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O BOCCTAHOBJIEHU MYNBTUTIJIMKATBHbBbIX
MPEOBPA3OBAHWI ®YHKLN
N3 AHN3OTPOIMHbLIX MPOCTPAHCTB
E. . Hypcyaranos, H. T. TneyxanoBa

Awnnoranms. ITocTpoeH onepaTop BOCCTAHOBJIEHUsT MYyJIGTUIIINKATUBHBIX Tpeo0pa3oBa-
Huil GYHKOWHA U3 AHH30TPOIHBIX IPOCTPAHCTB [0 WX 3HAYCHHUSAM B 33JaHHOM YHCIIE
Touek. llokazaHo, UTO HmOrpemHOCTb BoccTaHOBIeHMs pyHkuun us W' no nopsaxy
COBII3AeT C COOTBETCTBYIOIIUM OPTOIONEPEYHUKOM.

KuroyeBbie €JIoBa: 0nepaTop BOCCTAHOBJIEHUs! (DYHKIUN, IPOCTPAHCTBO C JOMUHUDY-
Ioleil CMenIaHHON ITPOU3BOAHOM, OPTOIIONIEPEYHUK.

1. Bsegenwue. Iycrs f € L1]0,1]", A = {Ap}rezr — mocsenoBaress-
HOCTb KOMIUIEKCHBIX dmcesl. OupeaennM MyJIbTHILIUKATHBHOE TPEOOpa30BaHIE B
Buse GOpPMAaTLHOTO Psiia

n 2mikx
fr= > M (k)e*m ke (1)
kezn
[Mycrs (X,Y) — napa GbyHKIIMOHAIBHBIX IIPOCTPAHCTB l-Tlepuogudeckux (yHKIuii,
X Bioxkeno B C[0,1]", mocieq0BaTe bHOCTD KOMIUIEKCHBIX ducel A = {Ag}rezn
SIBJISIETCST MYJIBTUIIMKATOPOM U3 IPOCTPAHCTBa X B IIPOCTPAHCTBO Y, T. €.

b [2lly
0 1fllx

< 0

Bajiava 3aKmodaeTcs B Haxoxaenun y3iaos {t; 10 u bymximit {¢y (v, A) L | Taxux,
ITOOLI CKOPOCTH YOBIBAHUS IIOIPEIIHOCTH

M
sup [1fa = S () Ny
Ifllx=1 b1

B MeTpHuKe Y ObLIa KaK MOXKHO OoJibIreit mpu Bo3pactanuu M K OECKOHETHOCTH.

JanHas MOCTaHOBKA 33JIa9U OODbEIUHSIET 3aJa9K MPUOJIUKEHHOTO BOCCTAHOB-
JIEHUsI UHTErpaJsioB, KoaddunuenToB Pypbe, GyHKIUA, TPOOHBIX MPOU3BOIHBIX U
IpoOHBIX MHTErpaJioB. Tak, ecym

N {1 upu k = (0,...,0);
1o upu k # (0,...,0),

TO MOJIy4daeM 3aJa4dy YUCIeHHOI'O MHTEeIPUPOBAHUS.

PaGora Bbinosnnena npu dunancoBoit nomaepxke Komwurera nayku PK (kompl mpoekTos
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Econ
Ap — { 1 mpu k = (,ulv---vﬂm,)a
0 mpu k7 (1., pin),
TO COOTBETCTBYIOMMIA OIepaTop BoccTanasusaeT koddduiment Oypoe f ().
Ecim A = {l_cﬂ trez 1 B =0, TO IpUXOAUM K 3aJ]aMe BOCCTAHOBJICHNsST (DyHKIIHIA,
eciu > 0 — apobHOIi Tpou3BoHOM, ecin § < 0 — JAPOOHOrO MHTErpaJa.
IIycts 1 < p < o0, f — l-nepuogmtieckas dbyukius u3 L,y[0,1]" ¢ Tpurono-

merpraeckun psaom Pypee S f(k)e? . Bynem cumrars, uro f € w0, 1],

kezn
a=(ag,...,a,) > 0, eciiu naitnerca f© e Lo, 1]" psL qbypbe KOTOPOIi COBIIaIaeT

c pagom Y. k@f(k)e2 ke pre px = E pixy, k H k$7, k= max{|k;],1},
kezn
j: 17n7

[ llweto,pm = 1f ¥z 0,15

u f € E¥0,1]", eciin KOHEUHA BesIMIMHA
I1£|le == sup k| f (k).
kezm

3ajiaua ONTUMAJTBHOTO BOCCTAHOBJICHUS (DYHKIIMOHAJIOB IO KOHEYHOW HHMOpMa-
un noctasseHa B [1, 2]. DTa mocTaHOBKA 0600MATACH U PASBUBAJIACH B PA3JIUIHBIX
HanpaBJeHusx [3-8].

Boccranosiienuto (pyHKIMiT 13 KJIaCCOB € JOMUHUPYIOIIEH CMEIIaHHOW TPOu3-
BOJIHOI nocBsmieHbl paborel [9-16]. CoorBercTByIOIIIE ONEPATOPHI BOCCTAHOBJICHUST
cTposTes Jinbo peKyppeHTHBIM obpa3oM [13, 14], 6o ¢ ucroab30BaHueM OITUMAIb-
HBIX ceTok Kopo6osa [9-12,15, 16|, HaxoxkKIeHrE KOTOPBIX SIBJISIETCS] CAMOCTOSITEIh-
HOI 3a1a4eii.

