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WEAKLY MAL’CEV CATEGORIES

N. MARTINS-FERREIRA

ABSTRACT. We introduce a notion of weakly Mal’cev category, and show that: (a) every
internal reflexive graph in a weakly Mal’'tsev category admits at most one multiplicative
graph structure in the sense of [10] (see also [11]), and such a structure always makes it
an internal category; (b) (unlike the special case of Mal’tsev categories) there are weakly
Mal’tsev categories in which not every internal category is an internal groupoid. We also
give a simplified characterization of internal groupoids among internal categories in this
context.

1. Introduction

A weakly Mal’cev category (WMC) is defined by the following two axioms:

1. Existence of pullbacks of split epis along split epis.

2. Every induced canonical pair of morphisms into a pullback (see Definition 2.3), is
jointly epimorphic.

These two simple axioms are exactly what one needs in order to have a unique multi-
plicative structure, provided it exists, over a reflexive graph, and it then follows that this
unique multiplicative structure is in fact an internal category (see [10] and [11]).

The name weakly Mal’cev category is motivated as follows.

A Mal'cev category has finite limits (see [1] Definition 2.2.3, p.142) and the induced
canonical pair of morphisms into the pullback (see [1] Lemma 2.3.1, p.151) is strongly
epimorphic.

Hence every Mal’cev category is an example of a weakly Mal’cev category.

Examples of weakly Mal’cev categories that are not Mal’cev, are due to G. Janelidze,
and are the following:

Commutative monoids with cancelation.
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92 N. MARTINS-FERREIRA

A category with objects (A, p,e) where A is a set, p a ternary operation, e a unary
operation and where the following axioms are satisfied

p(ryy) = e(x) plr,z,y)=c(y)
e(z) = ely) = z=y.

Note that p becomes a Mal’cev operation when e is the identity.

The setting of a weakly Mal’cev category seems to be the most appropriate to study
internal categories (see final note for further discussion).

The main purpose of this paper is to introduce the concept of weakly Mal'cev cat-
egory and describe some of its properties, establishing a convenient notation for ad hoc
calculations.

In order to stress the significance of the proposed notion, we compare some of its
properties with analogous and well known properties in the context of Mal’cev categories.
They are the following (see the references, in particular [1],[8],[2],[4],[5],[6],[7] and [9]).

In the context of a Mal’cev category:

1. every reflexive graph admits at most one multiplication;
2. every multiplicative graph is an internal category;

3. every internal category is a groupoid.
In the context of a weakly Mal’cev category:

1. every reflexive graph admits at most one multiplication (here denoted by admissible,
in that case);

2. every multiplicative graph (or admissible reflexive graph) is already an internal
category;

3. not every admissible reflexive graph (or multiplicative graph, or internal category) is
an internal groupoid, nevertheless there is an intrinsic description of the admissible
reflexive graphs with the property of being a groupoid.

In commutative monoids with cancelation, an example of a internal category that is
not a internal groupoid is the less or equal relation in the natural numbers considered as
a preorder.

In a weakly Mal’cev category, given a diagram of the form

o[
AL-C

r
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with fr = 1¢ = gs, we may form the pullback (of a split epi along a split epi)

AxoB-2-B

J

A C

T

with projections 7, and 7, and where ey, e5 are the canonical induced morphisms, that
is, they are such that
me = la , me; =sf
ey = rg , Mey=lp.
The pair (e, e5) is jointly epimorphic by definition. Then, for every triple of morphisms
(h,1, k)
A<—C—=B

N A

D

such that hr = [ = ks, there is at most one morphism

a:AxecB— D

such that
ae; = h
aes = k
which is denoted by
o= [h l l{:}

when it exists. It is also convenient to specify the morphisms f and g; so that in general
we will say: the triple of morphisms (h, [, k), as above, has the property (or not) that the
morphism

[h l k]
exists, with respect to
g
A——=C==B.

In the case [h [ k:] exists we will say that the triple (h,[, k) is admissible.

