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GLOBAL EXISTENCE FOR
VOLTERRA-FREDHOLM TYPE NEUTRAL
IMPULSIVE FUNCTIONAL
INTEGRODIFFERENTIAL EQUATIONS

V. Vijayakumar, S. Sivasankaran and M. Mallika Arjunan

Abstract. In this paper, we study the global existence of solutions for the initial value problems
for Volterra-Fredholm type neutral impulsive functional integrodifferential equations. Using the
Leray-Schauder’s Alternative theorem, we derive conditions under which a solution exists globally.

An application is provided to illustrate the theory.

1 Introduction

In recent years, a great deal of work has been done in the study of the existence of
solutions for impulsive differential equations, by which a number of chemotherapy,
population dynamics, optimal control, industrial robotics and physics phenomena
are described. For the general aspects of impulsive differential equations, we refer
the reader to the classical monographs Bainov et al. [1, 2], Lakshmikantham et
al. [20], Samoilenko and Perestyuk [26] and Herndndez et al. [12, 11] for the case
of ordinary and partial differential functional differential equations with impulses.
For some general and recent works on the theory of impulsive differential and
integrodifferential equations, we refer the reader to [3, 4, 5, 6, 8, 7, 9, 19, 31].

Recently, in [21], Ntouyas studied the global existence for first order neutral
impulsive functional integrodifferential equations of the form

d

Clett) — ottw0] = 11 xt,/o K(t,s)h(s,2.)ds), 1€ 1 =[0,7],

0= ¢

and also studied the global existence for second order neutral impulsive functional
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integrodifferential equations of the form

%[x’(t) —g(t,zy)] = F(t,a:t,/o k:(t,s)H(s,xs,;v'(s))ds,z’(t)), tel=10,T],

Zo = ¢7 ml(o) =7

by using Leray-Schauder’s Alternative theorem. Recent results on global existence
and global solutions for ordinary and partial neutral impulsive integrodifferential
equations can be foun in [13, 14, 15, 16, 17, 18, 22, 24, 23, 25, 27, 28, 29, 30].

In this paper, we study the global existence of solutions for the initial value
problems for the first and second order Volterra-Fredholm type neutral impulsive
functional integrodifferential equations. In Section 3, we study the following initial
value problem

t T
%[l’(t) - g(tvl't)] = f(ta xt’/o a(t7 S)w('S?xs)dS’/O b(t,S)h(S,l‘s)dS),
teI=[0,T]\ {t, rtm}, (L1)
Ax’t:tk :Ik(x(tlz)% k= 17"'>m7

To= ¢

where f: IX DXR"XR*" - R", g: I xD — R" D= {¢:[-r0 — R ¢
is continuous everywhere except for a finite number of points ¢ at which () and
Y(t+) are exist with (1) =)}, w: IxD - R* h:IxD - R" a:IxI—R,
b:Ix1I — R are continuous functions, ¢ € D, 0 <1 <00, 0=ty <t1 < - <ty <
tmi1 =T, Iy € CR™R"), (k=1,..,m). z(t;) and z(t;) represent the left and
right limits of z(t) at ¢ = t;, respectively, Az, = z(t}) — z(t;).

In Section 4, we study the global existence of solutions for the initial value
problems for the second order Volterra-Fredholm type neutral impulsive functional
integrodifferential equations of the form

d

%[.%/(t) —g(t,x)] = F(t, xt,x'(t),/o a(t,s)W (s, xs,2'(s))ds,

where F: I X DX R" xR" xR*" - R", g: I x D —R" D={¢:[-r0 - R"
is continuous everywhere except for a finite number of points ¢ at which ¢ (¢~) and
P(tT) are exist with (t7) = ()}, W: I x DXxR" - R" H:Ix D x R" - R",
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a:IxI — R, b:1xI — R are continuous functions, ¢ € D and n € R",
0<r<oo,0=ty<t; < - <ty <tmy1 =T, Iy, Jy € C(R",R"), (k=1,...,m).
z(t) and z(t}) represent the left and right limits of x(t) at t = t;, respectively,
Azli—y, = z(t) — z(t;,), and Az'|—y, = 2/ (t]) — 2/ (t;).

