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REFLECTIVE KLEISLI SUBCATEGORIES OF THE CATEGORY OF
EILENBERG-MOORE ALGEBRAS FOR FACTORIZATION MONADS

MARCELO FIORE AND MATIAS MENNI

ABSTRACT. It is well known that for any monad, the associated Kleisli category is
embedded in the category of Eilenberg-Moore algebras as the free ones. We discovered
some interesting examples in which this embedding is reflective; that is, it has a left
adjoint. To understand this phenomenon we introduce and study a class of monads
arising from factorization systems, and thereby termed factorization monads. For them
we show that under some simple conditions on the factorization system the free algebras
are a full reflective subcategory of the algebras. We provide various examples of this

situation of a combinatorial nature.
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MOTIVATING EXAMPLE. Let B be the category of finite sets and bijections. One of the
fundamental ideas of Joyal in [10, 11] is that Set®B, the category of species of structures, is a
category of combinatorial power series in which the algebra of formal power series acquires
structural combinatorial meaning leading to bijective proofs of combinatorial identities.
For example, in this view, a covariant presheaf P on B can be seen as corresponding to
the exponential power series Y. _ |P[n]| Z; and the coproduct and tensor product of
species respectively correspond to the addition and multiplication of power series. The
impact of this theory and its extensions on combinatorics can be appreciated from the
book [2].

A closely related category is the Schanuel topos Sch (see, e.g., [15, 9]). It has at least
four well-known characterizations. It is: (1) the category of continuous actions for the
topological group of bijections on N, with the product topology inherited from [[yN
(2) the classifying topos for the theory of an infinite decidable object; (3) the category
of pullback-preserving covariant presheaves on the category of finite sets and injections I;
(4) the topos of sheaves for the atomic topology on I°P.

In [5, 18], we observed that the Schanuel topos can be further described as the Kleisli
category associated to the monad on the topos Set® of species induced by the inclu-
sion B —I. This is surprising, for Kleisli categories do not inherit, in general, much of
the structure of their base categories. Moreover, this presentation provides a nice con-
ceptual picture of the Schanuel topos as a category of combinatorial power series (see [5]
and Example 1.14 below).

In investigating why this particular Kleisli category is a topos we noted that the
associated sheaf functor Set! — Sch is a reflection for the embedding of the Kleisli
category into the category of Eilenberg-Moore algebras. Following [5], we subsequently
realized that its existence follows as an example of general abstract considerations in the
context of an essentially small category (in this case I°?) equipped with a factorization
system (in this case the all-iso factorization system) satisfying some simple conditions.
This development is the subject of the paper.

OVERVIEW. Recall that every functor ¢ : C — D induces the well-known adjoint situ-
ation ¢ 4 ¢* : D — C. We will consider presheaf categories as categories of algebras in
the light of the following observation.

1.1. PROPOSITION. Let ¢ : C — D be a functor between essentially small categories.
The adjunction ¢, 4 ¢* : D — C is monadic if and only if every object of D is a retract
of one in the image of ¢.

PROOF. As D has reflexive coequalizers and ¢* preserves them, the adjunction is monadic
if and only if ¢* is conservative. In turn, this is equivalent to the condition stated, see [9,
Example A4.2.7(b)]. n

This result will be applied to a functor induced by a factorization system [7], the definition
of which we recall.
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1.2. DEFINITION. A factorization system on a category C is given by a pair (€, M)
of classes of morphisms of C such that: (1) every isomorphism belongs both to £ and M,
(2) both £ and M are closed under composition, (3) every e in £ is orthogonal to every
m in M, and (4) every f in C can be factored as f = me, with e in £ and m in M.

Let (£, M) be a factorization system on C. In this context we will also write £ and M
for the subcategories of C respectively determined by the £-maps and M-maps. Further,
we write Z for their intersection; i.e., the groupoid underlying C. With this notation, the
uniqueness of factorizations up to isomorphism can be expressed as an isomorphism as
follows.

1.3. LEMMA.  The canonical family of maps
IeT
E(E, ) x M(I, M) —C(E,M }
{f (B, 1) x M( ) ( ) Eeé,MeM
induced by composition is a natural isomorphism.

1.4. DEFINITION. We define the factorization monad associated to an (£, M) fac-
torization system on an essentially small category C as the monad on M induced by the
adjunction ¢, 4 ¢* : C — M where ¢ is the inclusion functor M —C.

Note that, by Proposition 1.1, the category Alg,, of algebras for the factorization monad

on M is (equivalent to) the presheaf category C. We denote the Kleisli category for a
factorization monad associated to (€, M) as Kl.

Factorization monads have a simple description. Indeed, the left adjoint ¢, : M — é\,
henceforth denoted (_),, is given by left Kan extending presheaves M — Set along
MPP — C°P. Tt is however more revealing to calculate the following explicit description
of it. For P a presheaf on M, we have the following bijective correspondence of sets

Px = [MMPpyxe(x, M)
= fMeM PM x (flezg(X,I) x M(I,M)) , by Lemma 1.3
o [TEE(PMEMPAL S M(I, M) x E(X, T)

[P PI x &(X, 1)

12

which yields a natural isomorphism with respect to the action on { [ T prxe (X, 1) }xec
given by
IeT JEeT
CY,X)x [T PIx&EX,I) — [T PIxEY,J)

(f7 [[7p7€]) — [J7p'Pm7€]
where Y - J & [ is an

(€, M)-factorization of ¢ f

Thus, it is justified to think of free factorization-monad algebras as combinatorial power
series with basis given by the structure of the £&-maps in C and with coefficients (which,
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by Corollary 2.14(2), are unique up to isomorphism) given by the restriction of presheaves
on M to Z. We found this intuition motivating and useful at work. In fact, the methods
of Section 2 are generalized from [11].

