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ON COMMON FIXED POINT OF GENERALIZED
CONTRACTIVE MAPPINGS IN METRIC SPACES

Mujahid Abbas and Hassen Aydi

Abstract. Existence of common fixed points is established for two self-mappings satisfying a
generalized contractive condition. The presented results generalize several well known comparable
results in the literature. We also study well-posedness of a common fixed point problem related to

these mappings.

1 Introduction and preliminaries

Fixed point theory is one of the famous and traditional theories in mathematics
and has a broad set of applications. In the existing literature on this theory,
contractive conditions on the mappings play a vital role in proving the existence and
uniqueness of a fixed point. Banach’s contraction principle which gives an answer
to the existence and uniqueness of a solution of an operator equation Tx = =z,
is the most widely used fixed point theorem in all of analysis. This principal is
constructive in nature and is one of the most useful techniques in the study of
nonlinear equations. There are many generalizations of the Banach’s contraction
mapping principle in the literature ( see for example,[3], [4] ). These generalizations
were made either by using the contractive condition or by imposing some additional
conditions on an ambient space. In 1968, Kannan [9] proved a fixed point theorem
for a map satisfying a contractive condition that did not require continuity at each
point. This paper was a genesis for a multitude of fixed point papers over the
next two decades. In 1976 Jungck [6] extended and generalized the celebrated
Banach contraction principle exploiting the idea of commuting maps. Sessa [14]
coined the term weakly commuting maps. Jungck [7] generalized the notion of weak
commutativity by introducing compatible maps and then weakly compatible maps
[8]. Since then, many interesting coincidence and common fixed point theorems of
compatible and weakly compatible maps under various contractive conditions and
assuming the continuity of at least one of the mappings, have been obtained by a
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number of authors. Ciri¢ [5] studied necessary conditions to obtain a fixed point
result of asymptotically regular mappings on complete metric spaces. The purpose
of this paper is to present a common fixed point theorem for two mappings satisfying
a generalized contractive condition. We also study the problem of well-posedness of
common fixed point problem for the mappings considered in this paper.

2 Common fixed point theorem

A pair (f,T) of self-mappings on X is said to be weakly compatible if f and T
commute at their coincidence point (i.e. fT'z = T fx whenever fx = Tx). A point
y € X is called point of coincidence of two self-mappings f and T on X if there
exists a point x € X such that y =Tz = fx.

The following lemma is Proposition 1.4 of [1].

Lemma 1. Let X be a non-empty set and the mappings T, f : X — X have a
unique point of coincidence v in X. If the pair (f,T) is weakly compatible, then T
and f have a unique common fized point.

Let (X, d) be a metric space, T and f be self-mappings on X, with T'(X) C f(X),
and xg € X. Choose a point x1 in X such that fxz; = Txg. This can be done since
T(X) C f(X). Continuing this process, having chosen zy,...,zx, we choose Ty
in X such that

kaJrl :Ta;k, k:O,l,Q,....

The sequence { fx,} is called a T—sequence with initial point .

Definition 2. Let T and f be self-mappings on a metric space X, with T(X) C
f(X), and zy € X. A mapping T is said to be asymptotically f—regular at point xg
if d(fxn, frns1) — 0 as n — oo, where {fx,} is a T—sequence with initial point x(.

Let F; : [0,00) — [0,00) be functions such that F;(0) = 0 and F; is continuous
at 0 (¢ = 1,2). Our first result is the following:

Theorem 3. Let (X, d) be a metric space. Let T, f : X — X be such that T'(X) C
f(X). Assume that the following condition holds:

d(T‘T’ Ty) <a by [mln{d(fxv Tx)? d(fy7 Ty)}] + agFy [d(fxv Tx)d(fyv Ty)]
+azd(f, fy) + asld(fz, Tx) + d(fy, Ty)] + asld(fz, Ty) + d(fy, Tz)] (2.1)

for all x,y € X, where for i = 1,...,5, a; > 0 such that for arbitrary fized k > 0,
0< A <1land0 < Ay <1, we have ag + a5 < Ay, az + 2a5 < A9 and a1,a2 < k.
If f(X) or T(X) is a complete subspace of X and T is asymptotically f—regular at
some point xg in X, then T and f have a point of coincidence.
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Proof. Let xy be an arbitrary point in X and let {fz,} be a T'—sequence with
initial point zg. Since T is asymptotically f—regular mapping at xg, therefore
d(fzp, frne1) — 0 as n — co. Now for m > n, we have