For any continuous function x defined on [—r, T\ {t1,...,t;n} and any t € [0, 7]
we denote by z; the element of D defined by z:(0) = z(t + 0), 0 € [—r,0], where
x4(+) represents the history of the state from time ¢ — r, up to the present time t¢.

2 Preliminaries

In this section, we introduce some basic definitions, notations and preliminary
facts which are used throughout this paper.

Let C([—r,0],R™) be the Banach space of continuous functions from [—r, 0] into
R™ endowed with the norm

loll = sup {[¢(0)] : —r < 6 < 0}

and C([0,T],R™) denote the Banach space of all continuous functions from [0, 7]
into R” normed by

@[l = sup{|z(t)] : —r <t < T},
[zllo = sup{|z(t) : t € I},
lzlly = sup{]a’(t) : t € I},
)" = max{{[z[l, |z},

[l = max{{|z(lo, [l[1}-

In order to define the solutions of (1.1)-(1.3) and (1.4)-(1.7), we introduce the
following space:

PC = {x 1[0, T] = R" iz, € C([t, tir1],R"), & =0,...,m and there exist
x(t;) and z(t]) with z(t;) = 2(t]), k=1, m}
which is a Banach space with the norm
|zllpc = max{||lzll(¢,,¢0.1), & =0,...,m},

where zy, is the restriction of = to (tg,tgx+1], k=0, ...,m.
Set 2 = DU PC. Then 2 is a Banach space normed by

lz|lo = max{||z| p, ||[z| pc}, for each z € Q.
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and
PC' = {w [0, T] — R™ 2z, € C([th, try1], R™), & =0,...,m and there exist

/(t7) and 2/ (t]) with o/(t7) = 2/(t]), k=1, m}
which is a Banach space with the norm

[l por = max{|[zkll @ tysa)s B =0,-0im7,

where xy, is the restriction of x to (tg,tg+1], k=0, ...,m.
Set Q! = DU PC'. Then Q' is a Banach space normed by

|z||qr = max{||z||p, ||z| pc1}, for each x € 0L

The considerations of this paper are based on the following fixed point result

[10].

Lemma 1 (Leray-Schauder’s Alternative Theorem). Let S be a closed conver subset
of a normed linear space E and assume that 0 € S. If F': S — S be a completely
continuous operator, i.e. it is continuous and the image of any bounded set is
included in a compact set and let

O(F)={xe€S:2=AFz, for some0 <\ <1}.

Then either ®(F) is unbounded or F' has a fized point.

3 Global Existence for First order IVP

In this section, we present the global existence results for the IVP (Initial value
problem) (1.1)-(1.3).

Definition 2. A function © € Q is called solution of the initial value problem
(1.1)-(1.3) if © satisfies the following integral equation

S

+(0) = 60) - 90.6) + gt + [ F(sm [ alsoutor i

T
/0 b(s,a)h(a,xg)d(f)ds—l— S ILia(t;), tel.

0<tp<t

Theorem 3. Let f: I X DXR"XR" - R", g: I xD —R" w:IxD—R",
h:IxD—=R" a:IxI—=R,b:1IxI—R are continuous functions.
Assume that
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Hg1 There ewists constants c1 and co such that

l9(t, 9)| < cill¢l +ca, tET, $€D.

Hgo The function g is completely continuous and such that the operator
G:D — PC([0,T],R")
defined by (Go)(t) = g(t, ¢) is compact.
H,, There exists a continuous function my : I — [0,00) such that
jw(t, ¢)] < mai () (llel), tel, ¢ €D,
where O : [0,00) — (0,00) is a continuous nondecreasing function.
Hy, There exists a continuous function mg : I — [0,00) such that
[t )] < ma(t)(l4l]), tel, ¢ €D,
where sy : [0,00) = (0,00) is a continuous nondecreasing function.
H¢ There exists an integrable function p : I — [0,00) such that
|f(t, u,v,w)| < p(t)Qs(||u|l + |v] + |wl]), t €1, we D, v,weR",
where Q3 : [0,00) — (0,00) is a continuous nondecreasing function.
H, There exists a constant Ly such that

la(t,s)| < Ly fort>s>0.