Hesnpio qaHHON PabOTHI SIBJISIETCS TIOCTPOEHHE OIIEPATOPA BOCCTAHOBJIEHUST JIJIsI
AHU30TPOMHBIX ITPOCTPAHCTB B IBHOM BHJIE, JIJIST KOTOPOT'O MOTPEITHOCTH BOCCTAHOB-
mernst GYHKIMI COBIIATAET ¢ HOPSIIKOM COOTBETCTBYIOIIETO OPTOIONEpedHIKal):

M
dy(X,Y) = inf sup f=> (f9))9 -
=1

{9351 Il x=1 v

3/1€Ch HUKHSIS TOYHAs I'DAHUIA OepeTcs IO BCEBO3MOXKHBIM OPTOTOHAJIBHBIM CHUCTE-
MaM {gj} 1, u3 Loo[0,1]™.
Mg paccMmaTpuBaeM 3a1a9y BOCCTAHOBJIEHUsT MYJIBTUILIMNKATABHBIX ITPEodbpa3o-
sammit ynkmmit u3 kmaccos W0, 1], E4(0,1]", rae o = (g, ..., o ):
O<a0:a1:...:a_r<a_’_+lS...San' (2)
ITycrs ¢ : Z7 — N — neyObIBarommas 110 KaxKJ0ii epeMenHoit QyHKIud, T. e.
w(kh'"akiv"wkn) < w(klw"vki + 1,...,]{5”), t=1,n.
g dysknuu f u nocsienoBaTebHOCTH KOMIIEKCHBIX qucesl A = { g }rezn onpe-
JIe UM TTpeobpa30BaHUE:

Foup(f,iXiz) = > Lk > f(2k>¢“<$+2k’)‘>

»(k)=m 0<r<2k

k€N7l

1 ! r
= 3 g X S (egi) o (od e i) @
p(k)=m 0<r<2k

keN"

1 Oprononepunuk seeger B. H. Temusikosbim B [17], M. Taksxke [18,19)].
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nz_:l(r- 1) sgn(k;—v;) )
(bk,r(l‘;)\): Z (_1>j—1 J iV Z )\H€2m/w. (4)

1<v<k; nep(v)

3nech u nagnee |k| :=ky + -+ + ky,

p(w) ={p= (1, pn) € Z" : 277 < |y < 271},

[z] — nenas wacte uncna x, a Takxke v < g Gymer o3HaYATH vj < ), j = 1,n.

Wnes moctpoenns omepaTopa [, , OCHOBaHa Ha TOM (baKTe, 9TO B IPOCTPAH-
CTBax € JIOMUHUPYIOIIEH CMENTaHHOM TPOM3BOIHON HAMJIY IITMME ATTPOKCHMAIMOH-
HBIMHU CBOHCTBAME 00JIaIQI0T TPUIOHOMETPUYECKHIE HOJMHOMBI CO CIIEKTPOM U3 CTY-
[IeHYATHIX runepboanyeckux Kpectos (cm. [18,20,21]). Oneparop (3), (4) mocrpoen
TaK, 9TO OH TOYHO BOCCTAHABJMBAET TPUTOHOMETPUIECKNE MHOTOUJIEHBI ¢ TADMOHU-
KaMI U3 COOTBETCTBYIOIINX MHOXKECTB, T. €. Fy, . (f, \) Tounoe mist

f(il') - Z akeQﬂ—ikwu

k:eG7YL

rie

P(v)<m,
veN™

Ipu (k) = k1 + - - -+ k,, omeparop Fy, ,(f, A) nocrpoen B paborax [22-24], e
pelieHa 3ajada MMOCTPOEHUsI B SIBHOM BHJIE OIMEPATOPA BOCCTAHOBJICHHUS (DYHKITHI
u3 m3oTponubx npocrpancts WiH[0,1]", E[0,1]", a = (a,...,a). Kpowme Toro,
HOJIyIeHo HpecTrasienne pasHocTh fi(z) — Fp, o (f, A\; ) B ABHOM BHIe B TepMUHax
Tpuronomerpudeckux Kodpdunuentos Pypne dyukumit f. OleHKa TOrPenHOCTH
COBITQJIAET C MOPSIJIKOM OPTOIOIIEPEYHNKA B CTEIIEHHO ITKAJIE.

B ciryuae aHU30TPONHBIX IPOCTPAHCTB, Kak nokasaHo C. A. Teasikosckum [21],
11e71eCO0OPA3HO UCTIOIB30BATH TPUTOHOMETPUYECKIE ITOJIMHOMBI CO CIIEKTPOM U3 CITe-
[IHAJBHBIX TUIEPOOJIMICCKAX KPECTOB. 371eCh 9TOT 3(MDMEKT TakKe MMEET MEeCTO.
st IpUGIIZKEHHOTO BOCCTAHOBJICHNST (DYyHKIMH (My/IBTUILIMKATHBHBIX TPe0Opas3o-
BaHUil GYHKIMIA) 13 AaHU30TPOITHBIX IIPOCTPAHCTB W, E GyieM uCLOJIb30BATH Olle-

parop (3), (4) c

wo(k>:kl+"'+k'r+['7(k7+1+"'+kn)]a (5)

