+ (1+22+22 4 2L )1d- -2
AoAs

1R 7.4
AQ )\3 )\2)\3 (Z ) ? ( )

provided that R satisfies the additional relations of [15, equation (3.27)] (cf. correction [15,

equation (A.9)]), which, in particular, hold whenever R is a representation of a Birman—Wenzl
algebra.

Remark 7.1. For the purpose of the present section, we shall not really need to verify these
additional relations, since according to Theorems 6.11-6.13 the constructed R(z) do manifestly
satisfy the relation (6.9).

To apply formulas above, it remains to evaluate R~1. To this end, we consider the C-algebra
involution

o: Ups(g) = Urs(g) (7.5)
given by
€ — €, fi— fi, wi»—>w;~, wg&—>wi, TS, ST

Evoking the notation (4.2), we define

0= Z@“ with ©,, = (0 ® 0)(0,,) for all p.
=0

We also introduce another coproduct homomorphism A: U, 4(g) — U,.5(g) ® U, 5(g) via
A=(c®0c)oAoo L.

Then, for any finite-dimensional U, s(g)-modules V' and W, we have

Au)o®=00A(u): VaW Ve for all u € U, 4(g),

cf. [7, Lemma 4.10] and [9, Lemma 3.3]. Applying 0 ® o to the equality above, we then
get A(o(u))® = OA(o(u)). Since o is an automorphism, the last equality can be written
as A(u)® = OA(u) for any u € U, 4(g). Let us now also show that A(u)f = fAP(u) on V@ W.
It suffices to verify this formula when w is one of the generators. For v = w; or w}, this is obvious.

For u = ¢; and any v € V[A], w € V[u]:
Ale)) flo@w) = fF(\p)(ev@w + (wg,w,\)_lv ® e;w)
and

FAP (i) (v @ w)) = F(A o+ ai)v @ eqw + f(A + o, ) (W), wi) ev @ w,
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which are equal due to the properties (4.3) satisfied by f. The proof for u = f; is completely
analogous. Putting all of this together, we find

Tof 1o@oA)=710f oA oO=70APw)of 0O =A(u)orof 10O
as linear maps V@ W — W ®@ V. Thus R = 7'0}7_1 00: VoW — W ®YV isa U, s(g)-module

isomorphism.

Specializing now to the case where V' = W is one of the representations from Propositions 3.2—
3.4, one can easily see from the defining formulas that p(o(u)) = a(p(u)) for any u € U, 4(g).
Here, we regard p(u) as an element of Maty (K), and o: Matn(K) — Matx(K) is the C-algebra
automorphism defined by

G(rts'Ey) = r's" By Wk 0€Z, 1<i,j <N.

By abuse of notation, we shall use & to denote similar C-algebra automorphisms Mat y (K)®2 —
Maty (K)®2 and K — K. To obtain explicit formulas for R, which we present in equations
(7.6)~(7.8) below, we just need to evaluate 7 o f1o 5(];? oTo f_l) from the respective formulas
for R given in (4.7), (4.9) and (4.11), see (4.4). Most of the terms transform easily into the
corresponding terms in (7.6)—(7.8), due to the equalities

a(f(ej,€i)) = f(ei,ej)_l for all 1, 7,

but some additional explanation is necessary for two of them. First, the term ), 25 ai; Bij @ By
transforms into the corresponding one in (7.6)—(7.8) due to the following identities satisfied by a;;
of (4.8), (4.10) and (4.12):

ai; = f(gi, ;) and aj_i1 = ajj for all i # j,7’.

For the former equality, see (5.33) and (5.38).

Second, the term -, . tit]-_lEi/j ® E;j transforms into the corresponding one in (7.6)—(7.8)
due to the additional observations that, unless i =n+1 or j = n+1 in type B, we have (with
gy = —¢; as defined prior to (5.33) and (5.38))

f(—€i &) = f(gj,—¢5) and 'av(ti/tj_,l) = titj_l forall 1 <i,57 < N.

The former equality follows from our formulas (5.31) and (5.32) for type By, and (5.36) and (5.37)
for types Cp,, Dy,. When i =n+1or j =n+1 in type B,, we rather use the following equalities:

f(0,0) =1, 5(tn+1)7’871 =tn+1, 5(151‘/) =1 fori #n+ 1.
These results allow us to prove the following lemmas.

