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COMPOSITION OF MODULES FOR LAX FUNCTORS

ROBERT PARÉ

Abstract. We study the composition of modules between lax functors of weak double
categories. We adapt the bicategorical notion of local cocompleteness to weak double
categories, which the codomain of our lax functors will be assumed to satisfy. We
introduce a notion of factorization of cells, which most weak double categories of interest
possess, and which is sufficient to guarantee the strong representability of composites of
modules between lax functors whose domain satisfies it.

Introduction

We are interested in lax functors between weak double categories. There are several
reasons for this. One is that representables for weak double categories are lax functors
[15]. Another is that V-categories can be viewed as lax functors in various ways [17],
[3]. Monads are lax functors defined on 1. In fact in the first paper on bicategories [1],
lax functors were called “morphisms of bicategories”, thus underlining their fundamental
nature.

The notion of transformation between lax functors is a little less obvious. In [1], lax
and oplax transformations were defined but these present some problems. For one thing,
no notion of transformation made bicategories with lax functors and transformations into
a bicategory or a tricategory, a feature which seemed desirable. It also seemed a bit
mysterious that there was no preferred choice between lax and oplax transformation.
Over the years various other notions of transformation have appeared, for example the
ICONs of [12], and the modules of [5]. Here we will see how all these notions fit together
to form a virtual double category [6], and under the hypothesis of our main theorem 4.0.1
an actual weak double category, and this not just for bicategories but for weak double
categories too.

In the context of double categories it is natural to look for horizontal and vertical
transformations. There is a natural notion of horizontal morphism between lax functors,
which we call simply natural transformations (of lax functors, if confusion is possible).
The theory presents no problem. For 2-categories considered as horizontal double cate-
gories (i.e. vertical arrows are identities), natural transformations are exactly 2-natural
transformations. For bicategories considered as vertical weak double categories, they
correspond to (dual) ICONs.
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Vertical morphisms of lax functors are a little trickier but there is still a natural can-
didate, a kind of multiobject profunctor, which in fact reduces to profunctors in the case
where the domain is 1 and the codomain Set or, more generally, V-profunctors for V-Set.
This was introduced in [5] for bicategories, and called “module”. The definition given
there is easily adapted to weak double categories. A notion of 2-cell, called “modulation”,
is given in [5], which is also easily lifted to the weak double category setting.

These vertical morphisms come up in the study of double limits and colimits where it
is important to understand their dependence on vertical morphisms of diagrams. This is
already suggested by the two dimensional property of limits introduced in [8].

Another context where vertical morphisms can be interesting is in model theory. A first
order theory can be viewed as a weak double category in a way completely analogous to
Lawvere theories, with terms giving horizontal morphisms and formulas the vertical ones
[14]. Then a model is a product preserving functor into Set, so modules give important
extra structure which seems to have been ignored so far.

The composition of modules is however not straightforward, and this is something
which must be addressed if the theory is to proceed. Part of the problem already appears
for V-profunctors where completeness conditions on V are required, and the composite
is given by a coend formula. So it is clear that certain cocompleteness properties of the
recipient category will be needed.

But this is just part of the problem. A variation on this coend formula is given in [5]
but it does not apply, as is, to the weak double category case. The problem is that their
formula is not horizontally functorial on general double cells, although for special cells it
is, and for bicategories, all cells are special. We isolate a certain factorization property
of double cells which holds in many important cases, among which are bicategories, and
for which a modification of the formula from [5] does indeed give composition of modules.
We consider this to be the major contribution of the present work.

This property, which we call AFP, is only one of many similar ones which have come
up in our work on double categories, e.g. double Kan extensions. What it means to
factor an arrow, being a one dimensional entity, is clear. It is a composite of two arrows,
an epi-like one followed by a mono-like one. By contrast, cells being two dimensional, a
whole panorama of factorization schemes such as our AFP is opened up. We foresee many
other kinds of factorizations playing a central role in double category theory.

The subject of this paper presents an expository challenge. The proof of the main
theorem requires checking a large number of details, each of which is more or less straight-
forward once everything has been properly set up. Conventional mathematical writing
style would probably suggest they be omitted, but doing so certainly leaves a lingering
doubt that something important has been missed. So we have written down all the details,
which are there for anyone to check. Notationally, this is non-trivial, and we consider this
to be the secondary contribution of the paper. Our notation, though not perfect, is a vast
improvement over previous drafts.

Section 1 recalls the necessary background. We give the relevant definitions listing the
conditions in point form for easy reference later on.
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In section 2 we begin the construction of the composition of modules.
Section 3 contains our main definition, AFP, and completes the construction.
A complete proof of the main theorem is given in section 4.
The paper ends with a section tying up some loose ends. We show that identities

are always strongly representable, which together with theorem 4.0.1, shows that mod-
ules provide the vertical structure for a weak double category of lax functors (under the
hypotheses of the theorem of course). We show that our construction reduces to that of
[5] in the case of bicategories, although not in a completely straightforward way. This
validates their claim that composition of modules is associative.

1. Preliminaries

1.1. Lax Functors, Modules, Modulations We summarize here the basic defini-
tions for easy reference. The two dimensional cell diagrams are given fully in [15], to
which the reader is referred for more detail and examples.

1.1.1. Convention. By “double category” we always, unless otherwise specified, “weak
double category”.

To say that a double category is weak means that vertical composition is associative
and unitary up to coherent special isomorphisms

a = av3,v2,v1 : v3 · (v2 · v1)⇒ (v3 · v2) · v1

r = rv : v · idA ⇒ v

l = lv : idĀ · v ⇒ v

satisfying the same coherence conditions as bicategories, i.e. pentagon, etc. The double
arrow indicates that we are talking about a special cell, i.e. one whose vertical domain
and codomain are identities. For example l looks like

Ā Ā

Ā

Ā

•idĀ

��

Ā

Ā

Ā

A

Ā

•v
��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

l

In what follows we will omit the associativity isomorphisms and treat them as equal-
ities, otherwise the already complicated formulas would risk becoming incomprehensible.
They are easily added in for anyone wishing to do so. We sometimes also omit the unit
isomorphisms when we feel it helps, although it’s usually better not to.



396 ROBERT PARÉ

1.1.2. Definition. A lax functor F : A // X consists of the following data:

(LF1) Functions, all denoted F , taking objects, arrows and cells of A to similar ones in X,
respecting boundaries (domains and codomains);

(LF2) (Laxity cells) for every object A of A a special cell φA : idFA ⇒ F (idA) and for every

pair of vertical arrows A •v // Ā •v̄ // Ã a special cell φ(v̄, v) : F (v̄) ·F (v)⇒ F (v̄ ·v).

They are required to satisfy:

(LF3) (Horizontal functoriality) F (1A) = 1FA, F (1v) = 1Fv, F (f ′f) = F (f ′)F (f), F (α′α) =
F (α′)F (α);

(LF4) (Naturality of φ) F (idf )(φA) = (φA′)(idFf ), F (ᾱ · α)φ(v̄, v) = φ(v̄, v)(Fᾱ · Fα);

(LF5) (Unit and associativity laws for φ) φ(idĀ, v)(φFĀ ·Fv) = can, φ(v, idA)(Fv · φA) =
can, φ(ṽ, v̄ · v)(F ṽ · φ(v̄, v)) = φ(ṽ, ·v̄, v)(φ(ṽ, v̄) · Fv).

1.1.3. Remark. The first condition of (LF4) is vacuous for bicategories.

1.1.4. Remark. As much as possible we use a Greek letter corresponding to the name
of the functor to represent the laxity cells.

1.1.5. Definition. If F,G : A //X are lax functors, a natural transformation t : F //G
consists of the following data:

(NT1) Functions, both denoted t, taking objects A of A to horizontal arrows tA : FA //GA
in X, and taking vertical arrows v of A to cells

FĀ GĀ
tĀ
//

FA

FĀ

•Fv

��

FA GA
tA // GA

GĀ

•Gv
��

tv

in X.

These are required to satisfy:

(NT2) (Horizontal naturality)

FB GB
tB
//

FA

FB

Ff

��

FA GA
tA // GA

GB

Gf

��
Fw Gw

tw
//

Fv

Fw

Fα

��

Fv Gv
tv // Gv

Gw

Gα

��
and

commute for all horizontal arrows f and cells α;
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(NT3) (Vertical functoriality)

idGA G(idA)
γA

//

idFA

idGA

idtA

��

idFA F (idA)
φA // F (idA)

G(idA)

t(idA)

��
Gv̄ ·Gv G(v̄ · v)

γ(v̄,v)
//

F v̄ · Fv

Gv̄ ·Gv

tv̄·tv
��

F v̄ · Fv F (v̄ · v)
φ(v̄,v) // F (v̄ · v)

G(v̄ · v)

t(v̄·v)

��
and

commute for all objects A and composable pairs of vertical arrows v, v̄.

Natural transformations compose in the obvious way and give a category. They are
the horizontal arrows between lax functors and admit as special cases 2-natural transfor-
mations, when A and X are 2-categories (i.e. double categories whose vertical arrows are
identities), and (the dual of) ICONs when A and X are bicategories (i.e. double categories
whose horizontal arrows are identities).

Our main concern will be with the vertical morphisms between lax functors. This is
more difficult. They were studied in some detail in [15] and in fact in [5] for bicategories
before that and for poly-bicategories in [4] even before that. We are referring, of course,
to modules, a kind of “multiobject profunctor”.

1.1.6. Definition. Let F,G : A // X be lax functors. A module m : F • //G consists
of the following data:

(M1) Functions, both denoted m, taking vertical arrows v : A • // Ā in A to vertical
arrows mv : FA • //GĀ, and cells σ : v // w in A to cells mσ : Fv //Gw;

(M2) (Left and right actions) For every pair of vertical arrows A •v // Ā •v̄ // Ã, special
cells

λ(v̄, v) : Gv̄ ·mv ⇒ m(v̄ · v)

ρ(v̄, v) : mv̄ · Fv ⇒ m(v̄ · v).

