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ON DYNAMICS OF QUADRATIC STOCHASTIC
OPERATORS: A SURVEY

Akbar Zada and Syed Omar Shah

Abstract. We discuss the notion of Volterra, ¢-Volterra and separable quadratic stochastic
operators defined on (m — 1)-dimensional simplex, where £ € {0, 1,...,m}. The ¢-Volterra operator
is a Volterra operator if and only if £ = m. We study the structure of the set of all Volterra and
£-Volterra operators and describe their several fixed and periodic points. For m = 2 and m = 3 we
describe behavior of trajectories of (m —1)-Volterra operators. We also mention many remarks with
comparisons of ¢-Volterra operators and Volterra ones. Also we discuss the dynamics of separable

quadratic stochastic operators.

1 Introduction

There are many systems which are described by nonlinear operators. Quadratic is
one of the simplest nonlinear cases. Quadratic dynamical systems have been proved
to be a rich source of analysis for the investigation of dynamical properties and
modeling in different domains, such as population dynamics in physics, economics
and mathematics. On the other hand, the theory of Markov processes is a rapidly
developing field with numerous applications to many branches of mathematics and
physics. However, Markov processes fails to describe some physical and biological
system. One of such system is given by Quadratic Stochastic Operators (QSOs)
3, 4, 5, 6, 7, 8 9, 10, 11, 12, 13, 14, 15, 16] and they are related to population
genetics. The main problem is, to study the behavior of trajectories of Quadratic
Stochastic Operators (QSOs). The limit behavior and properties of trajectories of
Quadratic Stochastic Operators and their applications to population genetics were
studied.

A Quadratic Stochastic Operator (QSOs) has meaning of a population evolution
Operator in biology which can be described as follows: Consider a population
consisting of m species i.e. E = {1, 2,..., m}. Let (2°) = (29, 29,..., 20)) be the
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probability distribution of species in the initial generations, and p;; ;. the probability
that individuals in the ith and jth species interbreed to produce an individual k.
Then the probability distribution = = (z}, 5,..., z,,) of the species in the first
generation can be found by the total probability,

m
where 1z, = Z Dij kTiTj. (1.1)
ij=1
This means that the association 29 — 2 defines a map V called the evolution
operator. The population evolves by starting from an arbitrary state 2°, then passing
to the state ' = V(2°), similarly " = V(V(2°)) = V?(2°) and so on. Hence states
of the population are described by the following dynamical system

"

2, 2 = V() 2" = V3, 2" = V3(2°) and so on.

Note that V' defined in (1.1) is a nonlinear Quadratic Operator and if m > 3,
then it is higher dimensional. The dynamics of Quadratic Operators were basically
defined due to some recurrent rule which marks a possibility to study asymptotic
behaviors of such operators. Under some conditions on coefficients of such operators
we describe Lyapunov Functions on them. We will also describe a set of fixed points
of the Volterra Operators [4, 9].

This article is arranged as follows: In section 2 we will discuss about the definition
of Simplex, Quadratic Stochastic Operators (QSOs), the properties of Quadratic
Stochastic Operators (QSOs). We will see that each Quadratic Stochastic Operators
(QSOs) will be uniquely defined by a cubic matrix P = (pij )} j—1-

In section 3 and 4 we study Volterra Quadratic Stochastic Operators, Canonical
form of Volterra’s discrete model, extremal points and the compactness of Volterra
Quadratic Stochastic Operators, Lyapunov functions [2, 7], limits and critical points
of Lyapunov functions of Volterra Quadratic Stochastic Operators.

In section 5 we study [-Volterra Quadratic Stochastic Operators, Canonical form
of [-Volterra’s discrete model, extremal points and the compactness of [-Volterra
Quadratic Stochastic Operators, Lyapunov functions, for m = 2 and 3 we describe
behavior of trajectories of (m — 1)-Volterra operators.

Section 6 is devoted to the study of Separable Quadratic Stochastic Operators.

2 Preliminaries

In this chapter, we will study the definition of Simplex, Face of the Simplex, Relative
Inside of the Face of Simplex and some examples. Also we will discuss some canonical
form of Volterra Operators in discrete models.
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2.1 Simplex and Quadratic Stochastic Operators
In this Section we will give some basic definitions:
Definition 1. The set
m
Sm_lz{x:(xl, X2y eey Tpm) eRm:inzl, 0<uz <1}
i=1
is called Simplex with dimension m — 1.

Definition 2. The Quadratic Stochastic Operator is a mapping defined as
Vismtt o gmet

such that V(z) = &' i.e. V(x1, Ta,..., Tpm) = (T], Ty..., L)
where .
), = Z DijkTiti, VEk=1,2,..., m, (2.1)
ij=1

and p;j . s called coefficient of heredity, which satisfy the following conditions

m
Dijk = Pjiks 0 < pijr < 1, Zpij,k =1, (4, g, k=1,..., m). (2.2)
k=1

Note that each such operator can be uniquely defined by a cubic matriz P = (piij)ZLj,k:If

where m € R.

Example 3. For the system E = {1, 2}, find the corresponding quadratic stochastic
operator.

Solution: Given that £ = {1, 2} then the corresponding QSO is given by
V(x1, x2) = (x}, ). Now by definition, we can find z] and z., as:

2

/

vy = ) Py
ij=1

2 2
= E Epij,1$i$j
i=1 j=1
2

= E []%1,1%301 +pz‘2,133z‘332}
i=1

2 2
= E pi1,1xz‘$1+g Pi2,17;22
i=1 i=1

= P11,12171 + P21,12221 + P12,1T1T2 + P22,1T222
2 2
= p11,17] + 2p12,1T1T2 + P22,175.
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Similarly

2
!/
Ty = Y Pjawix;

ij=1

2 2
= E Epij,Q-Tz’-Tj

i=1 j=1

2
= E [Di1,225%1 + Din2xiw2)]
i1

2 2
= E Pi1,2%iT1 + g Pi2,2L; X2
i=1 i=1
P11,22121 + P21,2T221 + P12,2T1X2 + P22 2T2X2

2 2
= Pp11,2%7] + 2p12,271T2 + P22,275.
So
% _ 2.9 2 2.9 2
(1, 22) = (P11,127 + 2P12,1T122 + P22,1%5, P11,.2%7 + 2P12,2T1%2 + D22,275).

Example 4. If m=2 and i, j, k € {1, 2}.Then

P ( P11,1 P12
pb112 D122

P211 P221
P21,2 D222

Thus the corresponding Quadratic Stochastic Operator (QSO) from above matrix
fork=1isz; = P1117T + 2p12 17172 + Paz 173,

and
S 2 2
for k =2 1is xy = p11,277 + 2p12,2T122 + P22,275.

3 Volterra Operators

First to study the Canonical form of Volterra’s discrete model.

3.1 Canonical form of Volterra’s discrete model

Definition 5. A Quadratic Stochastic Operator V : 8™t — S™~1 is called Volterra
if

pijk =0, V k¢ {ij} (3.1)
The biological treatment of condition (3.1) is clear i.e. the offspring repeats the
genotype of one of its parents.
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Example 6. Let E = {1, 2}, then V(x1, x2) = (z}, xy). Find z; and z,.

Solution: Since

Ty = 11,177 + 2p12,1T172 + Pa2 173,
and
Ty = P11,277 + 2P12,2T172 + Paz 273,
but V is a Volterra QSO, so
pi1,2 = p22,1 = 0.

Hence for Volterra QSO

Ty = p111af + 2p12,1 7122,
and

90/2 = 2p1227172 + P22 273,

The cubic matrix for the corresponding Volterra QSOs is

p— ( P11, P12 [ p21n1 O >
0 P12,2 | P21,2 DP22,2
Example 7. Let E = {1, 2, 3}, then V(x1, o, 23) = (v}, Ty, x3). Find x},
and l‘;)

Solution: For k=1

3
/
Ty = E Pij1ZLil;
i.j=1

3 3
= E Epzj,wiﬂﬁj
j=11i=1
3

= E (P1j1T12f + p2j,1%2T5 + P35 1237;5)
j=1

3 3 3
E D15,121%5 + E D2j,122%5 + E P35,1T3%;5
j:l j:l 7=1

2 2
P11,127 + P12,121T2 + P13,12123 + P21,1T122 + P22,1%3
2
+  DP23,1T2T3 + P31,123%1 + P32,1T3T2 + P33,175
2 .
= puazi+ 2(p12,1931$2 +p13,1$1$3), since p22,1 = P33,1 = P23,1 = p32,1 = 0

2 .
= x7 + 2(pa1,12122 + p31,17123), since pri =1

3
Ty = x| T+ 2 E Pi1,1T;
i=2,i#1
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For k=2
3
I
Lo = Z Pij,2Ti%
i5=1
3 3
= Z Zpij,ﬂifﬁj
j=1i=1
3
= Z(plj,ﬂll“j + P2j2T2T; + P3j2237;)
j=1

3 3 3
E P1j2201T;5 + E D25 22T + E P35,223T;
j=1 j=1 j=1

pn,ﬂ% + P12,221%2 + P132212T3 + P21,221%2 + p22,2$%

+  P23,2T2T3 + P31,223%1 + P32,223%2 + p33,2$§

= P22,2$§ + 2(p12,27172 + P32,22223), since pi12 = p3z2 = P132 = p31,2 = 0
= 23+ 2(p12,27129 + P3222372), since pogo = 1

= xa(w2 + 2(p12,2%1 + P32,273)

3
Ty = x| w2+2 E Di2,2T;
i=1,i#2

Similarly for k=3
2

!
r3=w3 | 23+ 2 g Di3,3%;
i=1,i#3

The cubic matrix for the corresponding operators is
p11,1 P21 P13 | p2r1 O 0 |p311 O 0

P = 0 pi22 0 |por2 p222 ps2| 0 p322 O
0 0 piz3z| O 0  p233|P31,3 P32,3 D333

The above examples are for m=2 and m=3. So in general

m
!
Ty =ak | op + 2 E Dik,kTi
i=1,i£k

It is called the canonical form of Volterra Quadratic Stochastic Operators and it will
be discussed in the next Proposition 3.5.

