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C-CLASS FUNCTIONS ON COMMON FIXED
POINTS FOR MAPPINGS SATISFYING LINEAR
CONTRACTIVE CONDITION

Arslan Hojet Ansari and Said Beloul

Abstract. The purpose of this paper is to prove a common fixed point theorem, by using
the concept of weakly subsequential continuity and compatibility of type (E) for two pairs of self
mappings satisfying a linear contractive condition in metric spaces, we give two examples to illustrate

our results.

1 Introduction

Since the famous Banach principle, the metric fixed point theory was known some
improvement, especially the contractive condition was generalized in various type,
as contraction of Kannan [16], Ciric contraction [10], Chaettjea type contraction [9]
and Zamferscu contraction [27]. But the most important those of Meir-Keeler [17],
Geraghty [11], Boyd et Wong[7]( contraction nonlinear) and Branciari [8](integral
type contraction), recently Rhoades [22]extended the concept of weak contraction
due to Alber and Guerre-Delabriere [3] in the setting of metric spaces, which was
generalized to generalized weak contraction. In 2008, Suzuki[26] introduced a new
kind of contractions, which called Suzuki-contraction, more recently he first author
[2] introduced C-class functions, he gave some new results, which generalized and
improved some ones.

Jungck[12]introduced and used the concept of commuting mappings to establish
a common fixed point theorem for two self mappings in metric spaces, Sessa|23]
generalized it to the weakly commuting mappings. Jungck[13] introduced the concept
of compatibility mappings in metric space, it is weaker than the last notions. After
that many authors introduced various type of compatibility, compatibility of type
(A),of type (B),of type (C) and of type (P) for two self mappings f and g on
metric space (X,d) respectively in [14], [19],[21] and [20] as follows: the pair(S,T)
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is compatible of type (A) if

lim d(STx,, T?z,) =0 and lim d(TSz,,S%z,) =0,

n—oo n—00

S and T are compatible of type (B) if

lim d(STx,, T?x,) < lim d(STx,,Sz)+ hm d(Sz, Szwn)} and

n—oo - 2 [n%oo

lim d(TSz,,S%x,) < = | lim d(TSz,,gz) + lim d(Tz, T?z,)|,

they are compatible of type (C) if

lim d(STz,, T?z,) < ;[ lim d(STx,,Sz) + hm d(Sz T2x,) + hm d(Sz T2x,)]

n—oo n—o0

and

lim d(TSxz,,S%,) < 3[ lim d(T'Sx,,Tz)+ hm d(Tz,T?x,) + hm d(Tz,S%x,)],

n—oo n—oo

and said to be compatible of type(P) if

lim d(S%z,, T?z,) =0,

n—oo

whenever in the all above definitions, {z,} is a sequence in X such that lim Sz, =
n—oo

lim Tz, = z, for some z € X.
n—oo

Aamri and Moutawakil [1] defined two self maps S and T" on a metric space (X, d)
are said to be satisfy property (E,A), if there exists a sequence {z,} in X such that

lim Sz, = lim Tz, = z,
n—0o0 n—0o0

for some z in X.

2 Preliminaries
Pant[18] introduced the notion of reciprocal continuity as follows:

Definition 1. Self maps S and T of a metric space (X, d) are said to be reciprocally

continuous, if hm STz, = St and h_}m TSx, = Tt, whenever {x,} is a sequence
n o

in X such that hm Sz, = lim Tx, =t, for somet € X.
n—ro0 n—o0
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In 2009, Bouhadjera and Godet Thobie [6] introduced the concept of subcompatibility
and subsequential continuity as follows:
Two self-mappings S and T on a metric space (X, d) are said to be subcompatible,
if there exists a sequence {x,} such that

lim Sz, = lim Tx, =2z and lim d(STz,,TSz,) =0,

n—oo n—oo n—o0

for some t € X

Definition 2. [6] The pair (S,T) is called to be subsequentially continuous, if there

exists a sequence {x,} in X, such that lim Sz, = lim Tz, =t, for somet € X
n—o0 n—oo
and lim STz, = St, lim T'Sx,) =Tt.
n—oo n—oo