These are required to satisfy:

(M3) (Horizontal functoriality) m(1v) = 1m(v), m(α′α) = m(α′)m(α);

(M4) (Naturality of λ and ρ)

Gw̄ ·mw m(w̄ · w)
λ(w̄,w)

//

Gv̄ ·mv

Gw̄ ·mw

Gᾱ·mα
��

Gv̄ ·mv m(v̄ · v)
λ(v̄,v) //m(v̄ · v)

m(w̄ · w)

m(ᾱ·α)

��
and

mw̄ · Fw m(w̄ · w)
ρ(w̄,w)

//

mv̄ · Fv

mw̄ · Fw

mᾱ·Fα
��

mv̄ · Fv m(v̄ · v)
ρ(v̄,v) //m(v̄ · v)

m(w̄ · w)

m(ᾱ·α)

��

commute.
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(M5) (Unit laws)

idG(Ā) ·m(v) G(idĀ) ·m(v)
γĀ·m(v) //idG(Ā) ·m(v)

m(idĀ · v)

∼= ))

G(idĀ) ·m(v)

m(idĀ · v)

λ(idĀ,v)

��
and

m(v) · idFA m(v) · F (idA)
m(v)·φA //m(v) · idFA

m(v · idA)

∼= ))

m(v) · F (idA)

m(v · idA)

ρ(v,idA)

��

commute.

(M6) (Associativity)

G(ṽ · v̄) ·mv m(ṽ · v̄ · v)
λ(ṽ·v̄,v)

//

Gṽ ·Gv̄ ·mv

G(ṽ · v̄) ·mv

γ(ṽ,v̄)·mv
��

Gṽ ·Gv̄ ·mv Gṽ ·m(v̄ · v)
Gṽ·λ(v̄,v) // Gṽ ·m(v̄ · v)

m(ṽ · v̄ · v)

λ(ṽ,v̄·v)

��
Gṽ ·m(v̄ · v) m(ṽ · v̄ · v)

λ(ṽ,v̄·v)
//

Gṽ ·mv̄ · Fv

Gṽ ·m(v̄ · v)

Gṽ·ρ(v̄,v)

��

Gṽ ·mv̄ · Fv m(ṽ · v̄) · Fvλ(ṽ,v̄)·Fv //m(ṽ · v̄) · Fv

m(ṽ · v̄ · v)

ρ(ṽ·v̄,v)

��

mṽ · F (v̄ · v) m(ṽ · v̄ · v)
ρ(ṽ,v̄·v)

//

mṽ · F v̄ · Fv

mṽ · F (v̄ · v)

mṽ·φ(v̄,v)

��

mṽ · F v̄ · Fv m(ṽ · v̄) · Fvρ(ṽ,v̄)·Fv //m(ṽ · v̄) · Fv

m(ṽ · v̄ · v)

ρ(ṽ·v̄,v)

��
and

commute.

There is also a notion of cell in [5], modulation, which we adapt to our situation.

1.1.7. Definition. Let t : F // F ′ and s : G // G′ be natural transformations and
m : F • //G and m′ : F ′ • //G′ be modules. A modulation µ with boundary

G G′s
//

F

G

•m
��

F F ′
t // F ′

G′

•m′

��

consists of the following data:

(m1) For vertical arrows v : A • // Ā we are given cells

GĀ G′Ā
sĀ
//

FA

GĀ

•mv

��

FA F ′AtA // F ′A

G′Ā

•m′v
��

µv

which are required to satisfy
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(m2) (Horizontal naturality) For every cell α : v // v′

mv′ m′v′
µv′
//

mv

mv′

mα

��

mv m′v
µv //m′v

m′v′

m′α

��

commutes.

(m3) (Equivariance) For all pairs A •v // Ā •v̄ // Ã

m(v̄ · v) m′(v̄ · v)
µ(v̄·v)

//

Gv̄ ·mv

m(v̄ · v)

λ(v̄,v)

��

Gv̄ ·mv G′v̄ ·m′vsv̄·µv // G′v̄ ·m′v

m′(v̄ · v)

λ′(v̄,v)

��
and

m(v̄ · v) m′(v̄ · v)
µ(v̄·v)

//

mv̄ · Fv

m(v̄ · v)

ρ(v̄,v)

��

mv̄ · Fv m′v̄ · F ′vµv̄·tv //m′v̄ · F ′v

m′(v̄ · v)

ρ′(v̄,v)

��

commute.

If A and X are bicategories (only identity horizontal arrows) then our definition of
module is the same as that of [5]. If furthermore s and t are identities, then our definition
of modulation is also the same as theirs. Note, however, that even for bicategories there
can be non-identity s and t (dual ICONs) so our definition allows for more modulations.

1.2. Virtual Double Categories The problem which is the focus of this paper is
the composition of modules. In order to properly formulate it, we must introduce virtual
double categories.

These have been variously called T-catégories [2], “fc-multicategories” [13], “multi-
categories with several objects” [10], “multibicategories” [5] and “lax double categories”
[7]. We adopt the name “virtual double category” from [6] to which we refer the reader
for more details. There, an elegant and convincing case is made for the importance of
this central concept. We simply sketch the relevant parts here.

A virtual double category has objects, horizontal and vertical arrows and multicells
whose boundaries look like

... B1

...

An

•vn

��

B1

An

??

f1

... B1

A1

...

•v2

��

A1 B0B0

B1

•w
��

A1 B0

A0

A1

•v1

��

A0

B0

f0

��

α
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which we will denote as α : vn, vn−1, . . . , v1
// w or, using vector notation, α : v // w.

Horizontal arrows form a category but there is no composition of the vertical ones. We
have a composition of multicells in the style of functions of several variables. Given a cell

β : wm, . . . , w1
// x

and compatible cells αi : vi // wi we are given

β(αm, . . . , α1) : vm,vm−1, . . . ,v1
// x.

This composite is required to be associative and unitary (i.e. for each v, 1v : v // v is
given, and 1wα = α = α(1vm , . . . , 1v1)).

1.2.1. Definition. Let A0 •
v1 //A1 •

v2 // · · · •
vn //An be a path of vertical arrows in a

virtual double category A. We say it has a strongly representable composite if there is an
arrow v : A0 • //An and a special multicell

ι : vn, vn−1, . . . , v1 ⇒ v

such that for all compatible paths x, y and multicells

α : x,v,y // z

there is a unique multicell ᾱ : x, v,y // z such that

x,v,y x, v,y
1x,ι,1y //x,v,y

z

α
%%

x, v,y

z

ᾱ

��

1.2.2. Remark. Mere representability, where the universal property is only required for
empty x and y, is of course enough to determine the composite up to special isomorphism,
but strong representability is needed to get associativity of the composite. If v has a
composite we use [v] to denote a chosen one.

Thus in order to properly state the problem of the composition of modules it will be
sufficient to define a virtual double category structure on Lax(A,X). We gave a definition
of multimodulation in [15] which we reproduce here. Our definition was an adaptation of
the multimodulations of [5].

1.2.3. Definition. Let F0, F1, . . . , Fn, G0, G1 be lax functors A //X, m1 : F0 • //F1,m2 :
F1 • //F2, . . . ,mn : Fn−1 • //Fn, p : G0 • //G1 modules, and t : F0

//G0, s : Fn //G1

natural transformations. A multimodulation

µ : m // p
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... G1

...

Fn

•mn

��

G1

Fn

??

s

... G1

F1

...

•m2

��

F1 G0G0

G1

•p
��

F1 G0

F0

F1

•m1

��

F0

G0

t

��

µ

consists of the following data:

(mm1) For every path A0 •
v1 //A1 •

v2 // . . . •
vn //An a cell

µ(vn, . . . , v1) : mnvn ·mn−1vn−1 · . . . ·m1v1
// p(vn · . . . · v1), µ(v) : [mv] // p[v]

These must satisfy the following conditions:

(mm2) (Horizontal naturality) For any n-path of cells α : v // v′,

p[v] p[v′]
p[α]

//

[mv]

p[v]

µ(v)

��

[mv] [mv′]
[mα] // [mv′]

p[v′]

µ(v′)

��

commutes.

(mm3) (Inner equivariance) For any path of length n+ 1

yn, . . . , yi+1, v, xi, . . . , x1 (0 < i < n)

y, v,x

we have that

[m(y · v)] · [mx] p[y, vx]
µ(y·v,x)

//

[my] · Fiv · [mx]

[m(y · v)] · [mx]

1·ρi+1·1
��

[my] · Fiv · [mx] [my] · [m(v · x)]
1·λi·1 // [my] · [m(v · x)]

p[y, vx]

µ(y,v·x)

��

commutes.
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(mm3l) (Left equivariance)

G1v · p[x] p[v,x]
λp·1

//

Fnv · [mx]

G1v · p[x]

sv·µ(x)

��

Fnv · [mx] [m(v · x)]
λn·1 // [m(v · x)]

p[v,x]

µ(v·x)

��

commutes.

(mm3r) (Right equivariance)

p[y] ·Gov p[y, v]ρp
//

[my] · Fov

p[y] ·Gov

µ(y)·tv
��

[my] · Fov [m(y · v)]
1·ρ0 // [m(y · v)]

p[y, v]

µ(y·v)

��

commutes.

1.2.4. Notation. In this definition, we have introduced some notational conventions,
without which the formulas would quickly become incomprehensible. We set them down
here for clarity.