d(fon, fom) < d(fzn, frnt1) + d(fontr, fomer) + d(fmtr, fom)

d(fxn, frni1) + d(T2n, Tom) + d(fTmir, fom)

d(fzn, frni1) + d(fTmir, fom) + ar Fi[min{d(fzy, Txn), d(f2m, Tom)}

a2 Fo[d(fan, Ton)d(fom, Tem)] + asd(fan, fom) + asld(fon, Ta,) +

d(fxm, Txm)] + asld(fan, Trm) + d(fTm, Txy)]

d(fzn, frni1) + d(fTmir, fom) + e Filmin{d(fzy, foni1), d(fTm, fomi1)}]

‘a3 [d(frn, frn)d(fTm, fTma1)] + a3d(fon, fom) + asld(f2n, f2ai1) +

d(frm, frm1)] + as[d(fan, frmir) + d(fTm, frni)]

d(fxn, frns1) + d(fxmit, fom) + ar Fi[min{d(fz,, fxni1), d(fTm, fTme1)}]
+aoFold(fan, frpi1)d(fTm, fTmt1)]

+azd(fn, frm) + asld(fn, frni1) + d(fom, fomi1)]

tas[d(fzn, frm) + d(fTm, frmi1) + d(fTm, frn) + d(f2n, fai1)]

= (1 +as+as)[d(fon, frn1) + d(fTmtr, fom)] + arFi[min{d(fzn, frni1), d(fom, fmi1)}]
+ao P [d(fon, fons1)d(fm, frmi1)] + (a3 + 2a5)d(fzn, fTm)

(I + A)[d(fzn, frnir) + d(frmir, fom)] + EF min{d(fzn, foni1), d(frm, fTmi1)}]
+kEy[d(xn, frnt1)d(fTm, fTme1)] + Xed(fxn, fom).

IN

IN

IN

Thus we obtain that

(1 - >\2)d(f$n> fl'm)
(1 + Al)[d(fmna fxn+1) + d(fl'erla fxm)] + kFy [min{d(fxna f$n+1)7 d(f$m7 fxm+1)}]
+kFy [d(flina fanrl)d(fxma fmerl)]'

IN

Since T is asymptotically f—regular and F; and F5 are continuous at zero, then the
right-hand side of the above inequality tends to zero, as m,n — co. Thus,

lim d(fzy, frm) =0.

m,n—00

It follows that {fx,} is a Cauchy sequence in X. If f(X) is a complete subspace of
X, there exist u,p € X such that fx,, — p = fu (this holds also if T'(X) is complete
with p € T'(X)). We claim that u is a coincidence point of f and 7. If not, then
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d(fu,Tu) > 0. From (2.1), we obtain

d(fu,Tu) = d(p, Tu) < d(p, frni1) + d(frni1, Tu)
d(p, frn1) + d(Tzy, Tu)

< d(p, frns) + ar Fi[min{d(fon, Ten), d(fu, Tu)}] + agFald(fan, Tag)d(fu, Tu)]
+asd(fzn, fu) + as[d(frn, Tey) + d(fu, Tu)] + as[d(frn, Tu) + d(fu, Txy,)]

< d(p, frns1) + arFi[min{d(fzn, frni1), d(p, Tu)}] + a2 Fo[d(fn, foni1)d(p, Tu)]
—|—a3d(fxn,p) + a4[d(f$m fanrl) + d(p, TU)]
+as|d(fan,p) + d(p, Tu) + d(p, fEn+1)]

= (1+as)d(p, frpi1) + ar Fi[min{d(fon, frny1), d(p, Tu)}] + a2 Fo[d(fn, fon1)d(p, Tu)]
+(as + as)d(fzn, p) + (as + as)d(p, Tu) + as[d(p, fTn41)]

< (I+as)d(p, frnt1) + arFi[min{d(fzn, frni1),d(p, Tu)}]

taoFold(fan, frni1)d(p, Tu)] + (a3 + as)d(frn, p)
+(CL4 + a’5)d<p7 TU’) + as [d(p7 fwn-i-l)}v

which on taking limit as n — oo gives that,
d(pa TU) < (CL4 + a5)d(p, TU),
a contradiction, and so p = fu = Tu is a point of coincidence of f and T'. O

Lemma 4. Let (X, d) be a metric space. Let T, f : X — X be such that T(X) C
f(X). Assume that the following condition holds:

d(Tx, Ty) < axFi[min{d(fz, Tx),d(fy, Ty)}| + aFad(fz, Tx)d(fy, Ty)]
+asd(fz, fy) + asld(fz, Tx) + d(fy, Ty)] + as[d(fz, Ty) + d(fy, Tz)]
for oll x,y € X, where for i = 1,...,5, a; > 0 such that for arbitrary fized k > 0,

O0< A <1land0 < A <1, we have ag + as < A, ag + 2a5 < Ao and a1,a0 < k.
Then, T and f have at most a unique point of coincidence.