Motivated by Defintion2, the second author [5] gave the following definition:

Definition 3. [5] Let S and T to be two self mappings of a metric space (X,d),

the pair (S,T') is said to be weakly subsequentially continuous (shortly wsc), if there

exists a sequence {xy}, such that li_}rn Sz, = h_)m S, = t, for somet € X and
n o n oo

lim STz, = St, lim TSx,) =Tt.
n—oo

n—oo

Notice that subsequentially continuous or, reciprocally continuous maps are
weakly subsequentially continuous, but the converse may be not.

Example 4. Let X = [0,2] and d is the euclidian metric, we define S, T as follows:

14z, 0<z<1 l—z, 0<z<1
St = xTH, l<ax<2 , Te=<¢ -2, 1<x<2

Clearly that S and T are discontinuous at 1.

1
We consider a sequence {x,}, which defined for each n > 1 by: x, = —,
n

clearly that lim Sz, = lim Tz, = 1, also we have:
n—oo n—oo

lim STz, = lim S(2—~) =2 = §(1),

n—00 n—00 n

1
lim TSz, = lim T(2+ ~) =2 #T(1),
n—o00 n

n—oo
then (S,T') is S-subsequentially continuous, so it is wsc .

. 1
On other hand, let {y,} be a sequence which defined or each n > 1 by: y, =1+ =
we have
lim Sy, = lim Ty, =1,
n—oo n—oo
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but
lim STy, = hm S(1+ 2) =1#5(1),
n

n—0o0

1
lim TSy, = hm T4+ —)=1#T(1),
n

n—oo

then S and T are never reciprocally continuous.

Example 5. Let X = [0,00) endowed with the euclidian metric. Define S, T as

follows:
2 0<a <2
, =2

1 4—z, 0<x<2
0, x> 2

Sx = Tr=¢ z+1, z>2

Clearly, S et T' are discontinuous at 2. Consider a sequence {x,} in X satisfying
0<x, <2 and li_>m Ty = 2.
n oo

we have:
lim Sz, = lim Tx, =2
n—o0 n—oo
. Moreover
lim T'Sx,, = hm T(l + —)
n—sco 2
_ T _In — =
= nlgrolo(?) 5 )=T(2)=2

. Hence (S,T) is wsc.
On other hand, if there exists a sequence {y,} satisfying

lim Sy, = hm Ty, =1,

n—oo

so must be yy, € [0,2), then we have:

lim T'Sy, = hm T(1+ yn)

n—00 2

= lim S—y—n=3—£,

n—oo 2

T(l) = 3—% if and only if | = 2.

lim STy, = hm S(4—yn) =0,

n—oo

S(l) =0 if and only if | > 2. Consequently, (S,T) is never sequentially continuous.

Definition 6. [5] The pair (S,T) is said to be S-subsequentially continuous, if
there exists a sequence {x,} such that li_>m Sz, = li_)rn Tz, =t, for somet € X
n oo n—oo

and lim STz, = St.

n—o0
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Definition 7. [5] The pair (S,T) is said to be T-subsequentially continuous, if
there exists a sequence {x,} such that lim Sz, = lim Sz, = t, for some t € X
n—o0 n—oo

and lim TSz, =Tt
n—oo

Singh and Mahendra Singh [24] introduced the notion of compatibility of type
(E), and gave some properties about this type as follows:

Definition 8. [2/] Self maps S and T on a metric space (X,d), are said to be
compatible of type (E), if lim T?x, = lim TSz, = St and lim S%z, = lim STz, =
n—oo n—oo

n—o0 n—+oo

Tt, whenever {x,} is a sequence in X, such that lim Sz, = lim Tz, =t, for some
X n—o0o n—oo
te X.

Remark 9. If St = T't, then compatible of type (E) implies compatible (compatible
of type (A), compatible of type (B), compatible of type (C), compatible of type (P)),
however the converse may be not true. Generally compatibility of type (E) implies
compatibility of type (B).

