Cubupckuii MATeMaTHIECKHIT YKy PHAJT
Maii—uronn, 2014. Tom 55, Ne 3

VIIK 512.54+510.5

BbIHNCJINMMBIE HUJIBMOTEHTHBLIE TPYMIbI
BE3 KPYYEHUA KOHEYHbLIX PASMEPHOCTEN

M. K. HypusuHoB,
P. K. Trwomaobeprenen, H. I'. Xucamuen

Amnnoranus. HaiijileHbl KpuTepun BBIYUCIUMOCTH (KOHCTPYKTHBU3UPYEMOCTH) HUJIb-
MOTEHTHBIX IpyII 6e3 Kpy4eHusl KOHEYHBIX pa3MepHocTeil. JloKa3aHO CyliecTBOBaHHE
TJIAaBHOU BBIYMC/IMMOI HyMePAIu KJIaCcCa BCEX BBIYMCIMMBIX HUJIBIIOTEHTHBIX I'PYII 6e3
Kpy4eHUusl KOHEYHBbIX pa3MepHocTeil. [locTpoeH mpumMep moArpymnibl IPynnbl BCEX yHUT-
PEYTOJIbHBIX MATPHI] Pa3MEPHOCTU 3 Ha/l IIOJIEM PAIMOHAJIBHBIX YHCEeJI, KOTOPasl He BBI-
YHUC/IIMa, HO CEKIMH JII00Or0 ee EHTPAJIbHOIO Psi/ia BBIYUCIUMBI.

KuroueBble cjioBa: pa3MepHOCTH IPYIIIbI, HUJIBIIOTEHTHAs IpyIna 6e3 KpydeHHUsl KO-
HEYHOM pPa3MEepHOCTH, YHUTPEYTOJIbHAs IPYIIIa MATPUI] HAJ II0JIEM PAllMOHAJIbHBIX TH-
ceJl, IEHTPAJIbHBIN PsiJl, CEKIIUU IEHTPAJIBHOTO Ps/Jla, BEIYUCINMAs IPYIIIIa, IJIaBHAA BbI-
qUCIMasi HyMepalusi.

BBenenue

Nsyuenne BbraucauMbIx rpymnn Hadaro B [1], rae A. V1. Masbnes nocrasuit 06-
LIyI0 3aJa4y: OHPEIEJHTh, KAKHE KOHCTDYKTHBHBIC HYMEDAIHU JOIYCKAIOT T€ HJIU
HHBIe aOCTPAKTHO 3aJaHHBIC IPYIIBL. B 310l ke paboTe JaHO OMUCAHUE BHIYUCIIH-
MBIX abeJieBbIX TPyl 6e3 Kpydenus. annas npobiema uccienosatacs 0. JI. Ep-
mosbiM, C. C. ToruaposbiM u japyrumn matematukamu (eMm. [2]). OTHOCHTENBHO
PE3YJIbTATOB, KACAIOIIUXCA KOHCTPYKTUBU3AIUI HUJIBIIOTEHTHBIX IPYIIII, CM., HAIIPH-
Mep, [3], rue JokasaHo, uTo Jrobasi KOHCTPYKTUBH3AIMS JOKAIBHO HUJIBIIOTEHTHON
IPYIIbI 6€3 KpydYeHns TPOJIOJIKACTCA eCTECTBEHHBIM 06pa30M JI0 KOHCTPYKTHBU3a-
1y ee norosinenus; (4, 5|, rae mist smoboro n > 0 mocTpoeHa HUJILIOTEHTHAS IPYIIIA,
AJTOPUTMHYIECKAS PA3MEPHOCTH KOTOPOH paBHA 71, U IIPUBEJIEHBI JJOCTATOTHBIE YCJIO-
BUsl JUIsl aBTOYCTOMYMBOCTH TAKUX TPYII; [6], T/ie HOCTPOEH IpUMep BBIYMCIUMOMN
HUJIBIIOTEHTHON rPyIIIbl, (hakKTOP-IPYIIIa KOTOPOil M0 HEePUOIUYECKOl 9acTu HEBbI-
yucauMa. CBA3M MEXKTy KOHCTPYKTHBU3HPYEMOCTBIO KOMMYTATUBHOIO aCCOIATHB-
HOro Kouibliag, K ¢ euHMANEH U MATPUYHBIX IPYI HaJ HUM udydasuch B [7,8]. B [7]
JIOKa3aHo, 410 Marpuduabsie rpyunst GL, (K), SL,(K) n UT,(K) upu n > 3 KoH-
CTPYKTHBU3UPYEMbBI TOTJIA U TOJIBKO TOT/A, KOTJa KOJIBIIO0 K KOHCTPYKTHUBU3UPYEMO.
B [8] mocTpoen npuMep HEKOHCTPYKTHBU3UPYEMOTO KOJbla K, Jijis KOTOPOTO KOH-
crpykrususupyema rpynna GLy(K). B [9-13] nosyueHsl Kpurepun CymniecTBOBaHMs
TIOBUTHBHOM (KOHCTPYKTHBHOI) HyMepaIrui HUJIBIIOTEHTHONW IPYTIBI 6€3 KPyIeHNSI.

B §1 mammoit paGoTBI MONYyYEHBI KPUTEPUN BBITHCIUMOCTH (KOHCTPYKTHBU3U-
PYeMOCTH) HUJIBIIOTEHTHBIX TPYII 6€3 KPYyUeHUs KOHEUHBIX PA3MEpPHOCTell Kak Ha

Pa6ora BbimosHena npu (bUHAHCOBON MOAAep:KKe rpanToBoro ¢dunancuposanus MOH PK
(rparTer Ne0726/T'®, Ne0929/I'D3).
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sI3BIKE IOJIPYII YHUTPEYroabHOM rpymubl Marpul, UT, (Q) Ha 1mojieM panuoHab-
HBIX 4mces (), Tak U Ha sI3bIKe (pakTop-rpyin u GyHKIuKU Bbibopa. Kak ciemncrsue
[OJIy9€HO CYIIECTBOBAHUE IVIABHON BBHIYUCIUMON HyMEPAIUU KJIACCA BCEX BHIYMCIIU-
MBIX HUJIBIIOTEHTHBIX IPYIII 63 KPy4YeHust KOHEYHbIX pa3MepHocTeil. B § 2 nocrpoen
npuMep noarpymibl rpyiisl UTs(Q), Koropasi HEBBIYUCIUMA, HO CEKIUU JIIO0OTO ee
LEHTPAJIBHOIO PS8 BHIYUCIIUMBI.

