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ON THE PERIODIC MILD SOLUTIONS TO
COMPLETE HIGHER ORDER DIFFERENTIAL
EQUATIONS ON BANACH SPACES

Lan Nguyen

Abstract. For the complete higher order differential equation

n—1

u(t) =3 AP )+ f(t), 0<t<T,
k=0

on a Banach space F, we give necessary and sufficient conditions for the periodicity of mild solutions.

The results, which are proved in a simple manner, generalize some well-known ones.

1 Introduction

In this paper we are concerned with the periodicity of solutions of the complete
higher order differential equation:

n—1
u(t) =3 Au) + f(t), 0<t<T, (1.1)
j=0

where A; are linear, closed operators on a Banach space E and f is a function from
[0,T] to E.

The asymptotic behavior and, in particular, the periodicity of solutions of the higher
order differential equation

u™(t) = Au(t) + f(t), 0<t<T, (1.2)

has been an subject of intensive study for recent decades. When n = 1, it is well-
known [7] that, if A is an n x n matrix on C™, then (1.2) admits a unique T-periodic
solution for each continuous T-periodic forcing term f if and only if A\ = 2knt/T,
k € Z, are not eigen-values of A. That result was extended by Krein and Dalecki
[4] to the Cauchy problem in an abstract Banach space. It was claimed [4, Theorem
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IT 4.3] that, if A is a linear, bounded operator on F, then (1.2) admits a unique 7-
periodic solution for each f € C[0,T] if and only if 2kni/T € o(A), k € Z. Here p(A)
denotes the resolvent set of A. For unbounded operator A, the situation changes
dramatically and the above statement generally fails. When A generates a strongly
continuous semigroup, periodicity of solutions of (1.2) has intensively been studied
recently (see e.g. [9, 10, 14, 15]). Corresponding results on the periodic solutions of
the second order differential equation were obtained in [3, 17], when A is generator
of a cosine family. Related results on the periodicity of solutions of (1.2), when A is
a closed operator, can be found in [5, 8, 12, 13, 16] and the references therein.

Unfortunately, for the complete higher differential equations, we have little consideration
about the regularity of their solutions, mainly because of the complexity of the
structure of the equation. In this paper we investigate the periodicity of mild
solutions of the complete higher order differential equation (1.1) when A;, j =
0,1,...,n — 1, are linear, closed operators. The main tool we use here is the Fourier
series method. For an integrable function f(t) from [0, 7] to E, the Fourier coefficient

of f(t) is defined as

17 :
fre = T/ f(s)e 2/ T s, ke Z.
0

Then f(t) can be represented by Fourier series

f(t)% Z €2kﬂ-it/Tfk-

k=—o0

First, we give a general definition of mild solution to the complete higher order
differential equation (1.1). This definition is an extension of that introduced in
[2, 13], when the equation has the form of (1.2). We then establish the relationship
between the Fourier coefficients of the periodic solutions of (1.1) and those of the
inhomogeneity f. As the main result, we give different equivalent conditions so
that (1.1) admits a unique periodic solution for each inhomogeneity f in a certain
function space. Our result generalizes some well-known ones, as in Section 3 we
present several particular cases, among which, A generates a Cjy semigroup and a
cosine family.

Let us fix some notations. A continuous function on [0, 7] is said to be T-periodic if
u(0) = u(T"). For the sake of simplicity (and without loss of generality) we assume
T =1and put J := [0,1]. For p > 1, L,(J) denotes the space of E-valued integrable
functions on J with || f||, ) = fol | £(¢)|[Pdt < oo and C(J) the space of continuous
functions on J with and || f|cs) = sgp | f(t)|| < oco. Moreover, for m > 0 we define

the following function spaces:
) Wr(J) = {f € Lp(J): f', f", ey fM € Ly ()} Wt (J) is then a Banach space
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with the norm

£y = 1Dz, 0)-
=0

2) P(J):={feC(J): f f,...,f™ are in P(J)}. That means P™(.J) is the space
of all functions on J, which can be extended to 1-periodic, m-times continuously
differentiable functions on R. P™(J) is a Banach space with the norm

£l Py == Z 1F DN -
=0

3) WPPM(J) := P 1 (J)NW,*(J). Tt is easy to see that W P;"(J) is a Banach space
with W' (J)-norm.

We will use the following simple lemma.