Proposition 8. [6] Let V be a Volterra QSO then it can be represented by
m
T = Tk (1 + Zaklmz> s
i=1
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where ag; = 2pikp — 1 for i # k and ap, = 0. Moreover ar; = —a;, and |ag;| < 1.

Proof. As V is a Volterra QSO and by definition pyx; = 0 for i # k but ) pri; = 1,
i=1

so we have pyi . = 1. As we know that p;;, = pjir, so by using these conditions we
will get
m
Tp=xk | 2 +2 Z Dik kTi | - (3.2)
i=1,ik

Now as we know that

m
Z.%i =1
i=1

Ti+ Tttty = 1

m
=z, = 1— Z ;.

i=1,i#k

By putting the value of zj in (3.2) we will get

m m
Ty, = Tk (1 — le + 2 Zpik,kxz)
i=1 =1

m
ve=ax [ 1+ Y @piks — D
i=1,ik
Let ar; = 2pixr — 1 for i # k and az, = 0.
As the maximum value of ay; is 1 and -1 ie. |ag| < 1. Also 0 < pipp < 1.
Finally by using the definition of Volterra QSO, we have p;i. 1 + pir; = 1. Hence,

agi + ik = 2pik ke — 1+ 2ppii — 1 = 2(Pipp +Prii — 1) =2(1-1) =0

i.e.
Qi = —Qjk-

This completes the proof. O

Remark 9. It should be noted that in: agix; is actually the multiplication of the
matrices and ar; = —a;, shows the synl;nletry of the matrices. The Volterra Operator
x}c totaly depends upon the matriz f: ag;ri. Let us suppose A = (aki)szl such that
apr =0V k and ay; = —ayy. Keeplz':n1 mind that A is a skew symmetric matriz with
zeros on its main diagonal.
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Example 10. If E = {1, 2}. Then find 1:/1 and $,2 by using above proposition.
Solution: Since m=2, then A = (aki)?kzl and ay; = —aik. So this implies that

d (0 (3)
—aiz2 0 T2
4 = < 1222 >
—a12xq
Then by using Proposition 3.5

xll = a:l(l -+ algxz)

$/2 = CL’Q(l + agll'l).

3.2 Face of the Simplex

Definition 11. For any I C E = {1,..., m}, we define the Face I'; of the Simplex
Smfl by
Ir={zcS™':2,=0 for any i € I}.

Example 12. If E = {1, 2, 3} and I = {1, 2}. Clearly I C E, Then find I's.
Solution:
Toy = {zes®iz=0viel}
= {z= (1, z2, x3) € S*: 2, =0, 25 =0}

= {z=1(0,0, z3): 0+ 0+ 23 =1}
F{LQ} = (07 Oa 1)7

i.e. T'y1, 2y = (0, 0, 1) is the Face of the Simplex S2.
Definition 13. The Relative Inside denoted by r;I'r of I'y is defined as
rilr={zel:0<z, Vig¢ I}.

Example 14. If E = {1, 2, 3} and I = {1, 2}. Clearly I C E, Then find the
relative inside of I'y.

Solution: Since I'y = (0, 0, 1), so the relative inside of I'; is

rsl0y = {x = (71, w2, 23) €9y : w3 >0, since 3¢ I}
= {x=(0,0, x3) €'y : 23>0, since 3¢ I}
rsloy = {(0,0, 1) €l 23 =1>0, since 3¢ I}.
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Definition 15. A subset S of the domain U is called an invariant set under the
mapping fif v € S = f(x) € S.

Definition 16. Let f : R — R be any function. A point x € R is called a fized
point if f(z) = x.

Proposition 17. [}/, Let V be a Volterra QSO. Then the following assertions hold
true

(i) Any Face of S™~! is invariant set with respect to V.

(ii) The vertices of the Simplex S™ 1 are fived points of V.

(iii) The Relative Inside of any Face of S™~! is invariant with respect to V.

Proof. (i) Since V is a Volterra QSO. So if x; = 0, then by Proposition 3.5
;= @ (1 + Z aik%) : (3.3)
k=1

by putting z; = 0 in (3.3), we get

r = (0) (1 + Z aikxk)
k=1
z; = 0.

So
z; =0= V(xz) = 0.

And as x; € 'y and V : 8™~ — §™m=1 So by definition of invariant set, any Face
of S™~! is invariant set with respect to V i.e.

V() C Ty
(ii) Since V : S™~1 — §™~1 and as in part(i)
7 =0=V(z;)=0

ie. V(r;) = ;. Also z; € S™ ! is an arbitrary point. So by definition of fixed
points, the vertices of the Simplex S™~! are fixed points of V.
(iii) Suppose xj > 0, then by Proposition 3.5

2 = 2p(1 4 a1 + - + Qb 1Th1 + QkTh + Qb s 1Thr1 + - + GmTm),  (3.4)
putting agr = 0 in (3.4), we get
l‘;c = J,‘k(l +ap1r1 + -+ Apk—1Tk—1 + Qkk+1Tk4+1 + -0 + akmxm). (3.5)
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Now as we know that

lars| < 1
-1 < ay <1
a; > —1.
So (3.5) implies
:L‘;CZxk(l—:nl—'--—:ck,l—:L‘kH—---—xm). (3.6)

Now since we know that .
Sa=t
i=1

1+t Tttt T, =1
=xp=1—-21— = Tp—1 —Thy1 — -+ — Ty

So by putting the value of xj, in (3.6), we get

/

rp > xp(wk)
x}c > azi
/

So
x> 0= V(xy) > 0.

Hence by definition of invariant sets, the Relative Inside of any Face of S™ ! is
invariant with respect ro V i.e.
V(Tirj) C r;I'y.
O

Remark 18. The set of all Volterra QSOs defined on the Simplex S™ ' is denoted
by R.

Definition 19. Let S be a vector space over the real numbers. A set Cin S is said
to be convex for all x and y in C and all t in the interval [0,1], the point (1 —t)x +ty
in C.

In other words, every point on the line segment connecting x and y is in C.
Proposition 20. The set R is a convex, centrally symmetric compact subset of

n(n—1)

R™ 2. The extremal points of R are Volterra Operators with ax; # 1 for k # i i.e.

Ezxtr(R) ={V e R:ay; = £1, k #i}.
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Proof. Let V1, V5 be any two Volterra Operators. Then by proposition 3.5 we have

Vi(xg) = ok (1 + Z a;ﬂ-:vi>

=1

Vg(xk) = Tk (1 + Z a;Z:m) .
=1

Let o be any scalar in the interval [0, 1]. Then by definition of convex set, V =
aVi + (1 — a)Vs can be written as

V(zg) = axp(l+ Z a;“':ci) +(1—a)zk(l+ Z a;i:ni)
=1 i=1

m m
= zp(a+ Z oza;m-xi) +zp(l —a+ Z(l - a)a;;ixi)
i=1 i=1

m m
= ap(a+ Z aagzi+1—a+ Z(l — a)ay,;)
=1 i—1

m
= V(ze) = ze(1+ Y _(aay + (1 — a)ay,)z;). (3.7)
i=1
Now again from Proposition 3.5
la| <1, ag; = —ag, (3.8)
and
lag;| <1, ag; = —ag. (3.9)
Now let

! 1
ag; = aay; + (1 — a)ay,;.

So from (3.8) and (3.9), we get
lagi| <1, agi = —ag.

So (3.7) implies that

m
V(xg) = xp (1 + Z a;ﬂ-xi> .
1=1
So V =aV; + (1 —a)Vs is in the set R. Hence R is a convex set.
Now if V € R is a Volterra Operator with coefficients ag;, then V' is also a
Volterra Operator with coefficients —ax;. So R is centrally symmetric. Moreover,
center of symmetry is identical operator with coefficients ay; = 0.
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Let us assume ag; # +1 for some k and i (k # i). Suppose a = ay; and the
matrix for the Volterra Operator V is

0 a2 a3
A = —ai2 O a3
—aiz —ag3 O

Since ag; = —a;; and we can assume that a > 0. Here we will discuss two cases
Case-1:
If @ > 0 then setting for k=1 and i=3,

. {ats, if (t, s) # (k, i)

a,. =
ts 1, if (t, s) = (k, ).
Then we have
0 ai19 1
A=\ —a2 0 ag

—aiz —ag3 0

The above matrix is for Volterra Operator V;. Now

a// o Ats, Zf (t,S) 7é (kﬁ,Z)
r 0, if (t,s) = (k,i).
Then we have
0 a2 0
A = —ai2 0 a3
—a13 —ag3 0
The above matrix is for Volterra Operator V5.
Now consider

0 oal «
ad + (1-— a)AH = —ans 0 oass
—« —Qa93 0
0 (1 — a)alg 0
+ *(1 — a)a12 0 (1 - a)a23
—(1 — a)a13 —(1 — Oé)agg 0
0 a2 (6]
= —ayiz 0 ags

—ai3 a3 O
ad +(1-a)A" = A

Hence we obtain
aVi+(1—-a)la =W

skesk sk ok sk ok sk s ok sk sk ok ok sk sk ok sk sk sk s ok sk sk sk s sk sk sk ok sk sk sk s ok sk sk ok sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 12 (2017), 117 — 164
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v12/v12.html
http://www.utgjiu.ro/math/sma

Quadratic Stochastic Operators (QSOs) 129

Case-2:
If @ = 0, then setting for k=1 and i=3

S ) as if (t,s)# (k,i)
B 1, if (&) = (k).

