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SOLUTIONS TO A FIRST ORDER HYPERBOLIC
SYSTEM

Nezam Iraniparast

Abstract The study of small perturbations in the shock initiation of an inviscid compressible
fluid with chemical reaction leads to a first order hyperbolic system of two equations. The order
zero approximation of the system involves only constant coefficients. Here, we study a variation of
this hyperbolic system and generalize it so that not all coefficients are constants. The boundary
conditions in the first quadrant (¢, z > 0), where z is the spatial variable and ¢ is time, include data
along = = 0 and a proportionality relation between the dependent variables along ¢t = 0. Using the

characteristics of the system, we obtain explicit solutions.

1 Introduction

In the work of David Logan [1], the forced, linear, one dimensional hyperbolic
system,

(_11 _ai) <Z)t + (Z)I - <§((f))>,x>0,t>0, (1.1)

where 0 < a < 1 is a constant, is studied under the assumption that the boundary
condition,
u(0,t) =0, t>0, (1.2)

and the initial condition,
u(z,0) = av(x,0), = >0, (1.3)

are satisfied. Here a > 0 is also a constant. The problem was originally studied
by Fickett [2] in relation to the work on a condensed explosive to determine the
rate of chemical energy release from detonating the explosive. The linearization of
the underlying mathematical model led to a hyperbolic system which very closely
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resembles the system in (1.1). In our work presented here, we use the method of
David Logan [1] to solve a variation of the system in (1.1) namely,

(:i _Ia> <Z>t + (Z)x - <§((:))>,33>0,t>0, (1.4)

with the assumption that 0 < a < 1 depends on the variable t. The boundary and
initial conditions are kept the same as in (1.2) and (1.3), namely,

u(0,t) =0, ¢t>0, u(z,0)=~v(x,0), z>0, (1.5)

where we have replaced constant o, 0 < a < 1, in (1.3) with the constant =,
—1 < v < 0. Our goal is to first use the method of characteristics to find v along
x = 0. This is then used to find the solution u(zx,t) to (1.4), (1.5) at an arbitrary
point (z,t) in the quadrant > 0,¢ > 0.

2 The Characteristics

The eigenvalues of the coefficient matrix in (1.4) are a — 1 and —(a + 1) with

1 1
the corresponding eigenvectors ( 1 ), and ( 1 >, respectively. Let P =

1 1 _ a—1 0 1 -1 —-a
<_1 1 > and D = <O —(a—i—l)) and note that PDP~+ = (—a _1>.

Now rewrite the equation (1.4) in the following manner,

PDP_1<Z>t+ (g)xz <§((f))>,x>0,t>0, (2.1)

Multiply equation (2.1) by P~! to obtain,

Dp~! (Z)t L pt (Z)x — pl <§((f)) >,m>0,t>0, (2.2)

The system (2.2) in expanded form will be a pair of equations as follows,

(Ut - vt) + L(U':L‘ - Ua:) = %7

a—1
1 + (2.3)
(ut + 'Ut) - m(ux - Um) = —{a—fl) .
Consider the functions u and v along the curves CT: Z—f = ail and C'~: Cé—”t“" = ﬁll
respectively. Then equations in (2.3) along these curves can be written as,
du _ dv _ f=g
dt dt B a?i"g (24)

du 4 dv
dt dt —(a+1)"
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We assume that the negative characteristics C* and C~ both meet at the same
point (zp,0) on the z-axis and cross the t-axis at points (0,«) and (0,3), a < B.

They therefore must satisfy,

Ctray(t) = [ Lodr,

C™ rxo(t) = ft’B ﬁdr

To ensure that x1(t) and xo(t) meet at ¢ = 0 we impose the condition,

« 1 B
/ dT—/ 1 dr.
0 a—1 0 —(1—|—a)

An example of a function a that allows the condition (2.6) to be satisfied is,

A pair of characteristics corresponding to this particular choice of a are,

V2 -1

z1(t) = 210@(@

) =2Vt +2—t4+2V241, t>0,

and

V2+1

m+1)+2\/t+2—t—2\/§+1, t>0.