Definition 10. [25] Two self maps S and T of a metric space (X, d) are S-compatible
of type (E), if lim Sz, = lim STz, = Tt, for somet € X.
n—oo n—oo
The pair (S,T) is said to be T-compatible of type (E), if lim T?z, = lim TSz, =
n—oo n—oo
St, for somet € X.

Notice that if S and T are compatible of type (E), then they are S-compatible
and T-compatible of type (E), but the converse is not true.

Example 11. Let X = [0,00) endowed with the euclidian metric, we define S, T as
follows:
2, 0<z<2 2 0<z <2
Sr=<¢ z+1, =z>2 Tr=< 0, x> 2

1
Consider the sequence {x,} which defined by: x, =2 — —, for all n > 1.
n

lim Sz, = lim Tx, = 2,
n—0o0 n—oo

lim S%z, = lim STan) =2 ="T(2)

n—oo
lim T2z, = lim TSzn) =2 = S(2)
n—oo n—oo

then (S,T') is compatible of type (E).

In 2014 the concept of C-class functions A. H. Ansari [2]. By using this concept
we can generalize many fixed point theorems in the literature.
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Definition 12. Let F : Ri — R be a continuous mapping, it is called a C-class
function if it satisfies the following conditions:

(F1): F(s,t) <s, for all (s,t) € R2.
(Fy) : F(s,t) = s implies that s =0, or t = 0,for all (s, t) € R2.
Note for some F' we have that F(0,0) = 0.

We denote C-class functions as C.

Example 13. [2]The following functions F : [0,00)> — R are elements of C, for all

s,t € [0, 00):
(1) F(s,t) =s—1t, F(s,t)=s=1t=0;
(Q)F(s,t):ms O<m<1, F(s,t) =s=s=0;
(3) F(s,t) = e T € (0,00), F(s,t)=s=s=0o0rt=0;
(4) F(s,t) = 0g(t—|—a)/(1+t) a>1,F(s,t)=s=s=0o0rt=0;
(5) F(s,t) =In(14+a%)/2, a >e, F(s,1) =5 = s=0;
(6) F(s,t) = (s + )W+ 1 1> 1,7 € (0,00), F(s,t) =5 =t =0;
(7) F(s,t) = slog;,qa,a>1, F(s,t)=s=s=0ort=0;
(8) F(s,t) =s— (;ii)(lit) F(s,t)=s=t=0;
(9) (,t)zs (s), B:]0,00) = [0,1),and is continuous, F(s,t) =s=s=0;
(10) F(s,t) = s — 45, F(s,t) = s = t = 0;

(11) F(s,t) = s — @(s),F(s,t) = s = s = 0,here ¢ : [0,00) — [0,00) is a
continuous functwn such that p(t) =0<t=0;

(12) F(s,t) = sh(s,t), F(s,t) = s = s = 0,here h : [0,00) x [0,00) — [0,00)is a
continuous function such that h(t ,5) <1 forallt,s > 0;

(13) F(s,t) = s — (F)t, F(s,t) = s = t = 0.(8) F(s,t) = s — (532)(¢5),
F(s,t)=s=t=0;

(14) F(s,t) = ¥/In(1 4 s"), F(s,t) =s=s=0;

(15) F(s,t) = ¢(s),F(s,t) = s = s = 0,here ¢ : [0,00) — [0,00) is a upper
semicontinuous function such that ¢(0) =0, and ¢(t) <t fort >0,

(16) F(s,t) = ﬁ; r € (0,00), F(s,t) =s = s=0;

(17) F(s,t) = 9(s); ¥ : RY x RT — R is a generalized Mizoguchi-Takahashi type
function F(s t) =s=s=0;

(18) F(s,t) 75 f fit dx, where T is the Euler Gamma function.

Let ¥ be a set of all continuous functions ¢ : Ry — R satisfying the following
conditions:

(11) 1 is continuous and strictly increasing.
(2) () = 0 if and only of ¢ = 0.