With this notation, the notion of admissible reflexive graph (that is an internal cate-
gory) is the following:

In a weakly Mal’cev category, a reflexive graph

d
—_—
Ci<=e—=Cy , de=1=ce
C
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is said to be admissible when the triple

(1017 €, 101)

is admissible with respect to
d c

& 767) Cy ; Cy .
It is then a multiplicative graph with multiplication

[1el]

Cy X¢, Ch —=C}

which automatically satisfies the axioms of an internal category, and furthermore, it has
the property of being a groupoid if and only if the triple

(7T27 101 ) 7T1)
is admissible with respect to

[lel] [lel]

4 Xy Cy <T; 4 —>€1 4 X o Cy .

In the presence of a Mal’cev operation, p(x,y,z) written formally as in the case of
Groups, that is p(x,y,2) = ¢ — y + 2, a general morphism

[h 1 k] :AxeB— D,
in case of existence, is given by
[h l k] (a,c,b) = h(a)—1(c)+k(b),
so that in particular the multiplication [1 e 1], in case of existence, is given by

e (Lot )=f-1.+g

while inverses (assuming [m2 1c, ] exists) are given by

€1
f_l - [7‘-2 101 ﬂ-l} 101 (f)
(71'261 —1 -+ 7T162) (f)
= (ed—1+ec)(f)
= ed(f) = f+ec(f)
I, —f+1,

for arrows z —— y in Cf.

This paper is organized as follows: First we introduce the notion and deduce some
properties of weakly Mal’cev categories; next we prove the equivalence between internal
categories and admissible reflexive graphs; later we show the connection with Mal'cev
categories; at the end we describe internal groupoids in weakly Mal’cev categories.
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2. The notion of a weakly Mal’cev category

Let C be a given category.
2.1. DEFINITION. [split span] A split span is a diagram in C of the form
f g9
A<=——=C==B

such that
fr=1¢c = gs.

2.2.  DEFINITION. [split square] A split square is a diagram in C of the form

A—C

such that
fr = lg=gs
gp2 = fm
€s = eqr
p2e2 = lp
prer = sf
per = la
pie2 = T4,

in other words, it is a double split epi, in the sense that it is a split epi in the category of
split epis in C.

The term split pullback will be used to refer to a split square as above, such that

P-—"=>B
pll ig
A-l-cC
is a pullback diagram.

2.3.  DEFINITION. [weakly Mal'cev category| A category C is weakly Mal’cev when:
1. It has pullbacks of split epis along split epis;
2. For every split square

N

A C

>
-
T
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if (P,p1,p2) is a pullback, then the pair (eq,es2) is jointly epimorphic, that is, given u,v :
P— D,

2.4. PROPOSITION. In a weakly Mal’cev category, given a split span
g
A==C==B (1)
for every object D, and a triple of morphisms (h,l, k)

A<~——(C—>B

A

D

such that hr =1 = ks, there exists at most one morphism, denoted by [h [ k:] when it
exists, from the pullback

AxoB-2-B
|,
At ¢

to the object D,
[h 1 k] :AxeB— D,

with the property that

[h ) k]el = h
[h 1 kles = k,
1 rg
where e; = (1,sf) = | f| :A— AXxc B, and ey = (rg,1) = |g| : B— AX¢c B
sf 1

are the induced morphisms into the pullback.

PROOF. The pullback A x¢ B, being a pullback of a split epi (g, s) along a split epi (f,r),
exists in a weakly Mal’cev category, and e;, es, the induced morphisms into the pullback,
make the diagram

AXCBLB

T

A C

T

a split square; to prove that [h [ k} is unique if it exists, suppose the existence of

p,q:AXxecB— D
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satisfying

per = h, pea =k
qger = h, qes =k,

by definition of weakly Mal’cev, the pair (eq, es) is jointly epimorphic and hence p = ¢. m

Note that the morphism [, being determined by either h or k, is explicitly used to
avoid always having to choose between hr and ks. Also, if h and k do not satisfy hr = ks
then there is no morphism p : A x¢ B — D satisfying pe; = h and pes = k because if it
existed it would imply that hr = ks since e;r = ess.