Then we have

0 aio 1
!
A=\ —ai2 0 a3
—a13 —azz 0

The above matrix is for Volterra Operator V;. Now

" ags, if (t,s) # (k,i)
s = 1, if (¢, 8) = (k).
Then we have
0 a1 —1
A" = —aq2 0 as3
—aiz —azz 0

The above matrix is for Volterra Operator V5. Now consider

0 Lars i 0 fars -3
]. ! ]_ 1" ]. 2 1 2 1 2 1 2
§A + §A = —5012 0 5023 -+ —5012 0 5023
1 1 1 1
za13 —ja 0 —za13 —zazz 0

0 a12
= —ai2 a23
—aiz —a23

1, 1
-A+-4A4 = A
2 +2
Hence we obtain ) )
-Vi+=Vo=V.
21+22

So if ax; # +1 for at least one (k,i), k # i, then V is an interior point of any
line segment, not extremal point. So if a; = +1 V k # ¢, then the equation
aVi + (1 — a)Vo =V is valid only if V} = V5 = V. This completes the proof. d

4 Lyapunov Functions of Volterra Operators

In this Section we will study about the Lyapunov functions of Volterra Quadratic
Stochastic Operators.
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Let V : 8™ 1 — §m—1 and (0 ¢ §m~1 be the initial point. Then the trajectory
of (9 is denoted by {z(™} and is defined as V (z(™) = z(*+1),

Let w(z(?)) denote the set of all limit points of the trajectory {z(™}. As §m~1
is a compact set, so w(x(o)) # .

Definition 21. A continuous function o : S™ 1 — R is called a Lyapunov function
for V if for any initial point () € S™=1, there exists limnﬁoogo(x(")).
Clearly if lim,_0o0(x™) = ¢, then w(z?) C v~ (c).

Remark 22. The set of fixed points of a Volterra Operator V is denoted by
Fiz(V)={zc S™ ' :V(z) =2}

Proposition 23. Let V be a Volterra Operator, then show that each point of a set
m

P={zcS™" ' : Y apz; >0, k=1,..., m} and set Q = {x € S™ 1 : 3 ap;w; <
i=1 i=1
0, k=1,..., m} are fizred points i.e. P C Fizx(V), Q C Fiz(V).

Proof. Let z € P, then

m
Zakixi > 0
i=1
m
= 1—|—Zakixi > 1
i=1
m
:>$k(1+zakixz‘) >
i=1
’
=T, > Tk
/ . / . . .
=T, = T}, since x;, >z is impossible.

This means that zj is a fixed point but xj is arbitrary. So each point of set P is a
fixed point of V. Hence P C Fiz(V'). Similarly we can show that each point of Q is
a fixed point of V ie. Q C Fiz(V). O

m
Definition 24. Ifb; > 0, p; > 0 and > p; =1, then
i=1

VIBh? L BEm < piby + paba + - 4 Db

The above inequality is called Young’s inequality.

Theorem 25. [9/, Let V is a Volterra Operator. If p = (p1,..., pm) Ssuch that
m

Sagpi >0, k=1, 2..., m, then p(z) = 2" 2h> ... 2l is a Lyapunov function
i=1

for V.
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Proof. Let x € int(S™ 1) ie. x; #0; Vie {1, 2,..., m}. Then

p(V(z)) = wlz)

/

= xlp :c2p2 ooz
= [0+ ar@)P [z2a(1+ D agz)P? . [wm(1+ ) amizs))?
= 2B [ anm)P 1+ agw) (1Y amiz)
i=1 =1 i=1
m m Pk
AV@) = e [ [1+ 3 ]
k=1 =1

m

Let by =14 > agjz; = by > 0 (because by, =0 < ax; = —1V k, ). Thus by using
i=1

Young’s Inequality

k=1 i=1
m m m
= Z (Z aikpk> x;, since ap; = —a;, and Zpk =1

k=1

= [+ awwi <1- Z (Z azkpk> ;. (4.1)
k=1 i=1 i=1 \k=1
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Since given that

OvVi=1,2.... m

y
v
! (%
NERINGE
N
NERINGE
2 kN
~—— ~——— =
& 8 S
AN [V 'V
— (e

1, using (4.1)

|3
3
gy

_|_
|
=
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&

4
5
H"\

3

£
INIA
5
8
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Thus limy,_ep(z(™) exists (since the sequence is convergent). Hence ¢(x) =

o' xb? . 2l is a Lyapunov function for V. O

Proposition 26. Let p(z) = z'2b*...ah, p € P. Then prove that p is critical

point 1.e.

max ¢(z) = ¢(p).

zelSm—1
Proof. For m=2
o) = a2l mi+x=1pi+p=1
= (@) = 27'(1—-xz1)P,

by differentiating both sides with respect to x, we get

¢(x) = prad N1 —21)P2 + alpo(1 — x)P2 (1)
=¢(z) = plmzl)l_l(l —x)P? — x’flpg(l — xl)pzfl,
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for critical point put ¢ (z) =0

!

(@) = 0
= prad T (1 2)P2 — 2 pa(l -zt = 0
=o' (1 —2)”  (pi(l — 1) —paw1) = 0
= (p(1 —x1) —pox1) = 0, since 2?1 #£0, (1 —z)P27 L #0
=p(l-21) = poaa
= Pp1 —P1T1 = P21
=p1 = p1T1+p221
=p = (1)z;, wherep; +py=1
=T = 1
= T2 = p2,

since p = (p1, p2) and = = (x1, z2), so x = (x1, x2) = (p1, p2) is the critical point
i.e. pis the critical point of p(z) for m=2.
For m=3

o(x) = af'ab?al?
o) = af'ah?(1 -z —a9)P,

first by applying partial derivative with respect to x1 and putting 8%1(90(3:)) =0i.e.

= praf T (1 — ay — 29)P — b abipy(1 — 2y —a0)P 7 = 0
= 2l (1 — @y — 22)P  (pr(1 — @1 — @2) —a1ps) = O
= (p(1 =21 —x2) —x1p3) = 0
=>pi(l—z1—x2) = x1p3
= p1r3 = ZT1P3
=T = xgg.
p3

Similarly by applying partial derivative with respect to z2 and putting 8%2 (p(x)) =0
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i.e.
9 D1 ,.p2 P3 _
37562(1’1952 (-2 —22)) = 0
= xlflpga:grl(l — 1z — x)P — 2 b ps (1 — zq — $2)p371 = 0
= a2 (1 — 2y — @) (pa(1 — w1 — @) — a9p3) = O
= (p2(1 — 21 —22) —22p3) = 0
= p2(l —21 —x2) = w2p3
= P23 = X2P3
=13y = x312.
p3

As we know that

r1+z2+23 = 1
1»3@ + 33312 + 23 = 1, using values of z1 and 2
p3 p3
(Pl + D2 +p3> .
—lz3 = 1
p3
x
D= 1 aspi+patps=1
p3
r3 = P3-
Similarly
T =p1,
and
T2 = p2.

Thus = = (z1, x2, x3) = (p1, P2, p3) = p i.e. x = p is the critical point of ¢(x) for
m=3. Now we will prove it for general. Since given that

o(x) = ofab? . abm
=o(z) = a2 (1—x1 —x9— - — Tpyq)P.

Again by applying partial derivative with respect to z1 and
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putting 2-(p(z)) =0,

821 (b (1 —

T —Ty— - —Tm—1)’™) = 0
= plel_lxgz o (l—m -

To — = Tpp1)P™ —x’flx?...pm(l—ml—a:g—---—xm_l)p’"*l =0
S -z —

Tog — - —xm_l)pmfl(pl(l—ajl —2T3...Typ—1) —ZT1Pm) = 0

=p(l—z1—22...Tm-1) — T1Pm =0
= P1Tm — X1Ppm = 0
= T1Pm = PiTm
=x = ﬁxm.
Pm

Similarly by applying partial derivative with respect to x2 and then put 6%2(@(1‘)) =
0 i.e.

0
8762(9511713352---(1—561—xz—---—xm_l)pm) = 0
o (1 —a —mg— o — )P —
e ab? L pn(l =y — 29— — Ty )P = 0
xll?lxlg’z—l,..(l—arl—a:2_..._xm_l)pm—l(m(l—xl—mz...xm_l)—xﬂ?m) =0
po(l =21 —29... Ty 1) — ToPm = O
P2Xm — X2Pm = 0
I2Pm = DP2Tm
P2
T2 = —Tm.
Pm

Continuing in this way, by applying partial derivative with respect to x,,—1 and then
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put Bwi_l (p(x)) =01i.e
a p1,.p2 Pm—1 1 Pm _
pe l(xl zy’ oz (l—x1—xo— - — 1)) =
—
m—1—1
= a'ab? L ppodt T (- e — ... —
Tm—1)P™ — P ah? (1= — 29— — T )P = 0
= atab? Al (- 2 — ... —
T )P (pm-1(1 — 21 — @2+ — Type1) — T—1Ppm) = O
= pmfl(l — T —x2... xmfl) — Tm—1Ppm = 0
= Pm—1Tm — Tm—1Pm = 0
= Tm—1Pm = DPm—-1Tm
Pm—1
= Tm—-1 = T
Pm
As we know that
m
Sa -1
i=1
=T +T2+ T+, = 1
= Zﬂ;xnl+_2§£$nl_F..._+ pn%ﬁlxnl+-xnl = 1
Pm Pm Pm
+ P2t Pt +
:><p1 P2 Pm—1 pm>xm - 1
Pm
T
=" =1
Pm
= Tm = Dm.-
So
b1
r1 = —ITm
Pm
b1
=TT = —DPm
Pm
=T = DPpi.
Similarly
b2
Ty = —ITm
Pm
b2
= T2 = —Dm
Pm
= T2 = pa2.
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Continuing in this way, we will get

Pm—1
Tm—-1 = Tm
Pm
= = pm—lpm
Pm
= Tm—1 = Pm-—1-
So x = (1, x2y..., Tm—1, Tm) = (P1, P2,--+, Pm—-1, Pm) = p i.e. x = p is the

critical point of p(z) for each m. Hence

max (r) = ¢(p).
zeSm-1

5 l-volterra Quadratics Stochastic Operators

Now we shall give a new class of non-Volterra operators.
(-Volterra QSO. Fix £ € {1,...,m} and assume that elements P;;} of the matrix
P satisfy

Pijr=0if k¢ {i,j} for any ke {l,...0}, i,j€E; (5.1)
Pij >0 for at least one pair (i,j), i #k, j#k for any k € {{+1,....,m}. (5.2)

Definition 27. For any fized ¢ € {1,...,m}, the QSO defined by (2.1), (2.2), (5.1)
and (5.2) is called ¢-Volterra QSO.