Bce ucronbsyemble, HO He oupejieisieMble HOHATUS T€OPUU KOHCTDPYKTUBHBIX
rpymi cM. B [2], a Teopun aberpakTHBIX Tpynn — B [14]. HarmoMaMM auiib HeKOTOpPBIE
U3 HUX.

Yepes 7, 0003HaUUM HEKOTOPYIO rejeneBy mymeparmio rpynusl UT,(Q). To-
[Ja 10 JaHHOMY 4uciay m 3¢hdEKTUBHO ONPEeeseTcs MaTPULa Y, M U, Hao0opoT,
[0 JIaHHOM MaTpuie — ee 7y,-Homep. Korja u3 KOHTEKCTa 3HAYEHHE T HE BbI3bl-
BaeT JBYCMBICJIEHHOCTH, UHJIEKC 7. OIyCKaeTcs. MakcumalsibHasi CHCTeMa JIMHEHHO
HE3aBUCUMBIX 3JIEMEHTOB abesIeBOil IPyIIbl 663 KPydYeHUsl HA3LIBACTC €€ 6a3UCOM.
MomtnocTh 6a3uca HA3BIBAETCA PA3MEPHOCMbIO A0EIEBON IPYNbl. ByJIeM roBOPUTD,
YTO PA3MEPHOCTDH HUJIBIIOTEHTHON rpyIibl 6e3 Kpyuenus G KoHewHa, eCu CymecTBy-
€T IEeHTPAJILHBIN Psll, BCE CEKIIUU KOTOPOrO UMEIOT KOHEYHYIO pa3MepHOCTh. LleHTp
rpynnel G o6osnavaercs vepes Z(G), a komMyTanT — 1depe3 G'.

ITycTh w — MHOXKECTBO BCEX HATYPAJILHBIX dmces, G — HEKOTOpas I'PYIIa U
v :w — G — orobpaxenune w vHa G. Ilapa (G,v) HasbBaerca HymeposanHoli
epynnoti. HymepoBanHas TPyIIa HA3BIBACTCA KOHCMPYKMUGHOU, €CIM CyIeCTBY-
€T aJrOpUTM, KOTODLIA 110 JIOOLIM HATYDAJILHBIM YUCJIAM T, 1M U S OIPEJeJiser
CLIPABEJINBOCTb PABEHCTB YN = vm U vn - vm = vs. I'pynna G Ha3bIBaeTcs 6bi-
wucaumol (U KOHCIMPYKMUeu3upyemoti), ciu CyImecTByeT HyMepaumst v : w — G
rpynnsl G Takas, uro (G, V) — KoHCTpyKTHBHas rpymnma. [oarpynma H HymepoBaH-
uoit rpymnet (G, V) nasbBaercs gunucaumoll (8vnucaumo nepevucaumot) B (G, v),
ecs MHOKeCTBO v~ L H Bbramcnmo (Beraucumo nepedncinmo). Ecn (G, v) — kon-
CTPYKTUBHAs TPYIIIA, TO U HABBIBACTCH BuidUcAuUMol nymepayued rpynusl G. Eciau
V1 U Vo — HyMepanuu rpymisl G U CyImecTByer BhraucanMas dbyHkuus f(n) Takas,
910 V1N = Vo f(n) auis g06Oro n, TO FOBODSAT, YTO Vi M-C600UMCA K V2, U MHUIILYT
1 §7n va.

§ 1. HuibnoTeHTHBbIE IPYHIbI
0e3 KpydJeHns KOHEYHBIX Pa3sMepHOCTEeMl

[Tycts Z — xoublo 1enbix guces. zsecrno (cM., manpumep, [14]), aro maobas
KOHEYHO TIOPOXKIEHHAsT HUJIBIIOTEHTHAS IPYIIa 6e3 KpydeHus n30MOPMOHO BJIOKUMA
B rpyuny UT,(Q) upu Hekoropom n. Cieiyioliee yTBepKIeHue sBjsiercs 6oiee
O0IIIM.

Ilpennoxxenue 1. HuiapnorenrHas rpymnmna G 6e3 KpydeHHS KOHEUHOH pas3-
mepHOocTH H30MOphHO Bioxkuma B rpyiny UT, (Q) upu mekoropom n.

JOKABATEJILCTBO. Ilycrs

1=Gy<Gi < <Gp_1=G (1)
— IEeHTPAJbHLI s rpymnsl G Takoit, 4To
9i05 Gils - - - » Gini—1 (2)

apygercs Gasucom cexmmn Gy = G;/Gi_1, 0 < i < k. Iloarpynma H, mOpoxKpeHHast
BCeMU OA3MCHBIMU JIEMEHTAME, KOHEYHO IMOPOXKIeHa. [[09TOMYy 10 yHOMSAHYTO# BbI-
ute Teopeme rpynna H siaoxuma B rpyuiy UT, (Q) nupu nekoropom n. Orcioma u u3
nosHOTHI rpymbl UT, (Q) nonyuaem TpeGyemoe yTBepxKaeHne. [
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Cnencrue 1. HuipnmorenrHas rpymnma 6e€3 KpydIeHHs HMEET KOHEIHYTO Pa3-
MEPHOCTBH TOTJIa M TOJBKO TOTJa, Korja oHa m3omopdra moarpymme UT, (Q) mpn
HEKOTOPOM 7.

Hasee Gysier mokazan aHaor (CiegcTBre 4) 3TOr0 CIIEACTBHSL TSl BBITUCIIMBIX
HUJIBIIOTEHTHBIX TPy 6€3 KPyUueHUs] KOHEUHBIX Pa3MEPHOCTEHH.