Relative to a split span

f 9
A=—=C==B, (2)
the notation
o))
B = |bo
Ba
for a morphism into the pullback
D

CIAN
N
A—L ¢
induced by (1, By, f2 with
fB1 = Bo = gBs;

and
o = [Oél (7)) 052}

for a morphism from the pullback

C

r S

ALAXCB&B
|

a Tl «
1 2
A

D/
induced (when it exists) by ai, ag, ap with
a1 = g = Q9Ss,

seems to be appropriate due to the following facts:
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e every split span
f g

determines a split pullback

A C
where
m™ = [1 r rg}
To = [f 1 9]
Ty = [sf S 1}
1 T rg
€1 = f y €0 = 1 , €2 = | g
| sf S 1
[, 1 r rg
laxep = |mo| =[en e e]=|f 1 g];
| T2 sf s 1

e for every u: D' — D", the composite ua : A X B — D" is given by the formula
ulon o as] = [uar uag uas),

whenever both sides are defined, in the sense that from [041 Qg 052} we can deduce
the existence of [u(xl U u()@} , but given [ual U uag} we can only write
U [041 Qg 042} provided that the existence of [041 Qg 042} is already ensured.

e for every v : D — D the composite fv : D — A x¢ B is given by the formula

B Brv
Bo|v=|Bov];
Bo Bav

e it is sometimes useful to write the composite a3 : D — D’ as a formal formula

b
a1 ag ] |Bo| = a1fh — aofo + aafa,
o
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it is not the case that it defines a Mal’cev operation, but for the following special
cases one has

1
ap = 04612[061 Qo 042] fl =01 —apf+osf=a —agf +af
sf
[
ap = aeg= |1 ap g |1 =air—ag+aes =ag— g+ ap
s
g
ay = aey=lar ag @) | g | =oarg— g+ ar = ag — apg + as
1
b1
fr = 7152[1 r 7’9] Bo| =61 —rBo+rgh= 051 —1B+ 15
B2
b1
Bo = mB=1[f 1 g||Bo| =FB1—Bo+gB=0— o+ bo
B2
b1
Bo = mpB=I[sf s 1] |Bo| =sfB1— B0+ 02 =500 — 80+ Pa,
B2

and in general, for a triple of morphisms
x,y,2: D — D
such that there exists
B:D— AxcB and a: AxgB— D'

with
a1 =z, apby = v, ol = 2,

and writing

b
af =lar ay as] [Bo| =a1fi —apfo+ s =x—y+2
Ba

it is clear that there is a partially defined (relative to the split span (2)) ternary
operation in hom (D, D’),
(ZE,y,Z) T -yt oz,
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but in general there is no reason for this to satisfy the Mal’cev axioms x —z+2 = x
and x — x + z = z; however, it does so if the category C is a Mal'cev variety of
universal algebras, since in that case

[al 7] O-/Q] (G, C, b) =Pp (al (a) » Q0 (C) , (g (b)) )
with p the Mal’cev operation on D’;
e also, given another split span

’ /
g
A/%ClﬁB/

T S

and a morphism vy = [71 Yo 72] : A" Xor B — D, the composite 37,

A (L C' i> B’ (3)

N

D
5 P
Al o<t p

is given by

B B Bivo B
Gol [ 70 2]l =|Bm Bovo Bore| : A xeo B — Axc B
B2 ﬁz% 5270 5272

with components relative to the specified split spans, as displayed in (3).

Moreover, the following proposition describes the form of the morphisms between
pullbacks, relative to the specified split spans.

2.5.  PROPOSITION. In a WMC (Weakly Mal’cev Category), given two split spans
’ gl
A—=0=P
and
g
a morphism ¢ : A’ Xor B — A X¢ B is of the form
Tipe, Tpe) i) P11 P10 P12

_ / / |l

Y= |To¥pe; Towey ToPes| = |Po1 Yoo Po2
! / !

Tope TaPey TaPEy P21 P20 P22
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and it determines the following commutative diagram

e (4)

Conversely, given a commutative diagram as above, it determines a morphism @ : A’ X ¢
B — A x¢ B of the form

P11 P10 P12
@Y= [Po1 Yoo o2
P21 P20 P22

if and only if the morphisms [p11 @10 @12], [Po1 Qoo Poz] and [a1 @20 @] exist.
In particular, given a commutative diagram

aleop

ok

A 4]0) C ~q B
the induced morphism h x; k : A’ xoo B — A X¢ B is given by
h} h  hr' hr'g
hx k= |lr,| =1 fh 1| gk

ki, ks'f' ks k
PROOF. A given morphism ¢ : A’ xo» B — A X B is always determined as a morphism
into the pullback