Lemma 1. If F is a continuous function on J such that f = F' € Ly(J), then for
k # 0 we have

1 F(0) - F(1)

= it T g

where fi, and F} are the Fourier series of f and F', respectively.

Fy,

Throughout this paper, if not otherwise indicated, we assume that A;, i =
0,1,...,n—1, are linear, closed and densely defined operators on F with ﬂ?;&D(Aj)
dense in F, that satisfy the following condition:

Condition F: There exists a linear, closed operator B on E with 0 € o(B) such that
BflAj can be extended to bounded operators B; = B~1A;j for all j =0,1,...,n — 1.

For a number A\ € C, define the operator S(A) by

n—1
S(A) = A —=B _NB14;)
j=0

n—1
= N —B()_NB))
=0

with

n—1
D(S(\)={z € E: ) XNBjzeD(B)}
j=0
It is not hard to see that ﬁ?;&D(AJ) C D(S()\). Moreover, since B~1S()\) are
bounded, S(A) are closed operators. Finally, we define the resolvent o(S) by
0(S) :={X € C: S()\) is injective and surjective}

and the spectrum o(S) := C\p(S). Since S()\) are closed operators, if A € o(.5),
then S(A)~! is a bounded operator on E.
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2 Periodic Mild Solutions of Higher Order Differential
Equations

Let F be either L,(J) or C(J) space. We define the operator I : FF — C(J) by
= [J f(s)ds and I/ f := I(I'~1f).

Definition 2. (1) Suppose f € L,(J). A continuous function u is called a mild
solution of (1.1) on J, if Z?:_ol B;I"7Iu(t) € D(B) and there are vector x,
T1, ..., Tn_1 n E such that

_ z n—1
Z Coy B( X B + 10 (2.1
0

§=0
forallt e J.

(2) Suppose f is a continuous function on J. A function u is a classical solution of
(1.1) on J, if u is n-times continuously differentiable, Z?:_ol BjuYu(t) € D(B)

and
(ZB ul ) £()

holds fort € J.

The mild solution to (1.1) defined by (2.1) is really an extension of classical
solution in the sense that every classical solution is a mild solution and conversely, if
a mild solution is n-times continuously differentiable, then it is a classical solution.
That statement is actually contained in the following lemma. For the sake of
simplicity, for j < 0, we denote Iu(t) := ul)(t).

Lemma 3. Suppose 0 < m <n and u is a mild solution of (1.1), which is m-times
continuously differentiable. Then we have 377~ ! B;I""™=Jy(t) € D(B) and

n—1

Z A B<ZB Iyt )) + IV f(8). (2.2)

7=0

Proof. If m = 0, then (2.2) coincides with (2.1). We prove for m = 1: Let

t):= B ( 2_: BjI”_ju(t)> = u(t) - Z f IR,
j=0

Jj=0

Then, by the assumptions, v is continuously differentiable and

zj— I"7Lf(t).
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Let h > 0 and put
n—1 1 t+h )
vy = Z th/ "7ty (s)ds.
=0 !

Then v, — Z}:& B;j(I""371u)(t) for h — 0 and

n—1 1 t+h ' t '
Bv, = Bzh(Bj/ In_]_lu(s)ds—Bj/ I”_J_lu(s)ds>
=0 0 0
1 n—1 t+h A 1 n—1 t 4
— hBZBj/O I"—J—lu(s)ds—hBZBj/O "= y(s)ds
j=0 j=0

1
= () - oft)
— /(t) for h — 0.
Since B is a closed operator, we obtain that Z;:ol Bj(I”_j_lu)(t) € D(B) and

BZB "7 1y) Z

from which (2.2) with m = 1 follows. If m > 1, we obtain (2.2) by repeating the
above process (m — 1) times. O

- Inilf(t%

In particular, if f is continuous and the mild solution u is n-times continuously
differentiable, i.e. m = n, then (2.2) becomes u(™ (t) = B>, L BT T u(t) + f(t) =

B, » BjuW)(t) + f(t), i.e. u is a classical solution of (1.1).
We now consider the mild solutions which are (n—1) times continuously differentiable.
The following proposition describes the connection between the Fourier coefficients

of those solutions and those of f(t). Before stating the proposition, we define the
bounded operator on E:

n—1
S'(A):=A"B~' =Y VB,
j=0

It is not hard to see that S’()\) is the bounded extension of B~1S()).

