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ALL MAXIMAL IDEMPOTENT SUBMONOIDS OF
Hypa(n)

Weerapong Wongpinit and Sorasak Leeratanavalee

Abstract. A generalized hypersubstitution of type 7 is a mapping which maps any operation
symbol to the set of all terms of the same type which does not necessarily preserve the arity. The
set of all generalized hypersubstitutions together with a binary operation and the identity element

forms a monoid. In this paper we determine all maximal idempotent submonoids of this monoid of

type 7 = (n).

1 Introduction

The concept of a generalized hypersubstitution is a generalization of the concept
of a hypersubstitution introduced by S. Leeratanavalee and K. Denecke. It is used
to study strong hyperidentities and strongly solid varieties, respectively (see [2]). A
generalized hypersubstitution of type 7 is a mapping o : {f; | i € I} — W, (X)
from the set of all n;-ary operation symbols into the set of all terms built up by
elements of the alphabet X := {x1,z9,...} and operation symbols from {f; | i € I}
which does not necessarily preserve the arity.

The set of all generalized hypersubstitutions of type 7 is denoted by Hypg(7).
To define a binary operation on Hypg(T), the concept of generalized superposition
of terms S™ : W,(X)™*! — W, (X) is necessary. It is defined by the following
steps:

(i) if t =2,1 < j <m, then S™(xj,t1,...,tm) :=t;,
(ii) if t =x;,m < j € N, then S™(xj,t1,...,tm) := z;j,

(111) ift = fi(sl, oo ,Sni), then
Sm(t,tl, .. .,tm) = fi(Sm(Sl,tl, ce ,tm), .. .,Sm(Sni,tl, ce ,tm)).
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Every generalized hypersubstitution o can be extended to a mapping
6 : Wr(X) — W-(X) by the following steps:

(i) olz] =z € X,

(i) o[fi(t1,. .., tn,)] == S™(o(fi),0lt1],- .., [tn,]), for any n;-ary operation symbol
fi where a[tj] 1 <j<n,;are already defined.

A binary operation og on Hypg(T) is defined by o1 oG 09 := &1 o 09 where o
denotes the usual composition of mappings. Then we have the following proposition.

Proposition 1. ([2]) For arbitrary t,t1,te,...,t, € W.(X) and for arbitrary
generalized hypersubstitution o, 01,09 we have

(i) S™M6[t], 6t1], 6[ta], -on, 6ltn]) = G1S™(t t1, o, o tn)],
(’LZ) (6’1 OO'Q)A: &1 ¢} 6_2.

Let 0;4 be the hypersubstitution which maps each n;-ary operation symbol
fi to the term fi(z1,...,2p,). It turns out that (Hypa(7), oc, 0iq) is a monoid.

In [3], W. Wongpinit and S. Leeratanavalee determined all maximal idempotent
submonoids of Hypg(2).

Throughout this paper, let f be the binary operation symbol of type 7 =
(n). By o, we denote the generalized hypersubstitution which maps f to a term
t € Wi (X). For t € Wi,y (X), we introduce the following notation:

(i) leftmost(t) := the first variable (from the left) occurring in ¢,
(ii) rightmost(t) := the last variable occurring in ¢,

(iii) war(t) := the set of all variables occurring in ¢.

For a type 7 = (n) with an n-ary operation symbol f, ¢ € W,)(X) and 1 <i < n.
An i — most(t) is defined inductively by:

(i) if ¢ is a variable, then i — most(t) = t,
(ii) if t = f(t1,t,...,ty), then i — most(t) := i — most(t;).

Notice that 1 — most(t) = le ftmost(t) and n — most(t) = rightmost(t).