2(t) = 2log(

(2.6)

(2.7)

(2.8)

(2.9)

In the quadrant x > 0 and ¢ > 0 the curves meet at xg = 1 on the z-axis, and at

a =~ 0.318 and 8 ~ 1.60 on the t-axis. See figure 1.
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Figure 1: In the quadrant = > 0 and ¢ > 0 the characteristic curves C* and C'~ through
(z,t) and (0, ), (0,3) on the t-axis.

Now let’s integrate equations in (2.3) along the curves C* and C~ respectively.
We hayve,

u(zx,t) —v(x,t) / fE:—()T g(l dr =k;, on CT, (2.10)
and .
u(z,t) +v(x,t) — / i(T):_)‘:]L(Tl))dT =ko, on C7, (2.11)

where k; and kg are arbitrary constants. From (2.10), (2.11) and the boundary
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condition in (1.5), at the point (z,0) on the z-axis we must have,

u(zo,0) — v(xp,0) = k:l,
u(xo,0) + v(xp,0) = (2.12)
u(xp,0)) = fyv(m‘()?O).

From the equations in (2.12) we find k; and ks to be,
k1 = (v — Dv(xo,0), (2.13)

ko = (v + Dv(xo,0). (2.14)

Also, the expression on the left-hand-side of (2.10) has the same values at the two
points (x0,0) and (0,«). The same is true about the expression in (2.11) at the
points (xg,0) and (0, 5). These mean,

u(zg,0) — v(xo,0) = u(0, ) — v(0, @) / '2_ ng (2.15)
and
u(zo,0) + v(zo,0) = u(0, 8 / fa++gl dr. (2.16)

Apply the condition in (1.5), where we assume that v = 0 along the t-axis, to
(2.15)-(2.16) and then add the resulting equations to find,

f-yg / f+tg
2 0 0, dr ————dr. 2.17
. 0) = ~o(0.0) + w(0.5) - [ L= Ty (217)
Do the same as above but this time subtract the equation (2.15) from (2.16) to find
f—yg /B f+g
2 0) =v(0, dr — ————dr. 2.18
v(20,0) = (0, ) /a_lT [ sar (2.18)
Add (2.17) to (2.18) to get,
u(zo,0) + v(zp,0) = v(0, ) — /B ﬂdT (2.19)
0 —(CL + 1)
Use the initial condition in (1.5), u(zg,0) = yv(zo,0), in (2.19) to find,
f+yg
1 = ———d 2.2
0+ Duteo,0) =v0,9) - [T (220
Subtract (2.17) from (2.18) and use the initial condition in (1.5) to get,
(1 — 7)v(@o,0) = v(0, @) / ﬁ:fdf. (2.21)
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Equating v(zg,0) in (2.20) and (2.21) we have,

Ly f+g f—g
v(0,a) = 7+ ,7 / @t 1) ————dT) / p— 1d7’. (2.22)

Rewriting (2.22),

1+~ 1+7/’f g /‘ f+y
= d 7 d 2.2
v(0,5) 1_7v, 1t arn™" (2.23)

Let § = r, then 0 < r < 1. Also let % = §, then for —1 < 7 < 0 we will have
0 < <1 and (2.23) can be written in the form,

_ Pr-g b f+g
v(0, B) = dv(0,78) + 5/0 1 1dT —i—/o 7_@ n 1)d7'. (2.24)
Substitute 75 for 5 in (2.24),
- s
_ 2 g g
U(O,Tﬁ) = 5’0(077" B) + 5/ o — 1d +/0 de (225)

Replace v(0,r3) in (2.24) with the right hand side of (2.25),

0(0,8) = 8(60(0,72B) + 0 f3* Lgdr + [P —Lesar) (2.26)

+6 Jy7 I=gdr + [ .

Repeated replacements of 5 with 73 as above leads to a general statement for v(0, 3)
as follows,

; f=g, S~u [ f+g
v(0,8) = 6™ (0,73 +Za/ T =9y +§5/o —thsar @)

Letting n — oo we obtain,

[Py = ("7 Sty
05):;5/0 a_ldr—i-;éfo mdr (2.28)

If we assume that the functions % and

% are bounded then the series in
(2.28) converge and the value of v along = = 0 is computed. To sum up, we state
the following lemma.