14><C'B*>7T2 B

o b

A 7 C

by the components
TP
¥ = |To¥
Ty
Since each one of the components is a morphism from the pullback A" xo B’, they are
determined by the canonical morphisms €}, e, €}

/
A Xl B <2

Y,

A’ / '
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and
TP [ngae’l T1P€ 7T1g0€/2]
p = |mop| = ||moper mopey Topes]
o [ﬁggoe’l o€ 7r2g06’2}

In the same way one obtains

! !/ !

mPey T1P€) T1Pey

I / / ! _ ! ! !
o= [pel pey peb] = | |mopel| |mowey| | mowel
/ ! /

Topeq T2€) T2y

so that one can simply write

/ / /

TIPE] Tipey T,y

_ !/ / /

Y = |Topey ToP€y ToPes
! ! !

To@€ey T2y T2Pey

To prove that

P11 P10 P12
@Y= [Po1 Yoo o2
P21 P20 P22

with the components ¢;; as in the commutative diagram (4), exists if and only if

[9011 Y10 @12],[@01 %00 9002],[9021 ¥20 @22}

exists, observe that given ¢, they are respectively m ¢, mop, o, conversely, given such
morphisms, there is ¢ and it is given by

[%011 ¥10 9012} 1
¥ = [9001 %00 8002}
[9021 ¥20 4,022} |

Finally, given h x; k : A’ xo» B — A X ¢ B, by the previous argument, it is of the form

T (h X1 k‘)-
thk’: ’/To(thk‘)
o (h X1 ]{I)_
and by the properties of h x; k one has
1 (h X k) hr! il ' g
mo(hx k)| = |Imy| = | L[f 1 4]
7o (h X k) k) k[sf s 1]
and since fh = [f" and lg/ = gk one has
h  hr' hr'g
hxik=1 fh 1 gk
ks'f" ks' k
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3. Internal categories in weakly Mal’cev categories

The abbreviation WMC stands for Weakly Mal’cev Category. A triple of morphisms
(h,l, k) as in Proposition 2.4 is said to be admissible with respect to the split span (1)
if the morphism [h [ k:] exists. By abuse of notation we will also say that a reflexive
graph is admissible when the triple (1, e, 1) is admissible.

3.1. DEFINITION. [Admissible Reflexive Graph| In a WMC, a reflexive graph
_d.
@ :ii Co
de =1¢, = ce
is said to be admissible if the triple (1,e,1) is admissible, that is, the morphism
1 e 1]
exists relative to the split span

d c
€ €

3.2. THEOREM. In a WMC, every admissible reflexive graph is an internal category.
More specifically, given the admissible reflexive graph
d

_—
Cl <t C()
c

it 15 possible to construct the internal category

2

=, 4
s = Cy = Co
_—

U

where

102 = d 100 C

T = [1 e ec}
Ty = [ed e 1}
1 ec
e = d , ea=|cC
ed 1
m = [1 e 1].

Furthermore, every internal category is of this form.
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PRrROOF. The pullback C5 always exists in a WMC, since d and c are split epis.

In a WMC, every split pullback is of the form presented above, and m = [1 e 1] is well
defined because the reflexive graph is admissible by hypothesis.

In order to be an internal category we have to prove that the following conditions hold

dm = dmy
cm = cm
me; = 1
mey, = 1
m(l xg,m) = m(mXxg, 1)

and we observe:

cm:c[lel]

= [c 1 c}

= [c ce cec}

= c [1 e ec}

= Ty
me; = [1 e 1} e1=1
mey = [1 e 1} es = 1.