A key observation is that in some cases Kly, is equivalent to the subcategory of
presheaves that preserve certain kind of limits. In this case, it happens that the embedding
Klp & Algy, >~ C is reflective. Most of our work is devoted to recognize these situations.

Let qEX((/Z\) be the full subcategory of C determined by those presheaves that (are quasi
E-exact in the sense that they) map pushouts along £-maps in C to quasi pullbacks in
Set. We have the following factorizations (which are proved at the end of Section 2).

1.5. PROPOSITION. The Yoneda embedding C — C factors through Kly C which
i turn factors through qEX(C) <C.

~

One of our main results will characterize when the embedding Kly = q&x(C) is
actually an equivalence relying on the following finiteness condition.

1.6. DEFINITION. A category equipped with a factorization system (£, M) is said to
be &-well-founded if in it every chain

Xo2X, — - —X, % ... (n € N)

of £-maps is eventually constant (in the sense that there is an ny € N such that e, is an
iso for all n > ny).

We state our first main result (which is proved in Section 3).

1.7. THEOREM. If C has pushouts along maps in € then C _is E-well-founded if and
only if every section is in M and the embedding Kly < q€x(C) is an equivalence.

Let us see how this theorem allows us to obtain examples of Kleisli categories equivalent
to full reflective subcategories of presheaf categories. Let £x(C) be the full subcategory of
C determined by those presheaves that (are £-ezact in the sense that they) map pushouts
along £-maps in C to pullbacks in Set, and let Pp(C) be the full subcategory of C of
pullback-preserving presheaves. The following lemma states two conditions ensuring that
q€x(C) is a category of functors that preserve some kind of limits.

1.8. LEMMA FEvery presheaf in qé’x(é\) maps epis in & to injections. It follows that
q€x(C) = Ex(C) if every map in & is epi and that Ex(C) = Pp(C) if € is given by the epis
and M by the isos.

Thus, known results about presheaves preserving certain kind of limits allow us to
conclude the following.
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1.9. COROLLARY.

1. If every map in & is epi, and C_has pushouts along E-maps and it is E-well-founded,
then the embedding Kly, < C of free factorization-monad algebras in algebras is
reflective.

2. Further, if C has binary products and, for all X € C, the endofunctor _x X on C pre-
serves E-maps and pushouts along E-maps, then the reflective embedding Kly — C
1s an exponential ideal and hence the reflection C — Kl preserves finite products.

PROOF.  For the first part note that Theorem 1.7 and Lemma 1.8 imply that Kl is
equivalent to €x(C), which is a full reflective subcategory of C by results in [12]. The
second part follows from results in [4, Subsection 11.2, § Orthogonality and cartesian
closure]. =

Our second main result (which is proved in Section 4) replaces the well-founded hy-
pothesis with a wide-completeness one.

1.10. THEOREM. If every map in & is epi, and C_has pushouts along E-maps and wide
pushouts of E-maps, then the embedding Kly < C of free factorization-monad algebras
in algebras is reflective.

PROOF.  Corollary 2.17 and Proposition 4.3 imply that Kl is equivalent to the full
subcategory of C of those presheaves that preserve pullbacks along £-maps and wide
pullbacks of £-maps; this is reflective by results in [12]. [

ExaMPLES. Examples to which Theorem 1.10 applies follow.

1.11. EXAMPLE. The all-iso factorization on a category of epis with wide pushouts.
Like the opposite of the category of countable sets and injections, and posets with bounded
sups.

Let us now consider examples to which Corollary 1.9(1) applies. First, there are
posetal ones.

1.12. EXAMPLE. Any co-well-founded poset with bounded binary sups with the all-iso
factorization.

To ease the presentation of the rest of the examples we note the result below, which
further exploits the coend description of factorization monads.

1.13. LEMMA. We have that

Px = [[ PIe&™(I,X)
(I~ €C/x

where the sum ranges over the isomorphism classes of C and where ®; is the tensor product
of the obuvious actions
PI xI(I,I)— PI
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and
Z(I,I)xEP(I,X)—=EP(I,X) (1)

over the automorphism group of I. Further, if the hom-actions (1) are free, then

PX = [ PIx&EPIX)zan (2)
[~ €C/a

Note that if every map in £ is epi then the hom-actions are free.

Let F be the category of finite sets and functions and I, S, and B the subcategories
of F determined by injections, surjections, and bijections respectively.

1.14. EXAMPLE. Consider I°? equipped with the all-iso factorization system. The
hom-actions are free and I(Z, X'), g1y can be described as the set Subj;(X) of subsets of
X of the same cardinality as I. Thus, the free algebras for the factorization monad are
combinatorial power series I — Set of the form

PX = L,ex Pli] x Sub;(X)

where P is a species B — Set. These are the combinatorial presheaves of |5, Defini-
tion 1.1], and correspond to formal power series of the form

ZiEN Di (f)

which, as recently pointed out to us by Steve Schanuel, for p; € N are Myhill’s combina-
torial functions [20] (see also [3]).

In this case the factorization monad is given by (_)-exp where - denotes the multiplica-
tion (tensor product) of species and where exp is the ezponential (terminal) species (see [2]).
Further, Klg is equivalent to the Schanuel topos.

1.15. EXAMPLE. Let Ford be the category of finite linear orders and strictly order-
preserving maps, and consider Ford® with the all-iso factorization system. The au-
tomorphism groups Ford(/, ) are trivial and the homs Ford(/, X) are isomorphic to
Suby;(X). Thus, the free algebras for the factorization monad are combinatorial power
series Ford — Set of the form

PiX = [ L P(i) x Subs(X)

where P is a linear species N — Set (see [10, Section 4]). They are similar to the ones
in the previous example but with simpler coefficients.

