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ON CATEGORICAL CROSSED MODULES

P. CARRASCO, A.R. GARZON AND E.M. VITALE

ABSTRACT. The well-known notion of crossed module of groups is raised in this paper
to the categorical level supported by the theory of categorical groups. We construct
the cokernel of a categorical crossed module and we establish the universal property
of this categorical group. We also prove a suitable 2-dimensional version of the kernel-
cokernel lemma for a diagram of categorical crossed modules. We then study derivations
with coeflicients in categorical crossed modules and show the existence of a categorical
crossed module given by inner derivations. This allows us to define the low-dimensional
cohomology categorical groups and, finally, these invariants are connected by a six-term
2-exact sequence obtained by using the kernel-cokernel lemma.

Introduction

Crossed modules of groups were introduced by J.H.C. Whitehead [42]; they have been
shown to be relevant both in topological and algebraic contexts. They provided algebraic
models for connected 2-types [28, 30] and allowed to develop, as adequate coefficients, a
non-abelian cohomology of groups [13, 27]. It is convenient and sensible to regard crossed
modules of groups as 2-dimensional versions of groups (c.f. [33]). They correspond, in
fact, to strict categorical groups, that is, strict monoidal groupoids where each object is
invertible up to isomorphism. Categorical groups have been studied in the last twenty-
five years by several authors from different points of view (algebraic models for homotopy
types [4, 6], cohomology [8, 39], extensions [1, 2, 34], derivations [19, 20], ring theory
[16, 40]). All of these investigations have clarified the relevance of this 2-dimensional
point of view. Nevertheless, with respect to cohomology, the reader could wonder why
to study cohomology of non-necessarily strict categorical groups, since the strict case has
been already studied by several authors (see [9, 13, 21, 22, 33] and the references therein).
We want to make this fact clear underlining the relevance of some approaches made in this
direction. Thus, in order to give an interpretation of Hattori cohomology in dimension
three (see [23]) Ulbrich developed a group cohomology for Picard (i.e., symmetric) cate-
gorical groups, providing in this way a remarkable example of cohomology in the non-strict
case. Also, we should emphasize Breen’s work [2] about the Schreier theory for categorical
groups by means of a cohomology set able of codifying equivalence classes of extensions of
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a group by a categorical group. The above results led to the development carried out in
[6], where, via an adequate nerve notion of a (braided) categorical group, it is stated how
the cohomology set of categorical groups, there studied, allows to codify sets of homotopy
classes of continuous maps between spaces which are algebraically modelled by (braided)
categorical groups. This kind of interpretation could be carried out thanks to the fact
that the non-strict algebraic model associated to a space, whose simplices actually have
a nice geometrical description, is easier to handle than the strict one. Together with this
topological interpretation, we point out that these cohomology sets classify equivalence
classes of extensions of categorical groups [7]. From a 2-dimensional categorical point of
view, the reader can also find in Remark 6.7 other reasons why the study of categorical
group cohomology is worthwhile.

In the context of categorical groups, the notion of crossed module was suggested by
L. Breen in [2]. It was given in a precise form (although in the restricted case of the
codomain of the crossed module being discrete) by P. Carrasco and J. Martinez in [8], in
order to obtain an interpretation of the 4-th Ulbrich’s cohomology group [39]. (Recently
the definition by Carrasco and Martinez has been further generalized by Turaev assuming
that the domain of the crossed module is just a monoidal category [38].)
In the papers quoted above, a lot of interesting and relevant examples are discussed. In
our opinion, they justify a general theory of categorical crossed modules, which is the aim
of this paper.

After the preliminaries, Section 2 is devoted to present definitions of categorical pre-
crossed and crossed modules and to state some basic examples.

A way to think about a crossed module of groups 0 : H — G is as a morphism ¢ of
groups which believes that the codomain G is abelian. In fact, the image of ¢ is a normal
subgroup of G, so that the cokernel G/Im(d) of § can be constructed as in the abelian
case. This is relevant in non-abelian cohomology of groups, where the first cohomology
group of a group G with coefficients in the crossed module ¢ is defined as the cokernel of
the crossed module given by inner derivations [29, 21]. This intuition on crossed modules
of groups can be exploited also at the level of categorical groups. In fact, in Section 3 we
associate to a categorical crossed module T : H — G a new categorical group G/(H, T),
which we call the quotient categorical group, and we justify our terminology establishing
its universal property. As in the case of groups, the notion of categorical crossed module
subsumes the notion of normal sub-categorical group. To test our definition, we show
that, in the 2-category of categorical groups, normal sub-categorical groups correspond
to kernels and quotients correspond to essentially surjective morphisms. Also, for a fixed
categorical group G, normal sub-categorical groups of G and quotients of G correspond
each other. In Section 4, we establish a higher dimensional version of the kernel-cokernel
lemma: We associate a six-term 2-exact sequence of categorical groups to a convenient
diagram of categorical crossed modules.

In next two sections we apply the machinery developed for categorical crossed modules,
to define low-dimensional cohomology categorical groups, following a parallel process to
that made in [21, 29, 41], where the Whitehead group of regular derivations was the
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basic ingredient to develop low-dimensional non-abelian cohomology of groups. Thus, we
introduce derivations with coefficients in categorical crossed modules and we study the
monoidal structure inherited by the groupoid of derivations Der(G,H) whenever H is
a categorical G-crossed module (c.f. [18] in the particular case of G being discrete and
[20] in the case of H being a G-module). Then, we define the Whitehead categorical
group of regular derivations, Der*(G,H), as the Picard categorical group associated to
this monoidal groupoid. This categorical group actually coherently acts on H. In fact,
the functor H — Der*(G,H) given by inner derivations, provides our most relevant
example of categorical crossed module that allows us, in last section, to define the low-
dimensional cohomology categorical groups of a categorical group G with coefficients in a
G-categorical crossed module H, as the kernel and the quotient of the categorical crossed
module of inner derivations. Further, we apply the kernel-cokernel lemma to get a six-
term 2-exact sequence for the cohomology categorical groups from a short exact sequence
of categorical G-crossed modules. This sequence generalizes and unifies several similar
exact sequences connecting cohomology sets, groups, groupoids and categorical groups
(c.f. [3, 14, 15, 19, 20, 21, 22, 29, 35]).

Our results closely follows the classical treatment of crossed modules of groups. Hav-
ing in mind that crossed modules can be presented in several different ways, it is clear
that different approaches could be adopted. All of them should probably deserve some
attention, because they could help to understand this topic or, at least, to make the
presentation cleaner. For example, since crossed modules are strict categorical groups,
i.e. a special kind of monoidal categories, categorical crossed modules could be defined
as a special kind of monoidal bicategories. In this context, the fact that the kernel of a
categorical crossed module can be equipped with a braiding (Proposition 2.7) should be
a special case of the known fact that a one-object monoidal bicategory is the same thing
as a braided monoidal category (thanks to the referee for this input!). Crossed modules
correspond also to groupoids in the category of groups. In the same way, categorical
crossed modules correspond to weak groupoids internal to the 2-category of categorical
groups. This point of view provides an alternative treatment of derivations and has been
considered in [32, 26]. The point of view adopted in this paper may be justified by the
fact that, as quoted above, we get a satisfactory notion of normal sub-categorical group
and a unified treatment of several existing exact sequences. Moreover, our notion seems
to be relevant for the classification of homotopy types (see [10]).

1. Preliminaries

A categorical group G = (G, ®,a,I,l,r) (see [36, 2, 34, 17] for general background) is a
monoidal groupoid such that each object is invertible, up to isomorphism, with respect
to the tensor product. This means that, for each object X, there is an object X™* and an
arrow m, : I — X ® X*. It is then possible to choose an arrow n, : X*® X — [ in
such a way that (X, X*,m,,n,) is a duality. Moreover, one can choose I* = I. When it

[P}

is irrelevant, we will omit the associativity isomorphism “a” of any categorical group G
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and we will write “can” for any canonical structural isomorphism of G.

