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KOHEYHBIE TPYMMNbl C 3AAAHHBIMNA
CBOWCTBAMU KPUTUYECKUX MOArPymnn

B. H. Cemenuyk, B. ®. Bejgecuuiikmii

Amnnorauusi. V3yuaercs cTpoeHHe KOHEYHBIX IPYII, y KOTOPbIX MUHUMAJIbHBIE HE §)-
rpynnsl (§) — HaCblIleHHasl HACIeACTBEHHas opMalysi) oGOGIIEHHO CyGHOpPMAJIbHBL.
B wacTHOCTH, NOJIyHYEHO JETaJbHOE OIMCAHHE CTPOCHUSI KOHEUHBIX IPYII, y KOTOPBIX
rpynnsr [IIvuara §-noctnxumel (§ — HacblIeHHas HACJIEICTBEHHast (pOpMarysi ¢ pe-
[IETOYHBIM CBOHCTBOM).

KuarouyeBrle cisioBa: dopMmalusi € PENIETOYHBIM CBOMCTBOM, KOpaJuKaJs, 0OOOIIEHHO
cybHopMasbHas moarpymnna, rpynmna IlImugra, KpuTudeckas IOATPYIIIA.

Bsegenue

Bce paccmarpuBaembie B paboTe IpyIinbl KOHEUHBI. Barkmeiimeit 3agateit Teo-
pUM KOHEYHBIX IPYIII sIBJISETCSI 33/1a9a U3yJYeHUs CTPOEHUs] KOHEYHBIX I'PYIII, KOTO-
pble He IIPUHA/IE’KAT HEKOTOPOMY KJIaccy IPYIIL §, & BCe COOCTBEHHbIE HOJIPYIIIbI
KOTOPBIX IPUHAIEXKAT §. B HacTosiIee BpeMst TaKue T'PYIIIbI HA3BIBAIOTCS MUHU-
MANLHBMU He F-2pynnamt (KPUmueckumu epynnamu).

Harasio uccnenoBannit KpUTHIECKUX TPYIIT BOCXOAAT K pabore Muiepa u Mo-
peHo [1], B KoTOpoil M3yueHb MUHUMAJBHBIE HeabeseBbl Tpymibl (rpymb Musre-
pa — Mopeno). Cheayiomuii BaxKHbI mar B JAHHOM HAIIPABJICHAN c¢lenat B 1924 1.
O. IO. IImuzar B pabore [2], B KOTOPOi M3y4YeHbI MUHUMAJILHBIE HEHUJIBIIOTEHTHDIE
rpyunst (rpyumnet [IIvuara). Xyumnepr B [3], a 3arem Jepk B [4] uzyuniun munumasis-
HBIe HecBepxpaspermumble rpynnsl. B [5] B. H. Cemendaykom paceMOTpeHBI pasperin-
MbI€ MUHUMAJIBHBIE HE %’—prHHbI JJI IIPOU3BOJIbHBIX HaCBIIIEHHBIX HaCJAEJICTBEHHBIX
dopmanmii §.

BakHOCTH M3yUeHUsS KPUTUIECKUX TPYII CIEAyeT U3 TOro (hakTa, ITO JIodast
KOHEYHas TPYIIa, He MPUHAJJIEKAINAT HEKOTOPOMY KJIACCY TPYIII §, COIEPKAT MU-
HAMAJIbHYIO He §-rpyminy. Kak mokasasm MCC/IeIOBAHUS MHOTHX BEIyIUX MaTeMa-
THKOB MHPa, MAHAMAJbHbIE HE §-TPYIIBI UIPAIOT BaXKHYIO POJIb IPU BBISICHEHUH
CTPOEHMSI KOHEYHBIX I'PYIIIL.

B uacrrocrn, B [6] B. H. CemenuyKoM HauaTo HMCCIeJ0BAHAE CTPOEHUsT KOHEU-
HBIX Tpymi, y KOTopbix rpymmsl [IImuara cybrnopmamsabl. Cremyromuil BayKHBII
mar B JaHHOM Hampasjenun ObL1 caesnad B. C. Monaxoseim u B. H. Kusrunoit B
[7]. Tloanoe onmcanue Takux rpymu nostydeno B. A. Beaepuukoseim B [8].

B Teopum KOHEUYHBIX IDYIII €CTECTBEHHBIM 00O0OIIEHNEM MTOHSATUSI CYOHOPMaJIh-
HOCTH SIBJIFI€TCS IIOHATHE §-I0CTHKUMOCTH (06OOIIEHHOi CyOHOPMAILHOCTH ), TIPEJI-
sgoxennoe Kerenem B [9]. Hacrosimas pabora mocssineHa U3y4eHUIO CTPOEHUs KO-
HEYHBIX TPYIII, Y KOTOPBIX MHUHUMAJbHbIE He $-Ipynnbl (§) — HACLILEHHAS Ha-
caresicTBenHas (popmanust) 0606IIeHHO CyGHOPMAabHBL. B 4acTHOCTH, IIOJIyYeHO e~
TaJbHOE OIMCAHUE CTPOEHUs KOHEYHBIX I'PymI, y KoTopbix rpymnnbsl muara §-
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JIOCTHKUMBI (§ — HACBHIEHHAS HAC/IEICTBEHHAs (DOPMAIHsSI ¢ PENIeTOTHBIM CBOfi-
CTBOM).

Hpe,ELBapI/ITeJ'II)HbIe cBeJleHusda

Heobxoaumble 0o6o3nauenns u oupesenens MoxkHo Haiitn B [10]. Hamomunwm
JINITH HEKOTOPbIE U3 HUX.