Hy, There exists a constant Lo such that

|b(t,s)| < Ly fort >s>0.

Hi There exist constants ¢, such that |I(z)| < cl|z|, k = 1,...,m for each x € R™.

Then if .
N oo ds
[ o< [ snratTan
where
m(t) = max{mp(t), Lima (1), Lgmg(t)} and
o= o el + 200+ el .

k=1

the initial value problem (1.1)-(1.3) has at least one solution on [—r,T).
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Proof. To prove the existence of a solution of the initial value problem (1.1)-(1.3)
we apply Lemma 1. First we obtain the a priori bounds for the solutions of the
initial value problem (1.1)) — (1.3), A € (0,1), where (1.1), stands for the equation

d

ﬁ[x(t) —g(t,z)] = Nf (t,xt, /Ot a(t, s)w(s,zs)ds, /OT b(t, s)h(s,xs)ds), tel.

Let = be a solution of the initial value problem (1.1)) — (1.3). From
S

z(t) = Ap(0) — Ag(0, ¢) + Ag(t,xy) + )\/O f(s, acs,/ a(s,o)w(o, xy)do,

0

T
/O b(s,0)h(o,20)do )ds + A 3 Ta(ty)). t€ 1

0<trp<t

we have, for every t € I,

t s
z(t)] < HqﬁH+01H¢H+262+61Hth+/0 p(S)Qs(Hxs!HLl/O my (o) ([lzo ) do

T n
+ Ly /0 m2(0)92(||x0\|)d0> ds + kz_l celz(ty))-

We consider the function p given by
ult) = sup{la(s)] : —r <s <t} tel.
Let t* € [—r,t] be such that u(t) = |z(t*)|. If t* € [0,¢], by the previous inequality

we have, for every t € I,

() < 1+ el + 2+ ) + [ )0 (1) + L [ @) (uto))do

T n
Ly / ma(0)52 (1(0))do ) ds + > ecla(ty)

ult) < {aseton+2en+ [ pe)0a(ut) + L1 [ (@) (oo

b

(1 — Cl>
T n

+ Lg/ m2(0)92(ﬂ(0))d0>d3 + ch\x(t;)\}
0 k=1

If t* € [-7,0] then p(t) = ||¢|| and the previous inequality obvious holds.
Denoting by u(t) the right-hand side of the above inequality we have,

u(0) = u_lcl){u +en)llg] + 262 +;ck\x<t;>|} =c, plt) Sult), tel,
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and for every t € 1

W(0) = o093 () + L [ (@) (o))

+ Ly /0 ' mg(a)Qg(u(a))da>

1 t
< mp(t)ﬁ;»,(u(t) + Ly /0 m1 (o) (u(o))do

L /0 ' m1(0)a(u(0))do ).

Set
T
v(t) =u(t) + Ly /Ot mq(s)Q1(u(s))ds + L2/0 ma(s)Qa(u(s))ds, tel.
Then
v(0)=u(0)=c, ult) <o), tel, 4 < a 161)p(t)§23(v(t)), tel
and
V() = u'(t) + Lyma () (u(t) + Lama (t) Qs (u(t))
< o OR00) + Luma (O (0(0) + Lama()10:(0(0)
< m(t) [Qs(v(t) + Qi (v(t) + Qa(v(t))], t € 1.

J(t)
t

O 0(0) + () + Bl = TEL

Integrating this inequality from 0 to ¢ and using the change of variables formula we
get

v(t) ds r oo ds
/U@ seTa e =) "0u< [ aaram o <

This inequality implies that there is a constant K such that u(t) < K, t € I and
hence p(t) < K, t € I. Since for every t € I, ||x¢|| < pu(t) we have

||l = sup{|z(t)| : —r <t < T} < K,
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where K depends only on the functions my, ma,p, 11,22 and 3. We will rewrite
the initial value problem (1.1)-(1.3) as follows. For ¢ € D define ¢ € B, B =) by

