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ASYMPTOTIC REGULARITY AND FIXED POINT
THEOREMS ON A 2-BANACH SPACE

Mantu Saha, Debashis Dey, Anamika Ganguly and Lokenath Debnath

Abstract. The present paper deals with some fixed point theorems for a class of mixed type

of contraction maps possessing the asymptotically regular property in a 2-Banach space.

1 Introduction

Considerable attention has been given to fixed points and fixed point theorems in
metric and Banach spaces due to their tremendous applications to mathematics.
Motivated by this work, several authors introduced similar concepts and proved
analogous fixed point theorems in 2-metric and 2-Banach spaces as cited in the
papers of the following authors. Géhler ([3], [4]) investigated the idea of 2-metric and
2-Banach spaces and proved some results. Subsequently, several authors including
Iseki [5], Rhoades [7], and White [8] studied various aspects of the fixed point theory
and proved fixed point theorems in 2-metric spaces and 2-Banach spaces. On the
other hand, Cho et al. [2] investigated common fixed points of weakly computing
mappings and examined the asymptotic regular property in 2-metric space. Panja
and Baisnab [6] studied asymptotically regularity and common fixed point theorems.
In spite of the above work, the asymptotic regularity and fixed point theorems on a
2-Banach space need more investigation. So, the major objective of this paper is to
study some fixed point theorems for a class of mixed type of contraction mappings
possessing the asymptotically regular property in a 2-Banach space.

2 Preliminaries

Definition 1. Let X be a real linear space and ||.,.|| be a non-negative real valued
function defined on X x X satisfying the following conditions :

(i) ||z, y|l = 0 if and only if x and y are linearly dependent in X,
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(i) lz, yll = lly, |, for all z,y € X,
(iii) ||z, ayll =l a | |lz,yll, a being real, z,y € X
(i) llz,y + 2| < [l yll + ||z, z[|, for all z,y, 2 € X

Then ||.,.|| is called a 2 - norm and the pair (X, |.,.||) is called a linear 2-normed
space.

Some of the basic properties of 2-norms are that they are non-negative satisfying
|z, y + az|| = ||z, y||, for all x,y € X and all real numbers a.

Definition 2. A sequence {z,} in a linear 2-normed space (X,|.,.]|) is called a
Cauchy sequence if lir_r>1 |Tm — Tn,yl| =0 for all y in X.
™m,n— o0

Definition 3. A sequence {x,} in a linear 2-normed space (X,|.,.||) is said to be
convergent if there is a point x in X such that lim ||z, — z,y|| =0 for all y in X.
n—oo

If {x,,} converges to x, we write {x,} — x as n — oc.

Definition 4. A linear 2 - normed space X is said to be complete if every Cauchy
sequence is convergent to an element of X. We then call X to be a 2-Banach space.

Definition 5. Let X be a 2-Banach space and T be a self-mapping of X. T is said
to be continuous at x if for every sequence {x,} in X,{z,} — x as n — oo implies
{T(zp)} = T(z) as n — 0

We cite some examples of 2-Banach spaces from the current literature (see [1],
[8])-

Example 6. Let X is R® and consider the following 2-norm on X as

i ik
l|lz,y|| = |det [ 21 22 w3 ||, where x = (x1,22,23) and y = (y1,y2,vy3). Then
Y Y2 Y3

(X, |-, .1]) is a 2-Banach space.

Example 7. Let P, denotes the set of all real polynomials of degree < n, on the
interval [0, 1]. By considering usual addition and scalar multiplication, P, is a linear
vector space over the reals. Let {xo,x1,...,z2,} be distinct fized points in [0,1] and
define the following 2-norm on Py:

2n
If, gl = Z |f (zr) g (xx)|, whenever f and g are linearly independent
k=0
and ||f, gl = 0, if f, g are linearly dependent.

Then (Pp, ||.,.||) is a 2-Banach space.
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Example 8. Let X is Q3, the field of rational number and consider the following
2-norm on X as:

i ik

lz,yl| = |det | =1 x2 x3 , where x = (x1,z2,23) and y = (y1,Y2,y3). Then
Y1 Y2 Y3

(X, ||.,.1l) is not a 2-Banach space but a 2-normed space.

3 Main Results

First of all we give a defnition of asymptotic regularity in a 2-normed linear space.