The Kleisli category in this example is the topos of sheaves for the atomic topology
on Ford® studied by Johnstone in [8] which, as it is explained there, has many analogies
with the Schanuel topos.

We now introduce an analog of the above two examples in the context of linear algebra.
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1.16. EXAMPLE. Let I, be the category of finite dimensional vector spaces over a
finite field IF, of order ¢ and linear monomorphisms, and let B, be its underlying groupoid.
Consider I,°? with the all-iso factorization. The hom-actions are free and I,(1, X),B, 1,1
can be described as the set Subgim(r)(X) of subspaces of X of the same dimension as
I. Thus, the free algebras for the factorization monad are combinatorial power series
I, — Set of the form

PX = [T,y P(F,") x Sub;(X)

where P : B, — Set. These correspond to formal g-power series of the form
ZieN bi {f]
q

where the g-binomial coefficient {ﬂ is given by
q

[z][x—1], ... [x —i+1],
[2],!

with [z], = qq_—_ll and [n],! = [n],[n—1], ... [1],

We now provide two examples in which M is not a groupoid.

1.17. EXAMPLE. Consider F° equipped with the epi-mono factorization (I°P,S°P).
The hom-actions are free and I(/, X) ;1) can be described as Suby;(X). Thus, the free
algebras for the factorization monad are combinatorial power series F — Set of the form

PiX = [,y Pli] x Sub,;(X)

where P : S — Set. These are similar to those of Example 1.14 but with more sophisti-
cated coefficients.

1.18. EXAMPLE. Consider the category F equipped with the surjection-injection
factorization. The hom-actions are free and S(X, 1)) can be described as the set
Part);(X) of partitions of X of the same cardinality as I. Thus, the free algebras for the
factorization monad are combinatorial power series F°? — Set of the form

P\ X = [],cy Pli] x Part;(X)

where P : I°? — Set. These are analogous to the Stirling power series of Paré [22], and
correspond to formal power series of the form

ZieN Di S(:B7 Z)

where S denotes the Stirling numbers of the second kind. Since by results in [22], pushouts
of surjections in F are absolute, it follows that a presheaf in F is a free factorization-monad
algebra if and only if it maps pushouts of surjections along injections to pullbacks.
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In the above two examples Corollary 1.9(2) applies. Thus the reflective embeddings

Klgop > For and Kly & F are exponential ideals. Further, the latter is a subtopos;
unlike the former. The topos-theoretic aspects of the present work, however, will be the
subject of a companion paper.

Readers interested in further examples from combinatorics may wish to look in [21,
1, 17, 16], where variations on the theory of species suitable for modeling other types of
power series are developed. (See also [19, 6].)

For applications in combinatorics it is useful that the above combinatorial presheaves
have enough structure to interpret the common operations in algebras of formal power
series. Our results allow us to derive totality, a very strong form of completeness and
cocompleteness (see, e.g., [23]).

1.19. COROLLARY. If every map in & is epi, C has pushouts along £-maps, and either
C is E-well-founded or C has wide pushouts of £-maps, the Kleisli category for the induced
factorization monad is total (in the sense of Street and Walters [24]).

PROOF. Because either by Corollary 1.9(1) or by Theorem 1.10, we have that Kly, is
equivalent to a full reflective subcategory of C (see, e.g., [13, Theorem 6.1]). [

It follows from this result that limit and colimit operations on diagrams of free alge-
bras (combinatorial power series) in Kl induce operations on diagrams of presheaves (of
coefficients) on M. Indeed, for every D : A — M we have

limD,= (D), and colimD, = (D),

for essentially unique presheaves (of coefficients) D and D on M. For instance, as (_), is a
left adjoint, we have as a general rule that the coefficients of the coproduct of combinatorial
presheaves are the coproduct of the coefficients:

Pi+Q = (P+Q),

The situation with limits and coequalisers is more interesting. For example, in the context
of Joyal species and the Schanuel topos (Example 1.14) we have that

1=1
where I is the representable species B(f), _), and that
P!XQ;%(P*Q)!
where, for species P and @), the species P x () is given by
(PxQ)(U) = HU1UU2:U P(Uy) x Q(Us)

with action

(U1,Uz,0.q) pugo = (o(Uh), o(U2), p-p (o), 4-¢ (O10))
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for all ¢ : U —==V in B. The above yield a monoidal structure on species; which, as far
as we know, is new.

In all the above examples Corollary 1.19 is applicable. On the other hand, the following
natural factorization system is neither well-founded, nor it admits wide pushouts.

1.20. EXAMPLE. Consider F°P equipped with the all-iso factorization. In this case,
free algebras are combinatorial functors F — Set of the form

PLX = [Lien Pli] @, X'

for P a species B — Set. These are equivalent to Joyal’s analytic functors [11], and for
free symmetric group actions

Pli] x &; — Pli]

amount to combinatorial power series of the form
P X =11,y Pliljs, x X
corresponding to formal exponential power series

xi
ZiGN Pi 51

Joyal [11] shows that analytic functors can be characterized by both left and right-
exactness conditions. We wonder whether our results can be extended to include this
example.

ORGANIZATION OF THE PAPER. In Section 2 we provide a characterization of Kleisli
categories for factorization monads and prove Proposition 1.5. In Section 3 we prove the
equivalence described in Theorem 1.7. In Section 4 we prove Theorem 1.10.

2. Characterization of free factorization-monad algebras

We give an intrinsic characterization of free factorization-monad algebras, which is both
convenient and interesting in its own right. We discuss the statement of the result now
and leave the details of the proof to the rest of the section.

2.1. DEFINITION. The category of elements [F of a presheaf F' on the essentially small
category C has objects given by pairs (X, z) with X in C and z € F X, and morphisms
f:(X,z) — (Y,y) given by maps f : X — Y in C such that = (F' f)y. For convenience
we will write (F f)y as y - f, or simply as y - f.