Categorical groups are the objects of a 2-category CG, whose arrows are monoidal functors
T = (T, 1) and whose 2-cells are monoidal natural transformations. A categorical group
is said to be braided (symmetric) (see [24]) if it is braided (symmetric) as a monoidal
category. If G is a categorical group, we write myG for the group (abelian if G is braided)
of isomorphism classes of objects, and ;G for the abelian group G(Z, I) of automorphisms
of the unit object. If GG is a group, we can see it as a discrete categorical group, which we
write G[0]. If G is an abelian group, we can see it also as a categorical group with only
one object, which we write G[1].

Fix a categorical group G. A G-categorical group [17] consists of a categorical group H
together with a morphism of categorical groups (a G-action) (F,u) : G — Eq(H) from G
to the categorical group of monoidal autoequivalences, Eq(H), of H [2]. Equivalently, we
have a functor

ac:GxH—-H , (X,A)— ac(X,A) =~A

together with two natural isomorphisms
YxaB: YA®B)— *A® *B, ®xya: (Xevig X(Y4)

satisfying the coherence conditions, [17, 20]. Note that a canonical morphism ¢g 4 : ‘A —
A can be then deduced from them. The morphism of categorical groups i = (i, ;) : G —
€q(G) given by conjugation, X — iy, with ix(Y) = X ® Y @ X*, gives a G-categorical
group structure on G.

Let H and H' be G-categorical groups. A morphism (T, ) : H — H' consists of a
categorical group morphism T = (7, ) : H — H' and a natural transformation ¢

GxH*—H
Idel el iT
GxH —H

compatible with 1, ¢ and ¢ in the sense of [17]. G-categorical groups and morphisms
of G-categorical groups are the objects and 1-cells of a 2-category, denoted by G — CG,
where a 2-cell o : (T, ) = (T, ¢') : H — H' is a 2-cell o : T = T’ in CG satisfying the
corresponding compatibility condition with ¢ and ¢'.
If H is a G-categorical group, then the categorical group of autoequivalences Eq(H) also
is a G-categorical group under the diagonal action, X(T,pu) = (*T, *u), where, for any
AeH, (*T)(A) = *T(¥'A)and , forany A, B € H, (*u), , = ¢
T,

Besides, considering the morphism which defines the G-action on H, (F,u) : G —
Eq(H), we have a morphism in G — CG, ((F,pn),¢,) : G — Eq(H) (considering G as a
G-categorical group by conjugation), where (¢, ), : F (XY) = *F(Y) is given, for any

A € H, by ((@F)qu) P XEYEXTA 5 X(Y(XTA)).

= ngYY’X*A ) ¢X®Y,X*,A :

X, T(X*A),T(X*B) 'UX*A, X*p

A
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Furthermore, considering now the morphism i given by conjugation, we also have a
morphism in G — CG, (i,¢;) : H — Eq(H), where (¢;), , : i(*A) = ~i(A) is given, for
any B € H, by the composition

X,A

(@) = U7 g W7y 81 (1@ 6, Beam) - (18675 1)

X,AQ X*B, A*

2. Categorical G-crossed modules.

In this section we define the notion of categorical G-crossed modules and give some exam-
ples. Fix a categorical group G and consider it as a G-categorical group by conjugation.
We first give the following

2.1. DEFINITION. The 2-category of categorical G-precrossed modules is the slice 2-category
G —-CG/G.

More explicitly, a categorical G-precrossed module is a pair (H, (T, y)) where (T, ¢) :
H — G is a morphism in G — CG, thus we have a picture

G xH—= H
Idel el iT
GxG G .

conj

which means that, for any objects X € G and A € H, there is a natural family of
isomorphisms
o=oxa:T(*A) - X@TA® X"

satisfying the corresponding compatibility conditions with the natural isomorphisms of
the G-action on H. Observe that the family ¢x 4 of natural isomorphisms corresponds to
a family of natural isomorphisms

v=vxa:T(FA)®X — X ®T(A),

and now, using this family v = v

.4, We give the following equivalent definition of cate-
gorical G-precrossed module:

2.2. DEFINITION. Let G be a categorical group. A categorical G-precrossed module is a
triple (H, T, v), where H is a G-categorical group, T = (T, ) : H — G is a morphism of
categorical groups and

v=(vxa:T(*A)@X — X ®T(A))(X,A)6GxH
1s a family of natural isomorphisms in G, making commutative the following diagrams

(which are the translations, in terms of the family v = v of the coherence conditions
that ¢ satisfies) :

X,A7
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(pcrl)

T(X(YA))®X®YMT((X®Y)A)®X®Y

y@ll l

XT(YAeY XRY®TA),

1®v

(pcr2)
1Qv

T(*A)@T(*B)® X T(*A) ® X @ T(B)
cani ly@l
T(*A® *B)®@ X X@T(A)®T(B)
T(t[)l)@li lcan
T("A®B))® X X®T(A® B) ,

14

Now, a morphism of categorical G-precrossed modules is a triple
(F,n,«a): (H,T,v) — (H T )

with (F,n) : H — H' a morphism in G — CG and « : T = T'F a 2-cell in CG such that,
for any X € G and A € H, the following diagram is commutative (which corresponds to
the coherence condition for a: T = T'F being a 2-cell in G — CG):

T(*A)® X v X @ T(A)
a®1l \Ll@a
T'F(X X @ T'F(A)

A) X
T(XF(A)® X .

Finally, a 2-cell B : (F,n,«a) = (F', 1/, d) is a 2-cell 5 : (F,n) = (F/,) : H — H in
G — C@G, such that for any A € H, the diagram
T(A)— 4 ~T'F(A)
e
T'F'(A)

is commutative (which corresponds to the condition for G : (F,n) = (F',n) being a 2-cell
in the slice 2-category G — CG/G.

As an easy example, note that giving a G-precrossed module structure on the identity
morphism 1g : G — G, of the trivial G-categorical group G, is the same as giving a
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braiding ¢ on G via the formula ¢, , =v ' : X ® A — A® X.
We will see more examples after defining categorical G-crossed module. As for precrossed

modules, we next give the following short definition:

2.3. DEFINITION. A categorical G-crossed module is given by a categorical G-precrossed
module (H, (T, ¢)) together with a 2-cell in G — CG

(i7§07,

H L &q(H)
(T:ON v %ﬁf)

G,
where (F,p,) : G — EqMH) and (i,¢;) : H — Eq(H) are the morphism of G-categorical
groups remarked in the Preliminaries. The following compatibility condition between ¢
and € have to be satisfied:

conj cony
HxH H H x H
Txldl gy lld Tle can | iT
GxH—= H = G xG .
conj
Idel e lT
GxG - G
conj

(where, for any A,BeH, £, , = (¢,),)

In order to unpack the above definition we proceed in the same way we did for cate-
gorical precrossed modules. The picture

conj
H x H

H
Txldl el ild

GxH—= H

means that there is a natural family of isomorphisms in H
e=¢,, A® B A" — TWp

and then, there is also a corresponding family of natural isomorphisms in H
X=Xup: "BRA— A®B

through which we obtain the following equivalent definition of categorical G-crossed mod-
ule:
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2.4. DEFINITION. A categorical G-crossed module consists of a 4-tuple (H, T, v, x), where
(H, T, v) is a categorical G-precrossed module as in definition 2.2, and

. TA
X = (XA,B : ""B®A— A®B)(A,B)€H

is a family of natural isomorphisms in H such that the following diagrams (which are the
translations in terms of x of the fact that € is a 2-cell in G — CG) are commutative:

(crl)

TASPC @ A@ B . A®B®C

canl Tl@x

TA(TB
TATRC @ Aw Bz "(1PC) @ A® B — A "™C® B
(cr2)
TMBeC)® A X A®B®C
w®1i Tx@l
(cr3)
X(TAB®A) “x X(A@B)
% lw
X(TAB)®XA XA®XB

o I

(X®TA)B®XA (T(XA)®X)B®XAWT(XA)(XB) ®R XA

v Bg1

and such that the following diagram (expressing the compatibility between the precrossed
structure and the crossed structure) is also commutative:

(cr4)

T(TAB Q A) T(x)

can i l can

T(T™B)® T(A)

v
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2.5. REMARK. If T': H — G is a precrossed module of groups and the morphism T
is injective, then the precrossed module actually is a crossed module. A trace of this
property remains in the case of categorical groups. Indeed, if the functor-part 7: H — G
of a categorical G-precrossed module is faithful, then there is at most one structure of G-
crossed module compatible with the precrossed structure. If, moreover, T': H — G is full,
then there is exactly one structure of G-crossed module on the categorical G-precrossed
module (H, (T, ¢)).