In order to compare m (1 x m) and m (m x 1), from the split span

To T
Co—=Ci=——=0Cy
€2 e1

construct the split pullback
Cs & Coy

€5
pylley T m||er

2
Co —=Ch
€2
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and observe that from Proposition 2.5 and the commutativity of the following diagram
Cy —> C1 <——Cy

ClT’COéCl

we have
usy
(1 XCo m) = T XM= 6772p,1
mpl
[ T ec TT1€27T
= dmy c cm
_m@l’ﬂ'g meq m

T ec ecm
= |m ¢ cm
™ 1 m

= [102 €9 egm]

and similarly form the commutativity of the diagram

T2 T
Co——Cy=— ()

bk

C1T>CO<TC1

we have
(mxcy1)=mxqm = [exm e lg,)
so that
m [102 €9 egm} = [m mes megm} = [m 1 m]
and

m[elm el 102} = [melm me; m} = [m 1 m]

To see that every internal category is obtained in this way simply observe that the
morphism m is determined by me; and mes,. [

Next we show that the forgetful functor from the category of admissible reflexive
graphs to the category of reflexive graphs is full, as it is the case in a Mal’cev category
(see [11]).
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3.3. PROPOSITION. In a WMC, a morphism of admissible reflexive graphs is also a mor-
phism of internal categories. More specifically, given a morphism of admissible reflexive
graphs

d

R ——
Cl <€t C()

C
1 i lfo
d
c==cy

C

then
T2
E— d

_—
02 —m-> Cl <e— CO

Hﬂ_ C
le 7; ifl ifo
—_— d

—_— C
T

18 a morphism of internal categories, where

fi  fie fiec
Ja= 1| Jod fo foc
fied fie fi

PRrOOF. The morphism f, : Co — Y, being a morphism between pullbacks, by Propo-
sition 2.5, it is of the form

fi  fie fiec
fo = | Jod fo Jfoc
fied  fie  fi

= [61f1 erefo €2f1]

and hence we have fim =mf, :

fim = fi [1 € 1] = [fl fie f1]
mfa = m [elfl erefo €2f1]
= [m€1f1 meie fo mezfﬂ

= [fl efo fﬂ-

3.4. THEOREM. In a WMC, C, the following is an equivalence of categories:
Cat(C) ~ AdmRGrph(C).

PRrROOF. The equivalence is established by the previous results. [
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3.5.  COROLLARY. In a WMC, a internal natural transformationt : f — g, corresponds
to a morphism t : Co — C7, as displayed in the following picture

d
—_—
O, == C,

fi u/gl/ctl/follgo
Ol == Gy

such that
dt = fO 5 ct = go

and in addition

g1 te
[1 e 1} ectd| = [1 e 1} edte
td 1

PROOF. It is simply the interpretation of the condition
m (tc, fi) = m (gitd)

for a internal natural transformation ¢ : f — ¢ in the weakly Mal'cev context. n

3.6. COROLLARY. If B is a WMC then Cat(B) is a WMC' .

We observe that Cat(B) is in fact a weakly Mal'cev sesquicategory (as introduced in
the author’s PhD thesis) with internal transformations as 2-cells.

4. The connection with Mal’cev categories

The following is a result from [1] p.151, adapted to correspond to the present notation.
This result was first established by D. Bourn in [§].

4.1. LEMMA. Let C be a Mal’cev category. Consider the following diagram
A X B BLES B

T

C

T

where:

fr=1c=gs
the up and left square is a pullback;
e; = (l,ed) , es = (ec,1).
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Then the pair (e, es) is jointly strongly epimorphic in C.

From here one concludes that every Mal'cev category is a weakly Mal’cev category.

An interesting particular case of a weakly Mal'cev category is obtained when the
pullback A x¢ B is also a pushout (of r and s). The result is very close to the concept of
naturally Mal’cev category (see [13]) and it has the property that the morphism

ho1 K]
always exists relative to a split span
A==C==B8
and hence, we have the following equivalence of categories
Cat (B) ~ RGrph (B).
4.2. PROPOSITION. In a Mal’cev variety of universal algebras, with Mal’cev operation

p  XXXxX—X

plr,z,2) = 2z, plzr,zz2) ==z,

the morphism
[h l k]

exists relative to the split span
f g
if and only if

PO (h(ar),.oh(an), 0 (cr), sl (ca)), 0 (k (D), b (b)) =
=0 (p(h(a),l(c), k(br))s e p(han), L(cn) K (bn)))

for all n-ary operation 6, for all n € Ny, and for all

ai,...,a, € A
by,...b, € B
Cly..c,cnp € C

with
f(ai) =ci=g(b).
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PROOF. First observe that if [h l k:} : A X B — D exists, it is given by
[h 1 k] (a,¢,b) =p(h(a),l(c), k(b))