As mentioned before the definition, we use vector notation for paths

v = (vn, . . . , v1) = A0 •
v1 //A1 •

v2 // . . . •
vn //An

and square brackets for a chosen composite

[v] = vn · vn−1 · . . . · v1 = ((vn · vn−1) · . . .) · v1.

If m = (mn, . . . ,m1) : F0 •
m1 //F1 •

m2 // . . . •
mn //Fn is a path of modules, then

mv = m(v) = F0A0 •
m1v1 //F1A1 •

m2v2 // . . . •
mnvn //FnAn

is the path obtained by evaluating m at the corresponding v. When the paths are not of
the same length we evaluate at the corresponding ones that make sense, so

my = FiAi •
mi+1yi+1 //Fi+1Ai+1 •

mi+2yi+2 // . . . •
mnyn //FnAn.

The following is now easily proved.

1.2.5. Theorem. Equipped with multimodulations, Lax(A,X) is a virtual double cate-
gory.

With this result, the question of whether the composite of modules exists is well-posed.
Just by considering V-profunctors, we see that certain cocompleteness conditions on X
will be required. Under such hypotheses, [5] give a simple formula for the composite of
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two modules in the bicategory case. For m1 : F • //G and m2 : G • //H modules, and
v : A • // Ā they define m(v) as the coequalizer∑

J

m2(v3) ·G(v2) ·m1(v1) // //
∑
I

m2(v2) ·m1(v1) //m(v)

in the hom category X[FA,HĀ] whose objects are vertical arrows x : FA • //HĀ and
whose morphisms are (special) cells. I is the set of “lax factorizations” of v

Ā Ā

A1

Ā

•v2

��

A1

Ā

A1

A

A1

•v1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

α

and J is the set of quadruples (α1, α2, β1, β2) such that

Ā Ā

A2

Ā

•v3

��

A2 A2A2

Ā

•v3

��

A2 A2

A1

A2

•v2

��

A1

A2

A1

A

A1

•v1

��

A AA

A2 A2

A

A2

A AA

A2

•v′1

��

β1

1v3

Ā Ā

A2

Ā
��

A2

Ā

A2

A

A2

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

α1 =

Ā Ā

A2

Ā

•v3

��

A2

Ā

A2

A1

A2

•v2

��

A1 A1A1

Ā Ā

A1

Ā

A1 A1A1

Ā

•v′2

��

A1 A1

A

A1

•v1

��

A AA

A1

•v1

��

Ā Ā

A

Ā

A AA

Ā

•v

��

1v1

β2

α2

This is a nice intuitive formula but it has several drawbacks. The main one for us is that
it doesn’t work for double categories. The m, thus defined, is not horizontally functorial.
If

Ā B̄
f̄
//

A

Ā

•v
��

A B
f // B

B̄

•w
��

σ

is an arbitrary cell, there is no way of defining m(σ). To solve this, it is tempting to
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enlarge I to all diagrams

A2 Ā//

A1

A2

•v2

��

A1

Ā

A1

A0

A1

•v1

��

A0 A// A

A2 Ā
f̄
//

A0

A2

A0 A
f // A

Ā

•v

��

α

But now the arrows m2(v2) ·m1(v1) do not all lie in the same hom category. One could
require some stronger cocompleteness properties of X or, more or less equivalently, that
all horizontal arrows of X have companions and conjoints. But this doesn’t work either.
There is no obvious way of defining left and right actions for m. These problems will be
solved in the next two sections.

2. The Construction

2.1. Local Colimits It is clear from the examples, V-profunctors e.g., that we will need
some cocompleteness for X. For objects X, Y in X we let X[X, Y ] denote the “vertical
hom category”. Its objects are vertical arrows x : X • //Y , and its morphisms ξ : x⇒ x′,
are special cells

Y Y

X

Y

•x
��

X XX

Y

•x′

��
ξ

2.1.1. Definition. We say that X has local I colimits if

(LC1) Each category X[X, Y ] has I colimits;

(LC2) For every w : W • //X and y : Y • //Z the functor X[w, y] : X[X, Y ] // X[W,Z]
which takes x to y · x · w preserves I colimits;

(LC3) The I colimits have a further universal property. Let Γ : I // X[X, Y ] be an I
diagram. Given f : X //X ′ and g : Y //Y ′ horizontal morphisms, x′ : X ′ • //Y ′

a vertical morphism of X and a cocone of cells

Y Y ′g
//

X

Y

•ΓI

��

X X ′
f // X ′

Y ′

•x′

��
ξ(I)
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then there exists a unique cell

Y Y ′s
//

X

Y

•lim−→Γ

��

X X ′
f // X ′

Y ′

•x′

��
ξ

such that ξγ(I) = ξ(I) (γ(I) is the Ith colimit injection).

2.1.2. Remarks. (1) (LC3) is not saying that lim−→Γ is a colimit in the category X1, of
all vertical arrows and all cells, because the f and g are fixed. If I is connected however,
the two concepts agree.
(2) If in X, horizontal arrows have companions and conjoints, then (LC3) is automatic
because a cell

Y Y ′g
//

X

Y

x

��

X X ′
f // X ′

Y ′

x′

��
ξ

is equivalent to a special cell

Y YY

Y ′Y ′

Y

•g∗

��

Y ′

X ′X ′

Y ′

•x′

��

X ′

XX XX

X ′

•f∗
��

Y Y

X

Y

•x

��

X XX

Y

ξ̄

(3) (LC3) is less mysterious in the context of category theory over a base B. The 2-
category CAT /B is cotensored over Cat . Given an object P : X // B and a small
category I then

X(I) P (I)
//B

is the pullback

B BI
∆
//

X(I)

B

P (I)

��

X(I) X(I)//X(I)

BI

P I

��

So an object of X(I) is a pair (B,Γ : I //XB) and a morphism (b, t) : (B,Γ) // (B′,Γ′)
is a morphism b : B //B′ and a natural transformation over b, t : Γ //Γ′, i.e. a natural
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family
tI : ΓI // Γ′I s.t. P (tI) = b.

There is an obvious diagonal functor

X

B
��

X X(I)∆ //X(I)

B
��

If ∆ has a left adjoint over B (i.e. in CAT /B) it gives I colimits in the fibres XB but
with a further universal property with respect to cocones over b : B //B′.

Then X has local I colimits if

X0 ×X0

X1

X0 ×X0

(δ0,δ1)

��

X1

has I colimits (in CAT /X0 × X0) and composition X1 ×X0 X1
• // X1 distributes over

them.
Many large double categories are locally cocomplete. For example Set and Cat are,

and V-Set is, provided V has colimits and ⊗ distributes over them (e.g. if V is closed).

2.2. The Construction Let F,G,H : A // X be lax functors with A small and X
locally cocomplete. Let m : F • //G and n : G • //H be modules which we wish to
compose. Our colimit formula is a reworking of the coequalizer formula of [5], adapted to
the double category context. We will discuss how the two are related in §5.2.

Given v : A • // Ā we define a diagram Γv : Iv // X[FA,HĀ] as follows. Iv is a
bipartite category with two kinds of objects:
lax factorizations of v

Ā Ā

B

Ā

•v2

��

B

Ā

B

A

B

•v1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

β
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and triple lax factorizations of v

Ā Ā

C2

Ā

•w3

��

C2

Ā

C2

C1

C2

•w2

��

C1C1

A

C1

•w1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

γ

The (non-identity) morphisms go from triple lax factorizations, γ, to double ones β, and
there are two kinds of these:
(i) for each horizontal morphism C2

//B and cells φ1, φ2 for which β(φ2 · φ1) = γ as in

Ā Ā

C2

Ā

•w3

��

C2 B// B

Ā

•v2

��

C2 B//

C1

C2

•w2

��

C1

B

C1

A

C1

•w1

��

A AA

C2 B//

A

C2

A AA

B

•v1

��

φ1

φ2

Ā Ā

B

Ā
��

B

Ā

B

A

B
��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

β =

Ā Ā

C2

Ā

•w3

��

C2

Ā

C2

C1

C2

•w2

��

C1C1

A

C1

•w1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

γ

we give a morphism
lφ2φ1 : (γ) // (β)

and
(ii) for each horizontal arrow C1

//B and cells ψ1, ψ2 for which β(ψ2 · ψ1) = γ as in

Ā Ā

C2

Ā

•w2

��

C2

Ā

C2

C1

C2

•w2

��

C1 B// BC1 B//

A

C1

•w1

��

A AA

B

•v1

��

Ā Ā

C1

Ā

C1 B// B

Ā

•v2

��

ψ2

ψ1

Ā Ā

A

Ā

A AA

Ā

•v

��

β =

Ā Ā

C2

Ā

•w3

��

C2

Ā

C2

C1

C2

•w2

��

C1C1

A

C1

•w1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

γ

we give a morphism
rψ2ψ1 : (γ) // (β).



408 ROBERT PARÉ

There are no non-trivial composites.
Γv : I // X[FA,HĀ] is defined by

Γv(β) = nv2 ·mv1

Γv(γ) = nw3 ·Gw2 ·mw1

Γv(lφ2φ1) = nw3 ·Gw2 ·mw1 •
nw3·λ //nw3 ·m(w2 · w1) •

nφ2·mφ1 //nv2 ·mv1

Γv(rψ2ψ1) = nw3 ·Gw2 ·mw1 •
ρ·mw1 //n(w3 · w2) ·mw1 •

nψ2·mψ1 //nv2 ·mv1.

In this, λ is the left action of G on m and ρ the right action of G on n.

2.2.1. Proposition. Giving a cocone κ for Γv is equivalent to giving a family of cells

κ(β) : nv2 ·mv1
// x

indexed by lax factorizations β of v, satisfying
(a) (transfer of scalars) for every triple lax factorization γ as above,

nw3 ·Gw2 ·mw1

nw3 ·m(w2 · w1)

nw3·λ ��

n(w3 · w2) ·mw1

nw3 ·Gw2 ·mw1

??
ρ·mw1

n(w3 · w2) ·mw1

nw3 ·m(w2 · w1)

x

nw3 ·m(w2 · w1)

??