Proposition 4. Suppose f € L,(J) and w is a mild solution of (1.1), which is (n—1)
times continuously differentiable. Then

n—1 n—1
S'(2kmiyu, — B fi = > ((%m)”—j—lB—l -y (ka)m—ﬂ‘—le> [ (0) — uP(1)]
=0 m=j+1

(2.3)
for ke Z.
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Proof. Denote ,, := u(™(0) — u™(1). Let uém) be the k™" Fourier coefficient
of u(™). Using the identity

ul™ = D (1) — u D (0)] + @kmi)ul™ Y =~z 1+ kr)a" T (2.4)
form=0,1,2,...,n — 1 (by Lemma 1), we obtain
m—1
Z (2kmi)™ I ey 4 (2kmi) My, (2.5)
7=0

Let w now be a mild solution of (1.1), which is (n—1) times continuously differentiable.
By Lemma 3, it satisfies the following identity

n—1 t t
u(nfl)(t) - u(”*l)(o) + B( Z Bmu(mfl)(t) + BO/O u(s)d5> +/0 f(s)ds. (2.6)

m=1

First, if £ = 0, then using (2.6) with t =0 and ¢ = 1 we have

n—1
0= Bpnu™(0)
m=1

and

—Tpn-1 = ( Z Bmu m-1) + B()U()) + f()a

from which we have

~B 'z 1B 'fo = > Bnu™ (1) + Boug
n—1
= — Z Bxm_1 + Bouo, (27)
m=1

which means that (2.3) holds for k£ = 0.
Next, if k # 0, taking the k' Fourier coefficient on both sides of (2.6), we obtain

1 s 1 ) s
U](Cn_l) _ <Z Bmukm 1) / e—QkTris/ U(T)deS) _|_/ €—2k7rzs/ f(T)deS
0 0 0 0

(m— Bouy, — Bou fk_f(]
_ B, 1 Bow oUo
<Z 2kmi + 2kmi
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from which we obtain

n—1

_ Bouyr, — Boug 1 (n—-1) B_lfO — B_lfk
Y Bul" ) 4 P00 gl 2.8
2 T et 2k (28)

Here we used Lemma 1 for F(¢ fo 7)drds and F(t fo 7)drds. Using (2.5)
for both sides of (2.8) we have

Bouy, — Boug

m—2
PR Bm< S (ki 2y <<2km’>m—1uk) +

= 2kmi
n—2
) B—l — B!
= B =0 —(2kmi)" "2 + (2kmi)" " ug) + f;k:m' -,

from which it implies
S'(2km)uy — B~ fi. =
n—2

n—1 m—2
= Yk Y B (Y @)™ ey ) (B + 57 )

7=0 m=1 7=0
(2.9)
Using Identity (2.7) for (2.9) we have
S’ (2km)uy, — B7Lfy =
n—2 ' n—1 m— n—1
= Y @kmi) I B e - S Bm< Z i) I J) — (B Y1+ Y Butm)
7=0 m=1 =0 m=1
n—2 ' n—1 m—2 '
= B_lxn_l + Z(Qk‘ﬂ'i)n_]_lB_ll'j - Z Bm( Z (2k7Ti)m_]_1$j + mm—l)
j=0 m=1 7=0
n—2 n—1 m—1
= B lzpa+ Y (2kmi)" T B ey - Y Y (2kmi)™ T B
j=0 m=1 j=0
n—1 n—2 n—1 .
= Z(ka ) Iy — Z Z (2kmi)" I Ay
7=0 7J=0m=j5+1
n—2 . n—1 A
= B lz, 1+ Z <(2k:7ri)"_]_lB_1 - Z (2k:7ri)m_]_1Bm> xj
7=0 m=j+1
n—1 . n—1 .
= > ((%m’)"—ﬂ—lB—l - > (2km)m—ﬂ—13m> zj,
j=0 m=j+1
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from which (2.3) follows. O

The interesting point of Proposition 4 is that the Fourier coefficients of the mild
solution u depend not only on u but also on its derivatives. If u is a periodic solution,
then we have a nice relationship between Fourier coefficients of v and those of f, as
the following proposition shows.

Proposition 5. Suppose f € L,(J) and w is a mild solution of (1.1), which is (n—1)
times continuously differentiable. Then u is 1-periodic if and only if

S(2kmi)uk = fi (2.10)
for every k € Z.
First we prove the following lemma.