If z(t) = y(t) + ¢(t), t € [-r, T it is easy to see that y satisfies

Yo =0
S

~ t ~ ~
y(t) = —9(0, ¢) + g(tv Yt + (Z)t) + /() f<$7ys + ¢57/0 a(s, 7')’LU(T, Yr + ¢T)d7—a

T ~
/O bs. T)A(r. e+ o)dr)ds + 3 Tela(ty)), te I

0<tp<t
Define By = {y € B:yo =0} and S : By — By, by
Now define an operator @@ : Ey — E by
0, t € [-r0]
(St =4 —9(0,0) +g(t v+ 00+ Jy £ (5,05 + 8o Jy als, Tw(r e + 67)dr
Jy vl T%+@wﬁm+zkwyu<>x tel.

S is clearly continuous. We shall prove that .S is completely continuous.
By Hg2 it suffices to prove that the operator S; : By — By defined by
0, te[-r0]
SmH =4 h f(T s + oy Jy als, TYw (T, yr + 6r)dr,
I b(s, )7, yr + qu)dT) ds, tel.

is completely continuous.
Let {u,} be a bounded sequence in By, i.e.

luyllr < b, forall wv,

where b is a positive constant. We obviously have |uy|| < b, t € I, for all v. Hence,
if M* =sup{m :te€ I}, po=sup{p(t):te I}, weobtain

M*T? M*T2
Q16+ [lo]]) +

ISrualle < po% |6+ 6T + = (b + |4l
This means that {Sju,} is uniformly bounded.

Moreover, the sequence {Siu,} is equicontinuous, since for ti,to € [—r,T| we
have:
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(i) if 0 < t; < t9 then

|S1uy(t1) — Sruy(t2)]
< po[(0+ ll9ll) + M T(u(b+ [[¢]l) + Q2(b+ |6]])][t1 — t2]-

(ii) if t1 < 0 < ty then

|S1uy(t1) — Srue(t2)]
< po[(0 + [19])) + M T(Q1(b+ [[6]]) + Qa2(b + [|8])] 0 — 2]

(111) if t1 S to S 0 then

|S1uy(t1) — S1uy(t2)] = 0.

Thus, by Arzela-Ascoli theorem the operator S; is completely continuous.

Consequently the operator S is completely continuous.

Finally, the set ®(S) = {y € By : y = ASy, A € (0,1)} is bounded, since for every
solution y € By the function x = y + ¢ is a solution of the initial value problem
(1.1)-(1.3), for which we have proved that ||z|, < K and hence [ly||, < K + ||¢]|.

Consequently, by Lemma 1, the operator S has a fixed point y* in By. Then
x* = y* + ¢ is a solution of the initial value problem (1.1)-(1.3).

Hence the proof of the theorem is complete. O

4 Global Existence for Second order IVP

In this section we study the global existence for the IVP (Initial value problem)
(1.4)-(1.7).

Definition 4. A function x € QN Q! is called solution of the initial value problem
(1.4)-(1.7) if x satisfies the following integral equation

o) = 60)+ b= 90,00+ [ g(o.zds + [ [ (),

+ Y () + (T = te) Ju(e(t;))], te 1.
O<tp<t
Theorem 5. Let F': IXDXR"XR"XR" - R", g: IxD —R", W :IxDxR" —
R™ H :IxDxR"™— R" are continuous functions anda : I xI - R, b: I xI —- R
are measurable fort > s > 0 function.
Assume that Hy is satisfied and g satisfies Hg1, Hga, a,b satisfies Hy and Hy,.
Moreover we assume that:
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Hw There exists a continuous function mg : I — [0,00) such that
(W (t, 0, 9) < ma(O)ullloll +[¢0), tel, €D, ¢ R,
where Q4 : [0,00) = (0,00) is a continuous nondecreasing function.
Hy There exists a continuous function my : I — [0,00) such that
[H (¢, ¢,9)| <ma(®)Qs(l[0ll + [¢]), tel, ¢ €D, R,
where Qs : [0,00) — (0,00) is a continuous nondecreasing function.
Hg There exists an integrable function P : I — [0,00) such that
|F(t, u,v,w,y)| < P)Qs(||u| +|v]+|w| +y|), t€l, ue D, v,wyeR",
where Qg : [0,00) — (0,00) is a continuous nondecreasing function.