Let C be an essentially small category with an (£, M) factorization system.
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2.2. DEFINITION. For a presheaf F' on C, we say that (X,x) is E-generic if for
every e: (Z,z) — (Y,y) in [F with e in & and f: (Z,2) — (X,2) in [F there exists
g:(Y,y) — (X,z) in [F such that the diagram

(Z,2) (Y.y)

commutes.

This is a natural generalization of Joyal’s definition in [11, Appendice].

2.3. DEFINITION. For a presheaf F' on C we say that (X,z) in [F is engen-
dered (resp. E-engendered) by (Y,y) in [F if there exists a map (X,z) — (Y,y) in
[ F (that is in &).

If x is engendered by y via the map f, then x is £-engendered by y-m via the
map e where (e,m) is an (€, M)-factorization of f. Further, if y is £-generic then also
y-m is E-generic (see Lemma 2.5), and so an element is engendered by an £-generic
element if and only if it is £-engendered by an £-generic element in an essentially unique
way (see Corollary 2.6).

2.4. DEFINITION. A presheaf is said to be E-generically engendered if every element
in it is engendered by an &£-generic element.

For example, the £-generic elements of representable presheaves are the M-maps and
the representable presheaves are £-generically engendered. These two facts are essentially
the first part of Proposition 1.5. Details are given at the end of this section (see Propo-
sition 2.18) after we establish the following characterization of the Kleisli category: a
presheaf is free as an algebra for the factorization monad if and only if it is £-generically
engendered (see Corollary 2.17).

GENERIC ELEMENTS. We provide various basic properties of generic elements and then
study the restriction of presheaves to presheaves of generic elements.

2.5. LEMMA. Let F be a presheaf on the essentially small category C and let
f(Xz) = (Y,y)
1. For f in & the following hold.
(a) If (X, x) is E-generic then f is a split mono.
(b) If (X,x) and (Y,y) are E-generic then f is an iso.

2. If (Y,y) is E-generic then (X, x) is E-generic iff f € M.
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Proor. (1) If (X, x) is E-generic then

(X, z)

and hence f is a split mono and 7 a split epi. Moreover, r is in £ because both f and
r f =id are. Further, if (Y,y) is £-generic we have that

(Y.y) (X,2)

(Y.y)

from which it follows that r, and hence f, is an iso.
(2<) Let e : (A,a) — (B,b) in [F with e in € and (A, a) — (X,z) in [F. As (Y,y)
is £-generic we have a diagram as on the left below

e

(A, a) =~ (B,0) -

A B
' |l
X

\i
(X.2) = (V.y) Y

and since f is in M there exists a unique h : B — Y such that the diagram on the right
above commutes. But since x-h=y-f-h=y-g=0> we have h : (B,b) — (X,z) in
[ F, making (X, x) E-generic.

(2=) Let

X ! Y
e& A{EM
A

be an (£, M)-factorization. Since (Y,y) is £-generic and m € M it follows from (2<)
that (Z,y-m) is E-generic. Further, since both (X, z) and (Z,y - m) are £-generic and
e: (Y,y) — (Z,z-m) in [F with e € £ it follows from (1b) that e is an iso. Hence, we
have f in M. n

2.6. COROLLARY. For (X, z) <= (Y,y) == (X', 2') in [F with both e and ¢ in &, if
(X,z) and (X,2') are E-generic then they are isomorphic.

PROOF. Since (X, ) is E-generic and ¢ is in &, e factors through €’; say as e = f¢'. In
addition, as ¢’ and f e’ = e are both in £ then so is f. Finally, since moreover (X, x) and
(X', 2') are E-generic, by Lemma 2.5 (1b), we have that f is in fact an iso. n
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Since £-generic elements are closed under the action of maps in M (see Lemma 2.5(2)),
the following definition is natural.

2.7. DEFINITION.  For a presheaf F' on C, the presheaf F° on M is given by setting
F°X ={x € FX | x is E-generic } (X in M)

with action as for F.

We now identify a subcategory of C on which the operation (_)° on presheaves can be
extended to a functor.

2.8. DEFINITION. A natural transformation ¢ : F' — G : C°? — Set is quasi £-cartesian
if for every map e : X —Y in &, the naturality square

FY 2> qy

r.| |

FX —->=GX

PYx

is a quasi pullback.

The interest in quasi £-cartesian natural transformations at this stage is the following
remark.

2.9. LEMMA. Quasi E-cartesian natural transformations in C preserve E-generic
elements.
PROOF. Let ¢ : FF — G be a quasi &-cartesian natural transformation, and as-

sume that (X, z) € [F is E-generic. To prove that (X, ¢z) in [G is E-generic consider
e:(Z,2)—(Y,y)in [G with ein € and f:(Z,2') — (X,px) in [G. As ¢ is quasi
E-cartesian, there exists y € F'Y such that y-e =z - f and py = yy'. Hence we have the
following situation

(Z,y-e) (Y,y)

3 //
-

(X, z)

in [F. We further have g : (Y,y') — (X, pz) in [G, showing that px is E-generic. m

By Lemma 2.9, we thus obtain a functor (_)° : CAFng —~ M (see Definition 2.7),

where Cjqec denotes the subcategory of C consisting of the quasi £-cartesian natural
transformations.
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FREE FACTORIZATION-MONAD ALGEBRAS. We have seen that factorization monads have
a simple description using coends. Below we will use the following explicit description of
the free functor. For C an essentlally small category with an (£, M) factorization system,

the left adjoint (_), : M — C induced by the inclusion functor M — C is given (for P
in M and C' in C) by the quotient

A
]_[X7Y€C PX x M(Y,X) xC(C,Y) — s PZxC(C, Z)— PC
p

where \(x,m, f) = (x -pm, f) and p(x, m, f) = (z,m f). The equivalence class of the pair
(z, f) is denoted z & f. Naturally, for h : D — C in C we have that (ze f)-p,h =2 (f h).