Eciu § — kmacc rpynn u G — rpymma, To kopadukas GS — mepecedenne Bcex
HOpMasbHBIX ToArpynn N u3 G rakux, uro G/N € §F. Kaaccom Pummunza HA3bI-
BaeTcs Kyace X, 3aMKHYTBIIl OTHOCUTE/IbHO HOPMAJIBHBIX ITOJATPYIII U IPOU3BeIeHUIA
HOPMAJIBHBIX X-moarpyiil. [omomopgh — Kitacc TPy, 3aMKHYTBI OTHOCHUTEIBHO
daxkrop-rpynn.  @Qopmayus — KJIACC TPYII, 3aMKHYTBIA OTHOCHTEIHLHO (DAKTOP-
IPYIIT U TIOJIPSAMBIX Tpou3BesieHuit. PopMmarius § Ha3bIBACTCS HACHIUEHHOU, €CITH
u3 G/®(G) € § caenyer, uto G € §. @opmarus § HasbBaeTCsl HacaedcmeerHod,
ecsim 3 G € § u H < G BoiTeKaer, uro H € §.

ITycrs § — npoussoabHast bopmarmsi. O6o3HaIMM Yepes3 7(F) MHOKECTBO BCEX
MPOCTBHIX JHCEJI P, IJIsi KOTOPBIX B § MMeercs HeenwHWdIHasi p-rpymnmna; Gy — X-
pajukas rpynibsl G, T. €. Ipou3BelieHne BeeX HOpMasbubix X-nioarpymnn (X — neko-
TOpBIN KJace rpyii) rpyunst G.

[Iycrs § u X — wemycTble hopManuu KOHEYHBIX Ipymin. HamoMHuM, 910 npo-
uzeedenuem Bopmaryuti HasbiBaeTcs MEOKecTBO X = {G | G* € §} .

Eciu § — kitacc rpymm, TO rpymnmna Ha3bIBAETCH MUHUMAALHOU He §-2pynnot
(kpumuueckotll epynnot), eciiu OHA He NMPHUHAIJIEKUT §, a Jrobas ee cOOCTBEHHAs
MOJIMPYIIA TPUHAJIEKNAT F. MHOXKECTBO BCeX TAKMX MUHUMAJIHHBIX He F-TDYIII
oboznauaercs vepe3 M (F). MuHuMasIbHAS HEHWJIBIOTEHTHAs TPYIIIA HA3BIBAETCS
epynnot Illmudma.

Hamomunm, uro rpynma G Ha3bIBAETCs P-3amMKEHYMOU (P-HUABROMENMHON), eC-
JII ee CHJIOBCKas P-HOArpYyIna (CHJIOBCKOE p-IolojHeHue) HopMmasibua B G, u p-
PA3N0AHCUMOTL, €CTU OHA OJTHOBPEMEHHO P-3aMKHYTa U p-HUJIBIOTEHTHa. Ecau dak-
rop-rpyuna G/F(G) uunbnorentra, 1o rpyina G Ha3bIBAETCH MEMAHUALTOMEHIT -
1ot.

B Teopun kyaccoB KOHEUHBIX IPYIIT €CTECTBEHHBIM 0OODIEHNEM TOHATUS CyO-
HOPMAJILHOCTH SIBJISIETCS TOHATHE §-ocTmkuMocTr. [lycts § — memycras dopma-
must. [oarpynny H HasbBaioT §-cybnopmaasvrotli 6 cmovicae Kezeas nim §-docmu-
2HCUMOTl, €CIIA CYIIECTBYET IeIb HOATPYIIII

G=HyDH,D...OH,=H

Takasi, 9TO 1jis jiroboro ¢ = 1,2, ..., m gubo noarpynmna H; nopmanabua B H;_1, 1ubo
(Hi—1)% C H;.

OueBniHo, 4o JiI0Gas IN-mocrmzkumMas (O — Ki1ace BCeX HUIBIIOTEHTHBIX MPYIIIL)
rpymma cybHopMaabHa, U HA0DOPOT.

Hamomumm, 9To HEKOTOpOE MHOXKECTBO ToArpyil 91 koneunwix rpymn G obpa-
ayer perierky, ecaiu AN B € M, (A, B) € M s m06bix qByx noarpynn A u B u3
M.

CorytacHO KJIACCHIECKOMY pe3y/abTary Buranara MHOXKECTBO BCeX CyOHOPMAJIb-
HBIX NOArPYNI B Jr000f KoHedHOH rpynme obpasyer pemerky. Kerenb [9] u
JI. A. Illemerkos [10] mocrasmin 3ajady OTHICKaHUsS HOBBIX (opmaruil §, obia-
JIAIOIINX TE€M CBOUCTBOM, YTO MHOXKECTBO BCEX §-IAOCTHUKUMBIX HOATPYII B JIIOOOI
KOHEYHOI rpymme obpa3yer pemieTky. B Hacrosmiee Bpemst Takne pOpMaIny Ha3biBa-
I0TCS POPMAUUAMU € PEWEMOUHbLM c80Ticmeom. T1oHOE pellienne JaHHON 3a/1a9u O
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HAXOXKJIEHNN HACHIIMEHHBIX HACIEICTBEHHBIX (DOPMAINil C PEMIETOTHBIM CBOMCTBOM
mauo B [11]. B 9acTHOCTH, M3 MOJyYeHHBIX PE3YJIbTATOB CJIEAYET, ITO (DOpMAIUH
BCEX HUJIBIIOTEHTHBIX Ipyi I, BCeX p-pas3jioyKUMBbIX I'PYIII 00JIaIa0T PEIeTOYHBIM
CBOIICTBOM.