Denote by Vy the set of all £-Volterra QSOs.

Remark 28. 1. The condition (5.2) guarantees that Vo, (1Ve, = 0 for any €1 #
.

2. Note that (- Volterra QSO is Volterra if and only if £ = m.

3. Quasi-Volterra operators (introduce above) are particular case of £-Volterra
operators.

4. The class of £-Volterra QSO for a given £ does not coincide with a class of
non-Volterra QSOs mention above.

We shall use the following notations.

Definition 29. ([1], p. 215 )A fized point P for F': R™ — R™ is called hyperbolic
if the Jacobian matriz J of the map F at the point P has no eigenvalues on the unit
circle.
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There are three types of hyperbolic fixed points :

1. P is an attracting fixed point if all of the eigenvalues of J(P) are less than one
in absolute value.

2. P is a repelling fixed point if all of the eigenvalues of J(P) are greater than
one in absolute value.

3. P is a saddle point otherwise.
The following theorem is also very useful.

Theorem 30. ([1], p.217) Suppose F has a saddle fized point P. There exist € > 0
and a smooth curve 7y : (—e,e) — R? such that v(0) = P; 7/(t) # 0; ¥'(0) is an
unstable eigenvector for J(P); v is F~'— invariant; F~"(y(t)) — P as n — oo; if
|F~"(q) — P| < e for alln > 0 then ¢ = ~(t) for some t.

The curve + is called the (local) unstable manifold at P. The theorem is true
for stable sets as well as with the obvious modification. On the local manifold, all
points tend to the fixed point under iteration of F.

5.1 Canonical form of 1-Volterra QSO.
By definition for k =1, ..., ¢ we have

=1

m m
/ 2
Ty = Z Pjjrrivj = Pyp oy + 2 Z Py, prizy =
3,j=1 bt

m

2 S T Z Py, p;
=1
i#k

Using 2 = 1 — "% x; we get
itk

m
af% =X Pkk,k + Z (QPZ'kJg — Pkk,k) |, k=1,..4¢
i=1

ik

For k=/¢+1,...,m we have

m m
/
xy =k | Prrg + E (2P — Prr ) xi | + E P prixj.
i=1 ij=1
itk z;;z
J
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Denote ay; = 2P, — Pyk,x then

T = xp (akk + > akixi> , k=1,..,¢
i#k
(5.3)
.732 = T (akk + 27?:1 akimi> + 27;11 Pmkxixj, k=10+ 1, ., Mm.
i#k 7
J#k

Note that 0 < agr <1 and —agr < ap; <2 —apg, 1 # k, 0 < P <1.
For any I C E = {1,2,...,m} we define the face of the simplex S™~!:

sz{xESmfl cx; =0 for any ieI}.
Proposition 31. Let V' be a £-Volterra QSO. Then the following are true
1. Any face T'p with I C{1,...,¢} is invariant set with respect to V.

2. Let Ay = {i € {1,...,0} : a;; > 0}. For any I C AU {{+1,...,m} the set
Ty ={x € S™ 1 :x;>0,Vi € I} is invariant with respect to V.

Proof. 1. From (5.3) it follows that if 2; = 0 then z; = 0 for any i € {1,...,(}.
Hence V(I'y) c T'rif I C {1,...,¢}.

2. Take I C AgU{l+1,....,m}. For k € I N A; by (5.3) and inequality —agr <
agj,j = 1,...,m we get

m
:U?C =xi | arr + Z ag;ri | 2>

j=1
ik
m
rr | apr — ark g z; | = akkxz >0, since xp >0 for ke lInN A
j=1
ik

For ke IN{{+1,....,m} by (5.3) and condition (5.2) we have

m m
/
Ty =T | agr + E agir; | + E Pij7kxia:j >
=1 ij=1
J#k ik
%k

m
2
Tk | akk — Qgk § zj | + E P rwiri > agpxy > 0,
j=1 ijel
o ik
2k
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here we used ) i€l P rxiz; > 0 which follows from condition (5.2) and

J#k
x; > 0,2; >0, Vi,jel Thus V(Tr) Cc Trif I c A,u{l+1,...,m}. The
proposition is proved.
O

Denote e; = (614, ..., 6ms) € S™ 71, i = 1,...,m the vertices of the simplex S™ !,
where ¢;; is the Kronecker’s symbol.

Proposition 32. 1. The vertex e; is a fized point for a (- Volterra QSO iff Py ; =
1, (i=1,..m).

2. For any collection Iy = {e;,,...,ei,} C {eot1,...,em}, (s <m —{) there exist
a family Ve(Is) C Vg such that {e;,,...,e;.} is a s-cycle for each V € Vy(I;).

Proof. 1. It is easy to see that if i € {1, ..., ¢} then

m
Viei) = (0,...,0, P, 0, ..., 0, Pij g1, ooy Piigm) - with Py + Z Pij=1

j=0+1
and if i € {{+1,...,m} then
m
V(e))=(0,..,0, Py i1, Pign) with > Pyj=1. (5.4)
j=t+1
Thus V(e;) = e; iff P;; = 1.
2. By (5.4) we have
V(ei;) = (0,...,0, Pii; o415 -y Pijijim)
for any j = 1,...,s. In order to get V(e;;) = e;, we assume
Piivio =1, Piyj =0, j#ia (5.5)
Then to get V(e;,) = e;, we assume
Piyigis =1, Piyiyj =0, j #13. (5.6)
Similarly to get V(e;, ,) = e;, we assume
Py vigvie =1 Pigyig 0y =0, J#is (5.7)
The last assumption follows from V'(e;,) = e;, i.e
Piivin =1, Pii,j =0, j# i (5.8)

Hence Vy(I;) = {V € V; : the coefficients of V satisfy (5.4) — (5.8)}. The
proposition is proved.
O
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For any set A denote by |A| its cardinality.
The next proposition gives a set of periodic orbits of ¢-Volterra QSOs.

Proposition 33. For any Ir,...,I; C {{+1,....,m} such that ;(\I; = 0 (i #
Jyi,j = 1,...,q). There exists a family V,(I1,...,1;) C V; such that each collection
{es,ie I}, j=1,...,q1s a |lj|— cycle for every V € Vy(I1, ..., I).

Proof. Since I; (\I; = 0, i # j the family can be constructed using Proposition 3.2
i.e. Vg(fl, ceny Iq) = ﬂgzl Vz([z) ]

Remark 34. 1. There is not any £-Volterra operator with a periodic orbit {e;,,...,e;,} C
{e1,..,er}, 1 <s <L

2. Propositions 5.8 and 5.10 show that £-Volterra operators have quite different
behavior from the behavior of Volterra operators, since Volterra operators have
no cyclic trajectories.

Recall that V) is the set of all /-Volterra operators defined on S™1.

Proposition 35. 1. The set Vy is a convex, compact subset of R 2

2. The extremal points of Vy are £-Volterra operators with P;j =0 or 1 for any
1,5,k t.e.

Extr(Vy) = {V €V, : the matric P of V contains only 0 and 1}.

3. If € =m then [Extr(Vy)| = 22" if € <m — 1 then
[Extr(Vy)| = (m — £) 2000 (g g ) EEDE (g 9) 2800,

Proof. 1. Since we have one-to-one correspondence between the set of all QSOs
and the set of all cubic matrices P, we can consider a QSO V as a point of
R™™*=1) The number w is the number of independent elements
of the matrix P with the condition (5.1). Let V7, V4 be two ¢-Volterra QSO i.e
V1, Vo € V. We shall prove that V = AV} + (1 — X\)V, € V), for any A € [0, 1].

Let Pz(]ll)c (resp. Pl(fi) be coefficients of V; (resp. V). Then coefficients of V'
has the form

+(1 =3P

_ypd
Pjx = AP

oy (5.9)

By definition coefficients Pl(jll,)C and Pl(ﬁC satisfy conditions (5.1) and (5.2). Using
(5.9) it is easy to check that P;; also satisfy the condition (5.1) and (5.2).
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2.