Let ® set of all continuous functions ¢ : Ry — R4, such ¢(¢) = 0 if and only if
t=0.
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3 Main results

Theorem 14. Let (X,d) be a metric space, A, B, S are four self mappings a on X
such for all z,y € X we have:

P(d(Sz, Ty)) < F(p(M(z,y)), p(M(z,y))), (3.1)

where ¢ € &,,, Y € U, FF € C and

M(z,y) = (ad(Ax, By)+bd(Az, Sx)+cd(By, Ty)+h|(d(Ax, Ty)+d(By, Sz)])

a+b+c+2h
that a,b,c,h > 0 and a + h > 0 .If the two pairs (A,S) and (B,T) are weakly
subsequentially continuous (wsc) and compatible of type (E), then A,B,S and T
have a unique common fized point in X.

Proof. Since (A, S) is wsc, there exists a sequence {z,} in X such that lim Ax, =
n—oo

lim Sz, = z for some z € X and lim ASz, = Az, lim SAz, = Sz again (4, 5) is

n—oo n—oo n—oo

compatible of type (E) implies that

lim ASz, = lim A%z, = Sz
n—oo n—oo

and

lim SAz, = lim S%z, = Az,
n—oo n—oo

consequently we obtain Az = Sz and z is a coincidence point for A and S.
Similarly for B and T, since (B, T) is wsc (suppose that it is B-subsequentially
continuous) there exists a sequence {y,} such

lim By, = nh—>Holo Ty, =1

n—oo

for some t € X and
lim BTy, = Bt,
n—oo

again{B, T} is compatible of type (E), we get

lim BTy, = lim B%y, =Tt
n—oo

n—o0

lim TBy, = lim T?y, = Bt,
n—oo n—oo
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so we have Bt = T't.

We claim Az = Bt, by using 3.1 we get:
Y(d(Az, Bt)) = (d(5z,Tt))
1
< _— t)+ d(Bt
< F(¢(a b ot (ad(Az, Bt) + bd(Az, Sz) + cd(Bt, Tt) + h[(d(Az,Tt) + d(Bt, Sz)])),
1
a+ 2h a+ 2h
PO e 2n A5 B 0 g 442 BY))
< (d(Az, Bt))
So, @/J(%d(/lz, Bt)) =0, or phi(%d(/lz, Bt)) =0, thus d(Az, Bt) =0,
which implies that Az = Bt.
Now we will prove z = Az, if not by using(3.1) we get:
Y(d(Szn, Tt)) < F(P(M(2n,t)), o(M(zn,1)))
< (M (zn,t)),

where
M(zy,t) =
1

a+b+c+2h
a+2h

- ———d(z,t
a+b+c+2h (z,¢)
letting n — oo and since F', ¥, ¢ are continuous we get:

a+ 2h a+2h
Wld(z,42)) = F( oy rgpd(z 42)), =

< Y(d(z, Az)),

So, w(%d(z,flz)) =0, or ¢(%d(2,zﬁlz)) = 0, thus d(z, Az) = 0, which

implies that z = Az. Hence z = Az = Sz.
Next we shall prove z = ¢, if not by using (3.1) we get:

Y(d(Sn, Tyn) < F(O(M (2, yn)), o(M (2, yn)))
< 1/1(M(95n7yn)),

(ad(Axy, Bt) + bd(Axy,, Sxy,) + cd(Bt, Tt) + h|(d(Axy, Tt) + d(Bt, Sx,,)])

d(z,Az)))

where
M(xn7 yn) ==
1

a+b+c+2h
a+2h

a+b+c+2h

(ad(Axy, Byy) + bd(Azy, Sxy,) + cd(Byn, Tyn) + h[(d(Azp, Tyy) + d(Byn, Szy)])
d(z,t)
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letting n — oo we get:

a+ 2h a+ 2h
Y(d(z,t)) < F(w(md(m)% qﬁ(md(z,t)))

So, (gii2hord(z,t)) = 0, or ¢(4t2ksrd(2,t)) = 0, thus d(z,t) = 0, we obtain
z =t, then z is a fixed point for A, B, S and T.