We define the 2-category G — cross of categorical G-crossed modules as the sub-2-
category of the 2-category of categorical G-precrossed modules whose objects are the cat-
egorical G-crossed modules. An arrow (F,n,«) : (H, T, v, x) — (H', T, 7/, ') is an arrow
between the underlying categorical G-precrossed modules such that, for any A, B € H,
the following diagram (expressing a compatibility condition between the natural isomor-
phisms y and x’) is commutative:

F(x)

F(T<A>B ® A) F(A® B)
“B) ® F(A) F(A) ® F(B)
n®1i (B)®1 TX'

TWE(B) ® F(A) —————TTWE(B) @ F(A)

Finally G — cross is full on 2-cells.

2.6. EXAMPLE. i) Any crossed module of groups H % Gisa categorical crossed module
when both G and H are seen as discrete categorical groups.

ii) Let (N 204G, {—,—1}) be a 2-crossed module in the sense of Conduché, [12].
Then, following [8], it has associated a categorical G[0]-crossed module (G(6),d,id, x),
where G(9) is the strict categorical group associated to the crossed module 6, v is the
identity and x,, = ({z,y}, 4@y + ), for all z,y € O.

iii) In [7] a G-module is defined as a braided categorical group (A,c) provided with a
G-action such that ¢, ¥y 5 =Vypa- XAB,foranyXEGandA BeH. If (A, c)

is a G-module, the zero morphlsm 0: A — G is a categorical G-crossed module where,
forany A, B € A, x, 1T B® A — A® B is given by the braiding Cp 4, UP to composition
with the obvious canonical isomorphism.

iv) Consider a morphism T : H — G of categorical groups and look at H as a trivial
G-categorical group (i.e., via the second projection ps : G x H — H). If G is braided,
then we get a precrossed structure by vy 4 = c;(}T 4 TA® X — X ®TA. Now to give
a crossed structure is the same as giving a braiding on H via the formula x4 5 = cp 4 :
B® A — A® B and the compatibility between v and y precisely means that T" preserves
the braiding.



594 P. CARRASCO, A.R. GARZON AND E.M. VITALE

v) Let L : G — K be a morphism in CG and KerLLG—LﬂK, e, - Le, =0, its
kernel (see [25]). The categorical group KerL is a G-categorical group with action given
by X(A,EA :L(A) = 1) = (X®A®X*,X6A L(X ® A® X*) — I) where

Xe L(X®A®XY) “ LX) ® L(A) @ LX) 2 L(X) @ I ® L(X)*
and with natural isomorphisms ¥, ¢, ¢ induced by (X  V)* 2 Y* @ X*, A~T®RA®
I and [ ~ X*® X.

Moreover, the morphism e, : KerL — G, e (f : (A,e,) — (B,e,))=f: A— B,isa
categorical G-crossed module, with both natural isomorphisms v and y given by canonical
isomorphisms.

vi) Let H’ %, G’ be a normal subcrossed module of a crossed module of groups H RNYe!
(see [33]). Then the inclusion induces a homomorphism G(¢') — G(J) which defines a
categorical G(d)-crossed module, where both v and x are identities and the action is given
by conjugation on objects and on arrows.

vii) For any categorical group H, the conjugation homomorphism H — Eq(H) provides a
categorical £q(H)-crossed module, where the action corresponds to the identity morphism
in £q(H), and v and x are canonical.

viii) In Example 3.10 we will show that any central extension of categorical groups gives
rise to a categorical crossed module.

ix) If T: H — G is a categorical crossed module then mo(H — G) and m (H — G) are
crossed modules of groups.

It is well known that the kernel of a crossed module of groups is an abelian group. In
our context of categorical groups this fact translates into the following:

2.7. PROPOSITION. Let (H, T, v, x) be a categorical G-crossed module. Then KerT can
be equipped with a braiding.

PROOF. Let (A, €,) and (B, ep) be in the kernel; the braiding is given by

BoA ¢0,B®1 B © A ‘A Bol

Xa,B

B @ A A® B.

To check that the previous arrow is a morphism in the kernel, use conditions (pcr3) and
(crd). The coherence conditions for the braiding follow from (crl) and (cr2). n

2.8. REMARK. In the previous proof observe that the construction of the braiding does
not use €,. This means that e, : KerT — H factors through the center of H [24].

3. The quotient categorical group.

We start with the construction of the quotient categorical groupoid of a morphism of cat-
egorical groups and, then, we see that the structure natural isomorphisms of a categorical
crossed module allow us to obtain a monoidal structure in the quotient.
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Consider a morphism of categorical groups T = (T, 1) : HH — G. The quotient pointed
groupoid G/(H, T) is defined in the following way:

- Objects: those of G;
- Premorphisms: pairs (A, f) : X - Y, with A€ Hand f: X - T(A)®Y;

- Morphisms: classes of premorphisms [A, f] : X —o—Y , where two pairs (A, f) and
(A, f') are equivalent if there is @ : A — A’ in H such that f' = (T(a) ® 1,.) f

Given two morphisms [A, f] : X ——=Y ,[B,g]: Y ——= 7 we define their composition
by [A® B,?]: X —— 7 , with arrow-part

70X T TA) Y 2 T(A)RT(B)® Z“"~T(A® B)® Z.

For an object X the identity [I,7] : X —o—= X has arrow-part X < T(I) ® X. Note
tha G/(H, T) is indeed a groupoid (pointed by I) where the inverse of [A, f] : X ——=Y

can

is [A*,7] : Y —o= X with arrow-part ¥ — T(A*) @ T(A) ®Y 1of T(A*) ® X. Let
us point out that G/(H, T) is the classifying groupoid of a bigroupoid having as 2-cells
arrows a : A — A’ compatible with f and f’ as before.

Suppose now we have a categorical G-crossed module (H, T : HH — G, v, x) as defined
in Section 2. Then we can define a tensor product on G/(H, T) in the following way: given
two morphisms [A, f] : X ——=Y ,[B,g]: H —o= K their tensor product is [A® YB,?] :
X ® H——=Y @ K with arrow-part

XoH % T ey eT(B) o K 22 . T(A) e T("B)oY @ K

l can

T(A® "B)Q Y @ K

Let us just point out that the natural isomorphism Y, and its compatibility with v, are
needed to prove the bifunctoriality of this tensor product. To complete the monoidal
structure of G/(H, T), we use the essentially surjective functor Pr : G — G/(H,T)
Pr(f: X =Y)=1[I,7: X——=Y, with arrow-part X Ly ¥ T(I) ® Y. Now, as
unit and associativity constraints in G/(H, T), we take the constraints in G. It is long
but essentially straightforward to check that G/(H, T) is a categorical group and Pr is a
monoidal functor. Moreover, there is a 2-cell in CG

T &
T

H G/(H,T)

0

(where 0 is the morphism sending each arrow into the identity of the unit object) defined

by (m,), = [A,?]: T(A) T, with arrow-part T(A) ~ T(A) ® I.
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3.1. REMARK. Observe that if a categorical G-precrossed module (H, T, v) has two dif-
ferent crossed structures y and x’, the quotient categorical groups we obtain using y and
X' are equal.

3.2. EXAMPLE. i) Let § : H — G be a crossed module of groups. As in Example 2.6 i)
we can look at it as a categorical crossed module. Its quotient G[0]/(H0], d) is the strict
(but not discrete) categorical group G(6) corresponding to ¢ in the biequivalence between
crossed modules of groups and categorical groups (see [5, 37]). Note that mo(G(d)) =
Coker(0) and m(G(5)) = Ker(9).

i) If (d : H — G, x) is a categorical G-crossed module as in [8], then G/(H,d) =
G/ (mo(H)[0], 7o(d)) = G{mo(d)).

iii) If T : A — B is a morphism of symmetric categorical groups, then B/(A, T) is the
cokernel of T studied in [40].

iv) Let H be a categorical group and consider the “inner automorphism” categorical
crossed module i: H — £¢(H) as in Preliminaries. Its quotient is equivalent to the cate-
gorical group Qut(H) defined in [11] and used to study obstruction theory for extensions
of categorical groups. Note also that Qut(H) is the classifying category of the bicategory
used in [34] to classify extensions of categorical groups.