Qr i1

I‘,H‘el<’}/<To
IIpn 1 < p <2 < g < 00 MOKA3aHO, YTO

sup Hf_Fm,wo(f71)”Lq Ndﬁ(ngLq)v

1fllwg=1

3mech M — KoJimdecTBO 3HAUYeHW (DyHKIMU f, MO0 KOTOPOIl CTPOUTCS OIeparop
Fm,wo (f7 1)'

Tax>ke paccMaTpuBaeM BOIIPOC BOCCTAHOBJIEHUS (DYHKIUI U3 IIPOCTPAHCTBA Ma-
soit rrastkoctn Wi mpi a < 1/p, . e. KOT/Ia HET BJIOYKEHHs B MPOCTPAHCTBO HeTpe-
peiBHBIX (yHKIHiE. B 3TOM ciiydae BoccTaHaB/IMBATH 10 3HAYEHUSIM (DYHKIIUUA HE
WMeeT CMBICTIA, TAK KaK (DYHKIMU U3 9TUX KJIACCOB OIPEJIEICHBI PA3Be JIUIIb TOYTH
Bcromy. llosToMy BO3HWKAeT CleyIOIasi IMOCTAHOBKA, SIBJIAIONIASCS B HEKOTOPOM
cMbIcsie 0OpaTHOM K 3a/1ade, chOpMYyTUPOBAHHON BBIIIIE.
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Hycrs dynxmus f npunamexxur W0, 1] n

B S Ak

kezn

— ee MyJIBTHIIMKATUBHOE npeobpasoBanue, tie A = {A;}rezn — MYyJIBTUILIMKATOD
w3 W0, 1]" 8 C[0,1]" [25]. Hy»xmo mpubimkeHHO BOCCTAaHOBATH DyHKIHIO f 10
3HaYeHuIM f).

IMopsimok nmpubMzKeHNs OllepaTopa BOCCTAHOBIEHUS Fip, o (f (=8): \) o 3mHawe-
HusM pobuoro maTerpaia f(~8) makike jocTuraer mopsiika opTomonepedHnka’) B
nape IIPOCTPAHCTB (WQ(X7 Lg).

Oneparop Fy, 4 (f, A) yuusepcasen. BriGop dbyHKImI 1 AUKTyeTCs: BHIOOPOM
npocrpancTBa X, a TOYHeE JIMHUEH YPOBHS yObIBAHUSI TPUTOHOMETPUIECKUX KO-
dummentoB @ypoe byHKIMA 13 3TOro mpocrpancTsa. llosToMy mosrydeHHbIE 3/1€CH
pe3yJIbTaTbhl MOXKHO PaCIpPOCTPAHUTH, HaIpUMep, Ha IIPOCTPAHCTBA Hz? [26], ES o

[27].
2. Boccranosnenue koacddunuenros Pypbe bynknumii. Ilycrs v € 727,
m > Y(v), f uz C[0,1]". Oupenenum GyHKIHOHAT

n—1

ok1+vi _q okn+tvn _q Z (rj+1) sgn k;

Towlfi)= Y g X X ()T

P(k+v)=m, m=0 =0

k;>0
1 Tn
< f (2k1+u1 N 2kn+yn> - (6)

Hanubiit dyuknuonan B caydae v = (0,...,0) peanusyer KBajparypHyio ¢dbop-
MYyJIy, TOYHYIO JIJIsT TPUTOHOMETPUYECKHUX TOJTMHOMOB CO CIIEKTPOM M3 COOTBETCTBY-
IOIIEro TUNepOoInIecKoro Kpecra [27, 28].

JIemma 1 [29]. Ilycte d € N, B = By X -+ X B, — napaJsutesenunes B 2",
dj > ‘Bj|,j: 1,...,n,

I= | ((By+r1dy) x - x (By + rndy)).
reLn

Ecmu f € Ly[0,1]", f ~ > f(k)e2™** 10 par S f(k)e* ™ gpusercs psrom
kezn kel
®Dypbe yHKIHT

i, X 1) (3)
di—1

dp—1
1 < 1 Tn 1 Tn
=3 Lo ) pp (2.,
dy .. d, f(zﬁdl’ ’x"+dn> B<d1’ ’dn)’

r1=0 =0
rae Dp(x) = Y. e 27k — gipo Jlupuxie, cooTBeTcTByTONIee MapaJieennesy B

keB
us 7Z".

2)B srom cilytiae IOPSAJOK OPTOIOIEPEYHNUKA COBIAIAET C HOPSAKOM monepednunka Komamoro-
posa.
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Jlemma 2. Ilycrs m € N, v € N*, ¢(v) < m. Eciu psiz
f _ Z f(r)e%rirz
rezn

abCoJIIOTHO CXOIIUTCA, TO UMeeT MeCTO PaBEHCTBO

n—1

ngnkj
Tou(fiv) = Y (=)
Y (k+v)=m,
k; >0

X Z fERr =l p fsgnky), ..., 21Tl Qp bk, ), rp 280 0.

rezn

JIOKABATEJIbLCTBO. 3aMeTuM,q9To

k—1

(—1)" =™ keN, r=1,2,...,2¢-1,

nosroMy GyHKIHoHAT Ty, 4 (f; V) MOXKHO IpPECTABUTH B BHJE

n—1
Z sgn k;

Ty(fiv) = > (=1)