Teopema 1. Ilycrs (G, V) — BBIYUCIUMO HyMEPOBAHHAS HUJIBIOTEHTHAS IPYII-
na korednoii pasmeproct u (1) — ee nentpambubiit psr, cexnmn G; = G; /G Ko-
Toporo He uMmeroT Kpydenus, i < k. Torma mist sroboro ¢ noarpymma G; BeIIucimMa
B (G,v).

JIOKABATE/ILCTBO. CHavaja JIOKaXKeM WHJYKIHEH M0 i, 9TO BCE TOJTPYIIIbI
G; Beramcmmo nepeuncanmsl B (G, v). B kaxoit cexmuu G, j < n;, sadukcupyem
6asuc (2). Torma st moboro g € G cripaBeInBa CJIe/yIOMasi SKBUBAJEHTHOCTh:

3JIEMEHT ¢ TpUHAJIeRUT (G, €CJIM U TOJIBKO €CJIU CYIIECTBYIOT IeJIble

YUCIIA T, SQ, - - -, Spn;—1 1 dyIeMeHT h € G;_1 Takue, 4TO CUPaBEJJIIBO (3)
S0, . Sn;—1 o
PABEHCTBO g0 * - i’ 1h =g
U3 skBuBajenTHOCTH (3) U MHIYKIMOHHOIO HPEIIIOJOKEHUS CJICLYeT BBIYUC-
JuMas nepeducauMocTb noarpynusl G; B (G,v). VHIYKIMOHHBIE mar JoKa3aH.
[Moaromy Bee moarpymnibl G Beraucaumo mepeducyuMbl npu 0 < i < k.
Hoxkaxkem, uro monosnuenue G \ G; Takzxke BbIYUCIUMO Iepeuncaumo. Jleiicrsu-
TEJIbHO, CIIPABeJJINBA SKBUBAJEHTHOCTD:

QJIEMEHT g He IIPUHAJJIC2KUT Gl TOTJa U TOJIBKO TOT'Jla, KOIr/la

CymecTByIoT j, i < j < k,7,50,...,8n,-1 u h € Gj_1 Takue, 9T0
S0 Snj—1 r (4)
gjO""'gjnjflh:g) Z|5k|7£0-
k<nj

Orcrona un u3 BBMUCIUMON HepeunciauMocTd G;_1 CleAyeT, UTO IOMOIHEHNe
G/@G; Tmakxe Bprauciaumo nepednciaumo. CiiefoBaresbHo, o TeopeMe Ilocra moz-
rpynna G; Berancinma B (G,v). O

[Iycts G — HmIBNOTEHTHas TpyNna 6e3 KpydeHusT KOHEIHOH pa3sMepHOCTH,
(1) — ee 1eHTpAJNBHBIN P, CEKIUU KOTOPOrO HE UMEIOT KPYUeHWsl, M, KaK BBIIIE,
(2) — Gasuc cexmm G;. Xapaxmepucmuxoti x(G;) rpymmsl G; Ha30BeM MHOXKECTBO
HAOOPOB TEJIBIX TUCET

X(éz) = (m, Si05 - -5 Sin,-—l) | dg € G;3h € G;_1,

G G = g™ > sl £ 07, (5)

j<n;

Kak usBectHO, cexius G; Kak abejieBa Ipyiia 6e3 KpydIeHUs OJHO3HAYHO C TOYHO-
CTBIO JI0 M30MOPQU3MAa OIPEIEITETCA CBOE XapaKTePUCTUKOIM.
W3 Teopembl 1 BBITEKaET

Caencreue 2. Eciu G — Bbrauc/imMast HUJIBIIOTEHTHAS IPYIIa 6e3 KpyJeHUs!
KoneuHoii pasmeprocta u (1) — ee mentpanbmblit ps, see cexmn Gy = G /Gi—1
KOTOpOro He HMeIOT KpydeHHs, T0 G; BEIYHC/IHMA, a IOTOMY €€ XapaKTepPHCTHKA
x(G;) — BBIUHCAIMO HEpEYHC/IIMOe MHOMKECTBO.
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Teopema 2. Ilycre noarpymna G < UT, (Q) Bbluuciauma, v — HEKOTOPAas ee
BbramcanMast Hymeparus u (1) — ee meHTpaJIbHBIH PsiJl, CEKIUH KOTOPOI'O HE UMEIOT
kpydenns. Torma xaxias noarpynna G,; seraucaumo nepeancanma B (UT,(Q),)
uv <,, v, nge v — regesaesa Hymeparus rpyuib UT, (Q).

HOKABATEJLCTBO. Ilycrs v — Beramcianmast nymepanus rpynmnsl G. [lo Teo-
peme 1 mmoxectso v~ G Berancimmo B (G,v), i < k. Ilyers (2) — 6asuc cexmun
G; = G;/G;—1. B xaxjom kiacce g;j, j < nj, 3abuxcupyem marpuiy A;;. Tak
KAK MHO>KECTBO TAKUX MATPHI, KOHEIHO, MOXKHO CUATATD, UTO UX Y-HOMEDPA U3BECT-
Hbl. UWHaykumeil 1mo i jJokaxkeM, 4TO noArpynna (; BBIYUCIUMO IIEPEYUCIAMA B
(UT,(Q),7) u s kaxaoro uucia s € v~ 1G; moxuo adekTusHO HaiiTh Taxoe t,
ato vs = vt. nsa ¢ = 0 aro oueBuano. [Ipeamosmoxkum, aro s ¢ — 1 3T0 oKazaHo,
T. e. v~ 1G;_1 — BBIMHCINMO HEPEIHCINMOe HOAMHOMKECTBO U CYIIECTBYeT TACTITHO
BBIUHCINMAadA PYHKIHUA f;_1 ¢ 06JIacThIo onpeaereHns 0 fi_, — v~ 1G;_q Takas, 9To
vs = vfi_1(s) nns Beex s € v1Gy_q.