Definition 9. (Asymptotic regularity in 2-normed linear space) Let (X, ||.,.||) be a

2-normed linear space with 2-norm ||.,.||. A mapping T of X into itself is said to be

asymptotically reqular (briefly a.r.) at some point x in X if lim HT"(&C) — T (), aH =0
n

for all a € X, where T™(x) denotes the n-th iterate of T at x.

Theorem 10. Let (X, ||.,.||) be a 2-Banach space and T be a mapping of X into
itself such that for every x,y,a € X

1T (x) =T (y),al < allz=T(x),al+lly=T(y),all + 5z —y,al
+ymax {|lz =T (y),al, ly =T (), all} (3.1)

where o, B,y > 0 are such that max{a, B} +~v < % Then T has a unique fixed point
in X if T is asymptotically regular (a.r) at some point in X .

Proof. Let T be asymptotically regular at zop € X. Then for positive integers m, n;

IT™ (o) — T™(x0),all = ||T(T™ " (x0)) — T(T" }(x0)), a
< al|Tm ao) - T (wo)sa]| + [T (o) = T (zo) o]

+B [T (o) = T (o), ]
4+ max {HTm*l(xo) —T"(zp),a
|77 (o) — T™ (w0), a }
a[||T™ (o) — T™ (20), al| + || T (z0) — T (o), al]
+B | T (o) = T"(20), a
+y [| T (o) — T (20), a|
+ | T (o) — T™ (o), a]
= a[[|[ T H(wo) — T™wo,al| + || 7" (20) — T"(x0), al]

+5 [HTm_l(xo) — meo,aH

+ 1T (o) — T™(w0), al| + ||T" (w0) — T (x0), al|]

+ [T (@) — T™ (w0), al| + | T™ (o) — T"wo, al|

+ |7 (wo) = T (20), a| + | T (o) — T, all]

)

IN
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which implies that

(1= 8 =29 |[T™(x0) — T™(x0),all < (a+B+7) [|T™ " (x0) — T™(x0), al
+ |77 N (@o) — T™(20), al|]

gives

1T (z0) — T"(20),al| < (W) (|17 (o) — T™(20), al|
+ HT"fl(azo) — T”(xo),am
where max {a, 8} + 7 < 5 .

Which tends to 0 as m,n — oo, since T' is asymptotically regular in X. Then
{T"(x0)} is a Cauchy sequence. Since X is a 2-Banach space, lim 7" (z¢) = u € X.
n

Then

[u = T'(u), al [lu = T" (o), all + [T (x0) — T'(u), all
lu = T"(x0), all + o [[| T~ (z0) — T"(x0), a
+llu=T(w),al] + 8[| T (z0) — u,al

+7 max { HT”fl(a;o) —T(u),all,||lu—T"(x0), aH}

Letting n — oo, we get ||u —T'(u),al| < (a+7) ||lu — T(u), a|| implies u = T'(u).
For uniqueness of u, let u # v with T'(v) = v for v € X. Then

lu—wv,al = |T(u) =T(v),all
allu="T(u),all +[lv =T (v),al] + Bllu—wv,af
+ymax{|lu —T (v),al,lv—"T (u),al}

IN

which implies ||u — v, al| < (8 + 7) ||u — v, a|| gives a contradiction. Hence u = v. [J

Theorem 11. Let (X, |.,.||) be a 2-normed space and T be a mapping from X into
itself satisfying (3.1). If T is asymptotically reqular at some point x € X and the
sequence of iterates {T™(x)} has a subsequence converging to a point z € X, then z
is the unique fized point of T and {T™(x)} also converges to z.

Proof. Let li]f:nT”’C () = z. Then
|z —T(z),all Hz - T”k‘H(:U),aH + HT”’“H(m) —T(z), aH

Hz — T”kH(az),aH + [HT“"(:U) — T (), aH

+lz = T(2),al]] + BT (x) — 2,

+ymax {||T™(z) — T(2),a| ||z — T"’“H(x),aH}
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Letting kK — oo we get ||z —T(2),a|| < (a+7) ||z —T(2),a|| = T(z) = z. Also
uniqueness of z follows very immediate.