Assume V € V,; with P, ;) x, = o # 0 and 1 for some 1o, jo, ko. Construct two

operators V, with coefficients pY q = 1,2 as following

ij,k’
0 Pijr i (i,7) # (o, Jo),
Pij,k: - 1 if (i7j7 k) = (i07j07k0>7
0 if (i7j7 k) = (i07j07k)7 k 7é kOa

Pij,k if (7'?.7) 7& (i07j0)7
P(zl)f — 0 lf (i7j7 k) = (i05j07 kO)a
fjgj if (Zvjvk): (107]07k)7 k?éko

Then
(1) @) Pz],k: if (27]) 7& (i07j0)7
ab; .+ (1 —a)P =4 a= Pk if (i,j,k) = (io,jo.ko) = Py,

Pij,k if <i7j7 k) - (io,jo,k), k # ko.
(5.10)
Since a > 0, from (5.10) we get P, = 0 if and only if Pl(]ll)f =0 and Pz(f,)g =0.
This means that V; and V, are ¢-Volterra operators. Hence V' = aVi+(1—a)Va.
Thus if P;; 1, € (0,1) for some (7, j, k) then V' is not an extremal point. Finally,
if Pjj =0 or 1 for any (4, j, k) then the representation V' = AVj 4 (1 — A\)Va,
0 < A <1 is possible only if V) =V, = V.

In order to compute cardinality of Extr(),) we have to know which elements
of the matrix P can be 1.

Denote Py = (Pjj1, ...,Pij’m)t the (i,7)th column of P, where (i,5) € K =
{(3,5) : 1 <i<j<m}.

Let no(P;;) be the number of elements of P;; which must be zero by conditions
(2.2), (5.1), (5.2).

Put for £ € {1,...,m} :

A=A ={(i,j) e L:i < tlje{iu{l+1,..,m}},
B=Bepn={(i,j) eK:i<L,j<Li<j},
C=Cem=A{(i,j) el <i<j}.
Note that X = AUBUC. If £ = m then C = ().
It is easy to see that
(-1 if (i,5) e A

no(Pij) = ¢—2 if (i,5) € B
¢ if (i,j) eC
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By condition (2.2) each column contains unique ”1”. We have m — ng(P;;)
possibilities to write 1 in the column (7, j) € K. Thus

[Extr(Vo)| = [[ (m—no(Py)) = (m — £+ 1)A(m —£+2)1F (m — 0)°l.
(i,5)eK

This with
1 1
A==+ 1) |Bl = S(E-1)6, IC] = 5(m— £+ 1)(m—0),

would yield the formula. The proposition is proved.
O
m(mz—l) .
For the set V of all QSOs we have V C R™ 2. Note that V also is a convex,
compact set. Its extremal points also are operators with F;;x = 0 or 1 only. It is
easy to see that

|Extr(Vin)| < |Extr(Vin—1)| < ... < |[Extr(Vy)| < [Extr(V)| = mam(m+1),
For example, if m = 3 then
|Extr(Vs)| =8, |Extr(V2)| =48, |Extr(V1)| =216, |Extr(V)| = 729.

The set V can be written as V = ;o Ve. Here V) is the set of 7 0-Volterra
QSO”s i.e for any k € {1,...,m} there is at least one pair (i,7) with i # k and j # k
such that P > 0.

As it was mentioned above: V,,, is the set of all Volterra operators and Vy, (1 Ve, =
() for any ¢ # ¢ € {0, ...,m}.

Thus to study dynamics of QSOs from V it is enough to study the problem for
each Vp , £ =0,....,m.

In general, the problem of study the behavior of V' € V, (for fixed ¢) is also
a difficult problem. So in the next sections we consider the problem for small
dimensions (i.e m =2,3) and ¢ =1, 2.

5.2 Dynamics of 1-Volterra operators

In this section we discuss the dynamics of [-Volterra operators for m = 2 and m = 3.
Case m = 2: In the case m = 2 we have only
1-Volterra operator V : S — S! such that

{ ' = ax® + 2cxy

Y = bx? + 2dzy + y?, (5:11)
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where a,b,c,d € [0,1) (the case a = 1 corresponds to Volterra operator), a + b =
c+d=1. Using x +y = 1 from (5.11) we get a dynamical system generated by
function f(z) = (a — 2¢)x? + 2cz,xz € [0,1],a € [0,1),c € [0,1]. By properties of
f(z) one can prove the following

Proposition 36. 1. Ifc < % , Va € [0,1) the operator (5.11) has unique fized
point N\g = (0,1) and for any initial point \° = (z°,4°) € S the trajectory
A goes to Ny as n — co.

2. If¢ > 3%, Va €[0,1) then (5.11) has two fized points Ao = (0,1) and \* =
f
Zeol " l=a)y yhe point N is repeller. For any initial point X0 € ST\ {\o} the
2c—a’ 2c—a
trajectory N tends to \* as n — co.

Case m = 3: In case m = 3 one has two ¢-Volterra operators (for £ = 2 and
1). Note that the case £ = 1 i.e the 1-Volterra QSO is complicated: for example, it
is not easy to describe all fixed points of the operator. Here for simplicity we shall
study the 2-Volterra operators.

Arbitrary 2-Volterra operator (for m = 3) has the form :

= z(a1x + 2b1y + 2¢12)
y(2box + diy + 2e12) (5.12)
2(2023: + 2€2y + Z) + a2x2 + 2b3xy + dgyg,

2
/

Yy

i

where
a1 = P11, aa=Pn3; b= P;,i=1,2,3; c1 = P31,

co= P33, di=Pa;,0=2,3; e = Pa3;,i=2,3. (5.13)

To avoid many special cases and complicated formulas we consider the case
P11 = P2, Pi31= P32, P21 = Piop. (5.14)

This corresponds to a symmetric (with respect to permutations of 1 and 2) model.
Using « + y + z = 1 and condition (5.14) the operator (5.12) can be written as

{ ' =x(2c+ (a—2¢)x 4+ 2(b— ¢)y) (5.15)

Yy =y(2c+2(b—c)x + (a — 2¢)y),

where a = P111 € [0,1), b = Pi21 € [0, %], ¢ = P31 €[0,1], and z,y € [0, 1] such
that x +y < 1.

Remark 37. The case a = P11 = Py = 1 corresponds to the Volterra case, so
we consider only a # 1.

Theorem 38. 1. Forc < i the operator (5.15) has unique fized point Ao = (0,0)
which is global attractive point.
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2. Sets My = {\ = (z,y) : 2 =0}, My = {\ = (z,y) : y =0}, M_ = {\ =
($,y) T = y}) M> = {)‘ = («T,y) ‘T > y}7 M< = {)‘: (Ji,y) x < y} are
invariant with respect to the operator (5.15).

3. For ¢ > %, a # 2b the operator (5.15) has four fixed points g = (0,0),
A= <0, ;2:&), Ay = <gg:é,0), A3 = (ﬁm-&z@z—ac)' Moreover Ay is
repeller and

attractive, if a > 2b
AL and Ag - are { saddle, if a < 2b
Ao attractive, if a < 2b
31 saddle, if a > 2b.

4. Forc > % , a = 2b the operator (5.15) has a repeller fixed point A\g = (0,0) and
continuum set of fived points F' = {\ = (x,y) 1z +y = %} The following
line

L ={\=(z,y):y=vz,z €]0,1]}

is an invariant set for any v € [0,00). If \O = (2°,4°) is an initial point with
Z—g = v, (z° # 0) then its trajectory \ goes to X, = (2( el (Ze—L)v ) €

c—b)(14+v)’ 2(c—b)(1+v)
IL,NF asn — oo, v € [0,00), (if x° = 0 then on invariant set My we have
A ).

5. If a < 2b then My (resp. M) is the stable manifold of the saddle point A\
(resp. A2). If a > 2b then M_ is the stable manifold of saddle point \3. There
s an invariant curve vy passing through Ai, A2, A3 which is unstable manifold
for the saddle points.

Proof. 1. Clearly A\g = (0,0) is a fixed point for (5.15). Note that the Jacobian
of (5.15) at (0,0) has the form

2c 0
J= )
0 2c
S0 Ag is an attractive if ¢ < % and non-hyperbolic if ¢ = %
Now we shall prove (for ¢ < %) its global attractiveness. From the first equation

of (5.15) we have
7' = x(ax + 2by + 2¢2) < gz, (5.16)

where ¢ = max{a, 2b,2c}. By definition of the operator (5.15) and condition
c< % we have ¢ < 1. Consider two cases:
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Case ¢ < 1. In this case from (5.16) we get z,41 < qz, < ¢"2°, where z,
is the first coordinate of the trajectory A = V*(I°) = (z,,y,) with initial
point \Y = (2°,9%). Thus x,, — 0 as n — oco. By symmetry of z and y we get
Yn — 0 as n — oo.

Case ¢ = 1. In this case we get x,4+1 < x,, hence

lim z, = a > 0 exists.
n—o0

Similarly,
lim y, = 6 also exists.
n—oo

Thus the point («, ) must be a fixed point for the operator (5.15). Since
Ao = (0,0) is unique fixed point for ¢ < % (we shall prove uniqueness in section
(iii) of this proof), we get («, 8) = (0,0).

Remark 39. The argument used in the case ¢ = 1 also works for the case
q < 1. But in the case q < 1 we proved that the rate of convergence to \g is
faster than q™.

. Invariance of My, M_, M; are straightforward. Invariance of M., M~ follow

from the following equality

/ /

' —y =(x—-y)(2cz+alr+vy)), where z=1—-2—-y>0
which can be obtained from (5.15).

Clearly \gp = (0,0) is a fixed point independently on parameters a, b, c. To get
other fixed points consider several cases:

2c—1

5 which is
c—a

Case r = 0,y # 0: From the second equation one gets y =

between 0 and 1 iff ¢ > % Thus A\ = (O 20—1) is a fixed point.