Y (k+v)=m,
k; >0
1 2k1tr1 g gkntvm g
1 Tn 1 Tn
x 2lk+v| Z Z Dkl"'k" <2k1+u1 i 2kn+un> f (2k1+1/1 P 9k g

r1=0 7n=0
e

n—1
—27i Z ij_lyj sgn k;
Dkl...kn(yla"'ayn)ze i=t

Bocnonbayemcest memmoit 1 u moryanM HyKHOe yTBepxKaeHue. [
JIemma 3. Ilycrs b = {bs}sez € 11, m € N. Torzma BepHO npejicraB/ieHnue

m

Z(_l)sgnk Z b2’“—1(2r+sgn k) = Z bomp..

k=0 reZ rEL

JOKA3BATEJIBCTBO. Nmeem

m

Z(_l)sgnk Z b2k—l(2r+sgn k) = Z b, — Z Z b2k—1(2r+1)

k=0 reZ reZ k=1r€eZ
o0 m
= bg + Z Z bok-1(2r11) — Z Z bok—1(2711)
k=1rezZ k=1r€eZ
o0
— b() Jr Z Zka—1(2r+1) - bO Jr Z meT — Zbgmr.
k=m-+1r€Z rez, rEZL

r#0

),
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Jdemma 4. Ilyers v € N um > (v). Ecm pag f(z) = 3 f(r)e2mir®
T€Z7L
abCoJIIOTHO cXouTCst, TO st pyHknuonasa (6) nMeer MecTo paBeHCTBO

-1
Z sgn k;

T (f;v) = £(0,...,0) + > 3 (—1)5

=L yktv)=m,
kj>0,ki11="=kn=0

X Z fRr=l(r fsgnky), ..., 2k (9 dsgn k), 2K 0, .., 0).

rezt ni70

JOKABATEJILCTBO. U3 yTBepKIaeHUs JJEMMbBI 2 CJIeyeT, ITO

n—1

ngnkj
Tow(fiv) = >, (=17
Y (k+v)=m,
k;=0

X Z f(2k1+”1_1(27‘1 +sgnki),... ,2k"*]+”"*1_1(2rn,1 +sgnkn,_1), rn2k"+”").
rezn

O6o3nayum 310 Bbipaxkenue yepes W, (f). B cymme W, (f) Bolmesum ciaraemoe ¢
rn = 0:

n—1
Z sgn kj
T (fiv) = Wa(f) = > (=1)
"/)(k:“"l’):m’
k; >0
X Z fEM =Y r fsgnky),. .., 2kt veimh9p 0 senky, ), 280
reZ™,
rn#0
nil
sgn k;
DS
p(k+v)<m,
k;>0,k,=0

X Z f(2k1+"1_1(27=1+sgnk1)7...,2’“"*1+”"*1_1(2rn,1+sgnkn,1),O) = J1+Js.
reanl

IIpeobpasyem BTOpOE citaraemoe Jo, BBIJIETUB CyMMbBI, COOTBETCTBYIOIINE WHICKCY
n—1:

kn—1
Jo = E dklv--wknfl - E : § dk17~--7kn—27tn71

$(k+v)<m, W (k+v)=m, tn-1=0
k;>0,kpn=0 kn=0
n—2
> sgnk; kn—1 X
— § ( 1)i=1 § § (_1)Sgﬂ n—1
P (k+v)=m, re€Zn=2tn-1=0
k;>0,k,=0

X Z fEM =Y 2r fsgnky), ... 2t Tl (90 sent, ), 0)
Tn—1€Z
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77i2sgn kj R
= Z (=1)7=1 Z f(2k1 ‘”1_1(2r1 +sgnk1),...,rn,12k”*170)
Y(ktv)=m, ezt
k; >0,k =0
= Who1(f).
B mocietHeM COOTHONIEHUN TIPUMEHUJIA JIEMMY 3.
Taxum 06pa3oM, IOJYUUIA PEKYyPPEHTHYIO POPMYJIy BHIA
ni:l sgn ki
Wn(f) :I/Vn—l(f)Jr Z (71)j:1
Y(ktv)=m,
k;>0
X Z fEM Y r fsgnky),. .., 2kt ml0p ) Lsen Ky, ), 28 ),
rez",
rn7#0
U3 KOTOpOil Yepe3 n — 1 maros npuaeM K yTBEPXKICHHUIO JIEMMbL. [
IIycers v € N, m > ¢ (v), u € p(v). Oupenennm dbyHKIOHAT
Py (f3 1) = Ton (2747 - frv)
2M g 2knt¥n 1 nil(r'Jrl) sgn k;
- ¥ 1 S Y i ’
2lk+v]
Y (k+v)=m, r1=0 n=0
k;>0
r R W S
xf(2kl+yl,...,2kn+yn) = ()

13 oupenenenust P, (f; () 1 JeMMBI 4 BBITEKACT CIICYIONIEE YTBEPKICHHC.
Teopema 1. IIycrs v € N, ¢(v) < m. Ecan p € p(v), T0 a1st abCOTIOTHO
CXOJAIIErocs psIa

fla)= > fk)e*mhe
kezZm
BEpHO DPaBEHCTBO

Pr(fim) = ) +> > (=1~

=1y (ktv)=m,
k;j>0

) Y FEMITN ey fsgn k) + 29T g g ). (8)
rEZl,
TL7£0

SAMEYAHUE 1. CoorHomenre (8) mOKa3bIBaeT, ITO (DYHKIHOHAT P, 4 (f, 1t)
SIBJISIETCsI AlllIapaTOM BoccTaHoBIeHHs Koabdunuentop @ypre f(11), TOUHBIM st
[IOJIMHOMOB CO CIIEKTPOM 13 MHOXKECTBA