Example 2. Let 7 = (4) be a type, t = f(22, 2, f(25, 3, 71, 23), f (%1, ¥4, T6, T5)).
Consider 1 —most(t) = x2, 2—most(t) = x2, 3—most(t) = 3—most(f(xs, xs, T1,23))
= z7 and 4 — most(t) = 4 — most(f(x1, x4, T6,25)) = T5.
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2 Maximal Idempotent Submonoids of Hypg(n)

Let S be a semigroup. An element a € S is called idempotent if aa = a. We
denote the set of all idempotent elements of a semigroup S by E(S). Let oy €
Hypg(n), we denote

Ry = {Uzi ’ x; € X},

Ry := {0y | var(t) N X,, = 0},

Ry :={oy |t = f(t1,...,t,) where t;, = z;,,...,t;, = x;,, for distinct iy, ..., 0, €
{1,...,n} and var(t) N X, = {xi,, ..., zi,, } }-

In 2010, W. Puninagool and S. Leeratanavalee [3] proved that the set of all

3
idempotent elements in Hypg(n), E(Hypg(n)) = U R;.
i=1

3 3
Remark 3. U R; is not closed under oG,i.e.,U R; is not a subsemigroup of Hypg(n).
i=1 i=1

Let o, € Hypg(n), we denote

Ry :={oy |t = f(t1,....tn) where t;;, = 4, ..., t;,, = 2, for distinct i1, ..., i, €
{1,...,n}, var(t) N X;, = {z;,,...,x;,, } and if z;, € var(ty) for some [ € {1,...,m}
and k € {1,...,n}\ {i1,...,0im }, then j —most(ty) # x;, for all j #i; }.

For each 0 # I = {x;,,...,x; ,} C Xy, we denote

Er:={o¢ |t = f(t1,...,tn) where t;, = z;,,....t;,, = x;,, for distinct iy, ..., 4, €
{1,...,n}, var(t)N X, = {zi, ..., 2, } C I and if x;, € var(ty) for some [ € {1,...,m}
and k € {i1, ..., by }\{41, ..., im }, then j—most(ty) # x4, for all j € {i1, ..., i P\{0}},

Fr:={o¢|t= f(t1,...,t,) where t;; = x;,,....t;,, = x;,, for distinct iy, ..., i €
{1,...,n}, var(t) N X, = {@iy, ..., i, 1, I Cwar(t) N X, and if z;, ¢ I,z;, € var(ty)
for some I € {1,...,m} and k € {1,...,n}\ {i1,....%m}, then j —most(tx) # x;, for all
j#i},

(M) Hype(n) -

(MI1) Hype (n)

:R1UR2UR§), and
= RiURyUE; U Fy.

Lemma 4. Let s,t € W, (X). If j — most(t) = v, € Xy, and k — most(s) = w;,
then j — most(6y[s]) = z;.

Proof. We will prove this lemma by induction on complexity of the term s. If
s = z; € X. Then j — most(6¢[s]) = =;. Assume that s = f(s1,...,s,) and
J — most(6¢[sk]) = xi. Then j — most(d¢[s]) = j — most(S™(t, 0¢[s1], ..., 0¢[sn])) =
Jj — most(S™(xg, 0¢[s1], ..., t[sn])) = § — most(T[sk]) = x;. O

Proposition 5. (M) ) is an idempotent submonoid of Hypg(n).

Hypa(n
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Proof. We show that (M) gype, (n)

Let 04,05 € (MI)HypG(n)

If 04 € Ry, then o4 og 05,05 0 0t € Ry.

If 04 € Ry and o5 € (Re U RY), then oy oG 05,05 0G 01 € Ra.

If 04,05 € RS, then t = f(t1,...,t,) where t;;, = x;,,....,t;, = z;,, for distinct
Wy eesim € {1,..,n}, var(t) N X, = {wi,,..,z,} and if x; € var(ty) for some
le{l,...,m}and k € {1,...,n}\{i1,....%m }, then j—most(ty) # x;, for all j # ¢;, and
s = f(s1,...,80) where sq; = x4,,...,54 , = x4 , for distinct q1,..., ¢ € {1,...,n},
var(s) N Xn = {24,.,2¢,,} and if x4, € var(sy) for some I' € {1,...,m'} and
K e {1,...,n}\ {i1, ..., im }, then j' — most(ty) # x4, for all j" # qp . Hence