) 2c—a

_ . . . . . _ 2c—1
Case x # 0,y = 0 is similar to the previous case and gives \g = (QE_Q, 0).
Case = # 0,y # 0: From (5.15) one gets a system of linear equations, which

has unique solution Ay = < 462_011__1%, 462_05_1%) (for ¢ > %, a # 2b). Note that if

c< % then there is only Ag.
To check the type of fixed points consider Jacobian at A = (z,y)
2c+2(a—2c)z+2(b— )y 2(b—co)x

2(b—c)y 2c+2(a —2¢)y +2(b—c)x
(5.17)

J(A)=J(:v,y)=<
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It is easy to see that the eigenvalues p1(\), ua(A) of (5.17) at fixed points are

1 (A2) = pa(A1) = pa(Ag) =2(1 —¢) <1,

2¢(1—a)+2b(c—1)| [ <1 if a>2b
2c—a Tl >1if a< 2D

[ (A)] = |p2(Ao)| =

lu1(A3)] =

de(b—1)+2a(c—1)| [ <1 if a<?2b
a+2b—4c Sl >1if a>2b

This completes the proof of (iii).
4. For a = 2b the operator (5.15) has the following form

{ ¥ =2x2c+2(b—c)(z+y))

Y =y(2c+2(b— c)(z +y)). (5.18)

It is easy to see that A\g = (0,0) and any point of F' = {A =(z,y):xt+y= 22(2:51,) }

is fixed point if ¢ > % Invariance of I, follows easily from the following

relation % = % = v. To check A\ — X, for \° € I, consider restriction
of operator (5.19) shown in Figures 1 — 4. on I, which is 2/ = ¢(z) =
z(2¢ + 2(b — ¢)(1 4+ v)z). The function ¢ has two fixed points z = 0 and
T = %. The point z = 0 is repeller and T is attractive independently
on v since ¢/(T) = 2(1 —¢) < 1 for ¢ > 1. One can see that z* > T where
x* is the critical point i.e ¢'(z*) = 0. Now we shall take arbitrary z¢ € (0, 1]
and prove that x, = ¢(z,—1), n > 1 converges to T as n — oo. Consider the
following partition [0,1] = {0} U(0,Z)U{z}U(Z,z*]U(z*,1]. For z € (0,Z) we
have = < p(x) < T, consequently z¢ < =, < p+1 < T i.e ,, converges and its
limit is a fixed point of ¢, since ¢ has unique fixed point Z in (0, 1] we conclude
that the limit is . For = € (Z,z*] we have z > ¢(z) > T, consequently
Ty > Tp > Tpyl > T i.e @y, converges and its limit is . If xp € (2%, 1] then
it is easy to see that x1 = ¢(z¢) € [0,2*) so by above mentioned reasons we
again have z,, — . Hence 7 is the global attractive point on I,,.

5. The existence of v follows from Theorem 5.4. Other statements of 5 are
straightforward. The theorem is proved.

]
Note that 2-Volterra operator corresponding to (5.15) has the following form
' = z(ax + 2by + 2cz)
Y = y(2bz + ay + 2cz) (5.19)
2 =1-2c(x+y) — (a—2c)(2? +y?) — 4(b—c)xy

Using Theorem 5.2 we get phase portraits of the trajectories of (5.19) shown in
Figures 1 — 4.
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Remark 40. One of the main goal by introducing the notion of £-Volterra operators
was to give an example of QSO which has more rich dynamics than Volterra QSO.
It is well known [2] that for Volterra operators if a;; # 0 (i # j) then for any
non-fized initial point X° the set w(A\°) of all limit points of the trajectory {\™} is
subset of the boundary of simplex. But in our case Fig.3 and 4 show that the limit
set is not subset of the boundary of S?.

6 Separable Quadratic Stochastic Operators (SQSOs)

Separable Quadratic Stochastic Operators (SQSOs) were introduced in 2009 by U.
A. Rozikov and S. Nazir. From the definition of Quadratic Stochastic Operator
(QSO), we know that

m m
!
Ty = § Dij kTiTj, Dijk = Djiks 0 < pijre <1, E Pijk = 1.
ij=1 k=1

U. A. Rozikov and S. Nazir supposed that if p;;; = a;xb;, such that

m
0 Saikbjk <1, Z aikbjk: 1, V1, j € {1,..., m} So
k=1
m
T, = Z aikbjkxixj VEke {1, e m}
ij=1

m m
/
=1, = g aikxig bjkrj,
i=1 j=1

m
where 0 < a;pbjr <1, > abjy =1, Vi, j€{1,..., m}.
k=1

Definition 41. The Separable Quadratic Stochastic Operator (SQSO) is defined as
IL’;€ = Zaikxiijka:j, (61)
i=1 j=1

where 0 < a;pbjp <1, > awbjy, =1, Vi, je{l,..., m}.
k=1
The Quadratic Stochastic Operator defined in (6.1) is called Separable Quadratic

Stochastic Operator (SQSO).

m
From the conditions p;jr > 0 and ) pjr =1V i, j it follows the condition on
k=1

matrices A and B that a;;b;, > 0,
ABT =1, (6.2)
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where BT is the transpose of matrix B and 1 is a matrix with all entries 1. Let a(®
denote the ith row of matrix A and bY) denote the jth row of matrix B or the jth
column of BT, Then from (6.2), we get

a0 =1, Vi, je{1, 2,..., m}
For a fixed j, (6.2) implies that
AT =1, 1, DT, (6.3)

where (1, 1,..., 1)7 is a column vector. Now if determinant of matrix A is non-zero
i.e. det(A) # 0, then (6.3) implies that

b =AY, 1., DT, Ve (L, 2., m). (6.4)

From (6.4) we will get the identical rows of matrix B. It means that if det(A) # 0,
then the rows of matrix B will be the same. Similarly if det(B) # 0, then the rows
of matrix A will be the same. So here, we will discuss three cases.

Case-1: If det(A) = det(B) = 0, then both A and B have identical rows.
Case-2: If det(A) # 0, then the matrix B has identical rows. Similarly if det(B) # 0,
then the matrix A has identical rows.
Case-3: If det(A) = det(B) = 0 but both A and B have non-identical rows.

Now if we want to find a Separable Quadratic Stochastic Operator (SQSO) for
case-1, then consider

m m

!

T, = g mng bjrw;
1= :

= (a1k$1 + a2 + - + amptm) (b1rx1 + bagxe + - - - + bkTm)

(a1gz1 + a1pze + -+ + a1p2m) (bigz1 + bigza + - - - + bigxm)
= apbig(z1 + 22+ -+ —|—a:m)(gc1 Fag e T

= alkblk(l)(l)
l‘k = alkblk.
So V(x) = (m,) = (.%‘/1, x;,..., :U;n) = (a11b11, ai2bi2,..., a1mbim) i-e. in case-1,

we have a constant Separable Quadratic Stochastic Operator (SQSO). Similarly in
case-2 if B has identical rows, then we have a linear Separable Quadratic Stochastic
Operator (SQSO) i.e.

!
xy, = bik(a1px1 + agera + - - + AmkTm)-

Example 42. For the system E = {1, 2}, find the corresponding Separable Quadratic
Stochastic Operator (SQSO).
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Solution: Given that £ = {1, 2} then the corresponding SQSO is given by
V(z1, x9) = (2}, x4). Now by definition, we can find 2| and z, as:

2
$/1 = Z(ailbjl)xi$j

= a1 E b]lx]

=1
= (anz + a21$2)(51196‘1 + ba1x2)

2 2
= aitbnix] + anbarziza + ag1brizriza + ag1barxs.

Similarly
2
i
Ty = g (@i2bjoxixy)
i,j=1
2
= g aiox; g bjox;
= (a12331 —+ a22$2)(b12371 + byoxs)
= bioa? b b boo a3
= a1201227 + @12022T1T2 + A22012T1T2 + G22022%5.
So
2 2
V(z1) = anbniz] + annbaiziz + agibiizixa + agibai s,
and

2 2
V(z2) = aigbi2x] + a12b2ex122 + ag2biox1xe + a22boes.

Example 43. For the system E = {1, 2, 3}, find the corresponding Separable
Quadratic Stochastic Operator (SQSO).

Solution: Given that F = {1, 2, 3} then the correspondmg SQSO is given by
V(z1, x3) = (x], =5). Now by definition, we can find z, x5 and 25 as:

3

i
x, = E (@ai1bj1) ziz;
i,j=

3
= E a1 5 bjlxj
1= =

= (a11961 -I— a2 + az1x3)(biix1 + barxa + ba1x3)
;= anbnai + aiborrize + aj1bz1r1w3 + agrbiizi s

2 2
+  a21b2175 + as1b31w2x3 + az1brir1x3 + azi1bo1wexs + azibsixs.
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Similarly

3
Ty = Z (aigbjg)a:ia:j
i,j=1

3 3
= E Ai%; E bjox;
i=1 j=1

= (a1271 + a2w2 + asaxs)(bi2z1 + baoxwa + b3axs)
2
Ty = ai12biaxy + a12bax122 + a12bszazi 3 + asbiaxixe

2 2
+  a2boxy + a2b3arox3 + azabiox1 T3 4 azabooxars + azabszaxs,

and
3
!
vy = Y (aishys) v
ij=1
3 3
= > ami Yy bisw,
i—1 =1
= (a1321 + ag3x2 + aszws)(bizx1 + bazxa + bzxs)
!
2
T3 = a13b1327 + a13ba3r122 + a13b33r123 + aszbizrixs
2 2
+  a23bazxy + aszbzzwoxs + assbizwrixs + aszbazwaxs + azzbszrs.
So
1
2
V(z1) =21 = anbuzi+anbazize + anbsizizs + az1biizizo
2 2
+  a21b2125 + as1b312x3 + az1biir1xs + azibairaxs + a1 bz s,
!
2
V(ze) =29 = ai2biox] + a12baz12 + a12bsax123 + agebiazixo
2 2
+  a22box; + a2b3arax3 + azabiox1 T3 4 azaboaxoxs + azabszaxs,
and
!
2
V(zs) =23 = ai3bizx] + a13basx122 + a13b3zx 123 + az3bizzizo

2 2
+  a23bazx; + aszb3zwoxs + assbizwixs + azzbaswexs + azzbszrs.