Proof. Assume that there exist points p,p* in X such that p = fu = Twu and
p* = fu* =Tu*, for some u,u* in X. From
d(p,p*) = d(Tu,Tu")

< ay Fy[min{d(fu, Tu),d(fu*, Tu*)}] + ag Fad(fu, Tu)d(fu*, Tu")]

+azd(fu, fu*) + asld(fu, Tu) + d(fu*, Tu*)] + as[d(fu, Tu*) + d(fu”*, Tu)]

= azd(p,p*) + as[d(p,p*) + d(p*,p)]
- (a3 + 2a5)d<p7p*)7

we deduce that p = p*. O
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From Theorem 3 and Lemma 4, we obtain the following theorem.

Theorem 5. Let (X, d) be a metric space. Let T, f : X — X be such that T'(X) C
f(X). Assume that T and f satisfy condition (2.1) for all x,y € X. If f(X) or
T(X) is a complete subspace of X and the pair (T, f) is weakly compatible, then T
and f have a unique common fized point provided that T is asymptotically f—regular
at some point xqy tn X.

Proof. By Theorem 3 and Lemma 4, T and f have a unique point of coincidence.
Since the pair (7, f) is weakly compatible, by Lemma 1, 7" and f have a unique
common fixed point. O

Taking a; = az = 0 in the inequality (2.1), we have the following corollary.

Corollary 6. Let (X, d) be a metric space. Let T, f : X — X be such that T(X) C
f(X). Assume that the following condition holds:

d(Tz, Ty) < asd(fx, fy) + as[d(fx, Tz) + d(fy, Ty)| + as[d(fz, Ty) + d(fy, Tz)]

forall x,y € X, where fori=3,...,5, a; > 0 such that for arbitrary fired 0 < A1 < 1
and 0 < Ay < 1, we have ag + a5 < A1 and a3 + 2a5 < Xo. If f(X) or T(X) is a
complete subspace of X and T is asymptotically f—regqular at some point xqg in X,
then T and f have a point of coincidence.

Remark 7. Theorem 3 and Lemma 4 remain true if we replace the real numbers a;
by real functions a;(x,y) for x,y € X and i =1,...,5.

As a consequence of Theorem 3, Lemma 4 and 5, we obtain the following result
of Ciri¢ [5] as a corollary.

Corollary 8. Let (X, d) be a complete metric space. Let T : X — X be such that
the following condition holds:

d(Tz, Ty) < a1 Fi[min{d(z, Tx), d(y, Ty)}] + axFa[d(x, Tx)d(y, Ty)]
+azd(x,y) + agld(z, Tx) + d(y, Ty)] + as|d(z, Ty) + d(y, Tx)] (2.2)

where for i = 1,...,5, a; > 0 such that for arbitrary fited k > 0, 0 < A} < 1
and 0 < Ao < 1, we have ag + a5 < A, ag + 2a5 < Ay and ay,as < k. If T is
asymptotically reqular at some point xg in X, then T' has a (unique) fized point.

Remark 9. The fact that T is asymptotically reqular at some xo € X corresponds
to T is asymptotically Ix—regular at some xog € X. Our results extend Theorem 1
in 8 and in turn extend and generalize results of Sharma and Yuel [13] and Babu,
Sandhya and Kameswari [2] (of course when the constants (a;)i=1,.. 5 are taken real
functions a;(x,y) ).
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We give an example to support our results.

Example 10. Let X = [0,+00) be endowed with the usual metric. Define f,T :
X — X by
Tx =2z and fr = 3.

Let xy = 1 and the sequence {zy}n>1 be given by x, = (%)” Note that {fx,} is a
T'—sequence with initial point xo. Since d(fxn, frnr1) — 0 as n — oo,the mapping
T is asymptotically f—regular at the point xg. Also, T(X) C f(X), T(X) is a
complete subset of X, the pair (f,T) is weakly compatible and the inequality (2.1)
holds for all x,y € X with

3
F1:F2:1, a1:a2:a4:a5:0 and agzz.

Thus f, T : X — X satisfy all conditions of Theorem 5. Moreover, u = 0 is the
common fixed point of f and T.