We next deal with The universal property of this quotient.
The previous construction (G/(H,T), Pr : G — G/(H, T),n, : PrT < 0) is universal
with respect to triples in CG, (F,G : G — F,0 : GT = 0) satisfying the following
condition: For any X € G and A € H the diagram

1®d

GX)®I ~ G(X)® GT(A) (1)
I®G(X) G(X ®T(A))
6XA®1T TG(VX’A)

GT(¥A) ® G(X) < G(T(¥A) ® X)

can

is commutative. In fact, the word universal means here two different things.

1) G/(H,T) is a standard homotopy cokernel: for each triple (F,G : G — F,¢ : GT =
0) in CG, satisfying condition (1) there is a unique morphism

G :G/H,T)—TF
in CG such that G'Pr = G and G'7,, = 0.

2) G/(H,T) is a bilimit: for each triple (F,G: G — F,0 : GT = 0) in CG, satisfying
condition (1) there are G’ : G/(H,T) — F and ¢ : G'Pr = 0 in CG making
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commutative the following diagram

G'PyT 2L o1

28 ﬂg

G'0=———=0

Moreover, if G : G/(H, T) — F,§" : G"Pr = 0 are in CG and make commutative
an analogous diagram as above, then there is a unique A : G’ = G” in CG such that
the following diagram commutes

G'Pr AT G" Pr

N A

Observe that the first universal property characterizes G/(H, T) up to isomorphism,
whereas the second one characterizes it up to equivalence.
The proof of the uniqueness, in both the universal properties, is based on the following
lemma.

3.3. LEMMA. Let [A, f]: X ——=Y be an arrow in G/(H,T). The following diagram
commutes

A,
X [4,f]

Y
" -
) QY

TA) QY —o— T

Now, as far as the first universal property is concerned, define G’ : G/(H, T) — F by

can 5 ®1 can

G'[A, f]: G(X>CL”G(T(A) V) ® GT(A) @ GY)—=I®GY) X G(Y)

and use condition (1) to check that the monoidal structure of G’, which is that of G, is
natural with respect to the arrows of G/(H, T). As far as the second universal property
is concerned, just take 0’ to be the identity and define A via the formula A\, = (0 )t
G'(X)=GX) — G"(X).

3.4. REMARK. The fact that to make the functor G’ : G/(H, T) — F monoidal we need
a condition (1) relating § only to v (and not to x) is not a surprise. The fact that G’ is
monoidal or not depends only on the definition of the tensor product in G/(H,T) and
not on its functoriality, and the definition of the tensor in G/(H, T) only uses v (whereas
X is needed to make this tensor a functor).
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3.5. ExaMPLE. Consider the categorical G-crossed module structure associated to a mor-
phism T : H — G of braided categorical groups, as in Example 2.6 iv), and the corre-
sponding quotient categorical group. Consider also F, G and § in CG as in the following
diagram

H-"~G—"~G/(H,T)
sl
F

Condition (1) is satisfied if IF is braided and G is compatible with the braiding. (Recall
that, as pointed out in [40], G/(H, T) in general is not braided. Indeed, to prove that the
braiding of G is natural in G/(H, T), one needs that the braiding is a symmetry.)

In Example 2.6 v) we saw that the kernel of a morphism of categorical groups is a
categorical crossed module. In the following proposition we consider the kernel of the
"projection” Pr: G — G/(H, T):

3.6. PROPOSITION. Consider a categorical G-crossed module T : H — G and the factor-
ization T of T through the kernel of Pr

H——G—2—~G/(H,T)

S

KG’I“PT

The functor T" is a morphism of categorical G-crossed modules. Moreover, it is full and
essentially surjective on objects.

The previous proposition means that the sequence

0

.

/T T PT\\

H G G/(H,T)

is 2-exact (see Definition 4.4 below). More important, it means that 7" is an equivalence
if and only if T' is faithful. Therefore, we can give the following definition.

3.7. DEFINITION. A normal sub-categorical group of a categorical group G is a categorical
G-crossed module T : H — G with T faithful.

3.8. PROPOSITION. Let L : G — K be a morphism in CG and consider its kernel

KerLLG*LﬂK, €, - Le, = 0. Consider also the normal sub-categorical group
(KerL,e,) of G, the corresponding quotient categorical group and the factorization of
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L through the quotient:

G/(KerL,e,)

Then L' is a full and faithful functor.

In the previous proposition, the factorization L’ exists because the condition (1) in the
universal property of the quotient is verified when J =, .

The previous proposition means that L : G — K is essentially surjective on objects if and
only if L' : G/(KerL,e,) — K is an equivalence. In other words, quotients in the the
2-category CG' are, up to equivalence, precisely the essentially surjective morphisms.

3.9. REMARK. Let us recall that the image of a precrossed module of groups is a normal
subgroup of the codomain. The situation for categorical groups is similar. If, in Proposi-
tion 3.8, G is a K-categorical group and L is equipped with the structure of categorical
K-precrossed module, then L’ inherits such structure and P, is a morphism of categor-
ical K-precrossed modules. In fact, following Remark 2.5, L’ is a categorical K-crossed
module. (In other words the full image of a categorical precrossed module and the not
full image of a categorical crossed module are normal sub-categorical groups.) Let us just
describe the action K x G/(KerL,e, ) — G/(KerL,e,).

On objects, it is given by the action of K over G. Now consider an arrow [(N, €, ), f] :
G1 ——=(, in the quotient and an object K € K. We need an arrow %G, —o— £@G, .

Since L' is full and faithful, it suffices to define an arrow L'(¥G;) —— L'(¥G,) in K.
This is given by the following composition:

YK,Gy 1QL(f)®1

L(*Gy) K® L(G) ® K* K® LN ®Gy) @ K*

l can
4

L(5Gy) K @ L(Gy) ® K* K ® L(N)® L(Gs) ® K*.

1

- 1 1
Pr.Gy ®en®

3.10. EXAMPLE. An important example of crossed module of groups is given by a central
extension. Recall that a central extension of groups is defined as a surjective morphism

H - G such that the kernel of § is contained in the center of H. To define the action of
G on H (well-defined because of the centrality), you have to choose, for given g € G, an
element x € H such that §(x) = g and you put 9h = zha~!. Looking for a generalization
to categorical groups, let us reformulate the definition of central extension in such a way
we can avoid the choice of the element z. Since ¢ is surjective and the center of H is
the kernel of the inner automorphism i : H — Aut(H), to give a central extension is
equivalent to give a surjective morphism ¢ together with a (necessarily unique) morphism
a: G — Aut(H) such that ad = i. With the previous discussion in mind, we define a
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central extension of categorical groups to be an essentially surjective morphism T : H — G
together with an action ac: G — Eq(H) such that ac- T =i : H — Eq(H).

Now we provide a categorical G-crossed module structure on T: The action of G on H
is given by ac. By Proposition 3.8, the comparison morphism T : H/(KerT,e.) —
G is an equivalence, so that we get an action of H/(KerT,e.) on H. Because of the
identity ac-T" = 7, such an action must be given, on objects, by conjugation. Finally, the
precrossed structure and the crossed structure are given by the canonical isomorphism
XRARX* @A — X®Ain H/(KerT,e,) (for the precrossed structure) and in H (for
the crossed structure).

