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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF
SOLUTION TO A SINGULAR ELLIPTIC PROBLEM

Dragos-Patru Covei

Abstract. In this paper we obtain existence results for the positive solution of a singular
elliptic boundary value problem. To prove the main results we use comparison arguments and the

method of sub-super solutions combined with a procedure which truncates the singularity.

1 Introduction

This paper contains contribution of a technical nature to the study of positive
solutions of the equations

—Auc(z)u™ |Vu)? = a(z) for e RV, u > 0in RV, u(z) = 0 as |z| = oo (1.1)

where N > 2, a: RN — R is a function satisfying the following conditions
ACl) a,ce CZOO’?(RN) for some « € (0, 1);

AC2) a(z) > 0,¢(z) > 0 for all z € RV;
A3) for ¢(r) = max,—, a(r) we have

/ ro(r)dr < oo.
0

Problems like (1.1) has been intensively studied. Our study is motivated by the
works of Shu [17], Arcoya, Carmona, Leonori, Aparicio, Orsina and Petitta [2],
Arcoya, Barile and Aparicio [3] where the existence, non-existence and uniqueness
of solution for the problem like (1.1) are solved.

In this article we present a new argument in the study of the problem (1.1) more
simple that used in [2], [3], [17] and where the problem is considered just in the case
when € RY is a bounded domain with smooth boundary.
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128 D.-P. Covei

The above equation contains different quantities, such as: singular nonlinear
term (like u™!), convection nonlinearity (denoted by |Vu|?), as well as potentials
(c and a). The principal difficulty in the treatment of (1.1) is due to the singular
character of the equation combined with the nonlinear gradient term.

The importance of the problem (1.1) is given considering the well know problem

Au=a(z)h(u),u>0in Q, u(r)=o00 as x — 0L, (1.2)
because we can easily deduce the following two remarks:

Remark 1. When h(u) = e, by a transformation of the form w = e~" the problem
(1.2) becomes

2
_AuH_M:a(x),w>0in§2,w(x)%0a3 x — 09, (1.3)
w

but this is the problem (1.1) when c(z) = 1.
Remark 2. For h(u) = u® (6§ > 1) and w = C[u]*cfl, (C:=1/(6—-1)) in (1.2) we

have

2
—Aw—|—50m=a(x),w>0, in Q, w—0as x— 0, (1.4)
w

which is the problem (1.1) when c(z) = §C.

This finish the motivation of our work.
The main results of the article are:

Theorem 3. If Q C RY is a bounded domain with boundary 092 of class C*% for
some o € (0,1) and a, c € CO*(Q), a(x) > 0, c(z) > 0 for any x € Q, then the
problem

— Au+ c(z)u! [Vul? = a(z) in Q, ujpn =0, (1.5)
has at least a positive solution u € C(2) N C%*(Q).

In the next result we establish sufficient condition for the existence of solution
to the problem (1.1) in the case when Q = RV,

Theorem 4. We suppose that hypotheses AC1), AC2), A3) are satisfied. Then, the
problem (1.1) has a CIQO’S(RN) positive solution vanishing at infinity. If, in addition,

lim {z]* o(|z]) < o0, (1.6)
|z|—o0
for some p € (2,N), then
u(x) = O(|z|* ™) as |z| — oo. (1.7)

To prove the existence of such a solution to (1.1) we establish some preliminary
results.
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2 Preliminary results

Since we apply sub and super solution method due to Amann [1], we recall the
following definition of sub and super solution which are our main tools in the proof
of the solvability of problem (1.1).

For fi(z,7,€) : @ x Rx RY — R and ¢; : 92 — R, Amann introduce the
following definitions:

Definition 5. A function u € C?%(Q) is called a sub solution for the problem

— Au= fi(z,u,Vu) in Q, u=g on 09, (2.1)
if

—Au < fi(x,u,Vu) in Q, u =g on 9.
Definition 6. A functionu € C*(Q) is called a super solution of the problem (2.1)
4 —AT > fi(x,u,Vu) in Q, uw=g on .