W3 onpesenenus: Marpuil A;;j ciemyer, ITO JJIst JIFOOOTO § CIPABE/INBA SKBHBA-
JIEHTHOCTD:

vs € G; TOrJia U TOJBLKO TOrJA, KOTJA CYIIECTBYIOT IEJIble TUCIIa
- 6
TyT0y -+ sTns—1 Ut € v 'Gi_1 Takme, aro (vs)" = ALy ... A:;;flz/t. ©)
Eciu mya s umeer mecro (6), o vs € A;. Ilo MHAYKIMOHHOMY IIPEIIIOIOXKE-
uuto vt = yf;—_1(t). I3 onpenenenus: aymepanuu v rpyrnst UT), (Q) BeITEKaeT, 14ToO
no unciy f;—1(t) Moxuo addekTuBHO HaliTn Marpury B = v f;_1(t). Orcrona mo

YUCJIAM T, - . . , T, —1 IDOEKTUBHO HAXOIUM MaTPHUILY

__ ATo Tn;—1
C=AT ... AT B,

m;

Tax kak UT,(Q)) — 1mosiHag HUIBIIOTEHTHAS [PYIIa 63 KPYUIEeHUs, MOKHO -
dekTuBHO HaliTu Marpuity D u quciao m takue, aro D" = C' u ym = D.

Orcrona n us (6) cieayer, 94To CyIEeCTBYET AATOPUTM, TIEPEUNCIISIONTHN Y-HOMEDa
MaTpull u3 noArpynnsl G;, U st JF0060ro s MOXKHO 3(h@EKTUBHO HalTU y-HOMEp
3JIEMEHTA VS, W TE€M CAMBIM HWHJIYKIMOHHBIN IMar mokasaH. TakuM obpa3oM, Bce
noarpyunbt G; Berauciaumo nepedncsumbl B (UT,(Q),y) u v <,, v. O

Caencrue 3. Iloarpynna G < UT,(Q) BblumcauMa Torjia U TOJBKO TOIJA,
Korja oHa BbraucanMo nepeuncaumast noarpynna B (UT,(Q), ).

IeiicTBUTEILHO, IIyCTh ¥ — BbIYUCIUMAas HyMmeparus moarpymunsl G. Ilo Teope-
Me 2 v m-cBomurcs K y. CnenoBarenbao, G — BBIYACINMO MEPEIUCTUMAST IOATPYII-
1a.

W3 sToro u cinencrsust 1 BbITEKaeT

Cnencreue 4. HunpnorenrTHas rpynna 6€3 KpydeHHsI KOHCIHOH Pa3MEepHOCTH
BBIYHCJIAMA TOTZIa H TOJBKO TOIJIA, KOIJIA OHA H30MOP(HA BBITUCIAMO HEPETHCIIH-
moii noarpyue (UT,(Q),~) npu HeKOTOPOM M.

HamomunMm [2], 9T0 HEKOTODBIH CUETHBIN KJIace Tpynil K HA3BIBAETCST 6biHUCAU-
moim, ecan cytectsyer Kiaace L = {{(G,,v,) | n € w} HyMepoBaHHBIX TPYIII TAKOI,
9TO MHOKECTBO

D(L) = {(n,k,l,m) | vk - vl = vym}
— BBIYHCINMOE MHOYKECTBO, M KJaacchl K u L COBIAIAIOT C TOYHOCTBHIO JO M30MOP-
duzma rpynn. Hymepanus o : w — K, tae an = (Gy, V), HA3BIBACTCH 8bI4UCAUMOTL
nymepayuet Knacca K. Borancimvmas mymeparnus m Kiaacca K Ha3bIBaeTCs 2446101,
ecJin JTI0bast BRITUCINMAsT HyMepalius JIIo00To mogKaacca Kiaacca K m-cBoauTcs K 7.
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Teopema 3. CyimecrByer ryiaBHasi BBITHCIAMAST HYMEDAIUsI CeMEHCTBA BCEX
BBIYHCJIUMBIX HHUJIBIIOTEHTHBIX I'PYIIT 0€3 KpydeHUus KOHEIHBIX PA3MEDHOCTEH.

JIOKABATE/ILCTBO. IlycTh mana moc/ie1oBaTeIbHOCTh

a = (Oé12, Q23, ..., Onnt1, 013, X245« ., Op_1n+1y--- 70¢1n+1)

2 n > 0, tne C2 — unucsno couetanuit U3 n
o 2. Ilo Heil OJHO3HAYHO OLpEIENIHAETCH YHUTPEYTOJAbHAS MATPUIA (@ PA3MEPOM
n + 1, sjeMeHTaMH KOTOPOW sSIBJISIOTCA yj. llosromy cymiecrByer addexTuBHOE

paIMOHAIBHBIX UHCET JIUHBI n* = C?

B3aIMHO OJ[HO3HAYHOE OTOOpazKeHwe (, MHOKecTBa Q" Ha UT), 1| (@), tne ppa = a.
Ecin S C Q™ 1o 4epe3 S 0603HAMNM HOATPYIILY, TTOPOKICHHYIO MATPUIIAMH (,
a € 8. OrMeruM, 9TO ecyi S — BBIMUCIUMO IEPEUHUCIUMOE HOIMHOXKECTBO, TO S —
BBIYHUCIUMO TI€PEUnCInMas Ioarpynmna. Bepro u obparnoe: ecou G — BBIMACIMMO
nepeuncaamas noarpynma rpyrmsl (UTy 1(Q), Yni1), TO ;, 'G Tak»Ke BHIMHUCIIMO
[IEPEUNCIIIMOe TIOJIMHOKECTBO B Q7 .

Kak wmssectrO [15], cymecTByeT riaBHasl BBIMUCINMAsi HyMEPAIUS T, CeMeii-
crBa K, BCeX BBIYHCIINMO IEPEYHCINMBIX moxMHuokecTs Q" . Ilo Heil ompeeanm
HyMepaIyo 7T, ceMeicTBa L, BCEX BBLIYACIMMO IEPEUNUCIUMBIX MOJATPYIIT TPYIIIbI
(UTn+1(Q),Yn+1), monoxkus m,(m) = mp(m). Ilo crencrsuio 4 T, sABIsAercs Hy-
Mepanumeil ceMeficTBa BCEX BBIYUCIUMBIX HUJIBIOTEHTHBIX IPYII 6€3 KPyJYeHus: pas-
MepHocTeit e 6osee C2 +1- Hokazkem, uTo 7, — IaBHas BEIYHCIUMAs HyMepalus
cemeticta L.