6.1 Lyapunov Function of SQSOs

In this Section we will discuss about the Lyapunov function of Separable Quadratic
Stochastic Operators (SQSOs). By using this Lyapunov function we will be able
to describe the upper estimates for the set of limit points of Separable Quadratic
Stochastic Operators (SQSOs).
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Theorem 44. [11], Let V is Separable Quadratic Stochastic Operator (SQSO), then

the function @, : S™ 1 — R defined by o.(z) = . cpxi is a Lyapunov function if
k=1

c=(c1, c2,..., cm)T satisfiesc; >0V i€ {l,..., m} and either Ac < Ic or Be <

Ic, where A = (ai;){%—1, B = (bij){—1, 0 < aij, bjj <1

Proof. Since we know that

/ ’

welx) = Crxy,

IN

IA
(]
I+
&8

1
/ = ‘PC(JU)
= wc(z) < (@)

Continuing in this way, we will get

‘PC("EH—H) < pe(z"),

which is a non-increasing monotonic and bounded sequence. So it means that ¢.(x)
is a Lyapunov function. O

6.2 Properties of F (A)

In this Section we will discuss some properties of the particular set f (4) = {B =
(bjk);?;lk:]. :0 S aikbjk S 1, ABT = 1}
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Theorem 45. [1/], Let A = (ai)]}—, is a fived matriz, consider the set F (A) =
{B = (bjk)Th=1 + 0 < aigbjp < 1, ABT = 1}. The set F (A) has the following
properties

1. F (A) is convex.

2. The extremal points of F (A) are those matrices B whose entries are either zeroes
or ones.

3. If F (A) is non-empty then at least one of the entry of each row of matrix A must
be non-zero.

4. F(A) 1s not closed with respect to addition. If B = (bjk)7]),—; and C' = (bi)]}—y
are contained in F (A) then BC is also contained in F (A) if

m m
ijk; =1 and Zaikbjrcrk >0, Vi, j, ke{l,..., m}.
k=1 r=1

5. BefF(A) < AcF(B).
Proof. 1. Let X, Y € F (A) such that X = (b;,)"_,, YV = (b )" . Let o € [0, 1]
and consider B = (bjx)}%—; such that

/ 1"

a(bir) + (1 —a)(bj) = bk, (6.5)
multiplying both sides of (6.5) by a;, we get
aaikb;k +(1- oz)aikb;k = aikbjk.

By definition we know that 0 < aikb;-k <1, 0L aikb;-/k <1, thus 0 < a;bj, <1
holds. Let a(® = (a;1, aso,..., aim) be the ith row of A, ) = (b;-l, b;'27 cee bjm)
be the jth row of X and bU) = (bj15 bjos-- s b;/m) be the jth row of Y. Then

a®p® =1, Vi, jand a®® =1, Vi, j. Let b9 be the jth row of B, then (6.5)
implies that

’

" "

’ N/

ab? 4 (1—a)p¥ =p0) v ;. (6.6)

Again by multiplying both sides of (6.6) by a(?), we get

dDp) = a0 4 (1= a)a®p®”
a(l) + (1 —a)(1)

= a+1—«

=1
= aWpl) = 1.
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Thus B = (bjk)}j—1 € F (A). Hence F (A) is a convex set.
2. Let 0 < o < 1and B € fF(A) such that B = (bjx)}}—; with bjz = « for some

Jj = Jjo, k= ko. Consider two matrices By = (bﬁ))%:l and By = (bﬁ))%:lwith

p O _ ) baks iF (3 k) # (o, ko)
L if (G.k) = Gos ko).

5(2) — bjk’ Zf (-77 k) 7é (j()a kO)
06 Gy B) = (o, ko).
If (4, k) # (jo, ko), then

abﬁ) +(1- a)bﬁ) = abj; + (1 — a)b;
= abl) + (1 —apl) = by

If (j, k) = (jo, ko), then

abl) +(1— o) = a+(1-a)0)
= abﬁ) +(1- a)bﬁ) = «
= abl) + (1 —aply) = by

As a € (0, 1), hence B = aBj + (1 —a)Bs i.e. B is not an extremal point which is a
contradiction. Hence the extremal points of F (A) are those matrices whose entries
are either zeros or ones.

3. If all the entries of matrix A are zero, then the condition ABT = 1 does not hold.
So if the set F (A) is non empty then at least one of the entry of each row of matrix
A must be non-zero such that the condition AB? = 1 holds.

4. Let X = (B))n_y, Y = (b)), € F(A) such that AX” =1 and BYT = 1.
Then

AX +Y)T AXT +YT)
= AXT 4+ AYT
1+1

= AX+Y)T # 1.

So X +Y ¢ F(A) ie. F(A) is not closed with respect to addition.
Now

AXY)T = AYTXT)
= (Ay")xT
= 1.x7T
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Now 1X7T = 1 implies that > (bﬁ)) =1, Vje{l, 2,..., m}. Also we know that

k=1
each entry (XY);; of product matrix XY is given by (XY);, = > bg.ylﬂ)bﬁ). Thus
r=1
XY € F(A) if the following properties are satisfied:
S5 =1and Y apdi6) >0, Vi, g, ke {1, 2., m).
k=1 r=1
5. Let B € F (A), then
ABT =1
s ABTY" = 17
& BN AT = 17
& BAT = 1
s A € [F(B).
So B € F(A) if and only if A € F (B). O

6.3 Skew-Symmetric Matrix and SQSO

In this Section we will discuss about the realtion between Skew-Symmetric Matrix
and Separable Quadratic Stochastic Operator (SQSO).

Proposition 46. [1/], If A = (ai)?,_, is a skew symmetric matriz with aii = 0.
Then the solution of the system

A =1, 1, 1); j=1,2 3

exists if and only if ass = a13 — a12. Moreover, the solution is

(b(j))T _ <b1j, 1+ a13blj7 1+ a12by;
a2 — a13 a3z — ai2

) Vi=1,2, 3,

where bY) is a row of matriz B = (bjk)?,k:r In each case show that

0 ai2 a13
A=| —ap 0 a13 — a12
—a13 —(a13 — az) 0
Proof. Since
0 a2 a3 bi1r bz b3
A=\ —ai2 0 as3 |, B=| bo baa ba3
—ai3 —azz 0 b31 b3z b33
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Let a12 = a, a13 = b, a3 =c, bi1 = «, bio = 3, bz =y, bayr =&, bag = (, bag =
N, bs1 =, bsa =y and bss = z. So the above matrices A, B will become

0 a b a B v
A= —a 0 ¢ |,B=| € ¢ n
—b —c 0 T Yy z
And we know that
ABT =1
0 a b a & x 1 11
= —a 0 ¢ B ¢y = 1117,
b —c 0 Yy n oz 1 11
by multiplying and comparing, we get
af+by=1, —aa+cy=1, —ba—cf =1 (6.7)
al+bn=1, —a+cen=1, —b§ —c¢ =1 (6.8)
ay+bz=1 —ar+cz=1, —bzr —cy=1. (6.9)
From (6.7), we get
1-b —1 1+0b
=t Gl g1t (6.10)
a a —c
From (6.10), it is clear that
1—by 1+ ba
a N —c
1—b 1+ Ha-l)
= 7= =
a —c
bley — 1
= —c(l-by) = a <1 + (cqfa)>
= —c+chy = a+bcy—0>
=-—c = a—0b
=c = b—-a
= a3 = a13 — G12-
Now from (6.8), we get
1-0b en—1 1+ b€
(=—T g="— (== (6.11)
a a —c
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And it is clear from (6.11) that

1—-bnp 1+
a T —c
b(en—1)
1=y 1+ 2=
a —c
= —c(1-bn) = a+blen—1)
= —c+chnp = a+ben—2>
=—-c = a—b
=c = b—a
= a3 = a13 — a12-
Now from (6.9), we get
1-5 -1 145
Yy = Z? x:CZ y Y= ki x- (612)
a a —c
And again it is clear from (6.12) that
1—bz  1+bx
a N —c
1—b2 14 be=l)
= = __ a
a —c
= —c(l-bz) = a+blcz—1)
= —c+cbz = a+bcz—b
=—-c = a—b
=c = b—a
= a23 = Q13 — a12.
So in each and every case
az3 = ai13 — a2
i.e.
0 a12 a13
A= —a12 0 a1z — ai2
—a13 —(a13 — a2) 0
Now as given that
WnE = L
AU = 1], j=1, 2, 3, (6.13)
1
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where b9 is a row of matrix B = (bjk);),kzl' Now for j =1, (6.13) implies that

0 a2 a3 b1 1
—ai12 0 a3 b12 = 1 . (6.14)
—ai3 —azz 0 b13 1
So (6.14) implies that
aigbis +a1zbiyz = 1 (6.15)
—a12b11 + (@13 —ajg)biz = 1 (6.16)
—ai3bi1 + (a12 —aiz)biz = 1. (6.17)

Now from (6.16) and (6.17), we get
14 azbn by = 1+ a12b11
a2 — a3 a1z — a2’
by putting the values of b12 and by3 in (6.15), we get

b11 = b11.