Go= U s

P(v)<m
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Jlemma 5. Ilycte B >0, v eN" aqp =1 = =a; < a1 < <y, n
myerb 1 <y < O‘;(']l, Yo(k) = ky+ -+ ke + [y(kr i1+ -+ kn)] mm > o (v). Torza
- i a;(kj+v;)B 1_ -1 1
o2 w1 o) o
200mf3 (e —yao) Y. vy
Yo (ktv)=m 2,5 T+1—YQ0 RN

u, cJjie/1oBaTeJIbHO,

_ Y ailkidv: T—1
Z 9 ]21 j(kj+vi)B < c(m+ 1 —’lﬂo(V)) .

S (10)

Yo (k+v)=m

JOKABATEJILCTBO. Y4YuUTBHIBasE OMPEIEJIEHAs] IUCENT Y, (g U TO, UTO KOJIIMIe-
CTBO pemleHuii u3 Z', ypapHeHud 1 + - -+ + T, = N sxBuBasenTHO N =1 umeem

Z": aj(kj+v;)p > (kjtvi)tarin 3 (kj+vy)

g B g g fo)

Yo (k+v)=m Yo (k+1v)=m
—(ari1—y 3 kj+v;
< 9-oom8 Z 5 (ary1—y 0)(j:¥+1( + ))5
Yo (k+v)=m
molr, 2 ]
j=T+1

< 9—xomp Z Z Z 2= M=t (arp1—vyao)B

T n
t=3 vj > kjtvi=t |:’Y > kj+Vj:|:m*t
1 i=1

i= j=T1+1
g
j=7+1 T T
= g~ aomf > <t+1—§:%>
t= - vj J:1
j=1
; 1 n n—71—1
™ <m —t+ _ Z Vj) 2*L{t(0¢7+1*7060)6
7 Jj=7+1
(m+1—h() " 1
= g
2a0m6

n
(ari1—vyao) 3o v
j=1+1
IIpuBesieM OIEHKM HOI'PEIHOCTH BOCCTAHOBJIEHUS! TPUI'OHOMETPUYECKUX KO-
dbunnentos Pypre dynkmit n3 kraccos Wi, B, rie a ynoiersopsier (2).

Teopema 2. Ilycrs P, .y, (f, 1) — GyHKIHOHAT, OIPEAEICHHBIS COOTHOLICHH-
amu (7), (5), v € N, m > o (v), p € p(v).
Ecmm 1 <p < o0, ag > % :max(l%,%), To st f € Wit

(m+1—go()) 7

(1) = P ()] < OO L e, (11)

npu o > 1/2 > 1/p onenka (11) touna 1o nopsiixy.
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Ecin ag > 1, 0o m1st f € E BepnoO

_ v T—1
Swp [F() — P ()| = LG0T (12)
[fllge=1

JLOKA3BATE/IBCTBO. U3 Teopembr 1 numeem

‘f(,u,) - Pmﬂbo(fa ,LL)|

SZ Z Z |f(2k1+”1_1(27”1+sgnk1)+/¢17...,2’”+”lrl+m7m+1,...7un)|

=1y (ktv)=m, rez!,
kip1==kn=0 r;#£0

= > 1),

keM,
rie
n
M,u - U U Dkl7
I=1g(k+v)=m
Dy = {27 2ry fsgnky) 4, 28 b g g ny i) s € ZH £ 0.

[Ipumenum nepaBencTBa ['énbuepa u Xaycaopda — FOnra:

1) = Pa o] < (32 (galf(s)l)ﬁ,)l/ﬁ’( > (;)13)1/@'

seEM,, seM,
N N\ 1/7 PN\ 1/p
(T )" (T (%))
seM,, seM,
L \P\ /P 1 \P\ /P
ScfaHL,;( Z <§a> ) §c||f||W;< Z <§a> ) .
seM,, seM,,

Anajiornuno

6= Pon(f) < (X ) Il

seM,,

Orennm cymmbr (Y (g%)ﬁ) VP > . Jlas BbIpasKkeHus
seM, seM,

1 1
= — 5 i = 17l,
Si  |2kitvi=1(2r; + sgnk;) + pil

BbLIEJIUM JBa, ciaydas: 1) k; > 1, 2) k; = 0.
B ciydae 1, yaurbiBas, 94To 9mCIa [; YIOBJIETBOPSIOT YCIOBUIO

272 <l <2477,
nMeem

1 1 1
< <
|2k tvi=T(2r; + 1) + pg| — 2Rt 1(2r; + 1)| — 2= 1 = 2kitvi—2p)

B ciydae 2 mpu k; =0 —

L < ( 1 1 >
min|( ———,—— | .
|2ki+l/i*127ni+/ui| - ‘2W—17"i‘ [2ul 2]
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Ob6beuHsIst 9T ONEHKH, TTOJYIUM, ITO

1 4=

-1 l
[T 120 @2y + sguk) + s |r2ie ol T (25
1 |

WK I IIPOU3BOJILHOrO s € Dy — 9T0
!
o
1 41 C1
—a —a < .
sl 1 . Snn - l B n -
[T@% i) T [l g 272 (hitvieit, Z e
i=1 i=7+1 [17
i=1

CuretoBaresnbHo, 1pu ag > 1/p

(EEN"E £ =)

=1 o (ktv)=m

1H1="" 7kn7

(£ 2 o "mg%ﬁ )

MN

oo, Bt £
ki1 =—kn=0 e

n 1 1/p
oy ¥ )
=1 o (k-+v)=m, 213(121(1% Fvi)o Z via z)

i=1+1

1= =kp—=

< e (n Z 1))1/ﬁ.