κ(γ)

n(w3 · w2) ·mw1

x

κ(γ)

��

n(w3 · w2) ·mw1

nw3 ·m(w2 · w1)

commutes,
(b) (naturality) for any two lax factorizations β and β′ related by

Ā Ā

B

Ā

v2

��

B B′// B′

Ā

v′2
��

B B′//

A

B

v1

��

A AA

B′

v′1

��
θ1

θ2

β′(θ2 · θ1) = β,

x

nv′2 ·mv′1

77

κ(β′)

nv2 ·mv1

x

κ(β)

''

nv2 ·mv1

nv′2 ·mv′1

nθ2·mθ1
��

commutes.
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Proof. First, let κ : Γv // x be a cocone. Note that both arrows denoted by κ(γ)
in (a) are different as is clear from their domains. A more precise notation would be
κ(w3 · w2, w1, γ) and κ(w3, w2 · w1, γ). Then each of the composites in the transfer of
scalars diagram is equal to

κ(w3, w2, w1, γ) : nw3 ·Gw2 ·mw1
// x

by the cocone property for the morphisms r1w3·w2 ,1w1
and l1w3 ,1w2·w1

.
For naturality, let β, β′, θ1, θ2 be as in (b). Consider the triple lax factorization of v

Ā Ā

B

Ā

•v2

��

B

Ā

B

B

B

•idB

��

BB

A

B

•v1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

β̄

where β̄ is β composed with the canonical isomorphism v2 · idB · v1

∼= // v2 · v1. We have
morphisms in Iv

l1v2 , ¯1v1
: (β̄) // (β)

rθ̄2,θ1 : (β̄) // (β′)

which give a commutative diagram

nv2 ·GidB ·mv1

n(v2 · idB) ·mv1

ρ·mv1
��

nv2 ·m(idB · v1)

nv2 ·GidB ·mv1

??
nv2·λ

nv2 ·m(idB · v1)

n(v2 · idB) ·mv1n(v2 · idB) ·mv1 nv′2 ·mv′1
n(θ̄2)·m(θ1)

//

nv2 ·m(idB · v1)

n(v2 · idB) ·mv1

nv2 ·m(idB · v1) nv2 ·mv1

n1v2 ·m(lv1 )
// nv2 ·mv1

nv′2 ·mv′1

x

nv′2 ·mv′1

??

κ(β′)

nv2 ·mv1

x

κ(β)

��

nv2 ·mv1

nv′2 ·mv′1

nv2 ·GidB ·mv1 x
κ(β̄) //

Precede this by the canonical

nv2 ·mv1

∼= // nv2 · idGB ·mv1
nv2·γB ·mv1 // nv2 ·GidB ·mv1

and the top path will be equal to κ(β) whereas the bottom will be κ(β′)(nθ2 ·mθ1).
Conversely, let 〈κ(β) : nv2 ·mv1

//x〉 be a family of cells satisfying (a) and (b). Given
a triple lax factorization (γ) as above, define

κ(γ) : nw3 ·Gw2 ·mw1
// x
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to be the common composite given by (a). Then for a morphism lφ2,φ1 : (γ) // (β) in Iv
we have κ(β)Γv(lφ2,φ1) as the top composite in

nw3 ·Gw2 ·mw1nw3 ·Gw2 ·mw1

x
κ(γ)

++ x

nw3 ·m(w2 · w1)

x
$$

nw3 ·m(w2 · w1) nv2 ·mv1
nφ2·mφ1 // nv2 ·mv1

x
κ(β)

zz

nw3 ·Gw2 ·mw1 nw3 ·m(w2 · w1)
nw3·λ //

(b)def
κ(γ)

which is the cocone property for lφ2,φ1 . The one for rψ2,ψ1 is similar.

Actually we need a stronger form of this proposition; we need it not just for cocones
on Γv but on ΦΓv, where Φ : X[FA,HĀ] //X is an arbitrary functor. In the applications
that follow, X will be one of the vertical homs of X, X[X1, X2], and Φ will come from
vertical composition.

2.2.2. Proposition. Giving a cocone κ : ΦΓv // x is equivalent to giving a family

κ(β) : Φ(nv1 ·mv2) // x

indexed by lax factorizations β of v, satisfying:
(a) (transfer of scalars)

Φ(nw3 ·Gw2 ·mw1)

Φ(nw3 ·m(w2 · w1))

Φ(nw3·λ) ''

Φ(n(w3 · w2) ·mw1)

Φ(nw3 ·Gw2 ·mw1)

77
Φ(ρ·mw1)

Φ(n(w3 · w2) ·mw1)

Φ(nw3 ·m(w2 · w1))

x

Φ(nw3 ·m(w2 · w1))

77

κ(γ)

Φ(n(w3 · w2) ·mw1)

x

κ(γ)

''

Φ(n(w3 · w2) ·mw1)

Φ(nw3 ·m(w2 · w1))

commutes,
(b) (naturality)

x

Φ(nv′2 ·mv′1)

::

κ(β′)

Φ(nv2 ·mv1)

x

κ(β)

$$

Φ(nv2 ·mv1)

Φ(nv′2 ·mv′1)

Φ(nθ2·mθ1)

��

commutes.

Proof. Put a Φ before all objects and arrows in X[FA,HĀ] in the previous proof, except
x and the κ’s.
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2.2.3. Definition. (n ·m)(v) = lim−→Γv.

Let jβ : n(v2) ·m(v1) // (n ·m)(v) denote the colimit injection corresponding to the
lax factorization (β) of v. Note that the family 〈jβ〉 is jointly epic. This is also true for the
families 〈y · jβ〉, 〈jβ · z〉, 〈y · jβ · z〉 as composition with vertical arrows preserves colimits.
This fact will be used repeatedly below.

2.3. The Actions GivenA′ •v
′
//A •v // Ā •v̄ // Ã we wish to define the actions λn·m(v̄, v)

and ρn·m(v, v′).

2.3.1. Proposition. There are unique cells λn·m(v̄, v) and ρn·m(v, v′) satisfying:

Hv̄ · nv2 ·mv1 n(v̄ · v2) ·mv1
λn(v̄,v2)·mv1

//

Hv̄ · (n ·m)(v)

Hv̄ · nv2 ·mv1

OO

Hv̄·jβ

Hv̄ · (n ·m)(v) (n ·m)(v̄ · v)
λn·m(v̄,v) // (n ·m)(v̄ · v)

n(v̄ · v2) ·mv1

OO

jv̄·β

and

nv2 ·mv1 · Fv′ nv2 ·m(v1 · v′)
nv2·ρm(v1·v′)

//

(n ·m)(v) · Fv′

nv2 ·mv1 · Fv′

OO

jβ ·Fv′

(n ·m)(v) · Fv′ (n ·m)(v · v′)ρn·m(v,v′) // (n ·m)(v · v′)

nv2 ·m(v1 · v′)

OO

jβ·v′

commute for every lax factorization of v

Ā Ā

A1

Ā

v2

��

A1

Ā

A1

A

A1

v1

��

A AA

Ā Ā

A

Ā

A AA

Ā

v

��

β

Proof. We will only discuss the left action, the right one being similar. Hv̄ · ( ) preserves
colimits so Hv̄ · (n ·m)(v) is lim−→Hv̄ · Γv and Hv̄ · jβ are colimit injections. So we must
show that 〈jv̄·β(λn(v̄, v2) ·mv1)〉β determines a cocone. By proposition 2.2.2 it is sufficient
to check conditions (a) and (b).

Let (γ) = (w3, w2, w1, γ) be a triple lax factorization of v. Condition (a) is commuta-



412 ROBERT PARÉ

tivity of the outside of the diagram

Hv̄ · nw3 ·Gw2 ·mw1

Hv̄ · nw3 ·m(w2 · w1)

H(v̄)·nw3·λm ��

Hv̄ · n(w3 · w2) ·mw1

Hv̄ · nw3 ·Gw2 ·mw1

??
Hv̄·ρn·mw1

Hv̄ · n(w3 · w2) ·mw1

Hv̄ · nw3 ·m(w2 · w1)

n(v̄ · w3) ·Gw2 ·mw1

n(v̄ · w3) ·m(w2 · w1)

n(v̄·w3)·λm ��

n(v̄ · w3 · w2) ·mw1

n(v̄ · w3) ·Gw2 ·mw1

??
ρn·mw1

n(v̄ · w3 · w2) ·mw1

n(v̄ · w3) ·m(w2 · w1)

Hv̄ · nw3 ·Gw2 ·mw1 n(v̄ · w3) ·Gw2 ·mw1
λn·Gw2·mw1//

Hv̄ · n(w3 · w2) ·mw1 n(v̄ · w3 · w2) ·mw1
λn·mw1 //

(n ·m)(v̄ · v)

n(v̄ · w3) ·m(w2 · w1)

??

jv̄·γ

n(v̄ · w3 · w2) ·mw1

(n ·m)(v̄ · v)

jv̄·γ

��

n(v̄ · w3 · w2) ·mw1

n(v̄ · w3) ·m(w2 · w1)Hv̄ · nw3 ·m(w2 · w1) n(v̄ · w3) ·m(w2 · w1)
λn·m(w2·w1)

//

(2)

(1)
(3)

Mixed associativity for n gives commutativity of (1), functoriality of vertical composition
gives (2), and (3) is condition (a) for the lax factorization v̄ · γ = (v̄ · w3, w2, w1, v̄ · γ) of
v̄ · v.

