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ADOMIAN DECOMPOSITION METHOD FOR

NONLINEAR STURM-LIOUVILLE PROBLEMS

Sennur Somali and Guzin Gokmen

Abstract. In this paper the Adomian decomposition method is applied to the nonlinear Sturm-
Liouville problem

−y′′ + y(t)p = λy(t), y(t) > 0, t ∈ I = (0, 1), y(0) = y(1) = 0,

where p > 1 is a constant and λ > 0 is an eigenvalue parameter. Also, the eigenvalues and the

behavior of eigenfuctions of the problem are demonstrated.

1 Introduction

Recently a great deal of interest has been focused on the application of Adomian’s
decomposition method for the solution of many different problems. For example
in [6], [12], [15]-[20] boundary value problems, algebraic equations and partial dif-
ferential equations are considered. The Adomian decomposition method, which
accurately computes the series solution, is of great interest to applied sciences. The
method provides the solution in a rapidly convergent series with components that
are elegantly computed.

The main advantage of the method is that it can be applied directly for all
types of differential and integral equations, linear or nonlinear, homogeneous or
inhomogeneous, with constant coefficients or with variable coefficients. Another
important advantage is that the method is capable of greatly reducing the size of
computation work while still maintaining high accuracy of the numerical solution.

There has been great interest in nonlinear Sturm-Liouville problems. Theory and
algorithms which compute a given number of eigenvalues of the radial symmetric p-
Laplacian are presented in [13], [8] and [9]. Asymptotic expansion of the eigenvalues
of a specific problem is studied in [14]. In this article we explore the possibilities of
the decomposition method in the nonlinear Sturm-Liouville problem [14].

Let us consider a general functional equation

y −N(y) = f, (1)
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where N is a nonlinear operator, f is a known function in which the solution y
satisfying (1) is to be found. We assume that for every f , the problem (1) has a
unique solution.

The Adomian’s technique consists of approximating the solution of (1) as an
infinite series

y =
∞∑

n=0

yn (2)

and decomposing the nonlinear operator N as

N(y) =
∞∑

n=0

An, (3)

where An are Adomain polynomials of y0, y1, ..., yn (see [3], [4], [5]) given by

An =
1
n!

dn

dµn

[
N

( ∞∑
i=0

µiyi

)]
µ=0

, n = 0, 1, 2, .... (4)

Substituting (2) and (3) into (1) yields

∞∑
n=0

yn −
∞∑

n=0

An = f. (5)

Thus, we can identify

y0 = f,

yn+1 = An(y0, y1, . . . , yn), n = 0, 1, 2, . . . . (6)

We then define the M -term approximant to the solution y by

φM [y] =
M∑

n=0

yn

with

lim
M→∞

φM [y] = y.

Convergence of the Adomian decomposition scheme was established by many authors
by using fixed point theorems [1], [2], [5], [10].
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2 Application to Sturm-Liouville Problems

We consider the nonlinear Sturm-Liouville problem

− y′′ + y(t)p = λy(t), t ∈ I = (0, 1),
y(t) > 0, t ∈ I, (7)
y(0) = y(1) = 0,

where p > 1 is a constant and λ > 0 is an eigenvalue parameter. It is known by
[7] and [11] that for each α > 0, there exists a unique solution (λ, y) = (λ(α), yα) ∈
R+ × C2(I) with ‖yα‖2 = α.

The purpose of this paper is to explore the eigenvalues and the structure of
positive eigenfunctions of (7) as indicated in [14] by diagrams that are obtained
approximately by using the Adomian Decomposition method.

To begin with, (7) can be written in an operator form

Ly = y(t)p − λy(t), (8)
y(0) = y(1) = 0,

where L = d2

dt2
is the differential operator. Operating on both sides of (8) with the

inverse operator of L (namely L−1[.] =
t∫
0

x∫
0

[.]dsdx) and using the first boundary

condition y(0) = 0 yields

y(t, λ) = at + L−1 (y(t)p − λy(t)) , (9)

where a = y′(0) 6= 0 is not given but will be determined by using the other boundary
condition. Substituting (2) and (3) into (9) gives

∞∑
n=0

yn = at + L−1(
∞∑

n=0

An)− L−1(λ
∞∑

n=0

yn), (10)

where An are the Adomian polynomials. Identifying the zeroth component y0(t)
by at, the remaining components yn(t), n ≥ 1 can be determined by using the
recurrence relation

y0(t) = at, (11)
yk+1 = L−1(Ak − λyk), k ≥ 0,

where Ak are Adomian polynomials (4) involving the nonlinear term N(y) = yp and
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given by

A0 = N(y0) = yp
0 ,

A1 = y1N
′(y0) = pyp−1

0 y1,

A2 = y2N
′(y0) +

1
2
y2
1N

′′(y0) = pyp−1
0 y2 +

1
2
p(p− 1)yp−2

0 y2
1, (12)

A3 = pyp−1
0 y3 + p(p− 1)yp−2

0 y1y2 +
1
6
p(p− 1)(p− 2)yp−3

0 y3
1,

...