Yo (k+v)=m,k; >0 21’(2": (kitvi)o

[Ipumenssa emmy 5, mMeeM

1

(5 (G)) cotmgan®

seM,,

Amnasrornano npu oy > 1

S ESED SIS SR pEs UL

seM, =1 o (k+v)=m, s€Dy
k)l+1— -=kn,=0

ITokarkeM TOYHOCTH TOJTyUeHHbIX oreHoK (11), (12). ITycrs

2m‘i2’”‘jzj
= Y zeme
ki+-+kr=m,
k}jZ

Ucnoub3ys reopemy Jlurriasyna — IIsmm [30, w. 1.5.2], mosyunm

N ) / 1
il = |(S] S i) =m="

keN™ pep(k)

3
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CJIeJOBATEJILHO,
F(10) = Py (f, 12 1
sup LU = Prsol b 5 =232 (o )
f ||fHWpa
> em”™ 2 2 QoM T— 1 :Cm%2—aom
%8

f — P ) —aom,, T—
SL}p |f(:u’) ||f||E,i0(f /1’)‘ 2 |Pm’¢v0(f07/i)| Z 2 0y 1. 0

3. BoccraHoBjieHUE MYJIBTUILIMKATUBHBIX ITpeoOpa3oBaHuii dyHKITHIA.
ITycrs s GyHKIMU f 1 MOCIEI0BATETHFHOCTH KOMILIEKCHBIX dncest A = { Ak }rezn
oupegesen oneparop Fy, o (f, A; x) coornomennsamu (3), (4). meer MecTo paBeHCTBO

mar(FX2) = Y Ay P (f, )€™ (14)

peG,

Heiticrurennao, tak kak GyHKIUs (k) MOHOTOHHO He BO3PACTAET MO KAXKJIOMY
aprymenty, u3 ycaosuit k > 0, v > 1, ¥o(k + v) = m caenyer, uro ¢o(v) < m.

[TosTomy
Z Z bk,y - Z bk,,/ .

vipo(v)<m,v>1 ko (k+v)=m,k>0 (k,v):po (k+v)=m,k>0,0>1
O6o3uauus t = k + v, MOy IUM
Z bk,u — Z btfu,z/ — Z Z btfl/,l/7
(k)30 (k) =m,k>0,0>1 (t0):900 () —m, 1 <v<t Wo(t)—m >0 1<v<t

OTKyJIa cyiejryeT cooTHomeHue (14).
Takum 06pasoM, Fy, (f, A\;2) — TpUroHOMeTpHTIECKUIl MOIUHOM CO CIIEKTPOM

m G, = |J  p(v). Us npencrasienns (14) u 3amedanus 1 mMeeM cieyroriee
Y(v)<m
YTBEPXKJICHUIE.

Teopema 3. Ilycts F, . (f, \;x) — omeparop, ompenereHHDIH paBeHCTBAME
(3), (4). Ecmn f(z) = 3. f(k)e*>™™* — rpuromomerpmeckmii moMHOM ¢ rapMo-

aukamu u3 Gy, TO
() - Fm,w(fv Az) =0,

Iycts Lp.q, lp.g, P = (P15---,Pn)s 4= (¢1,- .., qn) — AHA30TPOINHLIE IPOCTPAH-
crsa Jlopenna [31]. TIpocrpancrsa W0, 1]™ onpeensiorcs ¢ MOMOMIBIO HOPMBI

Ifllwg == I1f Nz -
Bamernm, uro npu p = (p,...,p) BEPHO Wg = Wi B 1o ke Bpems ecin p =
®,...,0) #a4=1(4q,-.-,9), 70 Lp 4 # Ly 4, t1e L, ; — KIaccuueckoe IpoCTPAHCTBO

Jlopenma. Ilpusenem Tpu dpakTa, KOTOpHIE OyAeM UCIOJL30BATh I BEKTOPOB BH/IA
a=(q,---,q).

Jlemma 6 [32, teopema 4]. Iycrs 8 < o, a« — 1/p = B —1/r. Torzga Bepuo
BJIO>KEHHE

WP — wg.
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JIemma 7 [31, sameqanue 1|. IIpn 0 < q < r < 00 HMeET MECTO BJIOKEHHE

Lpq = Lpr-

JIemma 8 [31, reopema 7|. Ilpu 1 < p < 2,0 < q < 00 BEPHO HEPABEHCTBO

||lep/yq S C”fHLp,q'

OrmeTuM, 9TO yTBep:KIeHUs JIeMM 6, 7, 8 SBJISIIOTCS AHAJIOTaMK KJIACCUIECKUX
reopeM Baioxkenusi Cobosesa [33], Bioxkenns npocrpancrsa Jlopenna [34] u Hepa-

percrBa Xapan — Jlurtasyna — Creitna [35] coorBercTBeHHO.