One of the important results from [1] is:

Lemma 7. Let Q be a bounded domain from RN, with boundary 0Q of class C*
for some a € (0,1), g € C*>*(9Q) and f1 be a continuous function with the property
that Ofy/0n, 0f1/0¢, i = 1,N emists and are continuous on Q x RN*! and such
that
AM1) fi(-,n,€) € C*(Q), uniformly for (n,€) in bounded subsets of R x RY;
AM2)there exists a function fa : Ry — Ry :=[0,00) such that

| f1(a,m, )] < falp) (1 + [€), (2.2)

for every p >0 and (z,n,€) € Q x [—p, p] x RV,

Under these assumption, if the problem (2.1) has a sub solution u and a super
solution u such that uw(z) < u(z), Vo € Q then there exists at least a function
u(z) € C*(Q) which satisfies u(x) < u(z) < u(x) for all x € Q and satisfying

(2.1) pointwise. More precisely, there exist a minimal solution u(z) € [u(x),u(x)]

and a mazimal solution u(z) € [u(z),u(x)], in the sense that every solution u(x) €
[u(z),u(z)] satisfies u(x) < u(z) < Z(z)

We will need the following variant of the maximum principle:

Lemma 8. Assume that 0 is a bounded open set in RN. If u: Q — R is a smooth
function such that

—Au>0 in Q,

u >0 on 011,
then u > 0 in Q.

This finishes the auxiliary results. Now we prove the announced Theorems.
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3 Proof of the Theorem 3

In the following will we use similarly argument that were used by Crandall, Rabinowitz
and Tartar [7], Noussair [15] and the author [6].

Let € € (0,1). The existence will be established by solving the approximate
problems

{ —Au+ (@) u " Vul> = a(z), in Q, u>ein Q, (3.1)

U =€, on 0f.

For this, let @1 be the first positive eigenfunction corresponding to the first
eigenvalue A1 of the problem

— Au(z) = Mu(z), in Q, ujpqg(r) = 0. (3.2)

It is well known that 1 € C?T*(€). We note by my := min, g a(z) and M, :=
max, g ¢(x) to prove that the function u(z) = o197 + ¢, where

0 < oy < min . 5,1 (3.3)
2\ max, g @7 + 4My max g [V

is a sub solution of (3.1) in the sense of Lemma 7. Indeed, by (3.3) we have

—Au+ c(z)u " [Vul® —a(z) < —Au+ My |[Vul* —my
< —20101Ap1 — 201 |Vri|* + 4Myo1 [Vr |* — ma

= 201>\1g0% — 20’1 |V(,01|2 + 4M10’1 ’VQO1’2 — My

< 20’1)\1g0% + 4Myoq |V901|2 —mg < 0.

In the next step we prove the existence of a super solution to the problem (3.1). For
this, let v € C?T%(Q) be the unique solution of the problem

— Ay =a(x) in Q, y(z) =0 for z € IN. (3.4)
We observe that, @ = v + ¢ € C*t*(Q), fulfils
—AT(z) + c(z)a(z) |Va(z)|* = a(z) + c(@)a () |[Va(z)]* > a(z) for z € Q.

Clearly, u is a super solution to (3.1). Now, since

{ —A@:H]

follows from the maximum principle, Lemma 8, that u(z) <u(z), » € Q.

We have obtained a sub solution u € C%(Q2) and a super solution @ € C%%(Q)
for the problem (3.1) such that u < % in Q with the property from Lemma 7. Then,
there exists u. € C?%(Q) such that

a(z) + c(x)u |Vu* —a(z) >0, in Q,
0, on 99,

IV

(3.5)

u(r) < wu(r) < ulx), =z (3.6)
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and satisfying (pointwisely) the problem (3.1).
The relation (3.6) shows that u > 0 in . We remark that u = 01v? + &, where
o1 is a positive constant such that

0<01§min{ m2 . ,1}, (3.7)
max, g [2v + 4M; |[Vo|7]

is again a sub solution of (3.1) with the same property from Lemma 7.
In this time we have obtained a function u. € C*%(Q) that satisfies pointwisely
the equivalently form of (3.1):

—Au+c(z) (u+e) | Vu|® = a(z), nQ,
u >0, in Q, (3.8)
u =0, on 0f).