(010G as)(f) =Telf (51, 80)] = S"(f(t1, s tn), Ot[s1], oy Tt[sn]) = flua, ...y un)
where u; = S™(t;, 0¢[s1], ..., 0¢[sn]) for all i € {1,...,n}, and
(050G o)(f) =0s[f(t1,.cestn)] = S™(f(S1, - Sn), Os[t1], -y Os[tn]) = flwr, ..., wy)

where w; = S"(s;,05[t1], ..., 0s[tn]) for all i € {1,...,n}.
Case 1: var(ty)NX, =0 forall k € {1,....,n}\{i1, ..., im } and var(sp )N X, =0
for all & € {1,...,n} \ {q1, ..., g }. Consider (o; oG g5)(f) = f(u1, ..., un).
Case 1.1: i € {1,....,n} \ {i1, ..., im}. Then u; = S™(t;, 0¢[s1], ..., Ot[sn]) = ti.
Case 1.2: i € {i1,...,i}. Then

is a submonoid of Hypg(n).

u; = S™(t;, o¢[s1], .-, Ot[sn]) = S™ (i, 0¢[$1], -, Ot[Sn]) = Tt[si]-

Ifie{l,...n\{q1, -, @ }, then var(u;) N X,, = 0. If i € {q1, ..., @' }, then u; = x;.
By Case 1.1 and Case 1.2, we get 0y og 05 € (Ro U R3) C (M) pyp,(n)- In the
same way, we can show that o, og oy € (R U R3) C (M) gype,(n)-
Case 2: z;, € var(ty) for some [ € {1,...,m}, for some k € {1,...,n}\{i1, ..., i}
and var(sg) N X, =0 for all & € {1,..,n} \ {q1, s @' }-
To show that oy o 05 € (Ro U Rf). Consider (ot og 05)(f) = f(u1, ..., un).
Case 2.1: i € {i1,...,im} \ {#1}. Then u; = S™(t;, 0¢[s1],...,0¢[sn]) =
S™(xi, 0¢[s1], ..., Ot[sn]) = O¢[si], we can prove in the same manner as in Case 1.2.
Case 2.2: i = 4;. Then

wiy = 5" (tiy, 0els1]s o 0ulsn]) = 5" (i, 0uls1ls oo Tulsnl) = ulsi].

If iy € {q1,..., ¢}, then u;, = ;. Since ux = S™(tg, o¢[s1],...,0¢[sn]) and x;, €
var(ty), we have z;, € var(ug). Since j —most(ty) # x;, for all j # i; and var(sg) N
X, =0forall ¥ € {1,..,n}\{q1, ..., g} , we have j —most(uy) # x;, for all j # i,.
If i € {1,...,n} \ {aq1, ..., g} then var(u;) N X,, =0 and var(ux) N X, = 0.
Case 2.3: i € {1,...,n} \ {i1, ..., im, k}. Then var(u;) N X,, = 0.
By Case 2.1, Case 2.2 and Case 2.3, we get 04 0g 05 € (Ro U R3) C (M) pyp(n)-
To show that o5 oG oy € (Ry U Rj). Consider (050G 0¢)(f) = f(wi, ..., wy).
Case 2.4: i € {1,...,n} \ {q1, .., g }. Since var(s;) N X, =0, then

_Gn(s. & 5 —
w; = S"(si,05[t1], ..., Os[tn]) = .
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Case 2.5: i € {q1, ..., @m }. Then
w; = S™(s4,05[t1], .., Os[tn]) = S™(zi, 0s[t1], .., Ts[tn]) = Ts[ti].

If i € {1,....,n}\ {i1,..,9m}, then var(w;) N X, = 0. If i € {i1,..,im}, then w; =
Gs[ti] = T;.