Mo xmaccos Wi[0, 1], E*[0, 1]™ oreHuM OrpentHocTh BOCCTAHOBICHMST CyMM

Oypoe
Sa,, (fr, ) = Z M f(p)e2mine

HEGH

MyJIBTUIUIMKATHBHOIO IIpeobpa3oBanus [y ¢ HOMOIIbIO oneparopa Fom (f, A).

Teopema 4. Ilyctes m > 1o(1), Fy . (f, \) onpergenen coorromrenmsivm (3)—

(5). ECJH/I].<])§2§(]§OO,O&0>%,TO

sup [5G, (f3) = Fmo (F; Mz,

1 fllwg=1

<27 max  (m—s) 2 ( max  p/PTVIN)).

Yo (1)<s<m pwe U e

Ecimnag > 1, ¢ > 2, T0

Sup HSGm(f)\) _Fm7¢0(f7 )‘)”Lq

[fllga=1
m 1/q
1 ———(r—1)q e
Sl S RN DI D b
s=1o (1) Yo (v)=s u€p(v)

(15)

(16)

JIOKA3ATENBCTBO. okaxem (15) mus p = 2. O6muit coyqait Gyger ciaeno-

BaTh U3 HETO U BJIOXKEHUS U3 JIEMMBI 6.
Bocnosbsyemcst coorHomenuneM (14):

115G, (£2) = Funo (Fs Mz,
:‘ Z )\#(f(/i) _Pmﬂ/)o(f;,u))e%riuw 5 _ H Z b#e27riuw

HEG M HEGm
U3 gemm 7 u 8 mosyamm
H § bH€27m;Lx _ H § bH€27”/'LI S 1 H E bue27m‘um
L L
q 1EGm a.q 1ECm

HEGH
» B 9 1/2
< calbll, g03( S ) )
reGmi1

quz

o 1/2
ca( X )

HEGH
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* *TL _
rae {br1 i }r cnn — HeBo3pacTaiomasi nepectaHoBka {|by,..u,|}uezn, B3ATA TIO-
CJIEJIOBATENEHO 110 KAXKJIOMY [IEDEMEHHOMY WHIEKCY [i1, [2, - - - 5 fin
HEPABEHCTBE YUUTHIBAJIOCH, 9TO 2/¢" > 1

B mociiengnem
N3 Teopembr 1 nmeem

=1 o (v+k)=
kiy1=- :kn:()

1F() = P (Fim) <D > ST =Y 1)
Dg.1 keM,

[Tpumenss vepasencTBo ['énbiepa, ucnosb3ys « > 1/p u nepasercrso (13), mosy-
qUM

700 = P (P < (30 1R d ) (30 ko)
kEM,,

kEM,,
_ (r=1)/2 . /
< s (m+1 2151:05:/)) ( Z |kaf(k)|2)1 2. (17)

kEM,,
Takum obpazom,

15c. (fx) =

Fonyo (F, M),

1/2
2( Yoo > TN =g (w)T Y R )
s=1o(1) Yo (v)=s ucp(v)

keM,
9 = 1/2-1/qy [RANE 1/2
< g2 max (m—s max Tl ( « )
20 max Gns) * (max /) §Gj pPRL
Yo (r)=s HEGm keMy
T—1
— 662704077’7,

max (m—s) > max nl/2=1/a|) we.
gl (m=s) T maxp D s
Po(v)=s
3/ech UCI0IB30BaHO TO, uT0 M, "M, = Q@ upu p #nu p,n € G

) me
HaJsee, mpuHIMast BO BHUMaHUe JeMMy 8 u cooTHomerune (12), mosmyanm
156, (fx5-) = Fonpo (F, Mz, = 156, (x5 -) = Fno (F Al g q

m 1/‘1
<( SIS /1”‘2Au(f(u)—Pm,wo(f;ﬂ))lq>

s=10(1) Yo (v)=s pep(v)

m 1/q
1 — e
( DRCERERLSID DD SN Q'W) Wl 8
s=vo(1)

o) =s uep(v)
Teopema 5. Ilycrs m > 1)o(1), F,

mowo (f5 1) onpexesren coornomennsivu (3)—(5)
npu A = {1}, M — Kosmuectso y3108 B onpenenerun Fy, 4 (f,1) (M < m7=12™)
Ecmxrl<p§2§q§oo7ao>l, TO

_1\ @—1/p+1/q
(InM)™*
sup  |f = Fnpo(f; Dz, < 7 .
17l we =1

Ecin ag > 1,9 > 2, 1O

(M)t /a /)
e = F (5D, = S
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JOKA3ATEJ/IBCTBO. U3 Teopembr 4 nmeem

sup  ||f = Fonyo (f, Dz,

I llwe=1
<27 max (m+1-— S)TT_l max max ﬁl/p—l/q
Po(1)<s<m o (v)=s p€p(v)
T—1\ a—1/p+1/q
~ 9—(ao—1/p+1/g)m % .
M

O6partmo, npuHrMas BO BHEMAHUE, 9T0 Fly, 4 (f, 1) ecTb Tpuronomerpuaeckmii
MMOJIMHOM €O CITeKTPOM 13 Gy, & KOJMYECTBO JIEMEHTOB B MHOXKecTBe (G, HE Ipe-
BocxomuT M, mmeem

sup  ||f = Fonyo (f; Dz, > dag (W5, Ly).
[ Fllwg =1

Jlst opronornepeunnka di; (WZ‘,’, Lg) [22, reopema 3.1]