For the uniqueness suppose that there is another fixed point w and using (3.1)
we get:

w(d(sz)) = ¢(d(SZ,Tw)) < F(w(M(va)v(b(M(sz))))a
a+ 2h a+ 2h

= F(Y(—————d —d
(¢(a+b+c+2h (z7w)7¢(a+b+c+2h (z’w))))v
So, ¢(%d(z,w)) =0, or phi(%d(z,w)) = 0, thus d(z,w) = 0, which
implies that z = w. O

If A= B and § =T, we obtain the following corollary:

Corollary 15. Let (X,d) be a metric space and let S, A : X — X two self mappings
such for all z,y € X we have:

P((d(Sz, Sy)) < F(Y(N(z,y)), (N (z,y)),

where N(x,y) = M(ad(m, Ay) + bd(Ax, Sz) + cd(Ay, Sy) + hld(Az, Sy) +
d(Ay, Sz)]) and where F € C, assume that the pair (A,S) is wsc A-subsequentially
continuous and A-compatible of type (E), then A and S have a unique common fized
point in X.

If we take F(s,t) = s —t in Theorem 14, we obtain the following corollary:

Corollary 16. For four self mappings A, B, S and T on metric space (X,d) such
for all x,y € X we have:

P(d(Sz, Ty))) < P(M(z,y)) — d(M(2,y).

If the two pairs (A, S) and (B,T) are wsc and compatible of type (E), then A, B, S
and T have a unique common fixed point.

Corollary 16 is Theorem 1 in [5].

If we take 1(t) = ¢ in Corolllary16, and putting ¢(t) = (I — ¢)(t) where ¢ :
Ry — R4 is an upper semi continuous function such ¢(t) = 0 if and only if t = 0
and ¢(t) < t for all £ > 0, we obtain the following corollary:

Corollary 17. Let (X, d) be a space metric and let A, B, S and T self mappings on
X such for all x,y € X we have:

d(Sz,Ty))) < o(M(z,y)),

where M (z,y) = mmd(flx, By) 4 bd(Ax, Sx) + cd(By, T'y) + h[(d(Ax, Ty) +
d(By, Sx)]). If the following conditions are satisfied:
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1. (A,S) is A-subsequentially continuous and A-compatible of type (E),

2. (B,T) is B-subsequentially continuous and B-compatible of type (E),

then A, B,S and T have a unique common fixed point.

Corollary 17 generalizes and improves theorem 1 in [28].
If we take 1 (t) =t in Theorem 14, we obtain the following corollary:

Corollary 18. Let (X,d) be a space metric and let A, B, S and T self mappings on
X such for all x,y € X we have:

d(Sz,Ty))) < F(M(z,y), (M (z,y)),

where ¢ € P.
If the following conditions are satisfied:

1. (A,S) is S-subsequentially continuous and S-compatible of type (E),

2. (B,T) is T-subsequentially continuous and T-compatible of type (E),

then A, B,S and T have a unique common fixed point.

Corollary 18 generalizes Corollary 1 in [5].
If we take F'(s,t) = ks in Corollary 18, we obtain the following corollary:

Corollary 19. For four self mappings A, B,S and T on metric space (X,d) such
for all x,y € X we have:
d(Sz,Ty)) < kM(z,y)),

where M (z,y) = m(ad(/lx, By) + bd(Axz, Sx) + cd(By, Ty) + h[(d(Az, Ty) +
k

d(By, Sz)]), and 0 < k < 1 if the four mappings satisfying:
1. (A, S) is A-subsequentially continuous and A-compatible of type (E),
2. (B,T)

then A, B,S and T have a unique common fized point.

is B-subsequentially continuous and B-compatible of type (E),

If we F(s,t) = we obtain the following corollary:

(1+t)”

Corollary 20. Let (X,d) be a space metric and let A, B, S and T self mappings on
X such for all x,y € X we have:

P(d(Sz, Ty))) <

where r >0, Y € ¥ and ¢ € P.
If the following conditions are satisfied:
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1. {A, S} is S-subsequentially continuous and S-compatible of type (E),
2. {B,T} is T-subsequentially continuous and T-compatible of type (E),

then A, B,S and T have a unique common fixed point.