2.10. DEFINITION. For P a presheafon M, f:C — X andg:C —Y inC,z € PX,
and y € PY we define (x, f) ~ (y, g) if there exists a map m : Y — X in M such that
r-m=yand f=myg.

2.11. LEMMA.
1. For f in C and m in M, we have that o (m f) = (z-m)e f.

2. Leteg: E— Xg and ey : E— Xy be in E. Then (xg,e9) ~ (x1,e1) if and only if
there exists an iso 1 : X1 — X such that xq -1 = x1 and eg = 1 €.

3. Every element of Py is of the form xee with e in £, and we have that the relation ~
restricted to pairs (x,e) with e in € is an equivalence relation.

PrRoOOF. (1) Trivial. (2) The relationship (zo,€p) ~ (x1,e1) holds if and only if there
exists a map m : X; — Xy in M such that zo-m = x; and me; = eg; or equivalently,
since m is then necessarily both in M and &, that there exists an iso ¢ : X; — X such
that xo -7 = x1 and ey = i ey. (3) Follows from the other two. n

In particular, if mgey and m; e; are (£, M) factorizations of fy and f; respectively,
then zg® fo = r1® f1 if and only if there exists an iso ¢ such that xg-mg -7 = x1 - m; and
ey =1eq.

We characterize generic elements of free factorization-monad algebras.
2.12. LEMMA.  Let P be a presheaf on M and let f : Z — X in C.
1. The element (X,xwid) in [Py is E-generic.

2. The element (Z,x® f) in [P\ is E-generic iff f is in M.
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PROOF. (1)Leth:(Z,zef)— (Y,ysg)in [P, with hin €. Thus, for (e,m) an (€, M)
factorization of f, we have that (z-m)ee =yw(gh). By Lemma 2.11(1) we can assume
that g is in € and, from Lemma 2.11(2), we can conclude that there exists an iso ¢ such
that z-m-i =y and e =i gh. It follows that

(Z,xaf) (Y,yog)

x mig

(X, zeid)

commutes in [Py,
(2) We have f: (Z,ze f) — (X,zeid) in [P, and as, by (1), zeid is E-generic then,
by Lemma 2.5 (2), xe f is E-generic iff f € M. n

We further study how natural transformations act on generic elements.

2.13. PROPOSITION. For P a presheaf on M and G a presheaf on C, if the natural
transformation ¢ : Py — G in C preserves E-generic elements then it is quasi €-cartesian.

PrROOF. Fore: X —Y in &, consider the naturality square

Py 25> gy

e lce

PX —>GX

and let zo f € PX (with 2 € PZ and f: X — Z) and y € GY be such that p(ze f) =
y - e. By Lemma 2.12(1) and hypothesis, ¢(z®id) is £-generic and we have the following
situation

ecf
(X, p(zo[)) : (Y y)
x o
(Z,¢(20id))
in [G. The element zeg € P\Y has the property that (z0¢) - ¢ = ze f and that ¢(zeg) =
p(zeid) - g = y. Thus ¢ is quasi E-cartesian. m

2.14. COROLLARY.

1. For every natural transformation p : P — @Q in M\, the natural transformation
pr1: Py— Q) in C is quasit £-cartesian.

2. For P aninnM\, P =0, mCAZﬁP%QmJ{/l\

Thus, the free-algebra functor (_), : M — C is conservative and factors through the
inclusion functor Cjqec —C.
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—

2.15. PROPOSITION. The functor (—), : M — CArqgc is an embedding and has
(0)° : Crqge — M as right adjoint.

ProOOF. For a presheaf P on M and X in C we have a function npy : PX — (P))°X
mapping z to x @id which, since (z - m)eid = x@m for m in M, yields a natural transfor-
mation np : P — (P))° in M , that is also natural in P by construction. Further, since by
Lemma 2.12 every element of (P))° is of the form z«id, by Lemma 2.11(2), np is clearly
an iso. R

On the other hand, for F'in C;q¢. and X in C, by Lemma 2.11, the assignment

(raf)e (F°) X+ua-feFX

yields a function epx : (F°),X — FX, which, by Lemmas 2.5(2) and 2.12(2), and Propo-
sition 2.13. gives a quasi £-cartesian natural transformation ep : (F°), — F', that is nat-
ural in F' by construction.

Finally we show that n and ¢ satisfy the triangle identities. Indeed, for a presheaf P
on M we have

ep(mzef)) = ep((nr)ef) = (void) - f = zof
for all ze f in Py; whilst, for a presheaf F' on CAr qcc, We have
e’(npo(z)) = e°(zeid) = z-id =
for all z in F°. n

Note that Lemma 2.12(1) implies that free algebras are £-generically engendered.
Thus, the embedding Kl —— C factors through the embedding Sng(é\) — CA where
Eng(C) denotes the full subcategory of C determined by the &-generically engendered
presheaves, and the embedding (_), : M <= C 1qéc factors through the embeddlng

(‘,’ng(é\)rqgC — CAr qEcs Where Eng(C) qc denotes the intersection of Eng(C) and C, LqSe-
2.16. PROPOSITION. The adjunction ./\/l 5ng cuts down to an equivalence
M~ Eng(C); jec-

~

PRrROOF. For F' € Eng(C), ¢, and X € C, by Corollary 2.6 and Lemma 2.5, the assignment
r € FXr (2'0e) € (F°),X

where e : (X,z) — (X',2') in [F with e in £ and (X', 2’) E-generic, yields a function
which is an inverse for the counit of the adjunction (see Proposition 2.15). ]

~

2.17. COROLLARY.  The embedding Kly = Eng(C) is an equivalence.

PRrROOF. As the functor - R
() M— Eng(C)rqgc
is an equivalence and the functor Sng(CA)FqgC — &ng(C) is bijective on objects, the em-

bedding Kl — Eng(CA ) is essentially surjective; so it is an equivalence. [
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Summarizing, we have the following situation.