Lemma 6. Suppose xg, x1, ..., Tn_1 are n vectors in E. Then, from the identities

n—1 n—1
> ((%m)”ilBl - > (2km)mile> z; =0 (2.11)
j=0 m=j+1

for all k € Z we have xg =21 = ... = xp_1 = 0.

Proof. We first show g = 0. Put
d := max{[|Ama;|, | B i : 1<m < (n—1); 0<j < (n—1)}

For the sake of simplicity, denote o := 2kmi. From (2.11) we have

n—1 n—1 n—1
a1 B ey — Z o™ Bl = || Z <0¢”_j_1B_1 - Z am_j_le>xjH
m=1 j=1

m=j+1
(2.12)
Using triangle inequality for each side of (2.12) we have
n—1 n—1
lo" ™ B 2o — Y @ Brao| > ol B gl = d Y o™
m=1 m=1
n—1|| p-1 ot 1
= B —d—
ol 1B a0l = a5
(2.13)
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and

n—1
> a’"‘]‘le)xjn

n—1 n—1 n—1
13 (o < ay (e Y faln )
j=1 m=j+1 j=1 m=j+1
n—1 n .
- XY fap
j=1 m=j+1
n—1 ;
o — 1
= d
2 o
P e
B laf -1
_ gla*~lap/(le] 1)~ (n—1)
laf =1
la[" —nla] + (n —1)
= d (ol =172 (2.14)
Combining (2.13) and (2.14) we obtain
ne1jp-1 o" P =1 o] —nja| + (n— 1)
B <d
ot 1ol < o (T + FESERE),
which implies
- 2| —[a|"" = (n+1)[a] +n
B x| <d
1B~ ol < "1 — 2[al" + [afn—T
Replace oo = 2k7i back, we have
2|2k | — |2km|"t — 1)|2k
HB—lxo” < d | 7T| | 7T| (n+ )‘ ﬂ-‘ +n (215)

|2km|"tl — 2|2km|? 4 |2kw |1

for all k € Z. Let k — oo, then the right hand side of (2.15) approaches to zero.
Hence B~'zy = 0, and thus, zg = 0. With the same manner, we can show z; = 0,
and then x5 = 0 and so on, and the lemma is proved. ]

Proof of Proposition 5. Suppose u is a mild 1-periodic solution of (1.1), which is
(n — 1) times continuously differentiable, then u’, u”, ..., u("~Y are also 1-periodic,
e w(l) = u(0), u'(1) = «/(0), ..., u» (1) = u®1(0). Hence (2.10) follows
directly from (2.3). Conversely, suppose (2.10) holds for all £ € Z. That means

n—1 n—1

> ((ka')”_j_lB_l - > (%wi)m—j—le) [ (0) — ) (1)] = 0

j=0 m=j+1
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for all k € Z. By Lemma 6 then u()(0) — u@ (1) =0 for all j = 0,1,....,n — 1. In
particular, u is 1-periodic function. ]

From Proposition 5 we obtain
Corollary 7. Suppose f € Ly(J). Then

(i) If S(2kmi) is injective for k € Z, then Equation (1.1) has at most one 1-periodic
mild solution, which belongs to P"~*(J).

(ii) If there exists a number k € Z such that fi & RangeS(2kwi), then Equation
(1.1) has no periodic mild solution which belongs to P"~1(J).

We now are going to find conditions such that for each function f € Wj*(J),
Equation (1.1) has a unique 1-periodic mild solution, which is (n—1) times continuously
differentiable. We are in the position to state the main result.

Theorem 8. Let Aj, j = 0,2,....,n — 1, be linear, closed operators on E. The
following statements are equivalent.

(i) For each f € W;(J), Equation (1.1) admits a I1-periodic mild solution, which
belong to W (J) (i.e. w € PW"1(J));

(ii) For each k € Z, 2kmi € o(S) and there exists a constant C' > 0 such that

1Y S@kmi) e aplwy < C 11D e aglwps (2.16)
k k

for any finite sequence {xy} C E
If E is a Hilbert space , p =2, and 0 < r < m, then (i) and (ii) are equivalent to

(i4i) For each f € Wy (J), Equation (1.1) admits a 1-periodic mild solution, which
belong to W="+7(J);

(iv) For every k € Z, (2kwi) € o(S) and

sup ||k"™S(2kmi) Y| < oo (2.17)
kez

We will need the following lemma.