ITycTh p — BHIMMCIMMAs HyMepalus HEKOTOPOTO ceMelcTBa R BBIMUCIUMO IIe-
peanciumbix noarpyni rpyuibl (UT,11(Q), Ynr1). Ilo Hemy onpemennm Hymepo-
BaHHOE ceMeicTBO (F, ) BBIYMCIIIMO TIEPEUHCINMBIX HOIMHOXKECTB Q" , TOI0KIB
F= {B CQ" |p;'G=DB,G¢c R}, vm = @, tum. Torma Hymeparms v GyjieT Bbi-
YHCMMOl HyMepalyeil ceMeiicTBa BBIUUCIIMO IEPEUYNCANMBIX MOJMHOKECTB Q™ .
Tak Kak T, — IJlaBHas HyMepalusl ceMeiicTBa, CyIecTByeT BhIYHCIUMas (DyHKIUA
g(n) Takas, aro vm = m,g(m). Torma um = m,g(m) = T, (g(Mm)), T. €. p <, Tp-

Taxum 06pa3oM, JIOKA3aHO, Y9TO CYIIECTBYET [JIABHAS BLIYUCIUMAas (PABHOMEp-
Has [0 N) HyMepaus ceMmeicrBa L, BCeX BBIYUCIUMO IIE€PEYUCIUMBIX [IOTPYIIIL
rpyunsl (UT,+1(Q), Yn+1). OTCiola 1 13 paBHOMEPHOH 110 1 BBIYUCIIMMOCTH CeMeli-
crBa (UTn11(Q),Yn+1) moaydaem tpebyemoe. [

ITycrs nana rpynna G u H <G, tne G/H — abenesa rpyiia 6e3 KpydeHus KO-
He4Hoit pasmepuocru. Ilycrs go, g1, - - ., gn—1 — 6asuc dbaxrop-rpyuust G/H. Torna
JTs1 JTI0001 TI0CIIeT0BATETLHOCTH

n = (mvsoa-“vsn—l) € X(G/H)7

rue x(G/H) — xapakrepucruka dbakrop-rpyuist G/ H, cymecTByioT s7eMenTsl h,, €
H u g,, € G rakue, 910
Sp—
900 G R =g
Eciu kax1oit nocienosarensaoctu » € x(G/H) KaKIM-TO CIIOCOG0M COLIOCTAB-

JICH OJJHO3HAYHO OIPEJEJCHHBIN 3J1eMeHT h,,, TO GyJeM TOBOPUTH, 9TO OIPE/IEICHA
Pynruua ewbopa ch : x(G/H) — H.

Teopema 4. Ilycro G — noarpynna rpyuubst (UT,(Q), ), (1) — ee uenrpasn-
HBIH psJl, CeKnmm KoToporo 6e3 kpydenns, u (2) — 6asmc mgra G; = Gi/Gi 1,
0 < i < k. Torma G Berauc/IOMA, €CJAH H TOJHKO €CJIH BBITOJHSIIOTCS CJEAYIONTHE
VCJIOBHS:
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1) xapakrepucruka x(G;) BIMHCIHMO II€PEIHCIUMA,
* 12l -1
2) cymecTByeT 9acTHIHO BEIYHCIHMasT QyHKIs Beibopa chi 1 x(G;) =7 G

Takasl, 9TO JUIsl OG0T TTOCTENOBATEBHOCTH % = (M, Si0, - - -, Sin,—1) € X(G;) cyme-
crByer ajement g € G, 4JIsI KOTOPOro

i Sin;—1 _ —
gido ... “Gini1 ~ychl () = g™, rmechi =1.
HOKABATEJIBLCTBO. HEOBXOJAUMOCTDL. Ilycrs rpynma G Beramcianma. [lo
TeopeMe 2 KaxKias noarpynna G; Berauciaumo nepeduciuma B (UT, (Q),y). Io cuex-
crBuio 2 xapakrepuctuka X (G;) — BBIYHCIUMO EPEYUCIUMOE MHOXKeCTBO. Ilycrb

= (M, S0+ -+, Sin;—1) € X(Gi). Torma cemeiicto muOXKecTB P, 3¢ € x(G;), onpe-
JleJIeHHOe KaK

P, = {(r, n) | yr e Gi—1, yn € Gy, gi° ... -gf:l?’:ll cr = 'ynm}7
BBIYUC/IIMO [IEPEUUCTUMO PABHOMEPHO 110 ». JadukcupyeM HeKOTopoe 3hdeKTus-
HOE IIePEeUYnC/IeHIe JIEMEHTOB 3TOr0 ceMeficTBa.

IIycrs (r,n) — 1-a napa u3 P,, B 9T0M nepeunciennu. Torga nosaraeM chi(sc)
— r. HeobxoaumocTb noKa3aHa.

JIOCTATOYHOCTD. IlycTh CIpaBeIMBBI YCJIOBUS TEOPEMBI, T. €. JJIs HeH-
TpasbHOro psifa (1) cupasemyuebl yeaosust 1, 2. Waaykimedi mo ¢ < k JoKaxkeMm
BBIUUCIIUMYIO HepedncanMocTsb noarpynnsl G; B (UT,(Q), ). s ¢ = 0 sTo oue-
Buguo. Ilyers G;_1 — Bhraucamumo nepeduciumas noarpyuna B (UT,(Q),~) u nana
XapaKTepUCTHKA

2= (m, 80y, 8in,—1) € X(Gi), chi(x)=r, ~reG;_;.