Now, we have the following result on the continuity on the set of common fixed
points. Let CF(T, f) denote the set of all common fixed points of 7" and f.

Theorem 11. Let (X, d) be a metric space. Assume that T,f : X — X satisfy
condition (2.1) for all z,y € X. If CF(T, f) # 0, then T is continuous at p €
CF(T, f) whenever f is continuous at p.

Proof. Fix p € CF(T, f). Let (zy,) be any sequence in X converging to p. Then by
taking y := z, and z :=p in (2.1), we get

d(Tp,Tzy) < arFi[min{d(fp,Tp),d(fz:, Tzn)}] + a2 Fo[d(fp, Tp)d(fzn, T2n)]
+a3d(fp, fzn) + a4[d(fp, Tp) + d(fzm Tzn)] +as [d(fp, Tzn) + d(fzna Tp)]

which, in view of T'p = fp, we obtain

d(Tp, Tz,) < asd(fp, fzn) + aa[d(fzn, Tzn)] + as[d(fp, Tzn) + d(f2zn, Tp)]

Now, by letting n — oo we get

limsup d(Tp, Tz,) < (a4 + as) limsup d(Tp, Tz,),

n—oo n—o0

whenever f is continuous at p. The last inequality is true only if limsup d(Tp, T'z,) =
n—oo

0. We get that Tz, — Tp as n — oo. O

The following example shows that self-maps f and T of a complete metric space
X may not have a common fixed point in X. Here pair (7', f) satisfies the inequality
(2.1), and both f and T are continuous on X. Note that (7, f) is not weakly
compatible.
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Example 12. Let X = R endowed with the usual metric. We define mappings
T X—>X byTa;:g”Zli1 and fx = § for x € X. Taking a1 = az = a4 = a5 =0
and az = %, the inequality (2.1) holds for any xz,y € X. But, f and T have no
common fized points, that is, CF(T, f) = (). Here, the unique coincidence point is
u=1and fT1# Tf1, so the pair (T, f) is not weakly compatible.

3 Well-Posedness

The notion of well-posedness of a fixed point has evoked much interest to several
mathematicians. Recently, Karapinar [10] studied well-posed problem for a cyclic
weak ¢—contraction mapping on a complete metric space (see also, [11, 12]).

Definition 13. A common fized point problem of self-maps f andT on X, CFP(f,T,X),
is called well-posed if CF(f,T) (the set of common fixed points of f and T) is
singleton and for any sequence {x,} in X with x* € CF(S,T) and lim d(fz,,xy)
n—o0

= lim (Txy, x,) = 0 implies z* = lim x),.

n— oo n—o0
Theorem 14. Suppose thatl' and f be self-maps on X as in Theorem 3 and lemma
4. Then, the common fixed point problem of f and T is well-posed.

Proof. From Theorem 3 and lemma 4, the mappings f and 7" have a unique common

fixed point, say v € X. Let {z,} be a sequence in X and lim d(fzp,z,) =
n—oo

lim (Txy,,x,) = 0. With loss of generality, we may suppose that u # x,, for every

n—oo
non-negative integer n. Then, having in mind fu = Tu = u and from the triangle

inequality and (2.1), we have

d(u, ) = d(Tu, zy,) < d(Txp, Tu) + d(Txy, xy)

< d(Txpn, ) + a1 Fimin{d(fx,, Txy), d(fu, Tu)}] + aoFa[d(fon, Tey)d(fu, Tu)]
+asd(fzn, fu) + as[d(frn, Tey) + d(fu, Tu)] + as[d(frn, Tu) + d( fu, Tx,)]
d(Txp, xy) + asd(frn,uw) + asld(frn, Txy)] + as[d(frn, w) + d(u, T,)]

< d(Txp,xp) + azd(fan, zn) + azd(n, w) + aa[d(fan, 2n)]

+agld(zp, Tan)] + as[d(fan, Tn) + d(@n, w) + d(u, ) + d(zp, Tzy)].
Letting n — oo, we get that

lim sup d(u, x,) < (a3 + 2a5) limsup d(u, z,),

n—oo n—oo

which holds unless, limsupd(u,z,) = 0. We deduce, x,, — u as n — oo. This
n—oo

completes the proof of Theorem 14. O
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