By Case 2.4 and Case 2.5, we get 05 0g ¢ € (Ro U R3) C (M) grype,(n)-

Case 3: z;, € var(t) for some [ € {1,...,m} for some k € {1,...,n} \ {i1, ..., 0}
and x4, € var(sy) for some I € {1,...,m'} for some k" € {1,...,n} \ {q1, ..., ¢m'}.

To show that ot o o5 € (Ry U Rf). Consider (o4 o 05)(f) = f(u1, ..., un).

Case 3.1: i € {i1,...,0m} \ {#1}. Then u; = oy[ss].

Ifie{q,...,qm}, then u; = z;.
If i = K/, then u; = 04[]

If iy = qp, then u;, = x;, and z;, € var(sy). Since j — most(t) # x;, for
allj # ¢; and k —most(s;) # z;, for all k # i;, by Lemma 4 j — most(u;) # w;, for all
J# .

If 4 # qp, then var(s;) N {x;,} = 0. So var(u;) N{z;} = 0.

Ifi e {1,....,n} \ {q1, ., @, K’} then var(u;) N X,, = 0.

Case 3.2: i = i;. Then u; = 7[s;].

Ifi € {q1, ..., @}, then u; = x;. Since uy, = S™(tx, 0¢[s1], ..., 0¢[sn]) and z; € var(ty),
we have z; € var(ug).

If 7 — most(ty) ¢ X, then j — most(uy) ¢ X, for all j # i;.

If j — most(ty) = zp € X, then j — most(ug) = j — most(oy[sg]). Since
Jj —most(t) # xz;, for all j # ¢ and j — most(sy) # x;, for all j # 4;, by Lemma 4
we have j — most(uy) # x;, for all j # 4.
If i € {1,...,n} \ {aq1, ..., g }, then var(u;) N X, = 0 and var(ug) N X, = 0.

Case 3.3: i € {1,...,n} \ {i1, ..., im, k}. Then var(u;) N X, = 0.

By Case 3.1, Case 3.2 and Case 3.3, we get 0y 0g 05 € (Ro U R3) C (M) pyp(n)-
Therefore (M) gyp (n) is closed under og. O
Proposition 6. (M), n) i a mazimal idempotent submonoid of Hypa(n).

Proof. Let K be a proper idempotent submonoid of Hypg(n) such that (M) gyp, )
C K C Hypg(n). If o € K where o4 € R3 \ R}, then t = f(t1,...,t,) where
tiy, = Tiyy-rti,, = x;, for some i,...,€ {1,..,n}, var(t) N X,, = {zi,....,x;,, }
and if z;, € var(ty) for some [ € {1,....m} and k € {1,...,n} \ {i1,...,4m}, then
J — most(ty) = x;, for some j # i;. We can choose o5 € Rj where s = f(s1, ..., Sn)
such that s; = xj, s, = z, and var(s;) N X, = 0. Consider

(Js e Ut)(f) = O/-\S[f(tla 7tn)] = Sn(f(517 .-,Sn),O/';[tl], 70/-;‘[tn]) = f(ula ,Un)
where u; = S™(s;, 0s[t1], ..., 0s[tn]) for all i € {1,...,n}. Then

Wy = S (511, Galta]s oo Faltal) = i
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Consider ug, = S™(sg,0s[t1], ..., 0s[tn]) = S™(zk, ds[t1], ..., Fs[tn]) = Is[tr]. Since
Jj — most(s) = x; and j — most(ty) = x;,, by Lemma 4 we get x;, € var(uy) and
var(u;,) N X, = 0. Hence o5 oG 04 is not an idempotent element in Hypg(n) which
is a contradiction. So o € R3. Therefore K = (M) gy, (n)- O

Proposition 7. For each ) # I = {x,,...,x; ,} C Xy, (MIy) is an

idempotent submonoid of Hypa(n).