M Kl
i
(0)!”
v
Eng(C) g — Eng(C)

With the characterization of free factorization-monad algebras in terms of generic
elements we can now prove the first part of Proposition 1.5; that is, that the Yoneda
embedding factors through Kl <= C.

2.18. PROPOSITION. A map with codomain C in C is E-generic for the presheaf on C
represented by C' if and only if it is in M. Moreover, representable presheaves on C are
E-generically engendered.

PrOOF. From the definition of £-generic element one deduces that a map is £-generic
if and only if it is weakly orthogonal to every map in £€. Thus, M-maps are £-generic.
Further, since every map in C is engendered by its M factor (via its £ factor), representable
presheaves are £-generically engendered and, by Corollary 2.5(1b), £-generic elements are

in M. n
Finally, we prove the second part of Proposition 1.5; that is, that the embedding

~

Klp & C factors through q€x(C) < C.

2.19. LEMMA. Fvery E-generically engendered presheaf on C maps pushouts along
E-maps in C to quasi pullbacks in Set.

PROOF. Let F' be an £-generically engendered presheaf and let the square below be a

pushout in C
ecf

Z—=Y
/ lp (3)
X—U

with e, and hence also ¢, in £. Moreover, let z € FX andy € FY besuchthatx - f =y -e.

As F is E-generically engendered there exists a map ¢ : (X, z) — (X', 2’) in [F with ¢
in £ and (X', 2") E-generic. Hence, we have the following situation

(Z,2) 5= (Y, y)

fl aig
(X, x) — (X', 2')

and the pushout property of (3) gives a map h : U — X' such that ¢ = hq and g = hp.
Finally, since for u = 2’ - h € FU we have that u- ¢ = x and u - p = y, we are done. [
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3. First main result

MINIMAL ELEMENTS. We have described generators of free algebras for factorization
monads via the notion of generic element. In the situations we are interested in the
generators have an alternative description which is important to study.

Let C be an essentially small category with an (£, M) factorization system.

3.1. DEFINITION. For a presheaf F' on C, we say that (X,z) in [F is E-minimal if
the following equivalent conditions hold.

1. Every (X,z) — (Y,y) in [F which is in & is an iso.
2. Every (X,z) — (Y,y) in [F is in M.

We characterize minimal elements of free factorization-monad algebras. To do this, it
is convenient to prove the following result.

3.2. LEMMA.  For a presheaf P on M and x € PX (X in C), the element (X, x®id)
in [Py is E-minimal iff every section X —Y is in M.

PROOF. (=) Because for every section s : X — Y in £ with retraction r: Y — X in C
we have that s : (X, zeid) — (Y,zer) in [P,
(<) Because every s : (X, zeidx) — (Y,yeg) in [ P is asection and so, by hypothesis,
is in M. ]
We can now give a characterization of minimal elements in free factorization-monad

algebras.

3.3. COROLLARY. Let P be a presheaf on M, x € PX (X inC) and f: Z — X in
C. The element (Z,x e f) in [Py is E-minimal iff f is in M and every section Z —Y s
n M.

PROOF. Asusual we have [ : (Z,zs f) — (X,zeid) in [P so, if (Z,ze f) is E-minimal,
fisin M. As (z- f)eidy = ze f, by Lemma 3.2, every section with domain Z is in
M. Conversely, if every section with domain Z is in M then, again by Lemma 3.2,
zef = (r-f)eidy is E-minimal for any f € M. "

3.4. COROLLARY. In free factorization-monad algebras, £-minimal implies E€-generic.

Proor. Compare the characterizations in Corollary 3.3 and Lemma 2.12. [

In general the converse does not hold but using Corollary 3.3 it is easy to characterize
the situation when £-minimal and &£-generic elements coincide.

3.5. DEFINITION. A presheaf on C is unbiased if its £-minimal and £-generic elements
coincide.
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3.6. COROLLARY.  The following are equivalent.
1. Every section is in M.
2. For every presheaf on C, E-generic elements are £-minimal.
3. Free factorization-monad algebras are unbiased.

Proor.  To prove that (1) implies (2) use Lemma 2.5. Corollary 3.4 shows that (2)
implies (3). To prove that (3) implies (1), consider the presheaf 1, which is unbiased by
hypothesis. For X in C, the element (X, *®id) is £-generic by Lemma 2.12(1). It is then
E-minimal and so every section with domain X is in M by Lemma 3.2. m

3.7. DEFINITION. A presheaf is said to be £-minimally £-engendered if every element
in it is £-engendered by an £-minimal element.

3.8. LEMMA. Let P be a presheaf on C such that its £-minimal elements are £-generic.
If P is E-minimally €-engendered then it is unbiased.

PROOF. We need to show E-generic implies £-minimal in P. So let (X, z) be £-generic.
By hypothesis, there exists a map e : X — Y in £ and an &-minimal element (Y, y) such
that e : (X, z) — (Y,y). But (Y,y) is E-generic by hypothesis so Lemma 2.5 implies that
e is an iso and so, (X, x) is £-minimal. ]

Now E-well-foundedness (Definition 1.6) enters the picture.

3.9. LEMMA.  FEwvery presheaf on an &-well-founded C is £-minimally € -engendered.

PROOF. Let F be a presheaf on C, and let (X,z) in [F. If (X,2) is not £-minimal
then there exists a map e : (X,z) — (X',2/) in [F with e in € not an iso. If (X', 2/) is
E-minimal then the result is proved. If not, repeat the process. The £-well-foundedness
assumption on C ensures that we reach an £-minimal element in a finite number of steps.
As E-maps are closed under composition, the result follows. [

We are ready to prove the implication stated in Theorem 1.7 with £-well-foundedness
as hypothesis.