Taxk kak (UT,(Q),y) — 1moJHAasi HWIBIIOTEHTHASI IPyIia 6e3 KpyueHus, 3pdek-
TuBHO HaxoxuM djement g € UT, (Q) Takoit, 9yro

Sing—1

9" iy r=g", r € Gioa. (7)

IMockosbKy 2/eMeHT u3 JieBoit yactu 31oro pasencrsa (7) upunamiexur G
n cexknust G;/G;_1 6e3 KpydeHusi, no onpejeieHno GyHKmn ch! nveeMm g € G;.
Jlerko mpoBepuTh, 9TO CEMEHCTBO MHOXKECTB

H,={heUT,(Q)|IeGi1(g5 ... gp 7 -b=h")}

BBIYUC/IMMO [TEPEUUCTUMO PABHOMEPHO TI0 3. JJisi I0Ka3aTe/IbCTBAa TEOPEMbI HYKHO

MIOCTPOUTH AJTOPUTM, OIPEIEIISIIONINN TPUHAJIEXKHOCTD djieMenta h u3 H,, mom-
rpynne G;.
IIycts

g%o R g:;:i:ll b—h™ beGi. (8)

st TpOCTOTHI 3AITUCU BBEJIEM CJIeIYyIONne 0003HaAYEHUSI:
Sik = Sk, My =N, r=a.
Torna (7), (8) mepenuinyTcs B Bu/je
@ .gry ra=9g", a€Gi_1, g€ G, (9)
g5’ gty b=h", beG_1, h€ H,. (10)

Orcrofa citeyer, 9To
£=g"h™™ =ab e, (11)
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IJle ¢ — Hpou3BejleHIe KOMMYyTaTOpoB BUja [a, b g5, gfsjf], e = +1, T e.
¢ € Gi_y. Torma B cuiy (9) u (10)
£=(gh™")™n € Gi_y, (12)

re 1) — IpPOU3BeJIeHne KOMMYTATOPOB OT g u h.
JlokaxkeM, ITO CIIpaBeJJINBa IKBUBAJIEHTHOCTH

he@G;, & n e Gi_1, RV fn—l cGi_1. (13)

HeiicrBurensho, nycrs h € G;. Torga cormacuo (11) u
Orciona u u3 (12) crexyer (gh~1)™ € G;_;. Tak xax
gh e G 1, e gh™t = /én—1 € Giy.

Mycrs 1, %/&n~t € G;—1. Orciona u uz (12) BBULY 0HO3HAYHOCTU U3BJICICHUS
kopreit B UT,(Q) mmeem gh™! = R/én~1 € G, 7. e. h € G;. JKBUBAIEHTHOCTD
(13) mokazamna.

ITpusegem asropuT™ nepedncyenus sjaementos noarpynn G; B (UT,(Q),7).
[lycTh JAHBI TIOC/IEOBATEBHOCTb 2 = (M, Si0,---,8in,—1) € X(G;) u s1ement
~yehi () = a. Tlo Hum sdderTusHo HaxomuMm 3emenT g € UT,(Q) Takoit, uro
cupasenuso (9).

ITo onpenenennto dyuknuu ch; snement g npunamiexkur G;. Ilycrs mus sure-
menta h € H; cupasegmuso (10). B cuny (11) u (12) o siemenram g u h addek-
THUBHO OIpejiesisieM 31eMeHThl £ u 7). Tak Kak 1Mo MHIYKIIMOHHOMY IIPEIIOI0KEHITO
noarpymnmna G;_1 BBIYUCIAMO IIEPEYNC/INMA, MHOXKECTBO map (&,7), s KOTOPBIX
crpaseiuBa pasast 9actb (13), Berancaumo nepeancaumo. Orcioma u uz (13) cie-
JIyeT BBIMHACIMMAS II€PEIUCIAMOCTb Toarpynnsl G;. VMHIyKIMOHHBIN Imar JOKa3aH.
CureroBarenbno, noarpyuna Gi_1 = G Berauciaumo nepeuncianMa B (UT,(Q), ), a
noromy G BbraucaumMa. [

7(12) mostyauM ) € G;_1.
(G; He WMeeT KpyUeHWs,

§ 2. IIpumep HEBBLIYUCIUMOI HUJIBIIOTEHTHOMN
rpynnsl 6e3 Kpy4eHusi, CEKIMU JII0G0ro
EHTPAJIBHOTO Ps/Ia KOTOPOii BBIYUCINMBI

31ech OyzeT JoKa3aHa HE3aBUCUMOCTD YCIOBHA 2 OT YCIOBHA 1 TeopeMsbl 4.
B nanbneitimem marpuity M € UT3(Q) Gymem 3anuchbiBaTh Tak:

1 TN ZM
0 0 1

Hamomunm cjreIyromue n3BeCTHbie CI)OpMyJII)IZ

1 nay nezy + Cloyyn

M*=10 1 nym , (14)
0 0 1
1 —zp —2m +2TMmyMm
M7t=(0 1 —ym . (15)
0 0 1

Ecnu My, ..., M,—1 € UT,(Q), 1o

<n k<i
MMy -...-My = | o 1 S , (16)
1

0 0
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e Ty = Ta, Yi = YMys 26 — ZM;-

IIycts P — 6ecKOHEYTHOE BEIYUCINMO TEPEINCTIUMOE MHOXKECTBO IMTPOCTHIX TNCET,
2¢P,r: P—w,s: P— w— yHkuuy, rue s BEIMUCINMA, a I — HeT, 3 < 1) <
$p — 2 muig joboro p € P, r, = r(p), sp = s(p). OyHKuuu r 1 § ¢ 3aAHHBIMA
CBOWCTBAMU ¥ OMPAHUYEHUSIMU CYIIECTBYIOT U OY/IyT MOCTPOEHBI B jieMMe 5. 1o Hum
zagaaum rpyuiy G < UT5(Q) ¢ nopoxpaomumu

110 100
Bo=|(0 1 0|, Bi=[0 1 1], (17)
00 1 00 1
10 L
p
R,=(0 1 0 (18)
00 1
1 MaTpUIAMI Ap, p € P, onpejiesIeHHBIMU (POPMYJIOH
BYBIR, = A" (19)

roe p € P.
ITpsimble BBIYUCIEHNUS € UCIIOJIb30BaHreM (POPMYJIbI (14) IOKa3BIBAIOT, Y4TO CIIpa-
BEJJINBA