Combining (11) and (12) yields

y0(t) = at,

y1(t) =
aptp+2

(p + 1)(p + 2)
− λa

t3

3!
,

y2(t) =
pa2p−1t2p+3

(p + 1)(p + 2)(2p + 2)(2p + 3)
, (13)

− λaptp+4

(p + 3)(p + 4)
(
p

3!
+

1
(p + 1)(p + 2)

)

+λ2a
t5

5!
,

...

It is in principle, possible to calculate more components in the decomposition series
to enhance the approximation. In view of (13), the solution y(t) is readily obtained
in a series form by

y(t;λ) =
a√
λ

sin(
√

λ)t (14)

+
aptp+2

(p + 1)(p + 2)

+
pa2p−1t2p+3

(p + 1)(p + 2)(2p + 2)(2p + 3)

− λaptp+4

(p + 3)(p + 4)
(
p

3!
+

1
(p + 1)(p + 2)

)

+ · · ·

The other boundary condition
y(1, λ) = 0 (15)

gives a nonlinear equation F (λ, a) = 0, from which it is possible to obtain the
branching diagram of the problem (7).
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Since (7) is an autonomous and from Lemma 2.1 in [14] we know that y(t)
satisfies for p > 1

y(t) = y(1− t), 0 ≤ t ≤ 1.

It follows that
y′(0, λ) = y′(1, λ) (16)

and then we have a nonlinear system of equations as

F (λ, a) = 0,

G(λ, a) = 0, (17)

where G(λ, a) = y′(0, λ) − y′(1, λ). Solving the system (17) numerically, we can
obtain the values of λ and a.

2.1 The linear case: p = 1

The iterations are then determined in the following recursive way

y0 = at,

yk+1 = −L−1((λ− 1)yk), k = 0, 1, 2, . . . . (18)

or equivalently

yk+1(t;λ) = −
t∫

0

t1∫
0

(λ− 1)yk(s;λ)dsdt1. (19)

It is clear that the convergence of the method depends on λ and the size of the norm
‖ L−1 ‖ for the set {yn}. In the linear case, the decomposition method is equivalent
to a classical iterative method, but the a posterior calculations of y(0) and y′(0), by

imposing to each
M∑

n=0
yn(t) to verify the boundary conditions, determines a set {yn}

suitable for a good convergence. The recurrence relation (19) gives

y0 = at,

yk(t;λ) = (−1)k

t∫
0

t2k−1∫
0

...

t2∫
0

t1∫
0︸ ︷︷ ︸

2k times

(λ− 1)ky0dsdt1...dt2k−2dt2k−1, (20)

that is,

yk(t;λ) = a(−1)k((λ− 1)k t2k+1

(2k + 1)!
, k = 0, 1, . . . . (21)
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The solution in a series form is thus given by

y(t;λ) = a
∞∑

k=0

(−1)k(λ− 1)k t2k+1

(2k + 1)!
(22)

=
a√

λ− 1

∞∑
k=0

(−1)k ((
√

λ− 1)t)2k+1

(2k + 1)!
.

It is clear that the infinite series of the solution converges to

y(t;λ) =
a√

λ− 1
sin(

√
λ− 1)t, a 6= 0. (23)

Using the boundary condition y(1) = 0, the eigenvalues are computed exactly

λn = 1 + n2π2, n = 0, 1, . . . .

So, the effectiveness and the usefulness of the Adomain method are demonstrated
by finding exact eigenvalues and eigenfunctions of linear Sturm-Liouville problem.

2.2 The nonlinear case:p = 2

Branching diagram for equation (7) is shown for M = 20 in Figure 1. Solution
curves (eigenfunctions) for the linear and nonlinear cases are shown respectively in
Figure 2 and Figure 3 corresponding to various eigenvalues. All computations are
performed in Mathematica 4.0. The nonlinear problem behaves quite differently
from the linear problem. It can be easily seen the smoothness of the solution curves
in the linear case and the shape of the positive solutions associated with various
eigenvalues λ is almost ”box” in nonlinear case which agrees with [14].
In the following table, the approximate eigenvalues in [π2, 4π2) are given for M = 20
and the positive solutions corresponding to these eigenvalues are drawn as in Figure
3.
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a = y′(0) λ

2.2408× 10−8 9.8696
0.04597 9.88203
0.20987 9.92628
0.70005 10.0584
1.7354 10.3364
3.58172 10.8287
6.55366 11.6117
11.035 12.7717
17.4844 14.4005
26.4008 16.5798
38.3541 19.4179
50.5994 21.6492
82.3224 24.2605
92.7438 25.225

0 50 100 150 200
Λ

0

50

100

150

200

a

Figure 1:
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