Let β = β′(θ2 · θ1) as in condition (b). We have to show that the outside of the
following diagram commutes.

Hv̄ · nv′2 ·mv′1 n(v̄ · v′2) ·mv′1
λn·mv′1

//

Hv̄ · nv2 ·mv1

Hv̄ · nv′2 ·mv′1

Hv̄·nθ2·mθ1
��

Hv̄ · nv2 ·mv1 n(v̄ · v2) ·mv1
λn·mv1 // n(v̄ · v2) ·mv1

n(v̄ · v′2) ·mv′1
��

(n ·m)(v̄ · v)

n(v̄ · v′2) ·mv′1
33

jv̄·β′

n(v̄ · v2) ·mv1

(n ·m)(v̄ · v)

jv̄·β
++

n(v̄ · v2) ·mv1

n(v̄ · v′2) ·mv′1

n(v̄·θ2)·mθ1
��

(1) (2)

Naturality of λn gives (1), and (2) is condition (b) for v̄ · v.

3. A Factorization Property

It remains to define n ·m on cells.
In order to do this, we need an extra condition on A, a factorization of cells which

holds vacuously for bicategories. This is where the theory for double categories diverges
from that of [5]. Double cells or multicells, being two dimensional, can be factored in a
variety of ways of which the one given below is but one. We envision many other such
factorizations. It is the isolation of this property that we consider the main contribution
of this work.

3.1. The Condition AFP
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3.1.1. Definition. We say that A satisfies AFP if every cell of the form

A2 B2g
//

A1

A2

•v2

��

A1

B2

A1

A0

A1

•v1

��

A0 B0
f // B0

A2 B2g
//

A0

A2

A0 B0
f // B0

B2

•w

��

α

factors as

A2 B2g
//

A1

A2

•v2

��

A1 B1
// B1

B2

•w2

��

A1 B1
//

A0

A1

•v1

��

A0 B0
f // B0

B1

•w1

��

α2

α1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

α3

α = α3(α2 · α1), and any two such factorizations are equivalent under the equivalence
relation generated by identifying two factorizations

A2 B2g
//

A1

A2

•v2

��

A1 C// C

B2

•u2

��

A1 C//

A0

A1

•v1

��

A0 B0
f // B0

C

•u1

��

γ2

γ1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

γ3 =

A2 B2g
//

A1

A2

•v2

��

A1 D// D

B2

•x2

��

A1 D//

A0

A1

•v1

��

A0 B0
f // B0

D

•x1

��

δ2

δ1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

δ3

if there is either

(1) a horizontal reduction (γ1, γ2, γ3)
(φ1φ2) // (δ1, δ2, δ3): there exist

B2 B2

C

B2

•u2

��

C D// D

B2

•x2

��

C D//

B0

C

•u1

��

B0 B0B0

D

•x1

��

φ2

φ1

such that
(a) φ1γ1 = δ1
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(b) φ2γ2 = δ2

(c) δ3(φ2 · φ1) = γ3

or

(2) a vertical reduction (γ1, γ2, γ3)
(y,θ) // (δ1, δ2, δ3): there exists

A1

D
''

C

A1

77 C

D

•y

��
θ

such that
(a) θ · γ1 = δ1,
(b) δ2 · θ = γ2,
(c) γ3 = δ3.

3.1.2. Note. The intent of the conditions in (2) is clear but because we are working with
weak double categories we can’t help certain canonical isomorphisms creeping in. More
specifically, we need to require special isomorphisms ξ1 : y · u1 ⇒ x and ξ2 : x2 · y ⇒ u2

such that
(a)

A1 D//

A1

A1

•id

��

A1 C// C

D

•y

��

A1 C//

A0

A1

•v1

��

A0 B0
// B0

C

•u1

��

θ

γ1

D D

B0

D

B0 B0B0

D

•x1

��

ξ1 =

A1 A1

A1

A1

•id

��

A1

A1

A1

A0

A1

•v1

��

A0 A0A0

A1 A1

A0

A1

A0 A0A0

A1

•v1

��
A1 D//

A0

A1

A0 B0
// B0

D

•x1

��

lA1
δ1

(b)

A2 B2
//

A1

A2

•v2

��

A1 D// D

B2

•x2

��

A1 D//

A1

A1

•id

��

A1 C// C

D

•y

��

B2 B2

C

B2

C C0C0

B2

•u2

��
δ2

θ

ξ2 =

A2 A2

A1

A2

•v2

��

A1

A2

A1

A1

A1

•id

��

A1 A1A1

A2 A2

A1

A2

A1 A1A1

A2

•v2

��
A2 B2

//

A1

A2

A1 C// C

B2

•u2

��

rA1
γ2

(c)
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B2 B2

D

B2

•x2

��

D

B2

D

C

D

•y

��

C CC

B2 B2

C

B2

C CC

B2

•u2

��

C C

B0

C

•u1

��

B0 B0B0

C

•u1

��

B2 B2

B0

B2

B0 B0B0

B2

•w

��

ξ2

1

γ3 =

B2 B2

D

B2

•x2

��

D DD

B2

•x2

��

D D

C

D

•y

��

C

D

C

B0

C

•u1

��

B0 B0B0

D D

B0

D

B0 B0B0

D

•x1

��

B2 B2

B0

B2

B0 B0B0

B2

•w

��
1

ξ1

δ2

3.1.3. Examples. Bicategories, considered as vertical double categories, satisfy AFP,
but more can be said.

3.1.4. Proposition. If every horizontal arrow of A admits a companion and a conjoint,
then A satisfies AFP.

Proof. Any cell

A2 B2g
//

A1

A2

•v2

��

A1

B2

A1

A0

A1

•v1

��

A0 B0
f // B0

A2 B2g
//

A0

A2

A0 B0
f // B0

B2

•w

��

α

factors as

A2 B2g
//

A1

A2

•v2

��

A1 A1A1

B2

•g∗·v2

��

A1 A1

A0

A1

•v1

��

A0 B0
f // B0

A1

•v1·f∗

��

α2

α1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

α3

where α1, α2 and α3 are respectively

A1 A1

A0

A1

•v1

��

A0 A0A0

A1A1 A‘

A0

A1

•v1

��

A0 A0A0

A‘

•v1

��

A0 A0

A0

A0

•idA0

��

A0 B0
f // B0

A0

•f∗

��
∼=

1v1

x

A2 A2

A1

A2

•v2

��

A1 A1A1

A2

∼=

A2 B2g
//

A2

A2

•idA2

��

A2 A2A2

B2

•g∗
��

A2 A2

A1

A2

•v2

��

A1 A1A1

A2

•v2

��

p

1v2
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and

B2 B2

A2

B2

•g∗

��

A2 B2
// B2

B2

• idB2

��

A2 B2g
//

A1

A2

•v2

��

A1

B2

A1

A0

A1

•v1

��

A0 B0
f // B0A0 B0
//

B0

A0

•f∗

��

B0 B0B0

B0

• idB0

��

A2 B2g
//

A0

A2

A0 B0
f // B0

B2

•w

��

B2 B2

B0

B2

B0 B0B0

B2

•w

��
y

α

q

∼=

where the corner brackets represent binding cells, and ∼= are canonical (structural) iso-
morphisms. Any other factorization of α

A2 B2g
//

A1

A2

•v2

��

A1 C// C

B2

•u2

��

A1 C//

A0

A1

•v1

��

A0 B0
f // B0

C

•u1

��

γ2

γ1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

γ3

is a horizontal reduct of (α1, α2, α3) via the cells

B2 B2

A1

B2

•g∗·v2

��

A1 C// C

B2

•u2

��

A1 C//

B0

A1

•v1·f∗

��

B0 B0B0

C

•u1

��

φ2

φ1

where φ1 and φ2 are respectively

A1 C//

A0

A1

•v1

��

A0 B0
// B0

C

•u1

��

A0 B0f
//

B0

A0

•f∗

��

B0 B0B0

B0

• idB0

��

C C

B0

C

B0 B0B0

C

•u1

��
γ1

∼=

q

and

B2 B2

A2

B2

•g∗

��

A2 B2
// B2

B2

• idB2

��

A2 B2g
//

A1

A2

•v2

��

A1 C// C

B2

•u2

��

B2 B2

C

B2

C CC

B2

•u2

��
y

γ2

∼=
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3.1.5. Corollary. Any bicategory considered as a vertical double category satisfies AFP.

Whereas, in the proof of proposition 3.1.4, only horizontal reduction (condition (1) of
AFP) was needed, the proof of the next result requires vertical reduction (condition (2))
as well.

3.1.6. Proposition. Let A be a double category in which every vertical arrow is a com-
panion of some horizontal arrow. Then A satisfies AFP.