Jlemma 1. /lnst smr06oro p € P umeem

1 1 pP42p°P TP 24
sp—1 2p2op 2
=10 1 —sp=T (20)
p°P
0 0 1
JIemma 2. Kommyranr G’ rpynmsr G I0pozKgaeTcst MATPHIIAMU BHA
10 =
Sp=10 1 0 , DEP. (21)
0 0 1
JIOKA3ATEJIBCTBO. CrpaBeJIuBbI CJIEIYIONHe PABEHCTBA:
Y
1 01
[Bo,By]= [0 1 0], (22)
0 01
[Bo, Apl”™" = [Bo, A} ] = [Bo, BYBYRy] = [Bo, Bi]"
Orcrona u u3 (22) nonyaum
(Y —_—
p°P
[Bo,Ap] =10 1 0 , DEP. (23)
0 0 1
Awnanoruano
10—
[B1,4,] =10 1 0 , (24)
0 0 1
[AP7 Aq]psp+5‘1 - [Agsp ’ Agsq] - [B(Z))a B?Rpa Bg7 B(IZRP] [BOa Bl]pq[B()? Bllipq = E,
T. €.

A Ay = ALA,. (25)
N3 (23)—(25) HemocpeCTBEHHO CllelyeT yTBEp:KIeHne JeMMbl. [

U3 3700t JIeMMBI, BBIYUCIIMO# TEPEIUCIUMOCTH MHOYKECTBA P 1 BIYUCITMMOCTH
GYHKINN § BHITEKAET
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Caencrsue 5. Kommyrtanr G’ BEIYHCIHM, TaK KaK OH SABJISAETCS BHITHCIUMOI
nepeuncaumoit moarpymnmoii rpymmbst (UT,(Q), ).

JIemMma 3. Ilentp Z(G) comagaer ¢ kommyTtanTom G'.

JOKA3ATENLCTBO. U3 (17) serko ciemyer, uro nentp Z(G) cocrouT u3 Mat-
PUIL BEIA

10
0 1 EEe) (26)
00

= O W

U3 onpenenenns rpynnsl G BeITEKaeT, 9to jrobast marpuna M € G jexxur B
cMeKHOM KJjacce o G, cojeprkalneM HEKOTOPYIO MATPUILy BUIA

L=BBMAP AP ag,0n,8i € Z, i <k, (27)

rae A; = Ap,, T. €.
M=LC, Ced. (28)

Cueiosarensuo, M € Z(G) rorma u tosbko Torga, korma L € Z(G). Homycrum,
L € Z(G). Torma B cuy (14)-(17), (26), (27) numeem

Bo Br-1
TL =gt o et L,
0 Pr—1
Bo Br—1
YL = a1+ 5071+---+ Sk—171:07
Do Pr_
Lje S; = Sp,, T. €.
Bo Br—1
0 Pp_q
Ecan monoxnrn _
_ _ | _ S
s:pg‘)lu.upzk_f 8= 1 (30)
b
1o (29) mepemnuiiercs B BUJE
—as = BoSg + -+ Br_1Sk_1- (31)

U3 (30) cremyer, uto 5 u 54, j # 4, nenarcs na pi'~ . Orciona u u3 (31) BorTe-
KaeT JeJIMMOCTh [3;S; Ha pf"'_l, Ho B cuity (30) 5; He nesurcs Ha p;. Cile10BaTesIbHO,
Bi = vip; (32)
s;—1
JJIsT HEKOTOPOro y; € Z. Beraumcaum maTpuiry A;“pi no dopmymnam (14), (20).
[Tosyaum

T B = Ypbi — ’Yip?i_l S},l = Vi (33)
7 1 pZ
Z a8 = %‘pfﬁlpgi i 2p15287i2+2 1 + v fiiliwpf;j_g !
i 2p; 2p;°"
oy 2l T L ypy T 1) el T (o T T 1 2)
2p; ! 2p; !
% (PF 7 4y T+ 2)

m—3 :

2p;
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JIerko mpoBEPUTDH, UTO YUCJIUTENb [IOCIEIHENR JPOOU — YEeTHOE YUCJIO, TOITOMY
1ocJjieiHee paBeHCTBO MOXKHO 3allUCaThb TaK:
m;
z

A'?l - p’l‘if?)

Jst Hekotoporo m; € Z. Orcroga u u3 (15), (26), (31) caenyer, uro

pzi_g +n

JjL:yL:aJFZ’Yi:Q ZL:Z i

JIJIsl HEKOTOPOTro n € Z, T. €.

L0y
L= 1 0
1

Orcroa B cuity 7; < 8; u jeMMbl 2 moayunMm L € G’ a moromy coriacuo (28)
MeG re Z(G)=G'. O

Jlemma 4. [[mst smo6oro p € P ypasnenne BYBYX = YP™" | rie

1 0
X=101
0 0

= oY=

J1sT HeKoTopbix ¢ € P, k € Z, umeer enunacTBeHHOe pemenne X = Ry, Y = A,
onpesessiemoe gopmysiavu (18) u (20) coorBeTcTBEHHO.

JOKABATEJILCTBO. JlomycTnM, 9TO CyIIECTBYET JPYroe pelreHue, T. €. JJIsd
HEKOTOPOII MaTPHUIIbL

(34)

npu q # p Haiigercs marpura D € G takasi, 910

BPBYC = DP™.
Orcrona n u3 (20) nmeem

(35)

[Ar” D™P"| = [BYBYR,,C~'B;"B;"]

T e A, D7 = E.

:E’

Tak kax G — rpynmna 6e3 kpydenus, [4,, D™ = E. U3 (19) u (35) crenyer,
4TO

R,C™! = (A4,D7 )P,
Orcrona B cuty (18) u (34) momydnm

(36)

11 g
ZR,C-1 — o' q7 T g =P ZA,D-1,
T. €.
g —p
ZA,D-1 =

oo o (37)
PaccmoTrpum criesyromire BO3MOXKHOCTH.
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1. ¢ # p. Torma uncauresns (37) B3aUMHO IIPOCT C P, & MOTOMY T, +Sp > sp,—1. B
cunty (36) A,D~! € Z(G). 1o nmporusopeunT semMMam 2 U 3, T. €. JAHHBIH CJIydait
HEBO3MOXKEH.