B cirenyromnux jleMMax MpUBOISTCS U3BECTHBIE CBOMCTBA OOOOIIEHHBIX CYOHOD-
MAaJILHBIX TOATPYIII, KOTOPBIE CHITPAJIN BaykKHYIO POJIb IIPHU JI0KA3aTEJIHCTBE OCHOB-
HBIX PE3YJIHLTATOB.

Jlemma 1. Ilycrs § — menycras popmanust, H w N — mogrpymmnsr rpymmbl G,
npuyem N HopmasibHa B G. Torma

1) ecoim H §-nocrmxuma B G, o HN §-gocrmxuva 8 G u HN/N §-pocrimkuma
B G/N;

2) eciu N C H, to H F-pocruxuma B G Torga u Toabko torga, xkorga H/N
§-nocrmxuma B G/N.

JlemMma 2. Ilycrs § — memycras nacaencrBenas cpopmarus. Torma cupasen-
JIUBBI CJIEYIONIHE Y TBEPXKIEHUS:

1) ecim H — moarpynma rpynmst G u G5 C H, to H — §-pocTmxnmMast moJI-
rpynna rpymnsl G

2) ecou H — §-pocrmxumast nogrpynna rpyimisl G, o HNK — §-gocrmkumas
noarpymma K st roboit mogrpymnmner K rpymmsr G

3) ecim H — §-mocrmxmvas nogrpynma rpynmsl G, to HS — cybropmambras
noarpynmna G;

4) ecom H — F-pocrmxxumast noarpynna rpymiast K uw K — §-gocrmkumast
moarpyimna rpymibl G, o H — §-gocrmxnmvast noarpymmna rpymibl G.

Jlajiee IpuBeIEeM OHO M3 KJIIOUYEBBIX CBOWCTB KPUTUIECKUX MTOATPYIII.

Jlemma 3. Kaxknas rpymma G, He IpHHAIIEXKAIAT HEKOTOPOMY KJIACCY I'DYIIIT
X, coxepxxuT 110 KpaiiHeil Mepe OJHYy MHHHMAJIBHYIO HE X-IOATDYIIILY.

Jlemma 4. Ilycrs § — HacieqcrBeHHast HACbleHHAas: popmanus, T(F) — MHO-
JKEeCTBO BCEX IIPOCTBIX YHCEJI, JIFobasi MUHUMAaJIbHAasI He §-1oArpyima rpyiibl G pas-
pemmmMa u §-gocruxkuma. Torga B rpyinie G IpOU3BOJIbHAS MUHUMAJIbHAST HOPMAJIh-
Hasl MOATrPYIITa IPHHAJICKAT § -

JOKABATEJILCTBO. Ilycre N — MuHUMAaJIbHAS HOPMAJIbHAS IIOATPYIIA I'PYII-
ubl G. Eciu N paspemmma, 10 OHa siBjisieTcsi p-rpynnoil. [ToCKobKy 1Mo yCIoBUIO
p € m(F) u § — nacounennasa dopmaius, o N € §.

ITycrs N nepaspemuma. Eciu N ¢ §, 1o 1o jemme 3 N COIEPKUT MUHUMAIIb-
uyto He §-noarpymnmny K. Cornacuo yciosuio K paspermuma u §-goctmkuma B G.
Ouesnano, uro K # 1. Ilo nemme 2 K — cyGHOpMAJIbHAS HOAIPYIIA Py
G. Ouesnmno, uto 1 # K C F(G). Torma N N F(G) — Hee/mHWYHAS HOPMATb-
Hast noarpynma rpynnsl G. Tak kak N Hepaspemmma, N N F(G) — coberenHast
moarpymmna N, 910 HeBO3MOXKHO. Jlemma nokazana. [

[Iycts K — moarpymnmna rpymnst G. Iloarpynna H HazbiBaeTcs dobasaeruem
x nodepynne K, eciu KH = G u KHy # G jnsa moboit noarpymnmnsl Hy w3 H,
orsimanoit ot H. TlousTHo, uTo mobas moarpymnna obaaeT mo Kpaineit Mmepe oHuM
nobasiennem. Creyiomast JieMMa XapakKTepu3yeT UX U3BECTHOE CBOWCTBO.

Jlemma 5. Iloarpymnma H sBiistercst jobaBjaeHHEM K HOPMAJIBHOH MOATPYIIIIE
K B rpynne G rorga u toabko torga, korma HK = G u HN K C ®(H).
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JlemMma 6. Ilycrs § — romomopg, comepzKalluii Bce HHJIBIOTEHTHBIE TPYIIIIHI,
R — nmoarpynma rpynibst G, TOpoXKjeHHast BCEMH MHHUMAJIbHBIMU He §-1T0T DY ITITAMA
rpymnst G. Torpa G/R € §.

JIOKABATEJIBCTBO. Ilpemnonoxum, uro G/R ¢ §. Ilycrs L — nobasienue K
R 8 G. Cormacuo semme 5 G = RLu RNL C ®(L). Tak kak § — romomopd,
oueBnyiHO, uro L ¢ F. ITo nemme 3 L comepKUT MUHUMAJIBHYIO He §-nioarpynmny K.
HAcno, uro K C R. Torga K C RNL C ®(L). Cuenosarenbuo, K — HUIbIOTEHTHAS
rpynmna, u corsiacHo yciaosuio K € §, uro meBo3moxkmo. Jlemma mokazana. [

HamomuanM Takzke HEKOTOPBIE CBOMCTBa (DOpMAIUil IPYII ¢ PEIIIETOYHBIM CBOIi-
cTBOM, KoTopbie noryuensl A. @. BacuibesbiM, C. @. Kamopuukosbiv, B. H. Cemen-
qykoM B [11]. laHHble CBOMCTBA CHIMDaJU BayKHEHIIYIO POJIb IPU JOKA3ATEIbCTBE
OCHOBHBIX D€3yJIGTATOB PAOOTHI.