4. The kernel-cokernel lemma

The aim of this section is to obtain an analogue to the classical kernel-cokernel lemma
(see [31]). For it, we first extend the definitions given in Section 2, considering categorical
precrossed modules based on different categorical groups:

4.1. DEFINITION. The 2-category of categorical precrossed modules “PreCross”, has
as objects the categorical precrossed modules. Given two categorical precrossed modules
(H, T : H — G,v) and (H, T : H' — G',v'), a morphism between them consists of a
4-tuple (F,G,n,«), as in the following diagram

G x H—= H G

GxFi n{ lF al) lG’

G x H — H G’
where F :H - H, G : G — G and o : GT = T'F are in CG. (F,n) : H — H' is
a morphism in G — CG, considering H' a G-categorical group via G : G — G’ (see the

Preliminaries section). In addition, for any X € G and A € H, the following diagram
has to be commutative

Tl

G(T(*A) ® X) ) G(X @ T(A)) 2)
GT(¥A) ® G(X) G(X) ® GT(A)
aXA®1l ll@aA
T'F(XA) ® G(X) G(X) @ T'F(A)

m%

T'(XF(A) @ G(X)

Given two parallel morphisms (F, G, n,«) and (F', G’ 1/, a/), a 2-cell is a pair (5, ) :
(F,G,n,a) = (F,G 1,a) where : F = F and X\ : G = G’ are 2-cells in CG such
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that, for any X € G, A € H, the following diagrams are commutative

x,A

F(*A) CXIF(A) (3)
Bxa J{ iAXF(A)
F/(XA) G’(X)F(A)

k AA

G'(X) /(A)
GT(A) — 2~ T'F(A) (4)
o B
G'T(A) ———=T'F'(4)

4.2. REMARK. i) In the previous definition, consider the natural isomorphisms ¢ = ¢ , :
T(*A) = X®@T(A) @ X" in G, and ¢' = ¢, T(¥4A) - X' @ T(A)© X" in G,
obtained from v and v’ respectively, such that (’T, ¢) : H — G is a morphism in G — CG
and (T, ¢’) : H' — G’ is a morphism in G’ — CG (see Section 2). Then the compatibility
condition (2) means that o : (GT, cang) = (T'F,¢'T'n) : HH — G’ is a 2-cell in G — CG,
where the G-action over G’ is that obtained via G : G — G'.

ii) The compatibility condition (3) means that 3 : (F,7) = (F',n') : H — H' is a 2-cell
in G—CG, considering in H' the action given via G’ and where 7}, , : F(¥A) — ¢ OF(4)
is given by 7, , =*x F(A)-n, ,. Finally the compatibility condition (4) means that (3, \)
is a 2-cell in the 2-category of morphisms CG™.

iii) If, in the previous definition, we take G, G’ and A to be identities, we get the
2-category G — CG/G of categorical G-precrossed modules defined in Section 2.

iv) Given two categorical precrossed modules there is a “zero-morphism” between
them taking F and G as the zero-morphism, and where «,n are given by canonical
isomorphisms.

The consideration of the 2-category PreC'ross is justified by the following proposition

4.3. PROPOSITION. Consider two categorical precrossed modules (H, T : H — G,v) and
(H', T : H' — G', '), and a morphism between them (F,G,n,«). Assume that the cate-
gorical precrossed modules are in fact crossed modules. Then the triple (F,«, G) extends
to a morphism between the quotient categorical groups

G:G/(H,T) — G /(H, T

(that is, there is a monoidal functor G and a monoidal natural transformation g : @PT =
Pr/G compatible with o, 7, and 7, ).
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PRrooOF. Consider the natural transformation

Pria

w , F
PrGT ————= P, T'F —= 0F 0

Using the compatibility condition on (7, «), one can check that this natural transformation
satisfies condition (1) in the universal property of G/(H, T). "

We now recall two definitions needed for establishing the kernel-cokernel sequence (c.f.
25, 34]). Consider the following diagram in CG

0 C
\ﬁﬂ/
G G’
B

4.4. DEFINITION. We say that the triple (G, 3, G’) as in the previous diagram is 2-exact if
the factorization of G through the kernel of G’ is a full and essentially surjective functor.
We say that the triple (G, 3, G’) as in the previous diagram is an extension if it is 2-
exact, G 1s faithful and G’ is essentially surjective; or, equivalently, if the factorization of
G through the kernel of G' is an equivalence and, moreover, G' is essentially surjective.

A

Consider three categorical crossed modules (H, T : H — G,v,y), (H,T' : H —
G,V ') and (H", T : H" — G”,v",x”) and two morphisms of categorical precrossed
modules, (F,G,n,«) : (H,T,v)) — (H,T.,/)) and (F',G',n/,a/) : (H, T V)) —
(H”, T, V")). Consider also a 2-cell (6 : F'F = 0,\ : G'G = 0) from the composite
morphism to the zero-morphism. Using the universal property of the kernel and Propo-
sition 4.3, we get the following diagram in CG

0
P o 7
KerT KerT' KerT”
er :f> € é; Ern
H £ H' L H
T 1 T o T
G G G/ o G/
Pr % PT/ g; PT”
G/<H, T) _ G’/<H/, T/> _ G"/(H”, T//>
- G
T
0

Using the previous notation, we get the following facts.
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4.5. LEMMA (Z) If the triple (F,3,F') is 2-exact and the morphism G is faithful, then

the triple ( B, F’) is 2-exact.
(2) If the triple (G, A\, G') is 2-exact and the morphism ¥ is essentially surjective,

then the triple (G, A\, G') is 2-ezact.

4.6. PROPOSITION. If the triples (F,3,F') and (G, \, G') are extensions, then there are
a morphism D and two 2-cells X,V in CG such that the following sequence is 2-exact in
KerT', KerT", G/(H, T) and G'/(H', T")

0 0

KerT%KeTT’ %KerT”%G/GHI T) %G’/(H’ )£ G"/(H', T")
S~ T T
0 0

Moreover, F is faithful and G’ is essentially surjective.

PROOF. Let us just describe the functor
D: KerT" — G/(H,T)

Observe that, since F' is faithful and (F,(3,F’) is 2-exact, F : H — H' inherits from
the kernel of F’ a structure of categorical H'-crossed module. Moreover, since F”’ is
essentially surjective, up to equivalence H” is the quotient cat-group H'/(H, F) and F’ is
the projection Pr. Observe also that, since G is faithful and (G, \, G’) is 2-exact, G is
equivalent to the kernel of G’ and G is the injection eq/. We use these descriptions of H”

and G to construct the functor D.
An object in KerT” is a pair (B € H',b : T"(B) — I). We get an object in KerG/,

(T'(B), G(T'(B)) & T"(Pw(B)) = T"(B) % I), and we define
D(B,b) = Py (T’(B), b%)

An arrow in KerT"” is [A,z] : (By,by : T"(B1) — 1) — (B2,by : T"(By) — I), with
[A,x] : By —o— By a morphism in H'/(H, F) (with representative z : By — F(A) ® Bs)
such that the following diagram commutes

T"[A,z] T//

\/

D[A,a] = [A,7]: (Pr(T"(B1)), biet,, ) —os (Pr(T"(B2)), bot, )

T//

We define
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where the arrow part must be an arrow 7 : (7"(B), 5104;1) — T(A) @ (T"(By), bza;Q) in
KerG', that is an arrow 7 : T7'(B;) — eq/(T(A)) @ T'(B) in G’ making commutative the
following diagram

a'(7)

G'(ea (T(A) @ T'(Bz))

(T(A))®

Bl G'(ea (T(A) )%G’ T'(B,))

T/l

T”(BQ)

For this, we take

-1
,( ) can « ®l

0 T(B) > T(F(A) ® By) L T'(F(A)) ® T'(By) = ear (T(A)) @ T'(Bo)

and, to check that it is an arrow in the kernel of G’ one uses that (3, \) is a 2-cell in the
2-category of morphisms CG™ (see ii) in Remark 4.2).

In this way, we have defined D : KerT” — G/(H, T). It is easy to verify that it is well-
defined and that it is a functor. To prove that its (obvious) monoidal structure is natural
with respect to the arrows of KerT”, one uses the compatibility condition between the
precrossed structure and the crossed structure of 77 : H' — G’ (see condition (cr4) of the
definition of categorical crossed module in Section 2). ]

4.7. REMARK. Observe that in the previous proposition, the assumption that G’ is es-
sentially surjective is needed only to get that G’ slso is essentially surjective.

For the sake of generality, let us point out that, to establish the results of Section
3 and Section 4 we do not need condition (cr3) in the definition of categorical crossed
module.