Lemma 7.2 (type By). The inverse of the operator RVeV-osVeV from Theorem 4.4 is
equal to

R=r1o0 f_l 00
i#n+1 i#n+1
=rs' Y Ei®FEi+Fuin1®Bunt+r s Y Ey®Ey
1<i<2n+1 1<i<2n+1
i n
+ Z a;;Eij ® Ej; + (s* —r?)(rs) ™! z:(7"2(1'_”)_152(”_10)4rl —1)E; @ Eyy
1<i,j<2n+1 Pt
J#i J#i
+ (r* = %) (rs) ™! 2 E; ® Ejj + (s> —r?)(rs) ™! 2 titjflEi/j ® Eijr, (7.6)
i<j 1>

with the constants t; and a;; given explicitly by (4.8).
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Lemma 7.3 (type Cy,). The inverse of the operator R:V®V =V @V from Theorem 4.5 is
equal to

R=r7o0 ffl Xe)
2n 2n
= /25712 Z Eii @ By +r~1/2s1/2 Z Eiiv ® Ey;
i=1 i=1
i n
+ Z ai;Eij @ Eji + (r — s)(rs) "2 Z(ri_”_lsn"'l_i +1)Ej; ® Eyy
1<i,j<2n i=1
i A
+(r—s)(rs)"V2> By @ Ejj + (s — r)(rs) V2 tit; ' Ey; @ iy, (7.7)
i<j i>j

with the constants t; and a;; given explicitly by (4.10).

Lemma 7.4 (type D,,). The inverse of the operator R:V®V = V&V from Theorem 4.6 is
equal to

Ezrofflo@

2n 2n
= /25712 Z Ei; ® Ey + 171212 Z Eiv ® Ey;
i=1 i=1
i n
+ Z ai;Eij @ Eji + (r — s)(rs) /2 Z(l — ") Ey ® Eyy
1<i,j<2n i=1
i# G
_ - -1
+ (r—s)(rs)”Y/? Z Ey @ Ejj + (s — r)(rs) /2 Z tit; By @ Eyjr, (7.8)
i<j i>]
with the constants t; and a;; given explicitly by (4.12).

Since R is a U, s(g)-module intertwiner by the above discussions, it suffices to verify that the
eigenvalues of R on the highest weight vectors wi, we, ws from our proof of Proposition 3.9
are inverse to those of R as specified in Lemmas 4.8-4.10. As the arguments are very similar,
we shall only present the proof in type B,,.

Proof of Lemma 7.2. For w; = v; ® v, the eigenvalue of R is A1 = r~Ls, while we clearly
have

R(w1) = R(vy ®v1) = rs vy @ = Al_lwl.
For ws, we have

R(wp) = R(vl Q@ vy —rs vy ® vl) = (rs_l - 7‘_15)211 Q@ vy + vy @V — T8 v @ vy

= —T_ls(vl ® vg — 7‘8_1’02 ® 111)

for n =1, and

R(wz) = R(v1 ®@va —r*va@v1) = (rs™! —1718) 01 ® v 4+ rsva @ v1 — 78 101 ® 09

= —1"'s(v1 ® v2 — r*ve ® V1)
for n > 1. Thus, we obtain R(wz) = A\, lwy for all n. -
Finally, the eigenvalue of the R-action on ws equals the ratio of coefficients of vy ®v; in R(ws)

and ws. To compute the former, we note that only the third summand of (7.6) makes a nontrivial

contribution of r~'s-vy ®v1. As the coefficient of vy ® v in w3 equals 72 1s~2"*1 we conclude
that R(ws) = r~2"s%"w3. Thus, the eigenvalue of ws for R is indeed equal to )\gl =y 2ng2n W
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With these preliminaries out of the way, we can now present our formulas for R(z), which
we obtain from (7.3) in types B,, and D,,, and from (7.4) in type C,, (the key reason to use
a different formula in type C), is because (7.3) does not produce a solution that also satisfies the
intertwining property (6.8)):

e Type By:

R(z) = rilsz(z - DR+ (1 — r72”+152"71) (1 — 7‘7232)z1d — T72"52"(z - 1R,

which after a direct computation simplifies to (6.11).

o Type Cy:

R(z)=r"Y2:22(z — )R + (1- T_”_IS”H) (1- r_ls)zld

- r_”_3/2s”+3/2(z - 1)R,

which after a direct computation simplifies to (6.12).
o Type D,:

A~

R(z) =7 12s"22(z = 1)R + (L—r s ) (1 —r71s)21d

N r—n+1/2sn—1/2(z o I)R,

which after a direct computation simplifies to (6.13).
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