Moreover u. € C*%(Q) is unique. Indeed, assume that the problem (3.8) has more
that one solution and let v, the second solution. Let us show that u. < v, or,
equivalently, ue (z) + € < v () 4+ ¢ for any = € Q. Assume the contrary. Set

ue () +e

ale) = ve () + ¢

Since we have [a (z)]|5 = 0 we deduce that maxg o (), exists and is positive. At
that point, say o, we have Va(zg) = 0 and Aa(xp) < 0, which implies

( — (ve + ) Aug + (ue + ) AUE) (z0) > 0, (3.9)

and

Vue(zo)?  |Vee|?
(ue(zo) +€)° (ve(z0) + €)% (3.10)

By (3.9) and (3.10) we have

a (x0) a (o) (ve + ) Vo> (ue +e) 7 |Vul?
uc(ro) + ¢ wve(wo) +¢ + clo) ( Ve + € N U + ¢ (o) = 0,
(3.11)
or, equivalently .
Ve T Ue (T
*70) Caclon) + 0) (valo) ) = (3.12)

which is a contradiction with uc(zg) > ve(xp). So ue(z) < ve(x) in Q. A similar
argument can be made to produce ve(x) < ue(x) forcing u.(x) = v.(x).
We will show that, for any smooth bounded subdomain €’ of RY there exists a
constant Cy > 0 such that
el ey < C (3.13)

sk sk sk ok sk ok sk s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk ok sk sk sk sk ok sk sk sk sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 6 (2011), 127 — 136
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v06/v06.html
http://www.utgjiu.ro/math/sma
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For any bounded C?“-smooth domain ' C RV, take Qp, Qo and Q3 with C%%-
smooth boundaries, such that Q' CC 9y CC Qs CC Q3 CC Q. Note that

us(z) > u(z) >0,Vz €y, i =1,3. (3.14)

Let he(z) = a(z) — c(x) (ue (x) + ) [Vue ()], 2 € Q3. Following, we use C;_15,
to denote positive constants which are independent of ¢. 7

Since —Auc(z) = he(x), x € Q3, we see by the interior gradient estimate theorem
of Ladyzenskaya and Ural’tseva [11, Theorem 3.1, p. 266] that there exists a positive
constant C4 independent of £ such that

max ||[Vue (z)]| < C1 maxu, (x). (3.15)

€80 x€Q3

Using (3.6) and (3.15) we obtain that ||Vuc|| is uniformly bounded on Q5. This final
result, the property of a and ¢ shows that |h.| is uniformly bounded on € and so
he € LP(Qy) for any p > 1.

Since —Auc(z) = he(z) for x € Qg, we see from [6/, that there exists a positive
constant Cy independent of ¢ such that

luellw2r(ay) < Colllhe(@)ll 1o (0y) + Nuell Lray));
Le. [luc|[y2p(q,) is uniformly bounded.

Choose p such that p > N and p > N (1 — 04)_1. Then by Sobolev’s imbedding
theorem, it follows that ||uc|| 1.q () is uniformly bounded by a constant independent
of e.

Moreover, this say that he € C%*(€;) and ||hc|| c0.0(qy) » 18 uniformly bounded.
Using this and the interior Schauder estimates (see [0, 8/), for solutions of elliptic

equations (4.1) we have that there exists a positive constant C3 independent of &
with the property

el gy < C (nhanco,aml) +supua> . (3.16)
Q1

Because ||c|| co.0 (g, is uniformly bounded, we see from (3.16) that
Huﬁ”cza(ﬁ’) < Cy. (317)

Thus (3.13) is proved.
Set ¢ := 1/n and wu. := u". Since the sequence u" is bounded in C%** <§,) for

any bounded domain Q' CC € by (3.17), using the Ascoli-Arzela theorem and the
standard diagonal process, we can find a subsequence of u", denote again by u™ and

a function u € C? (ﬁ/) such that ||u™ — uHC2 (ﬁl) — 0 for n — oo. In particular

Au™ respectively a(x) — c(z)(u™(z) + 1/n) 1| Vu" (z)]?
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converge for n — oo in @ to
Au respectively a(z) — c(z)u(z) ™ |Vu(z)|* .
It follows that u is a solution of
— Au=a(z) — c(z)u (z) |[Vu(@)?, in Q, (3.18)

of class C2(€Y), and hence of class C2*(Q') by a standard regularity arguments
based on Schauder estimates.