Proof. Consider a cell

A2 B2g
//

A1

A2

•v2

��

A1

B2

A1

A0

A1

•v1

��

A0 B0
f // B0

A2 B2g
//

A0

A2

A0 B0
f // B0

B2

•w

��

α

and suppose v2
∼= h∗ for h : A1

// A2. Then α factors as

A2 B2g
//

A1

A2

•v2

��

A1 B2
gh // B2

B2

• idB2

��

A1 B2
//

A0

A1

•v1

��

A0 B0
f // B0

B2

•w
��

α2

α1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

α3

where α1 , α2 are respectively

A1 A1

A0

A1

•v1

��

A0 A0A0

A1A1 A2h
//

A1

A1

•idA1

��

A1 A1A1

A2

•v2

��

A1 A1

A0

A1

•v1

��

A0 A0A0

A1

•v1

��

A2 B0g
//

A0

A2

A0 B0
f // B0

B0

•w

��

∼=

1v1

p

andα

A2 A2

A1

A2

•v2

��

A1 A2
h // A2

A2

• idA2

��
A2 B2g

//

A2

A2

A2 B2
g // B2

B2

• idB2

��
y idg

and α3 is the canonical isomorphism.
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Now let

A2 B2g
//

A1

A2

•v2

��

A1 B1
// B1

B2

•w2

��

A1 B1
//

A0

A1

•v1

��

A0 B0
f // B0

B1

•w1

��

β2

β1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

β3

be an arbitrary factorization of α. Use the same procedure as above to factor β3 as

B2 B2

B1

B2

•w2

��

B1 B2
// B2

B2

• idB2

��

B1 B2
//

B0

B1

•w1

��

B0 B0B0

B2

•w
��

θ2

θ1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

α3

which gives a horizontal reduction of the β3(β2 · β1) factorization to

A2 B2

A1

A2

•v2

��

A1 B2
// B2

B2

• idB2

��

A1 B2
//

A0

A1

•v1

��

A0 B0B0

B2

•w
��

γ2

γ1

B2 B2

B0

B2

B0 B0B0

B2

•w

��

α3

where γi = θi · βi. Now let θ be

A1 A2h
//

A1

A1

•id

��

A1 A1A1

A2

•v2

��
A2 B2

//

A1

A2

A1 B2
// B2

B2

• id

��
γ2p

Then an easy calculation shows that θ · γ1 = α1 and α2 · θ = γ2. Thus θ gives a vertical
reduction of the α3(γ2 · γ1) factorization to the α3(α2 · α1) one.

3.1.7. Corollary. Any 2-category considered as a horizontal double category satisfies
AFP.

3.1.8. Corollary. The double category of quintets in a 2-category satisfies AFP.
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3.1.9. Corollary. If every vertical arrow of A is a conjoint, then A satisfies AFP.

3.2. Functoriality (defined) We are now in a position to define the action of n ·m
on cells.

3.2.1. Proposition. Assume that A satisfies AFP and let

Ā B̄g
//

A

Ā

•v
��

A B
f // B

B̄

•w
��

σ

be a cell in A. Then there exists a unique cell (n ·m)(σ) : (n ·m)(v) // (n ·m)(w) such
that

nv2 ·mv1 nw2 ·mw1nβ2·mβ1

//

(n ·m)(v)

nv2 ·mv1

OO

jα

(n ·m)(v) (n ·m)(w)
(n·m)(σ) // (n ·m)(w)

nw2 ·mw1

OO

jβ3

commutes for every α and factorization of σα

A3 Ā

A2

A3

•v2

��

A2

Ā

A2

A1

A2

•v1

��

A1 AA

Ā B̄g
//

A

Ā

•v

��

A B
f // B

B̄

•w

��

α σ =

A3 B3g
//

A2

A3

•v2

��

A2 B2
// B2

B3

•w2

��

A2 B2
//

A1

A2

•v1

��

A1 B1
f // B1

B2

•w1

��

β2

β1

B3 B̄

B1

B3

B1 BB

B̄

•w

��

β3

Proof. We first show that jβ3(nβ2 ·mβ1) is independent of the factorization.
(1) Suppose we have a horizontal reduction of (β1, β2, β3) to (β′1, β

′
2, β

′
3) by (φ1, φ2). Then

nv2 ·mv1

nw′2 ·mw′1
nβ′2·mβ′1

**

nw2 ·mw1

nv2 ·mv1

44nβ2·mβ1

nw2 ·mw1

nw′2 ·mw′1

nφ2·mφ1

��

(n ·m)(w)

nw′2 ·mw′1

44
jβ′3

nw2 ·mw1

(n ·m)(w)

jβ3

**

nw2 ·mw1

nw′2 ·mw′1
��

commutes, the left triangle by functoriality of n and m and the right triangle by the
cocone property for j (proposition 2.2.2).
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(2) Suppose we have a vertical reduction of (β1, β2, β3) to (β′1, β
′
2, β

′
3) via θ. Then we have

a commutative diagram

nv2 ·GidA2 ·mv1

nv2 ·m(idA2 · v1)

nv2·λ ��

n(v2 · idA2) ·mv1

nv2 ·GidA2 ·mv1

??
ρ·mv1

n(v2 · idA2) ·mv1

nv2 ·m(idA2 · v1)

nw′2 ·Gx ·mw1

nw′2 ·m(x · w1)

nw′2·λ ��

n(w′2 · x) ·mw1

nw′2 ·Gx ·mw1

??
ρ·mw1

n(w′2 · x) ·mw1

nw′2 ·m(x · w1)

nv2 ·GidA2 ·mv1 nw′2 ·Gx ·mw1
nβ′2·Gθ·mβ1 //

n(v2 · idA2) ·mv1 n(w′2 · x) ·mw1
n(β′2·θ)·mβ1 //

(n ·m)(w)

nw′2 ·mw′1

??

jβ′3

nw2 ·mw1

(n ·m)(w)

jβ3

��

nw2 ·mw1

nw′2 ·mw′1nv2 ·m(idA2 · v1) nw′2 ·m(x · w1)
nβ′2·m(θ·β1)

//

(2)

(1)

(3)

∼=

∼=

where (1) and (2) commute by naturality of ρ and λ and (3) by the cocone property for
j (proposition 2.2.2). Note that the top and bottom arrows of this diagram are nβ2 ·mβ1

and nβ′2 ·mβ′1 preceded by canonical isomorphisms, so if we precompose the diagram by

nv2 ·mv1

∼= // nv2 · idGA2 ·mv1
nv2·γG·mv1 // nv2 ·G(idA2) ·mv1

we get jβ3(nβ2 ·mβ1) = jβ′3(nβ′2 ·mβ′1).
This shows that jβ3(nβ2 ·mβ1) is independent of the factorization of σα. We denote

the common value by kα.
Now we show that 〈kα〉 determines a cocone. We use proposition 2.2.2.

(a) (Transfer of scalars) Let α : v3 · v2 · v2 ⇒ v be a triple lax factorization of v. Then we
can factor σα as

Ā Ā

A2

Ā

•v3

��

A2

Ā

A2

A1

A2

•v2

��

A1A1

A

A1

•v1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��
Ā B̄//

A

Ā

A B// B

B̄

•w

��

α σ =

Ā B̄//

A2

Ā

•v3

��

A2 B2
// B2

B̄

•w3

��

A2 B2
//

A1

A2

•v2

��

A1 B1
// B1

B2

•w2

��

A1 B1
//

A

A1

•v1

��

A B// B

B1

•w1

��

β3

β2

β1

B̄ B̄

B

B̄

B BB

B̄

•w

��

β

by first factoring σα considered as a cell (v3 · v2) · v1
//w and then factoring the cell with

domain v3 · v2. Then the following diagram commutes
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nv3 ·Gv2 ·mv1

nv3 ·m(v2 · v1)

nv3·λ ��

n(v3 · v2) ·mv1

nv3 ·Gv2 ·mv1

??
ρ·mv1

n(v3 · v2) ·mv1

nv3 ·m(v2 · v1)

nw3 ·Gw2 ·mw1

nw3 ·m(w2 · w1)

nw1·λ ��

n(w3 · w2) ·mw1

nw3 ·Gw2 ·mw1

??
ρ·mw1

n(w3 · w2) ·mw1

nw3 ·m(w2 · w1)

nv3 ·Gv2 ·mv1 nw3 ·Gw2 ·mw1
nβ3·Gβ2·mβ1 //

n(v3 · v2) ·mv1 n(w3 · w2) ·mw1
n(β3·β2)·mβ1 //

(n ·m)(w)

nw3 ·m(w2 · w1)

??

jβ

n(w3 · w2) ·mw1

(n ·m)(w)

jβ

��

n(w3 · w2) ·mw1

nw3 ·m(w2 · w1)nv3 ·m(v2 · v1) nw3 ·m(w2 · w1)
nβ3·m(β2·β1)

//

(2)

(1)

(3)

(1) and (2) by naturality of ρ and λ and (3) by the cocone property for j. The top
composite is kα(ρ ·mv1) and the bottom is kα(nv3 · λ). Thus 〈kα〉 determines a cocone.

Now the cocone determined by the kα is of the type required for the “further universal
property” (LC3) of definition 2.1.1. Each component has the same vertical domain, F (f),
and the same vertical codomain H(g). Then by (LC3) there exists a unique cell (n·m)(σ) :
(n ·m)(v) // (n ·m)(w) satisfying the stated conditions.

4. Proof of Main Theorem

In this section we prove the following theorem.

4.0.1. Theorem. If A is a small double category satisfying AFT and X is a locally
cocomplete double category, then composites of modules between lax functors A // X are
strongly representable.

Now that the hard work has been done and everything properly set up, it is relatively
straightforward to check that everything works. We set down the calculations here in the
interest of completeness.

We first check that n ·m is indeed a module F • //H. The data (M1) and (M2) from
definition 1.1.6 have already been specified. We use the fact that the definition of kα in
proposition 3.2.1 is independent of the factorization of σα and make judicious choices in
our proofs.