In fact we have

(a,¢,0) = (p(a,7(c),rg (b)), p(f(a),c,g(b)),p(sf(a),s(c)

(a,7 ) ,0))
= pl(a,f(a),sf(a)),(r(c),c;s(c)),(rg(b),g(b),b))
p( )

so that
[h 1 k](a,c,b) = [h 1 k]p(ei(a),er(c), ez (b))
= p(h(a),l(c),k(b)).
In order to be an homomorphism of universal algebras one also has

[h 1 k] (0(ar,...;an),0(ct, .. cn), 0 (b1, ..., by)) =
=0([h 1 k] (ar,c1i,b00) 5oy [h 1 K] (@, Cnyn))

and by definition of [h l k:] it becomes
p(hO (ay,...,an), 10 (c1, ..., cn) kO (b1, ..., b,)) =
=0 (p(hay,lcy, kby), ..., p (hay, lc,, kb))

and since h, [, k are homomorphisms of universal algebra one obtains the result. [

As a simple observation one concludes that an internal category in a Mal’'cev variety
of universal algebras is a reflexive graph

d
—_—
Ci=<=<—=Cy , de=1=ce,
C

such that
p(0(ay,....a,),0(ed(ay),....,ed(ay,)),0 (b, ....b,)) =
=0 (p(ai,ed(ay),by),.....;p(an,ed(a,),by))
for all n-ary operation 6, for all n € Ny, and for all

ai,...,a, € C4
bi,...,b, € C}

with
d(a;) = c(b;).
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5. Internal groupoids in weakly Mal’'cev categories

See [1] p.420 and [2].

5.1. DEFINITION. Let C be a category with pullbacks of split epis along split epis. An
internal groupoid is an internal category

d
o
02 —m-> Cl <—i— CO

together with a morphism t : C; — C4, satisfying the following conditions

dt = c
ct =
t 1
m| c = ed , m| d| =ec
1 t

It is well known that, for an internal category, being a groupoid is a property, not an
additional structure (see for instance [1], p.149).
In a WMC, given an admissible reflexive graph (C, Cy, d, e, ¢) one may try to find the

morphism
t: 01 e Ol

provided it exists.
In the case of a Mal'cev variety it would be of the form (see [2])

t(z)=-ed(x) —x+ec(x)
which suggests us, in a WMC, to look for something of the form

€1
t:[m 1 7T1] 1| =me; —1+mey=ed—1+¢ec
€2

and a suitable configuration where it makes sense.
The challenge is to find an appropriate split span that agrees with the following dia-
gram

Ch

N

Cy Ch Cy

LA

Ch
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The answer is
Cg — Cl I— CQ (5)

es el

with the respective pullback denoted by

Ph
Cm - > C(2

&
rillen  mlle

Cy —"=(, .
e2

Observe that in Sets the object C,, is exactly the set of commutative squares. The only
question is whether or not the morphism

[7T2 1 7r1}
exists with respect to (5). The answer is given by the following proposition.

5.2. PROPOSITION. In a WMC, for an internal category

2

<-e9— *d>
Cy = Cy =~ Co
_— C

1

the following are equivalent:
1. It is a groupoid.
2. There is a morphism t : C1 — C} such that

c = d
1
m |d| = ec
t
3. The morphism
[7r2 1 m}

exists with respect to the split span
CQ & 01 % 02 .
€2 el
ProoF. We will prove (1) = (2) = (3) = (1).

(1) = (2) is trivial by definition of groupoid.
(2) = (3) First observe that conditions

ct=d, m|d| =ec, meo=1and de=1=ce
t
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imply te = e:

= 1l m
e
< m | de
te

=teem |d
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=1 = m

1

t

ec

clte=tem

1

Now, the commutativity of the following diagram

induces the morphism

and we have

since by Proposition 2.5

(71'2 thﬂ'z)

m(7r2 thﬂ'g): [7’(’2 1 7Tl:|,

Cy —C)

l ld

Cl TC{)

m
— ()

\L tmo

Cc
— 04

Ty X gtmy : C, — Cy

and composing with m gives the result

m (71'2 Xd tﬂ'g)

ecte
cte
te

e =tle & ece =tle & e = te;