3.10. COROLLARY. IfC is E-well-founded then every section is in M.

Proor. By Corollary 3.6 it is enough to prove that free factorization-monad algebras
are unbiased. By Corollary 3.4 £-minimal implies £-generic in free factorization-monad
algebras. As C is £-well-founded, Lemma 3.9 implies that free factorization-monad alge-
bras are £-minimally £-engendered and so, by Lemma 3.8, we obtain that £-generic and
E-minimal elements coincide. [
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~

It remains to show that the embedding Kl “ q€x(C) is an equivalence.

~

3.11. LEMMA. If C has pushouts along E-maps then, for presheaves in q€x(C),
E-minimal elements are £-generic.

PROOF. Assume that C has pushouts along £-maps and let F' be a presheaf on C mapping

these pushouts to quasi pullbacks. For an £-minimal element (X, z) in [F, to prove that

it is E-generic, let e : (Z,2) — (Y,y) in [F withein € and f: (Z,2) — (X,z) in [F.
Take the pushout of e along f in C as below

ecf

J—=Y
f p
X—7—U

q

where ¢ necessarily belongs to £. As F' maps this pushout to a quasi pullback, there is
an element v € F'U such that the diagram

(Z,2) —=(Yy)

i\ g

(X7 SL’) g (U7 u)
commutes in [F. Since (X, z) is £&-minimal and ¢ is in €, we have that ¢ is an iso and
hence that (X, x) has the property of being £-generic. n

Together with Corollary 3.10 the following result establishes one half of the equivalence
in Theorem 1.7.

3.12. COROLLARY.  If C has pushouts along £-maps and it is £-well-founded then the
vertical functors in the diagram below are equivalences.

Kl

S

A~ o~

A€x(C)4ec — > a€x(C)

o~

ProOF. By Lemma 3.9 every presheaf in q€x(C) is £-minimally £-engendered. From
Lemma 3.11 we have that every such presheaf is £-generically engendered, and hence,
by Lemma 2.19, that Eng(C) = q€x(C). Finally, Proposition 2.16 and Corollary 2.17
establish the result. [
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THE PRESHEAF OF CHAINS. For (£, M) a factorization system on an essentially small
category C, we prove the remaining part of Theorem 1.7; namely, that if every section
is in M and the embedding Kl < q€x(C) is an equivalence then C is £-well-founded.
The idea of the proof is to construct a particular presheaf R that maps pushouts to quasi
pullbacks and such that R being £-generically engendered, together with the assumption
that split monos are in M, implies that C is £-well-founded. The rest of the section builds
such an R and proves the relevant properties.

A chain in C is a functor from the linear order w = (0 <1 <---<n<---) (n € N)
to C. Note that a category is defined to be £-well-founded if every chain consisting of
maps in £ is eventually a sequence of isos.

For any chain o we let ajp = idao and aj11) = a(j < j+ 1) ay; - a0 — o) + 1)
for all j € N. We also define ay; (j € N) to be the chain such that for every m,n € N,
apj(m<n)=a(j+m<j+n).

We now define an equivalence relation ~ on the sets of chains with the same initial
domain. For such chains a and f3, i.e. such that a0 = 0, we let a ~ ( if and only if
there exists j,k € N such that o; = 3|, and ay; = G-

3.13. LEMMA.  The relation ~ 1is an equivalence relation.

PrROOF. The relation is clearly reflexive and symmetric. For transitivity assume that
a ~ (3 is witnessed by j,k € N such ay; = Bx, oy; = By and that 3 ~ v is witnessed by
[,m in N such that 3, = v, and By = 7. Then, the relationship o ~ « is witnessed
by j+I,m+keN. [

For a chain a and a map f : X — a0, we let - f be the chain determined by the
identities (- f)(0<1)= fand (a- f)(n+1<n+2)=a(n <n+1)foralneN.

3.14. LEMMA.  The following hold for any chains o and 3 with a0 = 0.
1. Forany f: X — a0, a~ ( impliesa-f~(-f.
2. a~ a-idyg
3. Foranyg:Y —=Xand f: X —a0, a-(fg)~(a-f)-g.

For X € C, we let RX be the quotient of the set of chains with domain X by the
equivalence relation ~; that is,

RX:{a:w—>C\aO:X}/N

and denote the equivalence class of a chain « as [«@]. By Lemma 3.14, for every map
f: X —Y in C, the assignment

o] = a-f] (a0 =Y)

yields a function Rf : RY — R X that makes R into a presheaf on C.
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3.15. LEMMA.  The presheaf R maps pushouts to quasi pullbacks.

PROOF. For a pushout square as on the left below

Q—">z RP Rz
ql J{g Rfl er
Y —~P RY - RQ

we need to prove that the square on the right is a quasi-pullback. So let [@] € RY and
8] € RZ be such that [a] - ¢ = [§] - r. There exist j, k € N such that (a-q);; = (6 7)1k
and (a-q)y; = (B-7)1,. It follows that there exist j,k € N such that a;j-q¢= G- r
and ay; = B1;. Then the pushout property implies that there exists a map ¢ such that
tf=ap; and tg = [,. Now consider I'- ¢ € RP for I' = [ay;] = [B1x]. We have that
(I'-t) - f = [ayy] - @ = [ and, similarly, that (I'-¢) - g = [5]. So R maps the above
pushout to a quasi-pullback. [

~ ~

That is, R is in q€x(C). Notice that if the embedding Klys — q€x(C) is an equivalence
then, by Corollary 2.17, R is £-generically engendered. The rest of the section shows

that under the further assumption that split monos are in M we obtain that C is £&-well-
founded.