Lemma 9. Let Fy := W;"(J) and Fy := WP'(J). Then the following are equivalent:
(1) For each function f € Fy, (1.1) admits a unique mild solution u in Fy.
(2) There exists a dense subset D in Fy such that:

(i) For each function f € D, (1.1) admits a unique mild solution w in F;
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(ii) There exists a constant C > 0 such that
[ullr, < ClIflF (2.18)
forall f € D.

Proof. (1)= (2): Suppose for each function f € Fij, (1.1) admits a unique mild
solution u in Fy. Define the operator G : Fy — Fy as follows: For each f € F,
Gf is the unique mild solution of (1.1) in F5. By the assumptions, G is everywhere
defined. We will show G is bounded by proving it is a closed operator.

To that end , let {f;};~0 be a sequence in F; with hm fi = fin Fy and hm u =
lim Gf; = u in F5. We will show u = Gf. Note that for each t € [O 1] and

m—r0o0

j=0,1,2..(n- 1) we have lim ulU') = w9 (1), llim [yw(s)ds = [} u(s)ds and
— 00

=00

hm fO fi(s)ds = fo s. Hence, if we denote

ZB ulj 1) —I—Bo/ w(s)ds
0

then

t
lim vy (¢ ZBJUJ b +Bo/ u(s)ds.
0

=00

Moreover,
1 t
Bu(t) = E:B e +Bo/ ((s)ds)

= " V) — " V(0 / fils
S umD () — =D (0) — / F(s)ds
0
as [ — oco. Since B is a closed operator, we have
t
ZB Y —l—Bg/ u(s)ds € D(B)
0

and

(ZB w1 (t) + By /Otu(s)ds> = u V@) — w1 (0) — /Otf(s)ds
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which means that  is a mild solution of (1.1) corresponding to f. So, G is a bounded
operator and (2) is satisfied with C' = ||G]|.

Conversely, suppose (2) is satisfied. Then, for any f € F) there exists a sequence

{fi} € D such that f; — f in F} topology as | — co. Let u; be the mild solution

to (1.1) in F5 corresponding to f, then, by (2.18), llim u; = u for some u € Fy in
—00

can show that w is a mild solution corresponding to f. The uniqueness of u can be
easily clarified by using (2.18) and the lemma is proved.

F5 topology and ||ul|p, < C|f|lr. With the same manner as the above part, we

Proof of Theorem 8. First we prove the following note: If xg and fy are two
vectors in E with S(2kmi)xo = fo, then u(t) := ™z is a (classical) solution to
(1.1) corresponding to f(t) := e?*™ f,. Indeed, S(2kmi)zo = fo means

n—1
> (2kmi)! Bjzo € D(B)
j=0
and
n—1 '
(2kmi)"zo — B> _(2kmi)! Bjzo = fo. (2.19)
j=0

Multiply both side of (2.19) by €27 and note that uU)(t) = (2kmi)/e* 7z, we
have

n—1
u™(t) = BY  Bjul(t) = f(t),
7=0

which means w is a classical solution to (1.1).

(i) — (ii): We first show that 2kmi € o(S) for each k € Z. To that end, suppose
x is any vector in E, f(t) = ¢*™*x and let u(t) be the unique mild 1-periodic
solution to (1.1) corresponding to f, which is in W}'(.J). By Proposition 5 we have
S(2kmi)ur, = x. Hence S(2kmi) is surjective. On the other side, if S(2kwi) is not
invertible, i.e. there is a non-zero vector xy € E such that S(2kwi)xg = 0, then, by
the above note, uy(t) := 0 and ua(t) := €™z are two distinct 1-periodic classical,
and hence mild solutions to the homogeneous equation u(™ (t) = E?;& Ajul)(t). This
is contradicting to the uniqueness of u. So S(2kmi) is invertible, i.e. 2kmi € o(S).

Let now f(t) = >, €™y where {x}} is any finite sequence in E. Then,
by Proposition 5, u(t) = >, (S(2kmi)"Le?* itz is the unique 1-periodic classical
solution to (1.1) corresponding to f. Thus, (2.16) is obtained by inequality |ullwy <
IGI - A lwge-

(ii) — (i): Put

M= {f(t) = Z e?kmity, - {x1} is a finite sequence in E}.
k
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Observe that M is dense in W;"(J). Moreover, if f is a function in M, i.e., if
ft) = >, e oy, then u(t) = Y., (S(2kmi)) Le? ™y is a l-periodic classical
solution of (1.1) corresponding to f and, by Corollary 7(i), it is the unique one.
From (2.16) it follows that HUHWn < CHfHWm for all f € M. By Lemma 9,
that implies (7).