Hypg(n)

Proof. We show that (M1Iy)
(MI1) fypg (n)-

If oy € Ry, then 0y oG 05,05 0g 01 € R1 C (MI1) 5ype (n)-

If o, € Ry and o4 € (RQUE]UF[), then o, 0q 05,005,060+ € Ry C (MII)Hypg(n)'

If 04,05 € Ey, then t = f(t1,...,t,) where t;; = z;,,...,t;, = x;,, for distinct
Wy eesim € {1,..,n}, var(t) N X, = {zi,...,x;,,} € I and if x;, € var(ty) for
some [ € {1,...,m} and k € {i1,...,0nm} \ {i1,...,0m}, then j — most(ty) # z;, for
all j € {i1,..,ip} \ {1}, and s = f(s1,...,8,) Where 54 = z¢,,..., 54, , = ¥q_, for
distinct q1, ..., g € {1,...,n}, var(s)N Xy, = {zq,,.., 24 ,} S I and if x4, € var(sy)
for some I' € {1,...,m'} and k" € {i1, ..., 5m } \ {q1, ..., @ }, then j —most(sp) # x4,
for all j € {i1,...,im} \ {qv}. To show that o, 0q 05,05 0c 0y € Ef, we can prove in
the same manner as in Case 1 to Case 3 of Proposition 5.

If o, € Ef and o, € Fy, then t = f(t1,...,t,) where t;, = z;y,...,t;, = x;, for
distinct i1, ...,%m € {1,...,n}, var(t)NX,, = {xi,, ..., z;,, } I and if z;, € var(ty) for
some [ € {1,...,m} and k € {i1,...,0m } \ {i1, ..., 0m }, then j — most(t) # x;, for all
J € {it, s i} \ {01} and s = f(s1, ..., 5n) where sq, = 24, ..., 54 , = x4 _, for distinct
Qs @ € {1, sn}, I Coar(s)N Xy, = {zq, ., 7q,,} and if xy, & 1,14, € var(sy)
for some I' € {1,...,m'} and k" € {1,...,n} \ {i1,...,ip }, then j' — most(ty) # x4,
for all j' # qp.

(010G 0s)(f) =T [f(s1,.y80)] = S™(f(t1, ..y tn), OcS1], -y Ot[sn]) = f(t1, ey tn),

Hyp(n) 18 @ submonoid of Hypg(n). Let oy,05 €

and
(050G oi)(f) =0s[f(t1,.ccitn)] = S™(f(S1, -y Sn), Os[t1], .-, Os[tn]) = flwr, ..., wp)

where w; = S"(x;, 0s[t1], ..., 0s[tn]) and var(f(wi,...,wy)) N X, C I. To show
that o5 og 0 € Ej, we can prove in the same manner as in Case 1 to Case 3 of
Proposition 5.

If 04,05 € Fy, then t = f(t1,...,ty,) where t;;, = x;,,....,t;,, = x;, for distinct
Wy eeesim € {1, ..,n}, I Coar(t) N X, = {x;,..,x;,} and if z;, ¢ I, x;, € var(ty)
for some | € {1,...,m} and k € {1,...,n} \ {i1,...,0n}, then j — most(ty) #
for all j # ¢ and s = f(s1,...,5,) where s4 = Tgyy e Sq,, = Zq,, for distinct
Qs G € {1,..5n}, I Covar(s)NXy, = {zq,..,2q, ,} and if xg, & I, 24, € var(sy)
for some I € {1,...,m'} and k" € {1,...,n} \ {i1,...,inv}, then j' — most(t}) # x4,
for all j/ 75 qr.
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(01 0 05)(f) = 0e[f (51, s 80)] = S™(f(t1, s tn), Oe[s1], -, O [sn]) = flua, -, un)
where u; = S™(t;, 0¢[s1], ..., 0¢[sn]) and then I C var(f(u, ..., un)) N X, and

(050G o)(f) =0s[f(t1,.costn)] = S™(f(S1, - Sn), Os[t1], .-, Os[tn]) = flwr, ..., wy)

where w; = S"™(s;,05[t1], ..., 0s[tn]) and then I C wvar(f(wi,...,w,)) N X, and
I Cwvar(f(ug,...,un)) N Xy. To show that o oG 05,05 oG 0 € Fr, we can prove in
the same manner as in Case 1 to Case 3 of Proposition 5. Therefore (MIy)
is closed under og. Hence (M) gyp,(n) is @ submonoid of Hypg(n).