5. The “inner derivations” categorical crossed module

We first recall the notion of derivation of categorical groups given in [19] (see also [18,
20]: Let a G-categorical group H be given, a derivation from G into H is a functor
D : G — H together with a family of natural isomorphisms § = 3,, : D(X ®Y) —
D(X)® “D(Y),X,Y € G, verifying a coherence condition with respect to the canonical
isomorphisms of the action.

Given two derivations (D, ), (D', (") : G — H, a morphism from (D, 3) to (D', 3')
consists of a natural transformation € : D — D’ compatible with # and (' in the sense
the reader can easily write.

The vertical composition of natural transformations determines a composition for mor-
phisms between derivations so that we can consider the category Der (G, H) of derivations
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from G into H, which is actually a groupoid. This groupoid is pointed by the trivial deriva-
tion, that is, the pair (Do, 5y) where Dy is the constant functor with value the unit object
I € H and [, is given by canonicals.

If G = G[0] and H = H|0] are the discrete categorical groups associated to groups G and
H, then Der(G,H) is the discrete groupoid associated to the set Der(G, H) of deriva-
tions from G into the G-group H. Now in [41], Whitehead shows that Der(G, H) is a
monoid provided that H is a G-crossed module. We will first show an analogous result
for categorical groups. That is, if (H,T,v,x) is a categorical G-crossed module, then
the groupoid Der(G,H) has a natural monoidal structure, which is inherited from the
G-crossed module structure in H. When G is discrete, this fact was already observed in
[19]. We first show the following:

5.1. LEMMA. If (H, T, v, x) is a categorical G-crossed module, then there are functors of
pointed groupoids:

o : Der(G,H) — Endeg(G) and 0 : Der(G,H) — Endeg(H).

PROOF. The functor o : Der(G,H) — Endeg(G) is defined on objects (D, 3) € Der(G, H)
by o(D, ) = (0, ,ugD) where, for any X € G and for any arrow f in G,

p(X)=T(DX)@X and o,(f)=T(D(f) @[ .

Besides, for any X,V € G, (i, ), : TD(XQY)®X®Y — TD(X)@X®@TD(Y)®Y is
the composition (1, ), = (10 iy, ®1)-(17), 1, iy, @1)-(T(By ) ©1). On arrows
e:(D,B)— (D', ), o(e) is given, for any X € G, by o(e), =T(e,)®1: TD(X)® X —
TD'(X)® X.

As far as the functor 0 : Der(G,H) — Endeg(H) is concerned, it is defined on objects
(D, B) € Der(G,H) by (D, 8) = (6, /”L%> where, for any object A € H and for any arrow
u € H,

0,(A)=DT(A)®A and 60,(u)=DT(u)®@u .

Besides, for any A, B € H, (NeD)A,B :DT(A®B)® A® B— DT(A)®@ A® DT (B)® B is
the composition (:ueD )A,B = (1 QX aprm © 1) (/BT(A),T(B) ®1)- (D((/J/T)A,B) ®1). On arrows
e:(D,B) — (D', ), 0(e) is given, for any A € H, by (0(¢)), =€,,, ® 1: DT(A) @ A —
D'T(A) ® A. "

Both groupoids Endeg(G) and Endeg(H) are monoidal groupoids where the tensor
functor is given by composition of endomorphisms. Now, using the endomorphism o,
defined in the above lemma, we can establish the following:

5.2. THEOREM. If (H,T,v,x) is a categorical G-crossed module, then there is a nat-
ural monoidal structure on Der(G,H) such that o : Der(G,H) — Endeg(G) and 0 :
Der(G,H) — Endeg(H) are monoidal functors.
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PROOF. The tensor functor for Der(G,H) is given, on objects, by (D1, 31) ® (D2, 52) =
(D1 ® Do, 1 ® [B3) where, for any X € G,

(D1 ® D2)(X) = Di(0,, (X)) @ Da(X) = Di(TD2(X) ® X) ® Do(X)

and, for any X,Y € G, (1 ® B2), is given by the composition:

(D1®@De)(X®Y)=D10, (X®Y)® Dy(X®Y)
DI(O-D2 (X> ® Op, (Y>> ® DQ(X ® Y)

B1®0B2

Do, (X)® "D g, (V) ® Dy(X) ® *Dy(Y)
Dyo, (X)® TP0PDyo, (V)] ® Da(X) © XDy(Y')
1ox®1

Dyo, (X)® Dy(X)® *Dyo, (Y)® ¥Dy(Y)

can

D10, (X) ® Da(X) ® ¥[Dy 0, (Y) ® Da(Y)]

(D) ® D2)(X) ® * (D1 ® Dy)(Y)

It is straightforward to prove (D; ® Do, 1 ® (3) € Der(G,H). As for arrows €; :
(D1, 81) — (D1, 31) and €2 : (Do, 32) — (D3, B5), we define, for any X € G, (61 ® €2) =
[D1(T((e2)x) ® 1) ® (€2) 5] [(€1) 15, xy0x ® 1] and again it is straightforward to see that
€1 ® €5 is a morphism of derivations.

This tensor functor defines a monoidal structure on the groupoid Der(G,H) where the
associativity canonical isomorphism is defined using the associativity morphisms in G and
H together with the isomorphism g of the monoidal structure of T. The unit object is
the trivial derivation (D, ) and the right and left unit constraints are also defined by
using canonical isomorphisms of G, H and T (see [19] for the particular case of G being
discrete).

Finally, the monoidal structure of the functor o, (1)
for any X € G, by (us), .: le(mQ(x)@x),DQ(x)
(16) p, by  Op op, — 05, 0, 18 given, for any A € H, by (), = Dl(u;;LT(A),A) ®1

The required verifications of all these facts are straightforward. For instance, the coher-

ence condition for py means that, for derivations (D, 3;), ¢ = 1,2, 3 the following diagram

b0y Opigp, — Op Op, 18 given,
® 1, and the corresponding one for 6,
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has to be commutative:

D2 D3
/ V\M% D3
(0,,0,,)0, 0pyeps
(#G)DLDQ'@D:ST T(‘ug)Dl,D2®D3
D1®Dy D3 D1®(D2®D3)

(10) I\;@D% /

(D1®D2)®D3 ’

It is easy to see that the commutativity of this diagram follows from the commutativity,
for any A € H, of the following one:

1
/a)\f\
92— v .3 " 4

where:

1= T<D2T(D3T(A) ® A) ® DsT(A) ® A),

2 = TD,T <D3T(A) ® A) ® T<D3T(A) ® A),
3=TD, (TDgT(A) ®T(4)) @ T(DgT(A) ® A) ,
)®mﬂm®@,
5=TD, (TD?,T(A) ® T(A)) ® TDsT(A) ® T(A),
6= T<D2 (TDsT(A) ® T(A)) ® D3T(A)) ® T(A),

and
u =

4= T(D2 (TDsT(A) ® T(A

~—

~—

v= TD2(MD3T(A),A) ® Hp,riay,a t=1® Hpariay,a

f=TDattpraya ® 1) 9= lip,rpyrmercanensmiaar B = Hoyrpyraeran, paraea

k= P by (D5 7 AY0T(A)), DT () D Lw= TD?(MQ;T L) ® L

Now, diagram (5) is commutative because (I) 1s commutative by naturality of p, (II)
is commutative by bifunctoriality of ® in G and (III) is commutative due to the coherence
condition for p (omitting the associativity isomorphisms). ]

UDQT<D3T(A>®A),D3T(A>®A’
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Let us recall now [40] that, for any monoidal category C, the Picard categorical group
P(C) of C is the subcategory of C given by invertible objects and isomorphisms between
them. Clearly, P(C) is a categorical group and any monoidal functor F': C — D restricts
to a homomorphism of categorical groups P(F') : P(C) — P(D). In this way, there is a
2-functor P from the 2-category of monoidal categories to CG.

5.3. DEFINITION. For any categorical group G and any categorical G-crossed module
(H, T, v, x) we define the Whitehead categorical group of derivations Der*(G,H) as the
Picard categorical group, P(Der(G,H)), of the monoidal category Der(G,H) introduced
in Theorem 5.2.