If E now is a Hilbert space, then W3"(J) is a Hilbert space for any 0 < m < n with
the norm

£ 1 =D 1912
=0

We first prove the equivalence (ii) < (iv). Suppose (ii) holds. For any k € Z, take
f(t) := 7ty and u(t) = S(2kmi)~Le?* 2 be the corresponding solution to (1.1).
We have

1y = D N2k (2.20)
5=0

and

n

llifypesy = D II2kn) S(2kmi) " |2,
j=0

Using (2.16) we have

D @kn)? S (2kmi) "> < C* ) |l(2km) %,

Jj=0 Jj=0

which implies
2 22] 0| |2] 2
1S(2kmi) " 2|® < C el (2.21)

for any x € E and any k € Z.

For a positive number A and an integer m with 0 < m < n it is easy to show the

inequality:
Yo N 1
Zj:O 27 — )\2(nfm)'

Thus, from (2.21) we have

1S (2kmi)tz|| < C

1
W |zl

for all k € Z and all x € E, from which (2.17) follows.
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Conversely, suppose (iv) holds, i.e., there is a constant C' > 0 such that ||.S(2kmi) || <
C|k|™~" for k € Z. Using that inequality we have

HZ S(2kmi) 162k”i'xk|]%[,2nu) = Z(Z(Qkﬁ)2j|]5(2km)lxk|]2>

7=0 k

< CZ (Z 2]{37‘( 2jk2m Qon ’2)
< <Z 2]€7T 2j+2m— 2on H2>
7=0 k
— <Z 2]{:71_ 2j+2m— 2n) ||fL‘k||2
J=
< (n+ 1)) (k)™ k||
k
< Cin+1)Yy (Z(zmwuw)
j=0 \ k&

= Cin+ )Y e apfm s
P

where C1 = C(2m)"~™. Thus, (2.16) holds and (i) is satisfied.

Finally, observe that if F is a Hilbert space and 0 < r < m, then with the same
manner as in the proof (ii) < (iv), we can show that (iv) is equivalent to

(#7') For each k € Z, 2kmi € o(S) and there exists a constant C' > 0 such that

I Z S(2kmi) le%m'xk)ﬂwg—mw <C-| Z e%m'kaW;; (2.22)
k

for any finite sequence {z;} C E.

On the other hand, (') is equivalent to (ii7) due to Lemma 9. Hence, (iii) is
equivalent to (iv) and the theorem is completely proved. O

3 Some special cases
The u™ (t) = Au(t) + f(t) case: We consider the higher order differential equation

u™(t) = Au(t) + f(t), 0<t<1, (3.1)

where A is a linear, closed and densely defined operator with o(A) # 0. In this
case, Condition F is satisfied, as we choose B = (A — A), where A € p(A). Indeed,
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B 1A= (\—A)"1A=)XA\—-A4)"! — Al is bounded. Also, S(\) = (\* — A). Hence,
applying Theorem 8, we have

Theorem 10. The following statements are equivalent.

(i) For each function f € W}, Equation (3.1) admits a unique 1 periodic mild
solution in Wp;

(ii) For each k € Z, (2kmi)™ € p(A) and there exists a constant C' > 0 such that

I3 (ki) = A) P s < O Y s (32)
k k

for any finite sequence {x} C E
If E is a Hilbert space, p=2 and 0 < r < m, then (i) and (ii) are equivalent to

(iii) For each function f € W, Equation (3.1) admits a unique 1-periodic mild
solution in Wj =1,

(iv) For every k € Z, (2kwi)™ € o(A) and

sup ||E"™((2kxwi)" — A) 7| < . (3.3)
keZz

The Semigroup case: When n = 1 and A generates a Cyp-semigroup (7(t)):>0,
then the mild solution of the differential equation

u'(t) = Au(t) + f(t), 0<t<1 (3.4)

can be expressed by

u(t) = T(t)u(0) + /0 T(t — 5)f(s)ds. (3.5)

We have the following result, in which the equivalence between (i) and (v) is the
Gearhart’s Theorem [6].