Hj There exist constants dy, such that |Ji(z)| < dilz|, k = 1,...,m for each x € R".

Then if

T __ o) ds
/0 M(s)ds < /00 s+ 2Q6(s) + Q4(s) + Q5(s)

where

M(t) :max{(l—l-cl)cl, (1+cl)/0tP(T)d7', P(t), Lims(t), L2m4(t)}, and

co = [[¢]l + [Inl + erllgll + 2¢2)] (1 + T) + c1u(0)

) [erlz )] + (T = te)dila(t;)]
k=1

the initial value problem (1.4)-(1.7) has at least one solution on [—r,T].

Proof. To prove the existence of a solution of the initial value problem (1.4)-(1.7)
we apply Lemma 1. First we obtain the a priori bounds for the solutions of the
initial value problem (1.4)) — (1.7), A € (0,1), where (1.4), stands for the equation

d

£[x'(t) —g(t, )] =AF <t,xt,x'(t),/o a(t,s)g(s,xs,2'(s))ds,

T
/ b(t,s)h(s,xs,w’(s))ds>, tel.
0
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Let x be a solution of the initial value problem (1.4) — (1.7). From
#(t) = A¢<0>+A[n—g<o,¢>]t+A/ 5.8 ds+>\/ / e (7).

T T
/0 a(t,o)w(o, Te, x (U))da,/o b(r,0)h(o,z,,x (0))da>d7’ds
A D Mlaty) + (T —te) J(z(t)], t €T

0<trp<t

we have, for every t € I,
2(8)] < N6l + [In] + 1l + 23] T+C1/ ||:cs||ds+/ / )% Il + |2/ (7)
#a [ @)l + s [ ma(o)s(as o )ards
+ i lerlx(ty)]| + (T — tg)di|x(t,)|]-
k=1

We consider the function p given in the proof of Theorem 3. Then by the previous
inequality we have,

wu(t) =sup{lz(s)| : —r < s <t}, tel.

Let t* € [—r,t] be such that u(t) = |z(t*)|. If t* € [0,¢], by the previous inequality
we have, for every t € I,

()]

suwnnuclwr+2cZ]T+c1/0u ds+// (7) + [2/(r)]
I / ms(0) (o) + 2’ (0))do + Lo /0 ma(0)s (o) + |x’<a>|>da) drds
+ ) lerlz ()] + (T — t)dil(t;)|]-

k=1

If t* € [—r,0] then pu(t) = ||¢|| and the previous inequality obvious holds.
Denoting by u(t) the right hand side of the above inequality we have,

u(0) = [|¢ll + [In] + e o]l + 2e2lT + Y [ex|2(ty)|+(T — tr)dul ()],
k=1

w(t) <wu(t), tel.
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and

W)= cupt) + [ PO+ 0]+ L [ ma(o) (o) + 1 o)
T
L /0 m1(0)Qs (o) + |2 (o)) )
< cru(t) +/O P(1)Q (u(T) + |2/ (1)| + L1 /OT mz(0)Qq(u(o) + |2/ (0)])do
T
+ L /O ma(0)25(u(o) + |2/ (o) )do )dr, 1€ 1.

Therefore if
v(t) =sup{|z/(s)| : s €I}, tel

we obtain
W (1) < erult) + /0 P (ur) + () + Ly /0 " s () (u(0) + v(0))do
T
+ LQ/O ma(o)Qs(u(o) + v(a))da)dT, tel. (4.1)

On the other hand, by

t

7(0) =Ml = 9(0,0)] + Aa(t.a) + A [ F(ranal(),

/OT a(t, )W (s, zs,2'(s))ds, /OT b(r,s)H (s, s, x’(s))ds) dr
for any t € I and every s € [0,t], we obtain
/0 <lal + ol + 202 +erlml + [ I (atr) + )]+ n [ oo
(o) + ) + I [ malo)2(u(o) + (7)) )t
or
t T
o(t) <Inl + er|| gl + 2¢2 + cru(t) + /0 P(7)0% (u(T) +o(r) + L1/0 ms(o)
(x)Q4(u(o) +v(1))do + Lo /OT my(0)Qs5(u(o) + U(T))do‘) dr, tel.
Denoting by z(t) the right hand side of the above inequality we have:

2(0) = n| + c1]|d]] + 2¢2 + c1u(0),  v(t) < z(t), tel
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and

2Z(t) = e (t) + P(t)Q% (u(t) +v(t) + Ly /0 ms(0)Qq(u(o) + v(7))do
T
Ly /0 ma(0)S2 (u(o) + v(r))do ).
< el (1) + P(£)% <u(t) v 2(t) + Ly /D t ms(0)Qu(u(0) + 2(7))do
T
+ L2/0 ma(o) Qs (u(o) + z(T))da), tel.

From (4.1), since v(t) < z(t) we have
< clu / P Q6 —I—z +L1/ ’I’)’L3 Q4( ( )+Z(O‘))d0’

+ L2/0 my(o)Qs5(u(o) + z(a))da)dT, tel.

Let
w(t) = ult) + 2 (t)+ L1 / m1(0) 2 (u(0) + 2(0))do
0
T
+ L2/0 ma(0)Qs(u(o) + z(0))do, tel.
Then
w(0) = u(0) + 2(0) = co, u(t)+2(t) <w(t), tel

and

w'(t) = u(t) —|—z’(t + Lims(t)Qa(u(t) + 2(t)) + Loma(t)Qs(u(t) + 2(t))

< cru(t) + ; Ndr + e (t) + P(t)Q(w(t))

+ Lim()Qa(u(t) + 2(t)) + Lama(t) Qs (u(t) + 2(t))
< (1+ e)erw(®) + (1+ 1) /P )(w(r))dr + P(t)Q(w(t)

+ Lima ()R (u(t) + 2(0)) + Loma (1) (u(t) + =(1))
< (1) [w(t) + 22 (w(t)) + Qu(w(t)) + Qs(w(®)], t € 1.

This implies

w(t) ds
/ / M )ds </
w() S+ 20(s) + Q4 )+ Qs(s co 5+ 206(s) +Qu(s) + Qs (s)
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This inequality implies that there is a constant K such that w(t) < K, ¢t € I. Then

and hence
[z < llzll + [zl < K.

In the second step we rewrite the initial value problem (1.4)-(1.7) as an integral
operator and will prove that this operator is completely continuous.
Define the operator Q : B — B, B = () by

o(t),  te[-r0

00 + [0~ 90,8\t + Jy 95 ys)ds + fi Ji F (7,0m,7(7),

T als, )W (0, 20,2 (0))do, [ bs, o) H (T, 24, m’(a))dr) drds
+ o<ty <tle(@(ty)) + (T — te) Je(z(ty))], tel.

(Qz)(t) =

Let a bounded sequence {z,} in B, i.e ||z,|| < b, for all v. Then the sequence
{zv(t)}, t € I is bounded in B. Using the fact that

t T
’F(t, zvt,zf)(s),/o a(t, )W (s, zys, 2, (s))ds, /0 b(t, s)H (s, zps, 20 (s ))ds)‘ < M,
where
My = M*Qg[2b + M*Qu(2b)T + M*Q5(2b)T], M* = max{[|¢||, max{M(t),t € I}}

we can easily prove that there exists a constant

T2
M =max {||6]l + o] + e1ll] + 2ea]T + erbT + My

n

£ 3o+ (T = )l nl + (14 Dher|9]) + 2+ Tea + MiT
=1

Ed

such that
1Qz|ly <M and |[(Qz)'|1 < M

which means that {Qz,} and {(Qz,)'} are uniformly bounded.
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Moreover rewriting the operator Qx for t € I as (Qx)(t) = (Q12)(t) + (Q22)(t)
where

(Qu)(t) =6(0) + [n — g(0, B)]t + /0 o5, ys)ds
+ > Te((ty)) + (T = ti) Jn(z ()],

0<tp<t
(Q2)(t) :/Ot /OF(T xT,:c'(T),/OTa(S,U)W(U,xU)dU,

T
/ b(s,0)H(T, mg)dT)des, tel,
0

it is easy to see that the sequences {Q12,}, {(Q12,)'} and {Q22,}, {(Q22,)'} are
equicontinuous.