Hypg(n)

Proposition 8. For each O # I C Xy, (MI1)fypom) is a mazimal idempotent
submonoid of Hypg(n).

Proof. Let K be a proper idempotent submonoid of Hypg(n) such that (MI1) gype n)
C K C Hypg(n). Let oy € K where o, € R3\ EjUF;. Supposet = f(t1,...,t,) where
Liy = Xiyy ooy ty,, = x4, for some iy, ...,ipy € {1,...;n}, var(t) N X, = {xy, ..., zi,, }-
If I ¢ var(t) N X, there exists x;, € I such that z;, ¢ var(t) N X,.

If z;, = t;, € var(t) N X, \{zr:Z }, then choose o € F; where s = f(s1, ..., Sn)

]

such that s;, N X, =0 and s;;, = x;;. Consider

(05 0q at)( ) =0s[f(t1, ...y tn)] = S™(f(S1, ..y 8n), Os[t1], ...y Os[tn]) = f(u1, ..., up)
where u; = S™(s;, 0s[t1], ..., 0s[tn]) for all i € {1,...,n}. Then
wy, = S™(s4y,, Os[t1], ..., Os[tn]) = 0 and w;; = S™(xi;, 0s[t1], ..., Os[tn]) = Tulti;] = x4y,
which is a contradiction.

If t;; ¢ var(t) N X,, then choose o5 € Ey where s = f(s1,...,5,) such that
Si; = Siy = Ti;. Consider
(O't °G US)(f) = @[f(81, ] Sn)] - Sn(f(tla --atn)76-\t[$1]7 AAS) O/Tt[snb = f<u17 ,Un)
where u; = S™(t;, 6¢[s1], ..., 0¢[sn]) for all i € {1,...,n}. Then
u;; = S"(ti ,Ut[Sl] ,Ot[Sn
Uiy = Sn(ximat[sl] [ ]) = [szl] Tijs-

which is a contradiction. If I C var(t) NX, =A{xi,..,xi,} and if x;, ¢ I, x5, €
var(ty) for some | € {1,...,m} and k € {1,...,n} \ {i1,...,im}, then j — most(ty) =

i, for some j # ¢. We can choose o, € E; where s = f(s1,...,s,) such that
sj = x4, Sp = x), and var(s;) N X, = . Consider

(050G 00)(f) = Ou[f (t1, o tn)] = S™(f (51, 8n), Os[tr], oo, s [tn]) = f(ua, - un)
where u; = S™(s;, s[t1], ..., 0s[tn]) for all i € {1,...,n}. Then
wi, = S™(84,, 0s[t1], ..., Os[tn]) = si,-
Consider
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U = Sk Gltr], ooy Go[tn]) = S™(xh, Galtr], ooy Galtn]) = Galta]:

Since j — most(s) = xj and j — most(ty) = x;,, by Lemma 4 we get x;, € var(uy)
and var(u;,) N X, = 0 which is a contradiction. If var(t) N X, = {zi,,...,xi,, } S I
and if x;, € var(ty) for some | € {1,....,m} and k € {i1,...,0m } \ {¢1,...,im}, then
Jj—most(ty) = x;, for some j € {iy, ...,y } \ {4}, we can prove the same manner case
I Cwoar(t)NX, = {xi,..,x;,} and if z;, ¢ I, z;, € var(ty) for some [ € {1,...,m}
and k € {1,...,n} \ {1, ...,%m}, then j — most(ty) = x;, for some j # ¢;. Hence
0s oG 0y 18 not an idempotent element in Hypg(n) which is a contradiction. So
o1 € E; U Fy. Therefore K = (MII)Hypg(n)‘ ]
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