Theorem 11. Let A generate a Cy-semigroup (T'(t))e>0. Then the following statements
are equivalent:

(i) 1 € o(T(1));

(i1) For every function f € L,(J), Equation (3.4) admits a unique 1-periodic mild
solution;

(iii) For every function f € WP, (J), Equation (3.4) admits a unique mild solution
in WP}(J);
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(iv) For every function f € WPI}(J), Equation (3.4) admits a unique 1-periodic
classical solution

If E is a Hilbert space, all the above statements are equivalent to
(v) {2kmi ke Z} C o(A) and

sup ||(2kmi — A) 7| < o0.
keZ

Proof. The equivalence (i) < (ii) was proved in [14]. The equivalence (i) <
(iv) can be shown by using standard arguments and, if E is a Hilbert space, (iii) <
(v) follows from Theorem 10. The inclusion (iv) = (4i) is obvious. So, it remains
to show (i) — (v).

To this end, let u be the unique mild solution of (3.4), which belong to WPpl(J).
Since f(f T(t—s)f(s)ds € D(A)and t — fot T'(t—s)f(s)ds is continuously differentiable
for any f € W, (J) (see e.g. [11]), we obtain that T'(-)u(0) € W, (J). It follows that
T(t)u(0) € D(A) for t > 0 (since t — T(t)x is differentiable at ¢y if and only if
T(to)r € D(A)). Hence, u(l), and thus, x = wu(1) belongs to D(A). So u is a
classical solution. The uniqueness of the 1-periodic classical solution is obvious.

O

A cosine family case: We now consider the second order differential equation:
u’(t) = Au(t) + f(t) 0<t<1, (3.6)

where A is generator of a cosine family (C(t)):cr on E. Recall (see u.g. [1]) that in
this case there exists a Banach space F' such that D(A) < F — FE and such that

the operator
0 I
A= ( A 0 >

with D(A) = D(A) x F generates the Cyp-semigroup T (t) := < CC”((?) g((?) ) on

F x E, where S(t) is the associated sine family. Moreover, it is not hard to check that
u is a mild solution of (3.6), which is continuously differentiable (a mild solution,
which is in WPI?(J ), or a classical solution of (3.6), respectively), if and only if
U = (u,u’)T is a mild solution (a mild solution, which is in WP} (J), or a classical
solution, respectively) of the first order differential equation

U'(t) = AU+ (0, f(t)", 0<t<1 (3.7)
in space F' x E. Using (3.5), we have the explicit form of u by
t
u(t) = C(t)u(0) + S(t)u'(0) + / S(s—1)f(T)dr.
0
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We have the following result, in which the equivalence between (i) and (ii) is proved
in [17] and the equivalence among (i7), (4i7), (iv) and (v) follows from the above
observation and Theorem 11.

Theorem 12. Let A generate a cosine family (C(t))ier in E. Then the following
statements are equivalent.

(i) 1 € o(C(1));

(it) For each function f € Ly(J), Equation (3.6) has a unique I-periodic mild
solution, which is continuously differentiable;

(iii) For each function f € WPy(J), Equation (3.6) admits a unique mild solution
in WP2(J);

(iv) For each function f € WP)(J), Equation (3.6) admits a unique I-periodic
classical solution;

If E is a Hilbert space, all the above statements are equivalent to
(v) {—4k*7? .k € Z} C o(A) and

sup || k(4k*7® + A)7Y| < oo
keZ

A complete case: We consider the following differential equation:
rod
H(£ —ajAu(t) = f(t), 0<t<1, (3.8)
j=1

where a;, j = 1,2, ...,n are non-zero complex numbers and A is a linear and closed
operator on FE with o(A) # (). We can re-write (3.8) as the following:

n—1
u™ )+ b AT () = f(1), (3.9)
§=0
where b; are certain, corresponding coefficients. So, in this case A; = —b; A"/ and

they satisfy Condition F with B = (A — A)". Moreover, by a short calculation, S(\)
is

n—1
S(A) = X" NbATI
j=0

=[] -a4)
j=1
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with D(S(X)) = D(A™). It is not hard to show that A € o(S) if and only if A/a; €
0(A) and

SN =TI = an A =[N = a;4)7 "
Jj=1

J=1

Hence, from Theorem 8 we have:

Theorem 13. Let A be a linear and closed operator on a Hilbert space E with
0(A) # 0 and 0 < m < r < n. Then, for each function f € W3, Equation (3.8)
admits a unique 1-periodic mild solution in W3 (J), if for all k € Z, the following
conditions are satisfied:

(i) %” € o(A) forj =1,2,...,n;

(ii) There exists a constant C such that |k|"=™)/™(2kmi — a; A)~Y| < C.
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