Next [z =T"(z),al = [T(z) —T"(x),q

< « [||z —T(z),al + HT"fl(a:) — T”(a:),a”]
+5 Hz - T"’l(x),aH +ymax {||z — T"(z),al|,
|7 (@) = T(=), a]|}

< « [Hz —T(2),al + HT”_l(x) — T”(x),a”]
+8 |z =T (@), af + 7 [llz = T"(2),af
F @) - T).al]

< alllz=T(2),a] + HT”_I(:U) - T”(:L“),a”]

+8lz = T™(z),all + B ||T"(z) — T" (z), q
+yllz = T™(=), al +~ |77 (z) = T"(2), a|
+y T () = T'(2), a

= al|z—T(2),a|]| + (a+ B +7) HT"il(x) — T"(a:),aH
+(B+27) |z = T"(2),q

implies
(1=B=29z=T"(@).all < (a+B+)[T" " (z) - T"(x),all
gives
|z = T"(x),a|| < <1a——|_,35—_'_2”yy> HT”(x) — Tn_l(x),a”
which tends to 0 as n — oo, since T' is asymptotically regular in X. Thus lim 7"(x) = z.

n—o0

O]

Theorem 12. Let (X, ||.,.||) be a 2-normed space and {T,,} is a sequence of mappings

from X into itself satisfying (3.1) with same constants «, B, v and possessing fixed

points u, (n = 1,2,...). Suppose that T'(x) = li_)rn To(z) forx € X. Then T has a
mn o]

unique fixed point u if and only if u = lim u,,.
n
Proof. The proof is similar to that of Theorem 10 or Theorem 11. So we omit the
proof here. ]
Another analogus theorem can similarly be proved.
Theorem 13. Let (X,d) be a 2-Banach space and {T;} be a sequence of mapping
of X nto itself satisfying
175 () = Tj (y),all < allle—=Tj(x),all +lly = T; (), all] + B lz — y, all
+ymax {||lz — T (y) . all, |y = Tj (z) , al|} (3.2)
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for every z,y,a € X and o, B,y > 0 with max{a, S} +v < % Suppose T"(x) =
lim TJ”(;L’) forallx € X. ThenT has a unique fixed point in X if T is asymptotically
j—o0

reqular (a.r) at some point x € X.

Proof. Let T"(xo) = lim T}'(zo) for o € X Then for positive integers m, n
j—oo

|7 (@0) = T} (o) o] = ||T(T7" (w0)) = T5(T3 " w0)), 0
o [t o) = T o). + 757" ) = T3 o).

8|7 (@o) = T3 (wo) .

IN

oy max { |77 (o) — T} (o), a
7 7.

= a|mt @) - 1w, o + |17 w0) - T o) o

i

#8777 ) =730

|7 (o) — T3 o), al| + || T3 (wo) = T3 (wo), a |

+ (|7 @o) = T (@0 a| + |7 (20) — T 0.

+ HTJﬂfl(ggo) - Tf(mo),aH + [T (w0) — T30,

which implies that
(1= 8=29) [T} (x0) = T} (o) ] < (a+B+7) |17 (o) = T} (o), a

13

gives
|77 (o) — T} (w0),a| < <1_5_2,Y> [HT]- Yao) — T} (xo),aH
R COREHCOR |
where max {o, 8} +v < 5 .
Letting j — oo we get
7)ol < ) 1l aw) = " oo

1-8—2y
+[[ 7" o) — T" (o) ]
where max {a, 8} + v < 5 .
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Let T be asymptotically regular at some point g € X. Then right hand side of the
inequality tends to 0 as m,n — oo and hence {T™(z)} is a Cauchy sequence. Then
by completeness of X, lim7T"(xzp) = u € X. Then

n

lu =T(w),all < flu—T"(o),all + | T" (o) — T"*(z0), al|
+]| T (20) — T(w), al] (3.3)

Now HT"H(:UO) — T(u),aH < « [||Tn($0) - Tnﬂ(xo)va”
= T, all) + 8T (z0) — u al
oy mmax {77 () — T(w),al]
|u—T""(20),al|} (3.4)

Then from (3.3) and (3.4) we get

lu = T(u),all < [lu—T"(xo),all + || T"" (o) — T(u), a
+a [HTTL<1’0) — T”’Ll(mo),aH
+ llu = T(u), all] + BT (z0) — u, al|
+ymax {||T"(z0) — T'(u),all,
Hu—T"H(azo),aH} (3.5)

Taking limit of (3.5) as n — oo we get
lu=T(u),all < (1+a+7)[lu—"T(u),a

and thus we obtain u = T'(u). The proof of uniqueness of u is similar to that proved
in Theorem 10. ]

Here we state an open problem:

If all the respective conditions of Theorem 10 and Theorem 13 are satisfied for a
map 7" having unique fixed point. Then do they force the map T to have asymptotic
regularity property in (X, ||.,.||) in respective cases. We will consider this problem
in a subsequent paper.
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