(In M)T_l ) a—1/p+1/q

dy; (W, Lg) = ( i

ITo Teopeme 4

sup |[f = Fnpo (£, D2,

I fllpa=1
m 1/q
1 . g
copta [ S e 5 e
s=1o(1) o (v)=s p€p(v)

In M)(et1/a=1/a")(r=1)
Mao—1/q

— 9—(a0—1/g"ym, (r=1)/a - {

ITokazkem obpatnyto orenky. Ilycrs
fO(fE) _ Z 9—aom Z e27riux.
ki+-+kr=m nep(k)

ITpumenus jgemmy 3.1 u3 [18], upu r > ¢ mosyaum

sup || f — Fmyo (f, Dz, = c1llfo = Frnpo (fo, Dz, = aillfollz,

Il pe=1
. 1/q
> (l/r—l/q—ag)mH 27 )t]
ze( 2 (2 > L))

ki+-+kr=m nep(k) '
(In M)(a+1/q—1/(/)(f—1)
Moo—1/d

~ 9lao=1/a"Yym . (t1=1)/a —

Caencrsue 1. Ilycts Fy, y,(f, \) onpenenen coornomermamm (3)—(5). Iycrs
l<p<2<g<oo, > 1%. Torga mus f) = S kP f(k)e? ™ pepupr yrsep:x e-
keZm
HHST:

1 1 1 1
141 141
ecju p+q<ﬁ<a0 p+q,To

_ 1
179 = B (5612, < C oy Il (18)
P q
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ecan 3 < f%Jr%, TO

T—1

m 2

1) = Fon (.52, < C ol (19)

JOKABATEJILCTBO. U3 TeopeMsbr 4 nmeem

sup (|G, (f”) = Fono (f: 672,
£ llwe=1

T—1
<e27%™  max  (m—s) 2 ( max  pl/PTYerh),
Po(1)<s<m pe U  »p)
bo()=s
Tak xak

sup L7 — Fun,po (f, K7)I2,

I fllwg =1

< swp IS, (f7) = fOlle, + sup [8a,, (F7) = Fonu (£, 67,

A llwg =1 1A llwg=1
u (em. [18])

b

1
wp 56, (F%) = Pl =

1 1
17 lwg =1 do=fmytgm

yTBepxK/IeHue cjaeayeTr n3 I1oJcHeTa BbIpazKeHUd

T—1
max (m—s) > max pl/p=1/atpy O
o, M=) mex A )
Po(v)=s

Caencrsue 2. Ilycrs Fy, 4, (f, A) onpegenen coornomenusvu (3)—(5), u mycrn

2 < q< oo, ag>1. Torga gus fP) =< 3 l%ﬁf(k)ezﬂikz BEPHBI YTBEPXKICHH:
kezm

ecnnf$<ﬁ<af%,zro

r—1
m 4

1F P = Fon gy (£ 6|2, < O Il e (20)
2 0 a’

ecn 3 < —%, TO

_ m‘rfl
£ = Fon o (K2, < C o 1o (21)
ecan 3 = —%, TO
B mT71+€
1 £P) = P o (f, 67 1, < Cw“f”@% (22)

JIOKABATEJIBCTBO TIPOBOJUTCS AHAJOTUYHO JIOKA3ATENbCTBY CIIeNCTBHA 1 ¢
yderom Hepasercts (16), (10).

4. BoccraHoByieHUe (DYHKIUA M3 MPOCTPAHCTB MaJIoii ryIaaKoCcTu. By-
JIeM PacCMaTPUBATh BOIIPOC O BOCCTaHOBJIeHNH QyHKIWMH u3 Kiaacca W0, 1]™ upu
ay = mjm a; < 3, T. e. Korja HeT Bioxkenus npocrpancrsa Ws'[0,1]" B C[0, 1]".
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Iycrb 0 < a, B < 00, ap + B> % u f € W§[0,1]". Torna

f( B) Z k’ [3f 2m’k:c c C[O, 1]n

kezZn

U OIPEJIESIEH OIePATOD

5 T 1 _ r

n—1
> (rj+1) sgn(k;—v;) . -
o Z (—l)j AL 3 ~Vj Z ﬂﬁe%rm(a:Aﬁ)_

0<v; <k; nep(v)

Teopema 6. Ilycts 0 < ag, 5 < 00, ag + 3 > % Torma
1

Hf”sup 1 1f = Fonpo (FCP K% ||, =< Sy = dy; (W3, Lo). (23)
W=

JIOKA3BATEJIBCTBO. U3 (14) umeem

1. . 2
1f = oo (FCP B2, = HSG = ST B Py (SO pe2mins '
HEG 2
2
T W R
Rn\G Lo

Ucnonnzyem paserctso IlapceBasis s ciaaraemoro Js:

- 1/2
T (DD SR SRIITY I
)

s=m+1pg(v)=s pEp(v

Onennm cnaraemoe Ji. Vcnonssyem (13) mpu p = 2:

m 1/2
( > > I(f(u)—MBsz+n(f(‘5),u))l2>

5=10(1) g (v)=s, HEP(V)

viZ

+1 )71 Lo f 1/2 ’
<o © T (Rpe(x wior)))
s=0(1) g (v)=s, LEP(V) keM,

UiZO

1/2

r—1
(m+1-s)= 1 1
om(a i B) [ fllwg < Csﬁ\\fnwg- U

<ec max
= o) <s<m 258
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