Hence for j = 1, the solution is

T 1 b 1 b
BT = <b11, + a3 n + a2 11) .
a2 — a3’ a3 — a2

In the similar way, for j = 2 and j = 3, the solution is

1 b 1 b
) = (bm, L S0 12) . for j=2,
a2 — a3 a3 — ai2

™) = <b13, 1+ CL135137 1+ aizbis
a1z — @13 13 — a1

>, for j=3.

So in general, the solution is

) 1 .1 .
(b(j))T _ <b1j, +ai3b1; 14 aizby;

, > Vi=1, 2, 3.
a2 — a13 aiz — ai2

This completes the proof. O

Proposition 47. [14], If the matriz A is same as in Proposition 6.11 then show
that Separable Quadratic Stochastic Operator (SQSO) is a linear operator.

Proof. From Proposition 6.11 we have a result

. 1 b 1 b
(B9 = <b1j, RRUEUFIE e “) Vi=1, 2 3.
alo — a13 aiz — ai2

By the definition of Separable Quadratic Stochastic Operator (SQSO), we know that
0<aubjr <1, Vi, j, ke{l,..., m}. So we will consider the following cases.
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Case-1:-

If aig > 0, aiz >0 such that aiz < a9, then

0 < aisbis
1+ aisb
0 < a13< + 1211)
a1z — a2
-1
=b < —
a2

Similarly from aiszbos > 0 and aiszbss > 0, we will get by <

respectively. So we have a result

-1 -1 -1
b1 < —, by < —, b3 < —.
a9 a12 a12

(6.18)

In a similar way from aogbi3 > 0, as3bss > 0 and as3bszs > 0, we have a result

-1 -1 -1
bi1 > —, by > —, bz1 > —.
a2 a2 aiz

So from (6.18) and (6.19), we have a result

-1
b1 = ba1 = b31 = —.
a2

-1 1
W = < — o>.
aiz2 a2

Hence

(6.19)

Also (b(l))T = (b(2))T = (b(3))T. Hence the matrix B has identical rows. So in this
case, Separable Quadratic Stochastic Operator (SQSO) is a linear operator.

Case-2:-

We can easily check that for a;s > 0 and a13 > 0 with a1z > a12. We get

R e N
a13

1

a3

So again in this case Separable Quadratic Stochastic Operator (SQSO) is a linear
operator. Similarly all the remaining cases will give the same result i.e. matrix B has
identical rows. So in each and every case Separable Quadratic Stochastic Operator

(SQSO) is a linear operator.

O]
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Remark 48. The general form of m x m skew symmetric matriz A with the same
conditions as in Proposition 6.11 1is:

0 a2 a3 a4 PEEErY DY a/m

—as 0 as—az A4 —ay -+ o yy — G2

—a3 a2 —as 0 ag—ag -+ Gy —ag

—a4 G2 — a4 a3z — a4 0 R e 7] (6.20)
—Qm A2 — A, Q3 — Gy, Q4 — Qg -0 e 0

Theorem 49. Let A, B be two matrices satisfying Piji = abji. If A is a skew
symmetric matriz which has the form (6.20). Then B is a matriz with identical rows.
Moreover, each row of B contains at most two non zero elements, one of which is
positive and second one s negative.

Proof. Since we know that

aibjr >0, Vi, j, ke E. (6.21)
This implies that
apbji >0, k#iVi, j, keE. (6.22)
(6.21) and (6.22) implies that
a;kakibjrbj; >0, Vi, j, k€ E, (6.23)
but a;xax; < 0, @ # k, so from (6.23) we get
birbji <0, Vi, j, ke E. (6.24)

It follows from (6.24) that for a fixed j, there exist kg, i such that bjz, > 0, bj;, <
0 and bj, = 0 for p # ig, ko. Also if a; < 0V i, i # k then by, <0V j # k.
Moreover if a;;, > 0V 7, @ # k then bj, > 0V j # k. If there exist g, i’ such that
ik > 0 and a;q < 0 then bjk =0 V] e F.
Let us suppose that
il = QISI%ISIlm{(ZZ’}, ap, = nggn{ai}.
Then column ig of A contains all non-positive numbers and column i of A contains
all non-negative elements. By above mentioned property B has the following form:

00 - 0 ag 0 -+ 0 B 0 -+ 0
00 -+ 0 azg 0 -+ 0 By 0 - 0
00 -+ 0 a3 0 -« 0 B3 0 -~ 0
B = .o . . . . . . . . . .
00 - 0 @, 0 -+ 0 Bn 0 -+ 0
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where for column (a1, ag,..., amy) all @; < 0 for any ¢ € E and for column
(B1, B2,y Pm) all B; > 0 for any i € E. Thus B is a matrix with identical rows.
From condition ABT = 1 (where A is given in (6.20)) we must have the following
system:

a0 +ayfBi =1, for any 1 € E,

(ai, — aj)a; + (ay —a;)B; = 1, for any 4, j € E.

From above system it is easy to obtained that a;(a; + ;) = 0 i.e. a; = —p;, from

. . A — — R 1 1
ai, o +ay B; = 1, we have a;(a;, —ay) = 1. Hence a; = =y and 3; = T O

Lemma 50. Any skew symmetric matric A with a;; # 0 for i # j has at most one
positive and at most one negative column. Moreover one of the following holds

(i) The matriz A has no positive and no negative column.

(ii) The matriz A has a positive column but has no negative one.

(iii) The matriz A has a negative column but has no positive column.

(iv) The matriz A has one negative column and one positive column.

Theorem 51. If for a skew symmetric matriz A one of the conditions (i) to (iii)
of Lemma 6.18. holds. Then there is no matriz B satisfying AT = (1, 1,..., 1).

In case (i) of Lemma 6.18. there is a solution B satisfying AT = (1, 1,..., 1)
if and only if the positive column a¥) and the negative column a*V) of the matriz
A satisfy the condition

Qi — Qiky = Qkoky Vie k.

Moreover, B has all identical rows.

Proof. As we know that the condition a;;b;, > 0 implies that if column a®) of A
has a positive element as well as a negative element then b*) column of B contains
only zeros. Thus condition (i) of Lemma 6.18. gives B = 0, which does not satisfy
the properties of Separable Quadratic Stochastic Operator (SQSO). In condition
(ii) of Lemma 6.18. B has unique non-zero column which is positive too. If a(*)
is a positive column for A then b(*) is positive for B and ABT = 1 implies that
Zaipbjp =1,V4 j€ FEie. aikbjk =1V, j€ E. For i =k we have Objk =1
P

which is not possible, thus in this case there exists no B. Condition (iii) of Lemma
6.18. is also similar to condition (ii) of Lemma 6.18. i.e. also here, there exists no B.
Now let us consider Condition (iv) of Lemma 6.18. Assume that a(%0) is positive and
a®1) is negative column of A. Then b+ and b*1) are positive and negative columns
in B respectively, all other columns of B are zeros. Also we have

aik‘objko + aiklbjkl =1,V jeF, (6.25)
which for i = kg gives that agx,bjr, = 1 = bjg, = ﬁ VY 7 and for i = kj gives
0F1
that ak, ki, =1 = bjk, = _aklk V j. So from (6.25) we get
0F1
Akgi + Qiky = Qs - (6.26)
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From (6.26), A has the form

air o k-1 Gk Glkotl o0 (Qkoky T Q1K) Gim

a1 ccc Gokg—1  A2ky  Qlkgt1l 0 (Gkoky T Q2ke)  ccc G2m

Aml ' GmKo—1 Omky Olkot1 " (Gkoky T Gmke) *  Qmm
where all the elements of column (aix,, @2kg,---, @mk,) are positive and all the
elements of column (agyk, + Giky, Gkoky + A2kgs---» Qkok, + Gmk,) are negative.

Consequently, rows of matrix B are identical and are equal to

—1 1
(O,...,O, , 0,..., 0, 70,...,0).
akok‘l akokl

6.4 Limit Points of SQSO

In this Section we will discuss about the limit points of Separable Quadratic Stochastic
Operators (SQSOs).

If the Separable Quadratic Stochastic Operator (SQSO) is constant, then the set
of limit points for all 20 € ™! will be

w(xo) = {(bnau, ey blma1m>}.

Now if Separable Quadratic Stochastic Operator (SQSO) is a linear operator, then
the set of limit points(w(z”)) becomes dependent on 2" and on the properties of
matrix A. For ergodic case, the set w(z?) is a singleton set but for periodic case, the
set w(z?) can be a finite set. Let us denote

m
A={deR™:0<d;, Zdi>0, Ac <Ic or Be<Ic}.
=1

We know by Theorem 6.5 that 1y is a Lyapunov function for any d € A i.e. by
definition of Lyapunov functions, for any initial point z° € S™~!, we get

i sootha(z™) = Ag(2?), d € A.

Thus we can say that w(z?) C {z € S™1 1 ahy(2™) = A\g(2°)} for any d € A and this
implies that

w(@®) € [z € 8™ : valw) = Aa(2”)}. (6.27)

deA
Let us suppose that there are m distinct vectors dV, ..., d™ in A such that the
determinant of A is non-zero and A is a m x m matrix with rows d9), j =1,..., m.
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Then the system of equations ¥ i) (z) = Ay (2°), j = 1,..., m has a unique
solution # = 7 and from (6.27), we have w(z?) = {Z}. Let us suppose that

G=res™ " alw) = Aa(z")}.

deA

If we have no collection of m distinct vectors dV, ..., d™ in A with determinant
of A non-zero, then G is an uncountable set. Keep in mind that G is always a non
empty set, since w(2”) is a non-empty set because {:L‘(”)}?LOZO C Sm=1 and as we
know that S(~Y is a compact set.
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