Lemma 1. Let 8 > « > 0 be the points of intersections of the characteristics C'~
and CT respectively, as defined in (2.5), with the t-axis and § = % Suppose f and
g are piecewise continuous on 0 <t < oo and the condition (2.6) is satisfied. Then

under the conditions of boundedness of the functions - f $ and fjfl fort >0 and

x > 0 the value of v at the point (0, ) can be computed and 1s given by the identity
(2.28).
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3 The Solution of the System

Suppose (z,t) is a point in the quadrant z > 0,¢ > 0 and the characteristics C*, C~
pass through it and the points (0, «) and (0, 3) respectively, as shown in figure 2.
Integrating the equations in (2.4) from « to t on C* and 3 to t on C~ we have,

u(x,t) —v(x,t) — /t WCZT =c, on CT, (3.1)
u(z, t) +v(x,t) — t MdT =cy, on C7. (3.2)

s —(a(r)+1)
Since the expressions on the left of (3.1), (3.2) are constants on the characteristics,
their values at the points (0, ) and (0, §) are the same. This means,

t —_—
u(z,t) —v(x,t) —/ MdT =u(0,a) —v(0,a), on CT, (3.3)
o a(r)—1
t
f(1) +9(r) .
s —(a(r) +1)
Using the boundary condition in (1.5) we have u(0,a) = 0 = u(0, 8) in the identities
(3.3), (3.4). Adding these equations and solving for u(z,t) we have,

u(z,t) +v(x,t) — =u(0,8) +v(0,8), on C. (3.4)

L0 =g, (IO 90 68— 0.0
2[/0, a(t) —1 dr + 5 _(a(7)+1)d +v(0,8) —v(0,a)].  (3.5)

In order to write u(x,t) in terms of the integrals of the forcing data f, g only we use
the identity (2.22), where we let }J_r—z = ¢ in (2.22), to express v(0, ) in the following

form,
1 B _
0(0,0) = 5(0(0,8) - /0 fa++91 dr) / f; —ar. (3.6)

Also from (2.28) we have the value of v(0,3) in terms of the forcing data. If we
substitute this in the above equation we have v(0, a) completely determined. After
a little simplification we have,

/f 9 dr +Zal— /Olﬁf 9 dr +/0rﬁf+gd) (3.7)

a—1 (a+1)
Now we can compute u(z, t) by substituting v(0, a) and v(0, 8) from (3.7) and (2.28),
respectively, into (3.5). The formula, after some simplification is,

u(z, t) = fo f(T (T)+f(7)+9())d7.

ﬁa T 7(0‘( ) ) (38)
+ 0 (0 =) [ . (é_?+ _{;f’l))dT)]a x,t > 0.
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To find v(z,t), we eliminate u(xz,t) from the equations (3.3), (3.4) and repeat a
process similar to the one above for the computation of u(x,t) to find,

ola, t) = §[= Jy(L54n + JoLaD)ar

'3 a(r)-1 (a()+1) (3 9)
. . ,r,l _ .
+ 007+ 67 [ + L)), @t > 0.
1.OX~
0.8;
[ (x,1)
0.6;
04l
I .
021
1 L N L 1 L L ~B

t
1.0

0.0 05
Figure 2: In the quadrant = > 0 and ¢ > 0 the characteristic curves C* and C~ through
(z,t) and (0, ), (0, ) on the t-axis.

We express these results in the following theorem,

Theorem 2. Under the assumptions of Lemma 1 the system (1.4) along with the
initial and boundary conditions in (1.5) has the solution given by (3.8), (3.9). The
parameter 0 <r <1, isr = %

4 Asymptotic Response

As in [1], we consider the physical response of the system to the case where the
forcing functions f, g become zero after certain times. We should expect that under
appropriate conditions the response of the system will be finite as well. For this
purpose we make the following assumptions, f(¢t) = 0 for ¢ > 77 and g¢(¢) = 0 for
t>T5. Let,
My = sup [f()], M= sup |g(t)] (4.1)
[0,71] [0,T%]

Also for 0 < a(t) < 1 we assume,

M = sup a(t), m = inf a(t). (4.2)
[0,00) [0,00)
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Then 0 < M, m < 1. Let,

T = maX{Tl,Tg}. (43)
Then,
T
f—y
| a—1|_1—M(M1+M2)’ (4.4)
and .
f+yg T
My + My). 4.5
| < O+ ) (4.5

Upon using the inequalities (4.4), (4.5) in the solutions for u and v in (3.8), (3.9)

we will have,

1 1 1
4.