3.16. LEMMA. Let (Y,[B]) in [R be E-generic and for every k € N let (e, my,) be
the (€, M)-factorization of B),. Then ey is split mono for every k. In particular, if split
monos are in M then B, is in M for every k. If, moreover, every map in (3 is in € then
every map in 3 is an iso.

PrROOF. It is clear that, for any k, [5] = [Gw] - (Bik) = ([Brk] - mu) - ex so, as [3] is
E-generic, ey, is a split mono by Lemma 2.5. If split monos are in M then e;, is an iso and
so Bk is in M. Finally, assume that every map in 3 is in £ and proceed by induction. We
have that 5(0 < 1) is both in £ and M so it is an iso. Now consider B(n+ 1 <n + 2).
By the first part of the lemma we have that 8,49y = (B(n + 1 < n+ 2)) B(n41) is in M.
As by inductive hypothesis 3|1y is an iso, it follows that G(n +1 < n +2) is in M and
hence an iso. [

Now we know what is needed about the generic elements of R.

3.17. LEMMA. If sections are in M and R is E-generically engendered then C 1is
E-well-founded.

PROOF. Let a be a chain such that every map in it is in £. By hypothesis there exists a
map e : 0 — Y in £ and an E-generic [§] € RY such that [5] - e = [@]. Thus, there exist
J.k € N such that a; = (- e), and ay; = (8- €)yx. It follows that there exist j, k € N
such that a; = Bi - e and oy = By As both a; and e are in £, so is 3. But [ is in
M by Lemma 3.16 so it is an iso. We then have that [3;;] is £-generic. But as ay; = By,
every map in Sy is in € so Lemma 3.16 implies that every map in (34, is an iso. That is,
a is eventually a sequence of isos. [
Theorem 1.7 is proved.
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4. Second main result
This section establishes Theorem 1.10.
Let C be an essentially small category with an (£, M) factorization system.

4.1. PROPOSITION. Fvery E-generically engendered presheaf maps wide pushouts of
E-maps in C to quast wide pullbacks in Set.

Proor.  Consider the wide span {e; : Z — X in € },c; and, for F' an E-generically
engendered presheaf, let z € F'Z and x; € FX; (i € I) be such that z =z, -¢; (i € I).

For each i € I, let ¢; : (X;,z;) — (Y;,y;) in [F with ¢; in € and (Y}, y;) E-generic. By
Corollary 2.6, we have the following situation

(Xi,l’i) - (3/;7%‘)

/

(X5, 25) =~ (Y5, 95)

for every 4,7 € I. It follows that there exists { ¢} : (X;,z;) — (Y,y) }ies in [F with ¢} in
& and (Y, y) E-generic such that the diagram in [F

commutes for all 4, j € I. By the wide pushout property, there exists a unique v : X —Y
in C such that ¢, = w f; for all i € I, where { f;: X; — X } is the wide pushout of
{e;: Z—X;in & };c;. Hence, y-u € FX is such that y - u- f; = x; for all i € I. n

4.2. PROPOSITION. Assume that every map in £ is epi. For a presheaf F' on C and
an element (Z,z) in [F, if the wide span

{ei: Z—=X,in€|e:(Zz)—(Xi,zi) in [F }ier

has a wide pushout in C and F maps it to a quasi wide pullback in Set then (Z,z) is
E-minimally & -engendered.

Proor. Let
zZ
€; €j
X; X;
X
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be a wide pushout, and let € F X be such that x - f; = x; for all ¢ € I.
For i € I, let (g;,p;) be an (€, M) factorization of f;. Since, for all i, 5 € I, we have
the following situation

there exist ¢, € £ (i € I) and p € M such that the diagram

/ Z\
X, X;
N /

/ /

N ¥

e

commutes for all 7, j € I. Note that we have ¢} : (X;,2;) — (Y,z-p) in [F for all i € I.

By the wide pushout property, we have that there exists a unique v : X — Y such
that ¢, = u f; (i € I), and also that pu = id.

Further, since ¢ = ¢je; : Z —Y (i € I) is amap (Z,z) — (Y,z - p) in [F which
is in &, the definition of the collection { e; };c; implies that there exists k € I such that
er = ¢q. In particular, e, = ) e, and, as ey is epi, we have that ¢, = id and hence that
fr =pq. =p. Thus, up =u fi = q,, =id, and so p is an iso and f; = pq} is in & for all
i € I. It follows that (Z, z) is E-engendered by (X, x) via the map fie; : Z — X (i € I).

Finally, we show that (X, z) is &-minimal. To this end, let e : (X,z) — (X', 2’) in
JF bein &. Since epq : (Z,z) — (X',2') in [F is in &, there exists ¢ € I such that
e; = epq. Thus,

frepq = feee = pgrer = pq
and, as pq in £ is epi, we have f,e = id, making e in £ a split mono and hence an iso. m
4.3. PROPOSITION. If every map in € is epi, and C has pushouts along £-maps

and wide pushouts of £-maps, then for a presheaf F' on C the following statements are
equivalent.
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1. F maps pushouts along E-maps to (quasi) pullbacks and wide pushouts of €-maps
to (quasi) wide pullbacks.

2. F maps pushouts along £-maps to (quasi) pullbacks and is £-minimally E-engendered.
3. F is E-generically engendered.

Proor. (1) = (2) By Proposition 4.2. (2) = (3) By Lemma 3.11. (3) = (1) By
Lemma 2.19 and Proposition 4.1. Notice also that (3) = (2) by Lemma 2.19 and Corol-
lary 3.6. [

Theorem 1.10 now appears as a corollary of Corollary 2.17 and Proposition 4.3.
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