Let us observe that this definition gives a 2-functor

Der*(G,—) : G — cross Der@7)

Mon. Cat.

Ccg

which is actually left 2-exact in the sense asserted in the following proposition (c.f. [20]).

5.4. PROPOSITION. Let (F,n,a) : (H, T,v,x) — (H, T, x') be a morphism of categor-
tcal G-crossed modules. Consider the categorical G-crossed module structure in the kernel
KerF inherited via T (see Example 2.6 v)). Then the categorical group Der*(G, KerF) is
isomorphic to the kernel of the induced homomorphism F, : Der*(G, H) — Der*(G,H").
In particular the sequence

Der*(G, KerF) A Der*(G, H) L, Der* (G,H")

18 2-exact.

PRroOOF. This follows from the fact that Der(G, —) is representable by the semidirect
product H x G. When G is discrete this is proved in [18] and the proof still works for any
categorical group G. [

We remark that, when G = G[0] and H = H|0], the categorical group Der*(G,H)
is exactly the discrete one associated to the Whitehead group Der*(G, H) of the reg-
ular derivations from G into H [41, 21]. Also, note that if (A, c) is a G-module then
Der*(G, A) = Der(G, A), where the latter is the categorical group of derivations studied
in [19].

In the general case, if we apply the 2-functor P to the monoidal functor 6 : Der (G, H) —
Endeg(H) (see Theorem 5.2), we obtain a homomorphism of categorical groups, also
denoted by 0, 6 : Der*(G,H) — Eq(H) which defines in H a structure of Der*(G, H)-
categorical group. Explicitly, this structure is given, for any (D, ) € Der*(G,H) and
A € H, by

DHA =0 (A)=DT(A) @A . (6)

Using Theorem 5.2 we obtain the following characterization of the objects of Der*(G, H),
that is, of the invertible derivations, whose proof is left to the reader (c.f. [19]).
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5.5. PROPOSITION. Let G be a categorical group and (H, T, v, x) a categorical G-crossed
module. Then, the following statements on a derivation (D, 3) are equivalent: a) (D, 3) €

Der*(G,H), b) 0, € £¢(G), ¢) 0, € Eq(H).

If G is a group and H is a G-crossed module, then the morphism H — Der*(G, H) from
H to the Whitehead group of regular derivations Der*(G, H), given by inner derivations,
is a crossed module of groups (see [29]). This fact translates also to our context:
Suppose a categorical G-crossed module (H, T, v, x) be given. Any object A € H defines
a inner derivation (D,,3,) : G — H given, for any X € G, by D,(X) = A® *A* and
where (3,), is a composition of canonical isomorphisms (see [19, 20]). It is easy to see
that (D, 3,) € Der*(G,H) and we have:

5.6. PROPOSITION. The functor T : H — Der*(G,H) given by inner derivations,
T(A)=(D,,B,), defines a homomorphism of categorical groups.

PROOF. The natural isomorphisms i,  : T(A ® B) — T(A) ® T(B) are given, for any
X € G, by the following composition:

D,.,(X)=A®B® YA B)*
A® D, (X)® *A*

1 -1
®XDB (X), Xa*

A® TDB(X)(XA*) ®DB(X)

can

(D, ®@D,)(X)=A® TPsXeX)4 g D (X) .

The required coherence condition for z follows from the ones of the canonical isomorphisms
involved in the definition as well as those x satisfies. ]

And, as in the case of groups, we have:

5.7. PROPOSITION. Let (H, T, v, x) be a categorical G-crossed module. For any (D, [3) €
Der*(G,H) and A, B € H, there are natural isomorphisms

Tipma T(PPA) @ (D, 8) — (D,B) @ T(A), X,,: " “WBoA-— A®B

(D,B),A

such that (H,T,7,X) is a categorical Der*(G,H)-crossed module, where the action of
Der*(G,H) on H is given in (6).

PROOF. For any X € G, (
the following composition:

ﬁ(D,,B),A)X : (D

® D)(X) — (D ® D,)(X) is given by

DT(A)®A
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DT(A)® A® TP DT(A)® A)* @ D(X)

YOXp (x), X(pT(a)@a)*

DT(A)® A® D(X) ® YA* @ XDT(A)*

-1
LX) pexy ®1

DT(A)® TMD(X) ® A® XA* @ *DT(A)*

1 -1
®XDA<X),XDT(A>*

DT(A) ® TWD(X) @ TPAaN®NIDT(A)* @ D, (X)
DT(A) ® TW[D(X) @ TC498XDT(A)] @ D, (X)
1@ T(A)[1R “X.A* (DT (A)*)|®1
DT(A) ® TW[D(X) @ KeTANDT(A)] @ D, (X)
DT(A) @ TW[D(X) ® *DT(A")] @ D, (X)

1®T(A>ﬂ;{1T(A*)®1

DT(A)® TMD(X @ T(A") ® D, (X)
1®T(A)D(V)—(}A* ®1
DT(A) @ TWD(T(¥A") @ X) ® D, (X)
ﬁ;(lA),T(XA*)®X®1
D(T(A)® T(¥A*)® X)® D, (X)

D(TD,(X)® X)® D, (X) .

For any A, B € H, X, ,, is given by the following diagram:

Xa,B

T(A)B@)A A® B

T can

AR TPA @ BRA—5— - ARBRA ®A.
B,A*

We will only write down the proof of condition (e¢r4) and all the other conditions are
proved in a similar way. To prove (cr/) is equivalent to verify the commutativity of the
following diagram, where we have omitted all the canonical isomorphisms:



ON CATEGORICAL CROSSED MODULES

19x®1 10 Xx @1

(I1I) 107 (TP

4

1®x

19x®1 1Y (TBaye1

(V1)

(VIII)

10
1® T(B) [V(T(B)A)]®1

1@x el
(XT)

10 T(B) (v A%y 21

1® T(B)[V(T(B)A)]®1 (le)

14

1®x ™

(V)
1®x @1

1® T(B)DA(V—1)®1

10 TEY YD, T(B)*)®1

being:

1=D,T(B)®B®A® X(DAT(B) ® B® A>
2-=A®B® X(DAT(B)@)B@A)
3=A®B® XA® B)",
4=A® B *A*® T(XB*)((mT(B))A) ® XB* @ XA,
5=D,T(B)® ™D, (X)® B® X(DAT(B) ® B)*,
6= Aw TP XA") @ D, (X),
7=Ag TBEX)4* g B g T(*B") ( (XST(B) A g XA*) % XB*.
8=A0B® *A*® T(XB*>(<X®T<B>>A ® XA*) % XB*.
9= A0 Be AT (TN (T04) @ TOFY XA & B

*
9

*
)

10 = A @ TB&X)g* g (TDB(X)®X)<T(B)A> % B o TCBISX) 40 g Xpe

6

15

611
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11=Ag TBeX)4 2 B (X®T(B*))(T(B)A) @ TCBYXA%) @ XB*,
12=A® (T(B)®X) p* ® (T(B)®X)A B ® (T(XB*)®X)A* ® XB*
13 = A @ TBEX) 4 g T(B)9X)4 g (T(BST(XB) (XA*)

14=D,T(B)® "D, (X) ® ™5 (<D, T(B)) & <X>

15 = D,T(B) & "8, (X) @ T®) (X=1END, 1(B)") @ D, (X).

Now, diagrams (I), (VII), (X) and (XIII) are commutative by applying condition (c¢r2)
of the given G-crossed module; (IT) is commutative by bifunctoriality of ® and by (cr2);
(ITI) is commutative by (cr3); (IV) and (V) are commutative by (cr1); (VI) and (IX)
are commutative by bifunctoriality of ®@; (VIII) and (XII) are commutative by naturality
of x; (XI) is obviously commutative and finally (XIV) is commutative by naturality of
the canonical isomorphism v of the action of G on H and by bifunctoriality of ® . n

This categorical crossed module, given by inner derivations, provides the key to develop
below a low-dimensional cohomology for categorical groups with coefficients in categorical
crossed modules.