JIemma 7 [11]. Ilycte § — nacuaegcrBeHHas ¢opmanus. Torpa ciexyronime
VTBEPKJICHUS] SKBHBAJCHTHBI:

1) § obuazaer pemerodHbiM CBOHCTBOM JJIsl §-JOCTHXKHMBIX HOATDYIIIT;

2) rpymna G = (A1, As) npunajrexur §, eciu Ay, As — §-aocrmkumbie §-
noarpyiibl rpyibl G;

3) § — ¢opmanus Purrunra U BeAKasa §-JA0CTHXKAMAS §-HoArpynna rpymnsl G
COZIEPXKHUTCSI B §-PajuKaJjie STOH IPYIIIbL.

JIemMma 8 [11]. Ilycte § — HachieHHAsT HACTEACTBEHHAS] (POPMAIHSI C PErTe-
To4uHBIM cBoifcTBoM. Torma Jiobas MunuMa/IbHAas He §-rpymna G sBJsercs rpymmoit
OJIHOTO M3 CJICYIOIHX THIIOB:

1) |G| = p — mpocroe aucio, p ¢ 7(F);

2) G — rpymua Ivujra;

3) G/®(G) — monomurnyeckas rpynna c¢ Heabesessim MononroM N/®(G) ta-
kas, uro G /N — nuxmmdeckas npuvaphas rpymma u N/®(G) = (G/®(G))S.

Jlemma 9. Ilyctp § — HACBIMCHHAST HACJIECTBEHHAST (DOPMAIIHSI, COIEPIKAIINAT
BCE€ HHJIBIIOTEHTHBIE TPyIIIbl, §) — popmarmsa. Torma §$ — HachIIeHHAST (pOpMAIIHST.

JIOKABATENBCTBO. Ilycrs G/®(G) € §9, a torna (G/®(G))? € §. UssectHo,
garo (G/®(G))? = G9®/®(G). Torma GO®(G)/®(G) € §. o caepcreuio 4.2.1 u3
[10] G € F. Do sHaunt, uto G € FH. Jlemma jnoxkazana. [

Jlemma 10. Ilycrs § — HacmeqcTBeHHAST (POPMAIHST C PEITETOYHBIM CBOHCTBOM,
X — maceimrennast maciaencrBernasi popmanus takass, 9ro N C X. Ilycrs B rpymme
G Bce MuHHMAaJIbHBIE He X-mmoArpynnsl §-gocruxkuMbl. Eciin N — HopMaJibHAast mo-
rpymma rpynnsl G, To B pakrop-rpynne G/N Bce MunuMmaJbHble He X-HOAIDYHITH
§-A0CTHKUMBI.

JIOKA3ATENBLCTBO. Ilycrs K/N — mMuHMMAasbHasi He X-TOACPYyIIa TPYIIIBI
G/N. Tlycrs L — pobasienue k N 8 K. Cornacuo nemme 5 LN N C &(L). Tax
kak K/N = LN/N ~ L/LN N, ro L/L N N — munuMajbHas He X-moarpymnma, a
rorga u L/®(L) — munumaibaas we X-noarpynna. [Tokaxkem, uyro L mopoxaaercs
BCEMM CBOMMH MUHUMAJbHbIMU He X-moarpynmamu. Ilycrs R — moarpymma, mmo-
POXKJIeHHAas BCEMM MUHMMAJbHbIME He X-moarpynmavu u3 L. OueBwjaHo, uro R —
HopMaJsibHas noAarpymmna u3 L. Ecim RP(L)/P(L) — coberseHHas mMOArpynna us3
L/®(L), to R®(L)/P(L) ~ R/RNP(L) € X u no caencreuio 4.2.1 u3 [10] R € X,
yro HeposMmoxkuo. Urak, R®(L) = L. Orcioga caenyer, yro L = R. Tlockosb-
Ky dopmanusa § 00/1a1aeT PEereTOIHBIM CBOWCTBOM, MOATPYIIA, MOPOXKICHHAST §-
JIOCTHUKUMBIMU TIOJATPYyTINaMu §-poctmkuma. Crenosarenbno, L — §-g0cTizkuMast
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noarpymnmna rpynnsl G. Ho torma mo semme 1 K = LN — §-jgocTuskuMasi MOJI-
rpyuna u3 G. Orciona no gemme 1 K/N §-pocrumkuma B G/N. Urax, 8 G/N Bce
MUHUMAJIbHbIE He X-IOJArpyIbl §-I0CTIKUMBL. Jlemma jqokasana. [

Caenctsue 10.1. Ilycrs § — HacaeacTBeHHAS (POPMAIIHS C PEIIETOIHBIM CBOL-
crBoMm. Ilycts B rpynme G Bce moarpymmsr Ivugra §-goctmwxumvbr. Ecim N — HOp-
MasibHast noarpynna rpynust G, o B paxrop-rpynie G /N Bce noarpynmsr Ivuara
§-A0CTHIKUMBL.

JOKABATEJILCTBO cienyer u3 jgemMMbl 10 B ToM ciry4ae, korma X = .