2. p=gq. Ecn k < rp, T0 B cuny (37)

pk(l _ prpfkr) 1— prpfkr
ZAprl = = ,

prppkpsp prp+sp
ecq ke k > 7, TO aHAJOTUIHO
pk—ry -1
ZAp371 - karsp
OTu aBa paBeHcTBa nporuBopedar jgeMmam 2, 3. Taxkum obpaszom = k =
) b b

Tp, cremoBarenbo, X = R,. Orciona ¥ U3 OQHO3HATHOCTH OLEPAIIUN U3BJICICHIL
xopreit B UT3(Q) B cuty (19) nomyunm ¥V = A,. O

Jlemma 5. CymecrByior 1-MecTHbIE QYHKIUM T U § TAKHE, YTO § BHIYHCIUMA,
ar — Her u st JH00ro n
3<r(n) <s(n)—2. (38)

JIOKABATEJILCTBO. Ilycrs K (n, m) — yHuBepcajbHas YACTUIHO BHIUUCIAMAS
dyHKIug g Kiacca OJHOMECTHBIX YACTUYHO BBIYUCIMMBIX (DYHKIWMHA u @(n) =
K, (n).

Ompenenum Tpedbyembie DYHKIUNA CACAYIOMAMA PABCHCTBAMU:

s(n) =24, (39)
min{3, o(n)} +4, ecmu p(n) <3 wm p(n) > 7,
r(n) = (10)
8, ecn 3 < ¢(n) < 7 ymbo ¢(n) He onpeeIeHo.

Jlerko nposeputs, uro 4 < r(n) < 8 mis sroboro n. Orcrona u u3 (39) caegyer
(38).

Hokaxem, uto gyHkms 7(n) HeBbaucaUMa. JIOIyCTHM OPOTHBHOE, T. €. Cy-
mectByer Takoe t, aro r(n) = AnK (t,n). Orciona r(t) = K(t,t) = p(t).

Ecsun semosnneno 1-e yeaosue B (40), 10 3 < r(n) < 7, 9ro HeBO3MOXKHO. AHa-
gormuHo 2-¢ yciosue B (40) Takxke meBozmoxuo. Ciemosarenbho, dyHKwms 7(n)
uesbrancsmma. 13 (39) u (40) menocpencrsenno cuaemyer (38). O

Teopema 5. CymecrByer Hepbraucanmast nogrpynna G < UT, (Q) rakasi, aro
Bce ceKImu JIF000ro ee MeHTPAJbHOIO PS8 BBITHC/IHMBI.

JOKABATEJLCTBO. Ilycre dyHKIuMmM r n S onpejiesieHbl, KaK B JIEMME 5, a
rpynna G 3ajgasa nopoxgaromumu (17)—(19). To semme 3 cymiecTByeT eInHCTBEH-
Hblil neHTpasbHbil pag F < G = Z(G) < G, rue rpynusl G u G BbraucimMo
nepeuucanmbl B (UT,(Q),7), a moromy Ber9ucauMbl. JI0KayKeM BBIYUCIUMOCTD CEK-
mm G/G' = G. Cwmexnble Knaccel By m By obpasyior 6asuc rpymmer G. U3
(19) cnemyer, uro mia xapaktepuctuku X(G) cexnun G CIpaBejMBO PaBEHCTBO
X(G) ={(p,sp,1,1) | p € P,sp = s(p)}.

Tak KaK MHOXKECTBO P BBIYHCINMO MIEPEIUCTUMO, a (DYHKIUS S BBIUUCINMA,
xapaxTepucTaKa X (G) BLIYHCIEMO HePevnC/IAMa, a MOTOMY CeKIust G BBIMHUCTIMA.

Homyctum, gto rpynma G BbraucauMa. Torma B cmiay JeMMbl 4 dyHKIES T

BBIUUCJIMMA, 9TO TpoTuBopednt jiemme 5. CremoBaresibHO, rpyina G HEBLIUUCTIA-

ma. [
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3AMEYAHUE 1. YcjoBue 2 TeopeMbl 4 He 3aBUCUT OT yCJoBus 1.

HeticTBUTEIBHO, MIYCTh P — GECKOHEYHOE BHIMUCIUMOE MHOXKECTBO ITPOCTHIX IH-
cen, a GyHKIUM r U § Takue ke, Kak B jgemme 5. Ilo HuM omnpesgenum rpynny G
nopoxaarormvm (17)—(19). Torga serko mposepuTh, uTo xapaktepuctuka X(G)
BBIYMCJIMMA, HO B TO Ke BpeMs o Teopeme 5 rpynma G HeBbraucianma. Orciona u
u3 TeOpeMbI 4 CJIe/IyeT, YTO YCJIOBUE 2 HE BBIIIOJIHEHO.

B [13] nokasaHo, 9TO BBIYUCIMMO MIEPEUHCINMO OIIPeIeJIeHHAsT HUIIBIIOTEHTHASI
rpynmna G 6e3 KpyUueHusl, KOMMYTaHT KOTOPOH HMeeT KOHEYHYIO Pa3MEepPHOCTh, BbI-
quciauma. OTciona caeiyor

3AMEYAHUE 2. Bce pesynbrarsl § 1 mannoit paboThl OCTAIOTCS CIIPABEJJINBbI-
MH, €CJIN B HUAX YCJIOBHE <«BBIYHC/INMAs» 3aMEHUTH HA <«BBIUUC/IMMO IIE€PEUUCIIMO
OllpeIeIeHHA ».

CaencrBue 6. [lycro G — BBIYHCIUMO MEPETHUCTHMO ONPEIETCHHAS HUJIBIIO-
renTHas rpyuna, ¢paxrop-rpymmna G /T koropoii no nepuoguieckoii yacru T umeer
KOHEUHYyI0 pasmepHocTh. Torna daxrop-rpynna G /T BeraucauMa.
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