Now we can obtain the same result in Theorem 14, by using the subsequential
continuity with compatibility of type (E) as follows:

Theorem 21. Let (X,d) be a space metric and let A,B,S and T be four self
mappings on X such for all x,y € X we have:

d(Sz,Ty)) < F(P(M(z,y), (M (z,y)),

where M = A (ad( Az, By)+bd(Ax, Sz)+cd(By, Ty)+h[d(Az, Ty)+d(By, Sz)]),
if the following conditions hold:

1. (A, S) is wsc and compatible of type (E),
2. (B,T) is wsc and compatible of type (E),
then A, B,S and T have a unique common fixed point.

Proof. 1t is similar as in proof of Theorem 14. O

Example 22. Let X = [0,2] and d is the euclidian metric, we define A, B, S and

T by
ol 0<z<1 2—2, 0<z<1
Az=1¢ 2 1<z<2 Bx=1{ 2, l<z<?2
1
= <
1, 0<z<?2 fx 2:3‘17<1
Sx=4q 1 l<z<2 Te=1<{ 7 1;$<2
29 =~

We consider a sequence {x,,} which defined for each n > 1 by:
Ty, =1-— %, clearly that lim Az, =1 and lim Sz, = 1, also we have:

n—oo n—oo
. . 1
nlggo ASzy, = JLH;O Al — %) = A(1)
=501) =

then (A,S) is A-subsequentially continuous and A-compatible of type (E), on the
other hand consider a sequence defined by: y, = 1 —e™", for all n > 1.1t is clear
that hm By, = hm Tr, =1, and hm BTy, = B(1) =T(1) = 1, this yields that

(B, T) is B subsequentzally contmuous and B-compatible of type (E).
For the contractive condition, we have the following cases:
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1. For xz,y € [0,1], we have
1
d(Sz, Ty) = !y 3| < 3!1/—*\ = 5d(By, Ty).

2. Forxz €[0,1] and y € (1, 2], we have

1 3 1
d Ty)=- < - =-d(By,T
(Sz,Ty) = 5 < | = 5d(By, Ty)
3. For x € (1,2] and y € [0,1], we have
3 1

4. For x,y € (1,2], we have

(S, Ty) = ~ < 2 = Licaz, By)

) y - 4 _.8 2 ) y

Consequently all hypotheses of Corollary 17 with k = % satisfy, therefore 1 is the
unique common fized for A, B,S and T.

Example 23. Let X = [0,4] and d is the euclidian metric, we define A, B,S and
T by

z, 0<x<2 4—z, 0<x<2

Ar=Bx{ 3, 2<x<4 Sr=Tzxr=<¢ 3, 2<xr<4

We consider a sequence {x,,} which defined for each n > 1 by:
Ty =2 — %, clearly that lim Az, =2 and lim Sz, = 2, we have also:

n—o0 n—oo
1
nl;rgo ASz, = nhﬁrgo A2 — %) = A(2)
=5(2) =2,

then (A, S) is A-subsequentially continuous and A-compatible of type (E).
For the contractive condition, we have the following cases:

1. For xz,y € [0,2], we have
1
d(Sz,Ty) = gle —yl < 3 \x—y\ (Aa: By)
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2. Forz €10,2] and y € (2,4], we have

1 2
d(Sz,Ty) = 3% <2= gd(By,Ty)

3. Forz € (2,4] and y € [0,2], we have

1 4 2
d(Sw,Ty) = 3y) < 5~ = gd(Az, Sw)

4. For x,y € (2,4], we have d(Sx,Ty) = 0 and so obviously is satisfied.

Consequently all hypotheses of Corollary 19 with k = % satisfy, therefore % is the

unique common fized for A, B,S and T.
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