4.1. Functoriality

4.1.1. Proposition. n ·m satisfies condition (M3) “horizontal functoriality”.

Proof. For σ = 1v we can factor σα as

Ā Ā

A1

Ā

•v2

��

A1

Ā

A1

A

A1

•v1

��

A AA

Ā Ā

A

Ā

•v

��

A AA

Ā

•v

��

α 1 =

Ā Ā

A1

Ā

•v2

��

A1 A1A1

Ā

•v2

��

A1 A1

A

A1

•v1

��

A AA

A1

•v1

��

Ā Ā

A

Ā

A AA

Ā

•v

��
1

1

α
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so that kα = jα. Thus (n ·m)(1v) = 1(n·m)(v).
Now consider two cells

Ā B̄//

A

Ā

•v
��

A B// B

B̄

•w
��
B̄ C̄//

B

B̄

B C// C

C̄

•x
��

σ τ

We first factor σα = β3(β2 · β1) and then τβ3 = γ(γ2 · γ1)

Ā Ā

A1

Ā

•v2

��

A1

Ā

A1

A

A1

•v1

��

A AA

Ā B̄//

A

Ā

•v

��

A B// B

B̄

•w

��
B̄ C̄//

B

B̄

•

��

B C// C

C̄

•x

��

α σ τ =

Ā B̄//

A1

Ā

•v2

��

A1 B1
// B1

B̄

•w2

��

A1 B1
//

A

A1

•v1

��

A B// B

B1

•w1

��

B̄ B̄

B

B̄

B BB

B̄

•w

��
B̄ C̄//

B

B̄

•

��

B C// C

C̄

•x

��
β2

β1

β3 τ

=

Ā B̄//

A1

Ā

•v2

��

A1 B1
// B1

B̄

•w2

��

A1 B1
//

A

A1

•v1

��

A B// B

B1

•w1

��

B̄ C̄//

B1

B̄

•
��

B1 C1
// C1

C̄

•x2

��

B1 C1
//

B

B1

•
��

B C// C

C1

•x1

��

C̄ C̄

C

C̄

C CC

C̄

•x

��
β2

β1

γ2

γ1

γ3 =

Ā C̄//

A1

Ā

•v2

��

A1 C1
// C1

C̄

•x2

��

A1 C1
//

A

A1

•v1

��

A C// C

C1

•x1

��

C̄ C̄

C

C̄

C CC

C̄

•x

��
γ2β2

γ1β1

γ3

which gives the commutative diagram

nv2 ·mv1 nw2 ·mw1nβ2·mβ1

//

(n ·m)(v)

nv2 ·mv1

OO

jα

(n ·m)(v) (n ·m)(w)
(n·m)(σ)// (n ·m)(w)

nw2 ·mw1

OO

jβ3

nw2 ·mw1 nx2 ·mx1nγ2·mγ1

//

(n ·m)(w)

nw2 ·mw1

(n ·m)(w) (n ·m)(x)
(n·m)(τ)// (n ·m)(x)

nx2 ·mx1

OO

jγ3

nv2 ·mv1 nx2 ·mx1

n(γ2β2)·m(γ1β1)

66

so ((n ·m)(τ))((n ·m)(σ)) = (n ·m)(τσ).

4.2. Naturality

4.2.1. Proposition. The left and right actions for n ·m are natural (M4).

Proof. We give the proof for the left action λn·m. The right action is the same.
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For compatible cells, σ : v //w and σ̄ : v̄ // w̄ we must establish the commutativity
of

Hw̄ · (n ·m)(w) (n ·m)(w̄ · w)
λn·m(w̄,w)

//

Hv̄ · (n ·m)(v)

Hw̄ · (n ·m)(w)

Hσ̄·(n·m)(σ)

��

Hv̄ · (n ·m)(v) (n ·m)(v̄ · v)
λn·m(v̄,v) // (n ·m)(v̄ · v)

(n ·m)(w̄ · w)

(n·m)(σ̄·σ)

��

Given a lax factorization of v, α : v2 · v1 ⇒ v, we factor σα as

Ā Ā

A1

Ā

•v2

��

A1

Ā

A1

A

A1

•v1

��

A AA

Ā B̄g
//

A

Ā

•v

��

A B
f // B

B̄

•w

��

α σ =

Ā B̄g
//

A1

Ā

•v2

��

A1 B1
// B1

B̄

•w2

��

A1 B1
//

A

A1

•v1

��

A B
f // B

B1

•w1

��

β2

β1

B̄ B̄

B

B̄

B BB

B̄

•w

��

β3

which gives us a factorization of (σ̄ · σ)(v̄ · α)

Ã Ã

Ā

Ã

•v̄
��

Ā Ā̄A

Ã

• v̄
��

Ā Ā

A1

Ā

•v2

��

A1

Ā

A1

A

A1

•v1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

1

α

Ã B̃//

Ā

Ã

•
��

Ā B̄// B̄

B̃

•w̄
��

Ā B̄//

A

Ā

A B// B

B̄

•w

��

σ̄

σ

=

Ã B̃//

Ā

Ã

•v̄
��

Ā B̄// B̄

B̃

•w̄
��

Ā B̄//

A1

Ā

•v2

��

A1 B1
// B1

B̄

•w2

��

A1 B1
//

A

A1

•v1

��

A B// B

B1

•w1

��

B̃ B̃

B̄

B̃

B̄ B̄̄B

B̃

•w̄
��

B̄ B̄

B

B̄

B BB

B̄

•w

��

σ̄

β2

β1

1

β2

Then we have commutative diagrams

Hv̄ · nv2 ·mv1 n(v̄ · v2) ·mv1
λn(v̄,v2)·mv1

//

Hv̄ · (n ·m)(v)

Hv̄ · nv2 ·mv1

OO

Hv̄·jα

Hv̄ · (n ·m)(v) (n ·m)(v̄ · v)
λn·m(v̄,v) // (n ·m)(v̄ · v)

n(v̄ · v2) ·mv1

OO

jv̄·α

n(v̄ · v2) ·mv1 n(w̄ · w2) ·mw1
n(σ̄·β2)·mβ1

//

(n ·m)(v̄ · v)

n(v̄ · v2) ·mv1

OO
(n ·m)(v̄ · v) (n ·m)(w̄ · w)

(n·m)(σ̄·σ) // (n ·m)(w̄ · w)

n(w̄ · w2) ·mw1

OO

jw̄·β3

n(v̄ · v2) ·mv1

(n ·m)(w̄ · w)

kv̄·α

44

and

Hv̄ · nv2 ·mv1 Hw̄ · nw2 ·mw1Hσ̄·nβ2·mβ1

//

Hv̄ · (n ·m)(v)

Hv̄ · nv2 ·mv1

OO

Hv̄·jα

Hv̄ · (n ·m)(v) Hw̄ · (n ·m)(w)
Hσ̄·(n·m)(σ) // Hw̄ · (n ·m)(w)

Hw̄ · nw2 ·mw1

OO

Hw̄·jβ3

Hw̄ · nw2 ·mw1 n(w̄ · w2) ·mw
λn(w̄,w2)·mw1

//

Hw̄ · (n ·m)(w)

Hw̄ · nw2 ·mw1

OO
Hw̄ · (n ·m)(w) (n ·m)(w̄ · w)

λn·m(w̄,w) // (n ·m)(w̄ · w)

n(w̄ · w2) ·mw

OO

jw̄·β3

Hv̄ · nv2 ·mv1

Hw̄ · (n ·m)(w)

Hσ̄·kα
44
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in which the bottom rows are equal by naturality of λn. As the Hv̄ · jα are jointly epic,
we get the required commutativity.

4.3. Unit Laws

4.3.1. Proposition. The left and right actions for n ·m satisfy condition (M5), “unit
laws”.

Proof. Again we just check the unit law for λn·m. We must show commutativity of

idHĀ · (n ·m)(v) H(idA) · (n ·m)(v)
ηĀ·(n·m)(v) //idHĀ · (n ·m)(v)

(n ·m)(idA · v)

∼= **

H(idA) · (n ·m)(v)

(n ·m)(idA · v)

λn·m(idĀ,v)

��

For any α : v2 · v1 ⇒ v we have a commutative diagram

idHĀ · nv2 ·mv1 H(idĀ) · nv2 ·mv1ηĀ·nv2·mv1

//

idHĀ · (n ·m)(v)

idHĀ · nv2 ·mv1

OO

idHĀ·jα

idHĀ · (n ·m)(v) H(idĀ) · (n ·m)(v)
ηĀ·(n·m)(v) // H(idĀ) · (n ·m)(v)

H(idĀ) · nv2 ·mv1

OO

H(idĀ)·jα

H(idĀ) · nv2 ·mv1 n(idĀ · v2) ·mv1
λn(idĀ,v2)·mv1

//

H(idĀ) · (n ·m)(v)

H(idĀ) · nv2 ·mv1

H(idĀ) · (n ·m)(v) (n ·m)(idĀ · v)
λn,m(idĀ,v) // (n ·m)(idĀ · v)

n(idĀ · v2) ·mv1

OO
jidĀ·α

The canonical isomorphism represented by ∼= in the triangle above is in fact the top row
of the commutative diagram

idHĀ · nv2 ·mv1 nv2 ·mv1lHĀ·mv1

//

idHĀ · (n ·m)(v)

idHĀ · nv2 ·mv1

OO

idHĀ·jα

idHĀ · (n ·m)(v) (n ·m)(v)
lHĀ // (n ·m)(v)

nv2 ·mv1

OO

jα

nv2 ·mv1 n(idĀ · v2) ·mv1
n(l−1

A )·mv1

//

(n ·m)(v)

nv2 ·mv1

OO
(n ·m)(v) (n ·m)(idĀ · v)

(n·m)(l−1
Ā

)
// (n ·m)(idĀ · v)

n(idĀ · v2) ·mv1

OO
jidĀ·α

nv2 ·mv1

(n ·m)(idA · v)

kα

44

where the calculation of kα was made using the factorization

A2 Ā

A1

A2

•v2

��

A1

Ā

A1

A0

A1

•v1

��

A0 AA

A2 Ā

A0

A2

A0 AA

Ā

•v

��

α

Ā ĀĀ

Ā̄A

Ā

• idĀ

��

Ā

AA AA

Ā

•v
��

l−1
A =

A2 A2A2

A2A2

A2

• idA2

��

A2

A1A1 A1A1

A2

•v2

��

A1 A1

A0

A1

•v1

��

A0 A0A0

A1

•v1

��

A2 A2

A1

A2

•v2

��

A1 A1A1

A2A2 Ā

A2

A2

��

A2 Ā̄A

Ā

• idĀ

��

A2 Ā

A1

A2

��

A1

ĀA2 Ā

A0

A2

A0 AA

Ā

•v

��
l−1
A2

α

1

1

The bottom lines of the two rectangles are equal by the unit law for n.
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4.4. Associativity

4.4.1. Proposition. The left and right actions for n ·m satisfy condition (M6), “asso-
ciativity”.

Proof. First we check left associativity. This means that the top composites of the two
following diagrams must be equal for any composable triple of vertical arrows v, v̄, ṽ.
Any lax factorization of v, α : v2 · v1 ⇒ v gives lax factorizations v̄ · α : (v̄ · v2) · v1 ⇒ v̄ · v
and ṽ · v̄ · α : (ṽ · v̄ · v2) · v1 ⇒ ṽ · v̄ · v of v̄ · v and ṽ · v̄ · v respectively. Thus we have the
following commutative diagrams.