Since € is arbitrary, we also see that u € C*®(Q). We have obtained u” "= v
(pointwisely) in C%().

For € :=1/n "=° 0 in (3.6) we have

uy(7) =012 < wu(xr) < wW(x):=ov(r), =z (3.19)
Moreover, by (3.18) and (3.19), we obtain
—Au = a(x) — c(z)u" | Vul* ae in Q u>0inQ, ujpo = 0.

Thus u € C(Q) N C*%(Q) is the solution of the problem (1.5).

4 Proof of the Theorem 4

To prove the existence of solution to (1.1) we consider the following boundary value
problem

—Au+ c(z)u" |[Vul> = a(z), uw>0in B, u=0 on dBy, (4.1)

where By, := {x € RV ||z| <k} is the ball of center 0 and radius & = 1,2,...
Put @ = By in Theorem 3. Then the problem (4.1) has at least one solution
uy, € C(By) N C%%(By,), which satisfies

uy < uy < U in By, (4.2)

for u, (resp. %) the corresponding functions from Theorem 3 when Q = By. In
outside of By, we put u;, = 0. The resulting function is in RY. Now, we observe that

0 3
w(r) ::/ §I_N/O oV Yo(o)dode, 1= |z (4.3)

is the unique radial solution of the problem —Aw = ¢(| z |) in RY, w > 0 in RV,
|z|—o0

— 0. We prove that w is bounded. Using integration by parts and L” Hopital
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rule, we have

0 g 13 3
/ e [Foptonmie =~ [T @) [ o plopaolag
= = QB}Im {/ Ep(€)de — R*™ N/O o1 (U)dU+7‘2N/0TUN1g0(U)dU}

1 RV ep©de 2N e ()] - fi N ple)de
N — 2R RN-2
1 o r
= N9 [/ €¢(€)d§+r2N/0 gngp(g)dg], R>r. (4.4)

Now, by the second mean value theorem for integrals follows that there exists
r1 € (0,7) such that

/ Nlp(e)de = / N=2¢(6)de
0 0
_ ,.N-2 d N-2 d .
, / Ep()de < v / Epl€)de (4.5)

for N > 2. By (4.4)-(4.5) we obtain w(r) < K := ﬁfooo Ep(&)dE. We observe,
in addition, that w satisfies —Aw(|z]) + e(z)w ™ (|z]) |Vw(|z|)]* > a(z), z € RV,
0 <w< K and w(r) — 0 as r — oc.

We prove that
up <w(|z]), z € RN, kE=1,2,3,... (4.6)

Since w(|z|) > 0 in RY and u; = 0 in RV\ By, it is enough to prove that uz < w in
By, k=1,2,3,... To prove this we observe that w € C? (Pk) and

{ —Alw(z) —up(z)] > clz)u; (z) |Vur(2))? — a(z) + a(z) >0, in By,
w(z) —ug(x) > 0, on OBj.

As a consequence of the maximum principle, Lemma 8, we have that u; < w in By.
So (4.6) holds.

To finish the proof, use the standard convergence procedure (see [6] or [15]) and
so ug has a subsequence, denoted again by ug, such that uxy — u (pointwise) in
Cfog(RN ) and that u is a solution for the problem (1.5) that vanishing at infinity.

In order to show (1.7), from the above arguments we have

u < win RV, (4.7)
On the other hand, using (4.3) we have
1 ! 1 ||
m w(@) = — lm Y f) = —— lim / N o(o)da ) x|V H
|z|—o00 |;1;| K 2 — p |z|—=oo |:[;‘ s B — 2 |z|=o0c | Jo

1
= — hm lz[" o(|x]) < oo.
— 2 o>
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The above relation imply

w(z) = O(|z)* ") as |z| = . (4.8)

Now, (1.7) follows from (4.8) and (4.7). The proof of Theorem / is completed.
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