Thus, by the Arzela-Ascoli theorem the operator @) is completely continuous.

Finally, the set ®(Q) = {z € B: 2 = AQz, A € (0,1)} is bounded, as we proved
in the first part. Hence by Lemma 1, the operator ) has a fixed point in B. Then
it is clear that the initial value problem (1.4)-(1.7) has at least one solution.

Hence the proof of the theorem is complete. ]

5 Application
In this section, we apply some of the results established in this paper.

Example 6. First, we consider the partial first order differential equation of the
form

wi(u,t) — g1(t,w(z, t — 1)) :P<t, w(u, t),/o ki (t, w(z,t —r))ds,

w(u,t) =¢(z,t), 0<u<m,

(
w(0,t) =w(m,t) =0, 0<t<b, (
(
w(t;,y)—w(t;,y) = Ip(w(t,,y)), k=1,2,...,m, (

where P : [0,b] x D xR™ xR™ — R™ is a function and g1, k1, hy : [0,0] x D — R™ are
continuous functions. We assume that the functions P,g1,k1 and hy in (5.1)-(5.4)
satisfy the following conditions.

(1) There exist constants c¢; and ca such that |g(t, )| < ci|p| + ca, for t € [0,b],
¢peD.
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(2) There exists a nonnegative function p; defined on [0,b] such that

j/ot ko (t, z)ds

< pi(t)z|

fort € [0,b] and x € D.

(3) There exists a nonnegative function q1 defined on [0,b] such that

‘/Ob h1(t,x)ds‘ < q(t)|z|

fort €]0,b] and x € D.

(4) There exists nonnegative real valued continuous function Iy defined on [0, D]
and a positive continuous increasing function Ky defined on Ry such that

[Pt 2y, 2)| < L) Ka(lz] + |yl + [2])
fort,x,y,z € 0,b] x D x R™ x R™.
(5) There exist constants ¢y such that |I(x)| < cklz|, k = 1,...,m for each x € R™.

Let us take X = L?[0,7]. Suppose that

T R +oo ds
|| s < | 5(5) + 0 (5) T 02a(s)

where
m(t) = max { (1 _101)P(t)7 Lyma (1), Lng(t)} and
€= (1 _101) {(1 + c1)[|@] + 2¢2 + Z ck|x(t;)|}
k=1

is satisfied. Define the functions f :[0,b] x X x X x X — X, a,b: [0,b] x [0,b] — X,
g,w,h:[0,0] x X = X, I, € (X, X) as follows

f(t7 z,Y, z)(u) = P(t7 x(u, t)7 Z/(U7 t)? Z(“? t))7
E(t,z)(u) = k1(t,z(u,t)) and
h(t,z)(u) = hi(t, z(u,t))

forte[0,b],z,y,2€ X and 0 <u <.

Sk ok koo ok ok >k kR Sk ok okok ok sk ok kook sk ok okok ok sk ok skok sk sk skokook skook kokook sk ok skokook sk okokok sk sk kokook sk okoskok sk sk skokosk sk sk skokosk sk skokokoskok kokok skokokok

Surveys in Mathematics and its Applications 7 (2012), 49 — 68
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v07/v07.html
http://www.utgjiu.ro/math/sma

Global Existence For Volterra—Fredholm Type Functional Differential Equations 65

With these choices of the functions, the equations (5.1)-(5.4) can be modelled
abstractly as nonlinear mixed Volterra-Fredholm integrodifferential equation with
nonlocal condition in Banach space X :

t T
%[w(t) —g(t,xy)] = f(t, xt,/o a(t, s)w(s,ms)ds,/o b(t,s)h(s,xs)dg),
teI=100,T|\{ts, .., tm}, (5.5)
Az|i—y, = Ii(z(t,)), k=1,..,m,

To=0¢ (5.7)

Since all the hypotheses of the Theorem 3 are satisfied, the Theorem 3 can be applied
to guarantee the solution of the monlinear mized Volterra-Fredholm type neutral
impulsive integrodifferential equation.
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