[ T2 To€o  T9o€2MM
dms d ctms
_tﬂ'g@lm t7T2€1 tﬂ'g
[ 1 m o 1 m
dry d dmy| = | dmy d dmy
| tedm  ted iy edmy ed tmy
I [ 1 e 1]
€17y €1 d 1 d
i [ted te 1]
[ (1 e 1]]
€17y €1 d 1 d
i led e t])
- - 7
e1my e |ep eie |d
. L. t -
1
= m|em e |eg ee |d
K
= [71'2 1 [1 e ec”z[m 1 7T1}

=te &
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(3) = (1) Given [my 1 m] define

€1
t:[ﬂ'g 1 7T1} 1
€2
and we have to prove
1
dt=c, ct=d, m|c| =ed, m|d|l =ec.
1 t

First observe that m = [1 e 1} and

[ 1, e ec| e | e e ec ]
d 1l¢, ¢ e c 1 c
le, e eam ed e 1l¢ | 1 1 e 1
le,, = m 1l m | = 1 e 1 | 1¢g, | 1 e 1
eitm e;  lg, 1 e 1 1 |1, e ec
d 1 d | d| d 1l¢ ¢
| ed e ed |ed | ed e 1l¢ |

Denote by [; the i'" line in the (7 x 7) identity of C,, and observe the following

;

[ 10, ] lg, if i=1
d d if 1=2
€1 ed ed if i=3
L1 =L 1o, | =4 1o if i=4 .
€9 ec ec if 1i=h
c c if i=6
| 101 i . 101 lf 1:7
Also let
lz[mlm}:[edel‘l‘leec}
€1
e = 1
€2
so that
t=le.

To show that dt = ¢ we have

dt=dle=[d 1 d‘d‘d le, ¢ le=lee=c
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To show that ¢t = d we have

ct:clsz[d 1o, c‘e‘c 1 C}€:l2€:d.

t
To prove that m [dt| = ed first observe that
1
t le
dt| = |dle
1 l7€

(note that we could also try to choose 1¢, = l1€ or 1¢, = l4e but then

[ [

dl| and |dl
[y l4
would not be defined), and then
t l ed e 1|1 |1lg e ec
dt| = J|dlle=|d 1 d|d| d 1l ¢
1 7 ed e ed|ed| ed e lg
= [617T2 €1 102} g
so that
t
m|dt] = m[emg el 1(;2}5
1
= [7’(’2 1 m] €
= [ed e 1o |1]1 e 1]¢
= lg€ = ed.
1
A similar calculation shows m |d| = ec, in fact
t
1 -]_ l1€ ll
dl = |ct| = |cle| = |cl| e
t K le l
ley, e ec |ec|lec e ec
= d 1l¢, ¢ |e|c 1 ¢ |¢
L ed e g | 1] 1 e ec

= [102 €9 6271'1}8
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and hence

m = m[lcg €9 627’1’1}5

:[mlm}é
[1 e 1‘1‘101 e 66}8

= I5e = ec.

6. Conclusion

We conclude by saying once again that the notion of weakly Mal’cev category is introduced
with the unique purpose to have a setting (easy to handle) where a multiplicative graph,

that is a diagram of the form
2

., %
Coy —mi~> Oy =<— Cy
—_— c

where

is a split pullback and me; = 1¢, = mey, is already an internal category, that is, the
conditions

dm = dﬂ'g
cm = cm
m(lxm) = m(mx1)

are automatically satisfied.

However, the original motivation was to have a setting where a reflexive graph would
admit at most one multiplication, so that the two axioms in the definition of a WMC are
thus explained:

— the existence of pullbacks of split epis along split epis is used to construct the pullback
(5 of the split epi (¢, e) along the split epi (d, e);

— the requirement that the pair (eq, e3) is jointly epimorphic is used to uniquely determine
the morphism m, provided it exists, from the two components me; and mes.

It was a happy surprise to observe that preservation of domain and codomain as well
as associativity would automatically follow.
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There are still many comparisons to be made in order to decide if this is in fact a

good notion for a category and if it does not coincide with something already known. For
example, it would be interesting to find out what other conditions are needed in order
to have that every internal category is an internal groupoid. We leave this and other
questions for a future work.
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