6. Cohomology with coefficients in categorical crossed modules.

We will define cohomology categorical groups at dimensions 0 and 1. Let us first remember
(c.f. [21, 29]) that if G is a group and H is a G- crossed module, then the cohomology
groups H°(G, H) and H'(G, H) are, respectively, the kernel and the cokernel of the group
homomorphism H — Der(G, H), given by inner derivations.

Now consider a categorical G-crossed module (H,T,v,x), and let (H,T : H —
Der*G,H),7,%Y) be the categorical Der*(G, H)-crossed module we have obtained in the
previous section. Then taking into account what we have recalled for groups, we give the
following definition:

6.1. DEFINITION. Let G be a categorical group and (H, T, v, x) a categorical G-crossed
module. Then zero-th and first cohomology categorical groups of G with coefficients in

(H, T, v, x), are defined by
H(G,H) = Ker(T : H — Der*(G,H))
H(G, H) = Der*(G, H)/(H,T)

where the second one is the quotient categorical group built in Section 3 for the categorical
crossed module (H, T,7,%).

Both definitions are functorial. Indeed, the existence of a 2-functor
HYG,—) : G — cross — CG

is consequence of the fact that the kernel construction is 2-functorial. For the 2-functoriality
of H' we first prove the following lemma:
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6.2. LEMMA. Let (F,n,«) : (H, T,v,x) — (H, TV, x') be a morphism of categorical
G-crossed modules, then it extends to a morphism in PreCross between the associated
imner deriwations categorical crossed modules:

(F7F*7n*7a*) : <H7T7 57 Y> N <HI7T,7D7 Y>
Furthermore, if v : (F,n,a) = (F',n/,d') is a 2-cell in G — cross, it induces a 2-cell in
PreCross, (7,7) : (F,F,n., o) = (F,F. 0. o).
PROOF. We first recall that the functor F, : Der*(G,H) — Der*(G,H’) sends a derivation
(D, ) € Der*(G,H) to F.(D,B) = (FD,F.(), where, for any X,Y € G, (F})
(1 ® Ny piyy) - F(Byy ). The natural isomorphism a. : F.T = T'F applies any object

A € H to the morphism of derivations (o), : (FD,, F.5,) = (D which, for
any X € G, is given by the commutativity of the following diagram

X,y

F(A)? BF(A))

F(A® XA — 4 poay o Xp(ay-

can l l can

F(A) ® F(XA%) F(A)® XF(A%)

1®n 5 4

For any (D,3) € Der*(G,H) and A € H, the natural isomorphism ((7).)
F(PPA) — FDEBE(A) is the composition

(D,B),A

FD(a,)®1

F(DT(A)® A) = FDT(A) ® F(A) FDT'F(A)® F(A)

The verification that (F,F,, 7., a.) is in fact a morphism of categorical precrossed
modules is straightforward. We only point out that the commutativity of diagram (2)
follows from the compatibility condition between the natural isomorphisms y, x’ (see

Section 2).
Finally the 2-cell v, : F. = F, : Der*(G,H) — Der*(G,H’) is given, for any (D, ) €
Der*(G,H) and X € G, by ((7+) p5)x = Yo, : FD(X) — F'D(X). "

Then, by Proposition 4.3 we have a 2-functor:
HYG,—) : G — cross — CG

which applies a morphism (F,n,«a) : (H, T,v,x) — (H',T’,7',x’) to the morphism of
categorical groups F, : H'(G,H) — H'(G,H').

6.3. REMARK. The categorical group H°(G,H) is equivalent to the categorical group
of G-invariant objects H® constructed in [19, 20] as follows: A G-invariant object of H
consists of a pair (4,¢,), where A € H and ¢, = (¢ : *A — A)XE(G is a family of
natural isomorphisms in H such that X" = X *p¥¢  for any X,V € G. An arrow

u: (Ap,) = (B,g,) is an arrow u : A — B in H such that up’ = ¢~ *u, for any
X eG.
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6.4. ExampLE. i) If (H,T,v,x) is a discrete categorical G-crossed module, i.e. it is
induced by a crossed module of groups, then mo(H (G, H)), i = 0, 1, are the cohomology
groups of G with coefficients in H as defined in [29].

ii) Let A be a G-module and consider the categorical G-crossed module 0 : A — G
(see Example 2.6 iii)). Then the cohomology categorical group H°(G,A) and H'(G, A)
coincide with those defined in [19]. Therefore we have, when G = G[0] and A is symmetric,

m(H(G, A)) = m(A)" = Hyy(G, A)

7T0(H1 (G,A)) = HIQJlb(Gv A)

and

mo(H'(G, A)) = m(H (G, A)) = Hyyy (G, A)

where H}, (G, A), i =0,1,2, are the cohomology groups defined by Ulbrich in [39].

6.5. DEFINITION. Consider three categorical G-crossed modules (H, T : H — G,v,x),
(H, T :H — G,v,x) and (H", T : H" — G,v", x") and two composable morphisms of
categorical G-crossed modules (F',n/,o/) : (H', T' : H', v/, ') — (H, T, v, x) and (F,n,a) :
(H, T,v,x) — (H", T v, x"). Consider also a 2-cell 3 from the composite morphism to
the zero morphism

0

H/ K ,]BHfIT F\ H”
o Ti 3
T/ T//

G

This sequence is called a short exact sequence of categorical G-crossed modules if the triple
(F', 3, F) is an extension in the sense of Definition 4.4.

Now we obtain the main result of this section.

6.6. PROPOSITION. For a short exact sequence of categorical G-crossed modules, as defined
above, there is a natural induced 2-exact sequence of categorical groups

HO(G, H) =~ H(G, H) —E HO(G, H)

/
FZ —

HY(G, H') —— H (G, H) —>

Moreover the functor s faithful.
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PRrOOF. By lemma 6.2 we have a diagram of arrows and 2-cells in PreCross

H' H H"”
RS R
Der*(G,H') - Der*(G, H) Der*(G,H")

*

T— s

0

By Proposition 5.4, the triple (F',, g,, F.) is 2-exact and T is faithful. The existence
of the six-term 2-exact sequence follows now from Proposition 4.6 and Remark 4.7. ]

6.7. REMARK. We want to end making again the differences between the approach in this
paper and the approaches in other papers on crossed modules clear. For it, let us point
out that we focus our attention in the 2-dimensional aspects of categorical groups (or
crossed modules) instead of their non-strict (or strict) structure. The point is that most
of the existing literature considers crossed modules as the objects of a category whereas
we consider categorical groups as the objects of a 2-category. This completely changes the
theory: Homological Algebra is, in some sense, the study of classes of morphisms (monos,
epis) and then of those limits we use to describe them (kernels, cokernels). Now, kernels
and cokernels in the category of crossed modules have definitely no universal property in
the 2-category of crossed modules, and viceversa, kernels and cokernels (in the sense of
bilimits) computed in the 2-category of crossed modules have no universal property in the
underlying category of crossed modules. For instance, the kernel in the category of crossed
modules of a morphism of crossed modules (fi, fo) : (0 : H - G) — (8 : H — G’) is the
induced Ker(f1) — Ker(fy), whereas, in the 2-category of crossed modules, the objects
of the kernel are the elements of the pullback G xg H’. This last construction could
seem quite artificial, but if you consider the associated diagram of categorical groups
G(0) — G(¢'), the kernel is simply the homotopy fibre over the unit object and therefore,
the objects are precisely the elements of the above pullback.

Another example where to see the difference between the categorical and the 2-categorical
theory is the classification of split extensions. Thus, split extensions of a crossed module
d by a crossed module §’ (using kernels in the category of crossed modules) are classified
by morphisms of crossed modules from § to the actor Act(d'), where the latter is the
crossed module defined by Norrie in [33]. Passing to the associated categorical groups,
this means that split extensions of G(d) by G(¢’) are classified by morphisms from G(0)
to the categorical group of monoidal automorphisms of G(¢’). On the contrary if we
define split extensions of crossed modules using kernel in the 2-categorical sense, then
split extensions of G(§) by G(d”) correspond to categorical group morphisms from G(9) to
Eq(G(d')), where the last one is the categorical group of monoidal autoequivalences (see
2, 17]).
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