Jlemma 11. Ilycrp § — HachlI[eHHasT HACJIEACTBEHHAS (DOPMAIUS C PEIIeTOq-
HBIM CBOHCTBOM, T(F) — MHOXKECTBO BCEX IPOCTHIX YUCEJI U JI0OAs] MUHUMAJIbHAS HE
§-rpynma paspemmma. Econ B rpymme G Bce moarpymmbr Lvugra §-10CTHXKAMBI,
to G/G5 HAUIBIOTEHTHA.

JOKABATENBLCTBO. Ilycrs G € §. Torna G = Gz u Teopema odesuina. Ilycrs
G ¢ §. Torma no sgemme 3 G conepxkuT MUHUMAJIBbHYIO He §-rpyiuty H. Tak xak H
pazperinma, 1o jsiemme 8 H jubo rpyiina mpocToro mopsiaka, aunoo rpymmna IIvura.
ITockosbKy 7(F) — MHOXKECTBO BCeX IPOCTHIX YHCEN U § — HAChIeHHas (popMAIus,
N C §. Cuenosaresnpro, H — rpynma [Hvuara. o yemosuto H §-pocrmxkuma B G.
Corsacuo jtemme 2 1 4 HS — cybnopMasbaas noarpymma rpymnsl G. Odeummo,
aro 1 £ F(HS) C F(G). CnenoBatensbio, G uMeeT MUHIMATLHYIO HOPMATBLHYIO
pazperumMyio oarpymnmny N.

Jljisi JloKa3aTeibCcTBa JIeMMbI HaJ0 IoKa3aTh, 4o G € §N. JlokasareabcTBo
nmpoBejieM WHAyKnueil mo mopsiaky rpynnbl G.  Coryaceo Jjiemme 10 Bce rpymimbl
Mmvuara uz G/N F-pocruxumbt. Ilo nanykinuu G/N € FMN.

[Iycrs T — ornuanas or N MUHAMAJIbHAS HOPMaJIbHAs MOArpyHa rpyumns G.
Kak u BBIIIE, HeTpymHO TOKazaTh, uro G/T € §N. Tak kak FN — dopmanus,
G ~ G/T NN € §N; uporusopeune. Urak, N — equHCTBEHHAs MAHAMAJbHASI
HOpMAaJIbHAsT TOArpyIa rpymmsl G.

ITycts ®(G) # 1. Kak u BbIIIe, HeTPY/HO NoKa3arh, uro G/®(G) € §N. Ilo-
ckoibKy §M — macwimennas dopmarusa, G € FN. Urak, ¢(G) = 1. Orciona
cenyer, uro F(G) = N u B G Haijinercs MmakcumasnbHas oarpynmna M Takast, 9To
G=NM,NNM =1. Eciu M ¢ §, o cornacto semme 3 M COIEPKUT MUHAMAIb-
Hyto He §-rpynmny P. Kaxk u Bbimre, coryiacHo jieMMe 8 HETPY/IHO MIOKA3aTh, 4T0 P —
rpymma Ivmara. Io yeaosmio P §-goctmkuma B G. C ygerom memmer 2 1 # PS —
cybHOpMasIbHAA MoArpyTma rpymmsl G. Oueswano, uto 1 # F(PS) C F(G) = N,
qTto HeBo3Mmoxkuo. Utak, M € §. Eciu M € M, To yTBepKaeHne JeMMbI OYIE€BHITHO.
I[Iycre M # N, torma M coxepxut rpymny vupra. Obo3nadnm depe3 R 1mos-
rpynimy, nmopoxiaerayo Bcemu rpynnavu [Ivuara uz M. TlockosibKy 1O yCJIOBHIO
Bce rpynmnbt [Hmuara §-noctuzkumer B G 1§ 00/1a2€T PEIreTOIHbIM CBORCTBOM, R —
§-moctmkumas moarpynma rpynnsl GG. Tak kak R C M € § u § — HacIeIcTBeHHAA
dopmanus, R € §. Ilo semme 7 R C Gg. Ilo nemme 6 M/R € M. Beuay Toro, uro
G =GzM, nmeem G/Gz = Gz M/Gz ~ M/M NGz € N. Jlemma nokazana. [

Jlemma 12. Ilycrb § — HachIIleHHasT HACJIEACTBEHHAS] (POPMAIIHS C PEIETO-
mpM cpoticrsoM. Ecmi B rpymme G poimonmasiercst yemosue GS C Gy, T0 f1sT JI06BIX
moarpynn H, conepxxamux G, crexyer, aro Hy = Gg.

JOKABATENLCTBO. Ilycrs H — moarpynma rpymnsl G takas, uro Gz C H.
IokaxkeM, uro G = Hg. Ilpeanonoxum nporusuoe. Torna B Hy naiinerca cuiaos-
ckast p-noarpynna P rakas, aro P ¢ Gg.
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Paccemorpum nogrpynmy GzP. Tak xak G5 C GzP, mo nemme 2 GzP §-
nocrmkuma B G. llockosmsky GgP € § nu § — nHaciaencrsennas dopmarms, P §-
nocrukuMa B GgP. Ilo ntemme 1 P — §-mocrmkumas B G. Tak xaxk P € §, 1o
saemme 8 P C (G; nporusopeune. Jlemma nokazana. [

Jlemma 13 [12]. Ilycrs § — Heimycras nacjencrBennasi popMaliis ¢ PEIeTod-
ubM cBoiicreoM. Ecim rpynna Hlvmuara H = [H,|Hy, tae | Hy |= q, npunaprexur
§, o popmanusa § cogepxkur ymobyio rpynny G = [G,|Gy, rae G, — nux/imeckas
HoArpynIa.