—5)(1—M+1+m)’ (4.6)

1 1 1

—6)(1—M+1—|-m

ju(a, ) < T(M; + Ma) (5

jo(e, )] < T(M; + Ma) (5 ). (4.7)

We state the above result as a theorem.

Theorem 3. Assume that f, g and a in equation (1.4) satisfy the conditions (4.1),
(4.2). Then the solutions of the system (1.4) under the conditions in (1.5) are
bounded with bounds give by (4.6), (4.7).

As can be seen from the inequalities (4.6) and (4.7), when M; and M, are small,
i.e., the forcing functions are small short lived pulses, the bounds on the solutions w,
v are small. To see the asymptotic behavior of the solutions for large t, we consider
a square impulse wave for f, and allow g to be zero for all time,

1 0<t<1
ro={y V5 (4.9
gt =0, t>0. (4.9)
Also define,
ny =min{n € ZT|r"T1g < 1 < "B} (4.10)

Writing the solutions (3.8), (3.9), for u and v with data given by, (4.8), (4.9), and
considering (4.10) we have,

fo o= 1 + (a+1 )dT+Z@ L6 =61
fo o T (a+1))d?]
+ %z:nl—i-l [(5Z 61_1)
rig, 1
u(z,t) = {0 1(%11) + =arm) ] =0 0=t (4.11)
fo o a1t (a+1))d7+2i;1[(51_5271)
fO a— 1+ (+1))dt]
+ Zz:nl—i-l [(& 61_1)

for 6<a51) + (a+1))dt]] x>0, t>1
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Similarly,
fo (=1 + —@rm)dr + X[+ 6
fO a— 1 + (a—l—l))dt]
+Zz—n1+1[(6Z 6Z 1)
B 1
+ dt >0, 0<t<L1,
v(z,t) = fo (&= Y )l @ o (4.12)

k _?T+ —g)dr + (07 + )
fO a— ljL (zz—l—l))dt]
+Zz:n1+1[(5l +5Z 1)
F P A+ =], x>0, > 1.

The components of the solutions (4.11), (4.12) above, show that for large ¢t > 1
both u and v are of order O(6™ ). To illustrate this further we consider the specific
function a(t) = \/ﬁ Then the solutions u, v are computed to be,

—In(t+1)—t—(In24+1)(6™ —1)
- Z’L nﬁ»l[(él — ' 1)

w(x,t) =< (In(r'B+1)+7rp)], >0, 0<t<1, (4.13)
5m (24 1) — 3%, (3 -6
(In(r'g+1)+r'p)], x>0, t>1

and,

)
ln(vﬁii2 })+2\/2T+ln(f 1)—\/§

(1+5)(1 om 1)(1 2+ )

Zzzmﬂ[(c?’ +07h)

v(z,t) =9 (In(rB+1)+r'6), >0, 0<t<I, (4.14)
—In((v3+2)(3 - 2v2)) +2v/3 —2V2

—(HEE ) (2 4 1) = 3%, 4 [(6 467

| (In(r'B+1)+r'B)], >0, t>1.

From the formulas in (4.13), (4.14) we have the following estimates on u, v for large
t>1,

— (In(2) + 1)0™ < u(z,t) < (ln(7m;+l) +rmtlg _1)em (4.15)
and,
~ (B 4 1) + 1) fg)am < v(,t) — vy < 0, (4.16)

where vy 1S

(14 06)(1— &™)
Voo = —In((v3+2)(3 — 2v2)) +2v3 — 22 — ( = Y(In2 +1). (4.17)
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