OcHoOBHbBIE pe3yJibTaTbl

Teopema 1. Ilycre § — HacbIIleHHAsT HACJIECTBEHHAST (DOPMAIUS C PEIIETO-
HbBIM CBOHCTBOM, T(F) — MHOXKECTBO BCEX IPOCTHIX YUCEJI U JI0OAsT MUHUMAJIbHAS HE
§-rpynna paspemuma. Econ B rpynme G Bce noarpynibr IImugra §-10CTHXKAMBI,
to G/G5 abesesa.

JOKABATENBLCTBO. Ilycrs G € §. Torma G = G5 u Teopema odesuana. [lycrs
G ¢ §. Torma no semme 3 G cofepkuT MuHUMAJIBbHYIO He §-rpyiuy H. Tak xak H
paspemiuMa, 1o jemme 8 H jimbo rpyIima mpocToro mopsijika, jubo rpymmna Imura.
IMockosbKy 7(F) — MHOKECTBO BCEX MPOCTHIX YHCE]I U § — HACHIIEHHAA POpMAIus,
N C §. Cuenoaresnsuo, H — rpynna [IImuara. Ilo yciaosuro H pazpermmma u §-
noctmxkuma B G. Cormacno jemme 2 1 £ HS — cyGHOpMasbHAS TOArPYIIHA IPYIIILL
G. Ouesngmo, uro 1 £ F(H®) C F(G). Craenosarenbno, G nMeeT MHHAMATLHYTO
HOPMAJIBHYIO Pa3permMyio moarpymry N.

[Tyctb 4 — dbopmarus Bcex abeseBbix rpymm. Torga fjs T0Ka3aTe/bCTBA TEO-
pembl Hajo Jokazarh, yro G € FU. JlokazaresbCTBO MPOBEIEM WHIAYKIUEH M0 10~
panky rpyuusl G. Pacemorpum dakrop-rpyuny G/N. Cornacuo ciaencrsuio 10.1 u3
agemmel 10 B G/N Bce nonrpynist HImuara §-gocrukumsr. CiieoBaTesbHO, 10 UH-
nykmuu G/N € FU. Ecam rpynma G nMeeT MUHEMAJIBHYO HOPMAJIBHYO HOIPYIITY
T, ormmunyio or N, 1o, Kak u BbiIe, noiaydaeM, uro G/T € Fil. Tak xak FU —
dopmanuga, G ~ G/NNT € gl

Ecmn ®(G) # 1, to no unayknuu G/®(G) € FU. Ilockombky § — Haciel-
cTBeHHAasi (DOPMAIIUsi, COJIEPXKAIasi BCe HUJIBIOTEHTHBIE IPYIIILI, 110 jieMMe 9 Fil —
Hacolmennasi popmanusi. Orcioga G € §U. Urak, rpymnmna G comep:KUT €IUHCTBEH-
HYIO MUHUMAJILHYIO HOpMaJbHyIo noarpyuiy N, npudem N paspemmma u @(G) = 1.
Cuenosarensuo, F(G) = N — p-rpynna. Tak kak § — Hacbiennas dhopMarus 1
m(§) — MHOXKeCTBO Beex mpocthix guces, N € §. Orcioga N C G5. Ilo jemme 11
G/Gz € M. Ilycrs L — nobGasienume k Gz B G. Torma no temme 5 G = GgzL n
Gz N L C ®(L). Orcrona moydaemM, 9To

G/Gg = GgL/Gg ~ L/GgﬁL e M.

Crnenosaresbho, L/P(L) € M. Dro 3nauut, yro L € N.

IMokaxeM, uro |G : Gg| #e gemurcs Ha p. Ilpennosoxum mporuBHOe. Pac-
cmorpuM noxarpynny A = GgGp. OueBnano, uro Gy C GgG), = A. Ilo nemme
12 Az = Gg, snaunt, A ¢ §. Torma no gemme 3 A colepKUT MUHUMAJIBHYIO HE
S-rpyuny H. Tak kak H paspemnma, o jemme 8 H — rpymnmna [IImuara. Cornacao
yenosmo H §-poctmxnma B G. Orciona 1 # F(HS) C F(G). Cramo 6wrrh, HS —
p-rpynmna. Cuenosaresmsno, H = [Hp|H,. Ouesumgno, uro H, C Gg. Paccmorpum
moarpyuny H N Gz. Ecim H N Gz — cobersennast noarpynna H, to H N Gz HOp-
MaJbHa B [ n munenorentna. Torna H, nopmasnbna B I, uTo HeBo3MozkHo. MTak,
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HNGgz = H. Tak xak G € § u § — naciencrsennast popmanust, H € §. Homxyunan
nporusopeune. Urak, |G : G| He nemmrea Ha p.

ITokaxkem, uro Gy — xosutoBa noarpyia rpymusl G. IlpenosnokuM npoTHB-
Hoe. Torna Haifizercst mpocroe aucyio g # p takoe, 410 ¢ € 7(Gz) u | G : Gz | ne-
mureg Ha q. Pacemorpum moarpynmy B = GzG,. CormacHo temme 12 HEeTpyaHO TI0-
ka3arb, uro B ¢ §. Torma no semme 3 B coepKuT MUHUMAJIBHYIO HE F-HOAIPYIIILY
H. Tlo nemme 8 H — rpymmna [vuara. o yenosuio H §-noctuxkuma B G. Ilo jgem-
Me 2 1 # HS — cy6ropmanbias nogarpynma rpymmsl G, Torna 1 # F(HS) C F(G).
Crenosarensuo, HS — p-rpymma, u H = [Hy|H,. Tak xak q € 7(Gg), To Gg co-
JIEpKUT TMOoArpyminy ¢ mopsjka . PaccMOTpuM HEHUJILIOTEHTHYIO moarpymmy N Q)
B rpymne Gg. Ilycts K — moxrpynma HImunra B rpymme NQ. Torma K = [Kp| K.
Tak kak Gz € § u § — macaencrsennaa dbopmanus, K € §. Ilo nemme 13 H € F;
uporusopeune. rak, Gz — xXosoBa nmoarpynna rpyunst G.

ITo Teopeme Illypa G = Gz L, upuyuem B cuity jsemmel 11 L HuibnorentHa B G.
ITpumensas nagyKnuio, mogydns, 9ro L = Gy — MUHIMaJIbHasA HeabeseBa IPyTIa.

Urak, G = [G§|Gy, tme G, — MuHnMainbHasg HeabeseBa rpymma. llpm sToM
rpynmna G ¥MeeT eJMHCTBEHHYI0 MUHUMAJBHYI0O HOPMAJIBHYIO p-nioarpyuiny N wu
Ce(N) =N =F(G).

Tak kak G ¢ §, B G cymecrByer MuHMMaJsbHas He §-rpynna H. Ouernio,
uro ¢ € w(H). Ilo nemme 8 H — rpynna IIIvuxra. TTokaxkewm, uro 7(H) = {p, q}.
Iycrs n(H) = {r,q}, tne v # p. Hockompky H F-mocTmxnma, 1o aemve 2 HS —
cybHOpMaJIbHAA MOArpYTa rpymmbl G. B Takom caydae momydaem 1 # F(HS) C
F(G) = N, uro nesosmoxuo. Urax, H = [H,|H,.

Paccmorpum noarpynny K = NG,. Ecin K — cobcTBeHHas TOATPyIIIa TPy b
G, 1o no nunykuun K/Kjz abenesa. Ilokaxkem, uro Kz = N. Ilycte N C K;.
Torna B K3 Haiiiercs noarpymna @ takast, uro |Q| = g. Eciim NQ sunbnorenTHa,
10 @ C Cg(N) = N, uro nHeBoamoxkuo. Urak, nockoiabKy N() HEHWILIOTEHTHA,
ona cogepxxut rpymiy HImuara T = [T,]|Q. Ouesuano, uro T' C K. Tak kak § —
HacJseacTBeHHas dopmanust u Kz € §, o T' € §. Ho Torma no semme 13 H € §,
uaro HeBo3MoxkHO. Urak, Kz = N. Tak xak K/Kz = K/N abenesa, G, abenesa,
uaro mesosMoxkno. Urak, G = [N]G,.

ITpeamonoxknm, uTo () — MOATPYNNa IPOCTOTO MopsAaka m3 meHTpa L = Gy.
Eciin @ neiicrByer npuBogumo Ha N, To 1o Teopeme Mamke N = Ny x N*, rue
N; — MuHHUMaJjbHas HOpMaJjbHas moarpymma rpymmbl N. OTcroga ciieiyer, 9To
CYNIECTBYIOT JIB€ MUHUMAJIbHBIE HOpMaJIbHBIE moArpynsl N1 u No B rpymme NQ,
rme Ny C N*. Pacemorpum moarpyuiy [N;]Q. Ecam [N;]Q menwnbnorentaa, To
09eBUIHO, UTO npoussesenue N;Q) sBisercsa rpyumnoit [mumra.

Homycrum, aro N; X @ umibnorenTtHa. B rtakom ciydae Gy C (N;,G4) C
Ca(Q). Hockonbky G, — MakcumasbHast noarpymna rpynust G, to G = Ca(Q).
Tak xax rpynna G npumurusaa, Q C (G,)¢ = 1; nporusopeune. Urax, [N;]Q —
rpymma HIvunara, roe ¢ = 1, 2.

[Tockonpky mo ycmoBuio moarpymma N;Q §-moctmxkuma B G u dopmarus §
obnajsiaer pererodHbiM cBoiicTBoM, N1Q N No@ = @ §F-moctmkuma B G. Ecm
N;Q € §, o 1o jilemme 13 popmanust § comepxxut rpyumy H; nporupopeune. Mrax,
N;Q ¢ §F, i = 1,2. Tlockosmbky @ F-mocrmxkuma B N;Q (i = 1,2), Kak u Bbllle,
HETPYAHO MOKA3aTh, UTO 9T0 HeBO3MOKHO. Tax kak Q C ®(G,), To BCce MaKCHMAIIb-
Hble moArpymnet u3 G, mefictByior Hempusomumo Ha N. o memme 4.1 u3 [10] Bce
cobcTBenHble HoArpyel B Gy nukiandeckue. Beuay Toro, uro G4 — MUHUMAJIbHAL
HeabesieBa TpyIna, u3 TeopeMsl 51 B [13] caenyer, uro G, — rpyIma KBaT€PHUOHOB.
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Buauut, ¢ = 2, u no ceoiicream rpyuusl Ivugara NQ noayuaem, uro | N |= p.
Ho G/N — nukimdeckasi rpyiia HOPgJKa, jgensmero p — 1, u Gy DUKIMYecKasl.
Teopema mokazana. [

Caencreue 1.1. Ilycte § — opmariuss Bcex p-pasioxKuMbix rpymi. Eciam B
rpynne G Bee noarpynmer Ivuara §-nocrmxumsl, To G/Gg abesesa.

JIOKA3ATEJ/IBCTBO clieIyeT U3 JOKA3aHHOI BRI TEOPEMBI U TOTO (paKTa, ITo
dopmalmst BceX p-pas3ioKUMbIX TPYIII 001a/1aeT PENeTOYHBIM CBOMCTBOM.

W3 pmanHON Teopembl BblITeKaeT u3BecTHbIl pesysnbrar B. C. MonaxoBa u
B. H. Kusirunoit u3 [7].

Caencreue 1.2. Ecuwm B rpynme G Bce moarpymmbr IImugra cyGHOpMAJIBHBI,
to paxrop-rpynna G/F(G) abesesa.

JLOKA3BATEJ/IBCTBO cjeyeT u3 TeopeMbl 1 u Toro ¢daxkTa, ITo (popMalns BCexX
HIWJIBIIOTEHTHBIX I'PYII 00JIa/[aeT PEeleTOYHbIM CBOHCTBOM.

Teopema 2. Ilycrs ) — HachlllleHHas] HACJIEIACTBEHHAS (POPMAIUs, COJEpIKa-
mast N, § — Hachlll[eHHAsT HACJEICTBEHHAS (POPMAIHST C PEITeTOYHBIM CBOHCTBOM,
npuyeMm § C §. Ecin Bce MuHEMAJIBHBIE He $)-M0ATPYyHIIbl TpyIibl G pa3peruMbl 0

§-zgocrzkumbl B G, 1o G/F(G) € §.

JOKABATEJBLCTBO. Ilycrs G — rpylimna HANMEHBIIETO MOPSJIKA, JIJIsi KOTOPOi
reopema HesepHa. Ouesuuno, uro G ¢ §. Coracuo semmve 3 G COAEPXKUT MUHE-
masbhyio me $H)-rpyumny H. Ilo ycaosuio H pazpermmma. U3 §-noctmxmmoctn H B
G u nemme 2 criegyet, uto HS — cybHopmanbras moarpymma B G. Tak kax H ¢ 6,
tou H ¢ §, rorna HS # 1. Tlockombky HY paspemrmma, F(HS) # 1. Ouesmno,
aro F(HS) C F(G) Urak, B G Hafijiercs MUHAMATbHAS HOPMAJIbHAS PA3PENTIMAst
noarpynmna N, npudem N — p-rpyrra.

st mokasaTebcTBa TEOPEMBI HAJ0 MoKa3aTh, uro G € M. JloxkaszareancTBo
poBeJieM MHIYKIHeil no nopsaky rpyunsl G. Pacemorpum dakrop-rpynny G/N.
CoruacHo nemme 9 yesioBust Teopembl B G/ N BBIOJHSIIOTCSL, & CJIEI0BATENBHO, 110 WH-
nykmun G/N € N§. Ipexnonoxum, aro G CONEPKAT MUHIMAIBHYI HOPMAJIbHYIO
noarpyuny T, ormanyio ot N. Torza, Kak u Bbime, noxydaem, uro G/T € N9H. Tax
NGO — bopmanusa, G ~ G/T NN € NH; uporusopeune. Urak, N — eauHCTBEHHAS
MUHUMAJIbHAS HOPMAJIbHAS TOATrpYyIIa rpymmnsl G.

IIycrs (G) # 1. o unaykuuu G/P(G) € NH. Iockonbky N — HACHIICHHAS
dbopmanusa, G € NH. Urak, ¢(G) = 1. Dro 3Hauut, uro N = F(G). Torma
B G Haiimercs MakcuMmaJibHasi moiarpymma M rtakas, ato G = NM, NN M = 1.
Eciu M € $, o G/N € . Orciona G € 9. Caenosarensuo, M ¢ $, u B
M waiinercs munnMasbHas we H)-rpynna A. Kak u Bbie, Jierko mokas3arb, 9TO
1 # F(A%) C F(G). Cramo 6wtb, M N F(G) # 1, uro nesozmokuo. Teopema
JaokasaHa. [

Caencreue 2.1. Ilycrs § — HachllIleHHasI HACJIEJCTBEHHAasI (bopMalldsi C pe-
HIeTOYHBIM CBOHCTBOM U T(F) — MHOXKECTBO Bcex NPOCTHIX uuces. Ecin B rpynme
G Bce noarpynibt Hvuara §-gocruxumvbr, 1o G/F(G) € §.

Caencteue 2.2. Ecau B rpynne G Bce MUHHMAJbHBIE HE §-HOATDYIIIBI §-
JocrizkuMbl (§ — Kiace Beex p-pazioxumbix rpym), To G/F(G) p-pazioxuma.

Caencteue 2.3. Ilycrs § — HachlIleHHasT HACJIECTBEHHasi (popMaIdsi ¢ pe-
IIeTOYHBIM CBOICTBOM. FcC/H BCe MUHUMAJIBHBIE HE §-moArpynisl rpynabl G paspe-
muMbI 1 §-goctikuMbl B G, To G € NF.
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U3 sroit Teopembl Takxke ciaepyior m3BectHble pesysbratel B. H. Cemernuyka,

nostyaeHusle B [6].

Caencreue 2.4. Ecym B rpymme G Bce MHHHMAJIbHBbIE HECBEPXPAa3PEIIUMbIe

rpymubl cybaopmasbisl, To G/ F(G) cepxpasperniuma.

CaenctBue 2.5. Ecum B rpynme G Bce moarpymnmbr Ivugra cyOGHOPMAJIBHEI,

10 G METAHUJIBLIIOTEHTHA.
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