Hṽ ·Hv̄ · nv2 ·mv1 Hṽ · n(v̄ · v2) ·mv1
Hṽ·λ(v̄,v2)·mv1

//

Hṽ ·Hv̄ · (n ·m)(v)

Hṽ ·Hv̄ · nv2 ·mv1

OO

Hṽ·Hv̄·jα

Hṽ ·Hv̄ · (n ·m)(v) Hṽ · (n ·m)(v̄ · v)
Hṽ·λ(v̄,v) // Hṽ · (n ·m)(v̄ · v)

Hṽ · n(v̄ · v2) ·mv1

OO

Hṽ·jv̄·α

Hṽ · n(v̄ · v2) ·mv1 n(ṽ · v̄ · v2) ·mv1
λ(ṽ,v̄·v2)·mv1

//

Hṽ · (n ·m)(v̄ · v)

Hṽ · n(v̄ · v2) ·mv1

OO
Hṽ · (n ·m)(v̄ · v) (n ·m)(ṽ · v̄ · v)

λ(ṽ,v̄·v) // (n ·m)(ṽ · v̄ · v)

n(ṽ · v̄ · v2) ·mv1

OO

jṽ·v̄·α

and

Hṽ ·Hv̄ · nv2 ·mv1 H(ṽ · v̄) · nv2 ·mv1
η(ṽ,v̄)·nv2·mv1

//

Hṽ ·Hv̄ · (n ·m)(v)

Hṽ ·Hv̄ · nv2 ·mv1

OO

Hṽ·Hv̄·jα

Hṽ ·Hv̄ · (n ·m)(v) H(ṽ · v̄) · (n ·m)(v)
η(ṽ,v̄)·(n·m)(v) // H(ṽ · v̄) · (n ·m)(v)

H(ṽ · v̄) · nv2 ·mv1

OO

H(ṽ·v̄)·jα

H(ṽ · v̄) · nv2 ·mv1 n(ṽ · v̄ · v2) ·mv1
λ(ṽ·v̄,v2)·mv1

//

H(ṽ · v̄) · (n ·m)(v)

H(ṽ · v̄) · nv2 ·mv1

H(ṽ · v̄) · (n ·m)(v) (n ·m)(ṽ · v̄ · v)
λ(ṽ·v̄,v) // (n ·m)(ṽ · v̄ · v)

n(ṽ · v̄ · v2) ·mv1

OO

jṽ·v̄·α

That the composites of the bottom rows are equal is left associativity for n, giving left
associativity for n ·m.

Right associativity follows in the same way from that of m.
Middle associativity is a bit different so we set it down here. Now, we take a lax

factorization of v̄, α : v2 · v1 ⇒ v̄, and the corresponding ones for v̄ · v, ṽ · v̄ and ṽ · v̄ · v,
α · v : v2 · (v1 · v)⇒ v̄ · v, ṽ ·α : (ṽ · v2) · v1 ⇒ ṽ · v̄, and ṽ ·α · v : (ṽ · v2) · (v1 · v)⇒ ṽ · v̄ · v.
With this we get the following commutative diagrams.

Hṽ · nv2 ·mv1 · Fv n(ṽ · v2) ·mv1 · Fv
λ(ṽ,v2)·mv1·Fv

//

Hṽ · (n ·m)(v̄) · Fv

Hṽ · nv2 ·mv1 · Fv

OO

Hṽ·jαFv

Hṽ · (n ·m)(v̄) · Fv (n ·m)(ṽ · v̄) · Fvλ(ṽ,v̄)·Fv // (n ·m)(ṽ · v̄) · Fv

n(ṽ · v2) ·mv1 · Fv

OO

jṽ·α·Fv

n(ṽ · v2) ·mv1 · Fv n(ṽ · v2) ·m(v1 · v)
n(ṽ·v2)·ρ(v1,v)

//

(n ·m)(ṽ · v̄) · Fv

n(ṽ · v2) ·mv1 · Fv

OO
(n ·m)(ṽ · v̄) · Fv (n · n)(ṽ · v̄ · v)

ρ(ṽ·v̄,v) // (n · n)(ṽ · v̄ · v)

n(ṽ · v2) ·m(v1 · v)

OO

jṽα·v

and

Hṽ · nv2 ·mv1 · Fv Hṽ · nv2 ·m(v1 · v)
Hṽ·nv2·ρ(v1,v)

//

Hṽ · (n ·m)(v̄) · Fv

Hṽ · nv2 ·mv1 · Fv

OO

Hṽ·jα·Fv

Hṽ · (n ·m)(v̄) · Fv Hṽ · (n ·m)(v̄ · v)
Hṽ·ρ(v̄,v) // Hṽ · (n ·m)(v̄ · v)

Hṽ · nv2 ·m(v1 · v)

OO

Hṽ·jα·v

Hṽ · nv2 ·m(v1 · v) n(ṽ · v2) ·m(v1 · v)
λ(ṽ,v2)·m(v1·v)

//

Hṽ · (n ·m)(v̄ · v)

Hṽ · nv2 ·m(v1 · v)

OO
Hṽ · (n ·m)(v̄ · v) (n ·m)(ṽ · v̄ · v)

λ(ṽ,v̄,v) // (n ·m)(ṽ · v̄ · v)

n(ṽ · v2) ·m(v1 · v)

OO

jṽ·α·v

The bottom rows are equal simply by functoriality of vertical composition, so the top
rows will be equal as well, which is middle associativity.
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Thus we have proved that n ·m is a module. It remains to see that it has the strong
representability property, which we do in the next two sections.

4.5. The Canonical Bimodulation In this section we define the bimodulation

H H

G

H

•n
��

G

H

G

F

G

•m
��

F FF

H H

F

H

F FF

H

•n·m

��

ι

Given two vertical arrows A0 •
v1 //A1 •

v2 //A2, v2 ·v1 has a canonical lax factorization into
v1 and v2

1v2·v1 : v2 · v1 ⇒ v2 · v1.

Define ι(v2, v1) = j1v2·v1
: n(v2) ·m(v1) // (n ·m)(v2 · v1).

4.5.1. Proposition. ι is a bimodulation.

Proof. First, ι satisfies (mm2), “horizontal naturality”. Let

A2 B2
//

A1

A2

•v2

��

A1 B1
// B1

B2

•w2

��

A1 B1
//

A0

A1

•v1

��

A0 B0
// B0

B1

•w1

��

α2

α1

be cells. The composite (α2 · α1)1v2·v1 has the factorization 1w2·w1(α2 · α1)

A2 A2

A1

A2

•v2

��

A1

A2

A1

A0

A1

•v1

��

A0 A0A0

A2 B2
//

A0

A2

•v2·v1

��

A0 B0
// B0

B2

•w2·w1

��

α2·α1 =

A2 B2
//

A1

A2

•v2

��

A1 B1
// B1

B2

•w2

��

A1 B1
//

A0

A1

•v1

��

A0 B0
// B0

B1

•w1

��

B2 B2

B0

B2

B0 B0B0

B2

•w2·w1

��
α2

α1

1

so by proposition 3.2.1, we have that

nv2 ·mv1 nw2 ·mw1nα2·mα1

//

(n ·m)(v2 · v1)

nv2 ·mv1

OO

j1v2·v1

(n ·m)(v2 · v1) (n ·m)(w2 · w1)
(n·m)(α2·α1) // (n ·m)(w2 · w1)

nw2 ·mw1

OO

j1w2·w1
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commutes, which is naturality of n ·m.
Next we check equivariance, (mm3). This says that for any three composable vertical

arrows v1, v2, v3 we must have commutativity of

n(v3 · v2) ·mv1 (n ·m)(v3 · v2 · v1)
j1

//

nv3 ·Gv2 ·mv1

n(v3 · v2) ·mv1

ρ(v3,v2)·mv1

��

nv3 ·Gv2 ·mv1 nv3 ·m(v2 · v1)
nv3·λ(v2,v1) // nv3 ·m(v2 · v1)

(n ·m)(v3 · v2 · v1)

j1

��

This follows from proposition 2.2.1, part (a), because j is a cocone.
Left equivariance (mm3l) says that

Hv3 · (n ·m)(v2 · v1) (n ·m)(v3 · v2 · v1)
λ(v3,v2·v1)

//

Hv3 · nv2 ·mv1

Hv3 · (n ·m)(v2 · v1)

Hv3·j1v2·v1
��

Hv3 · nv2 ·mv1 n(v3 · v2) ·mv1
λ(v3,v3)·mv1 // n(v3 · v2) ·mv1

(n ·m)(v3 · v2 · v1)

j1v3·v2·v1
��

commutes, which it does by the definition of the left action for n ·m (proposition 2.3.1).
Right equivariance, (mm3r), is similar.

4.6. The Universal Property

4.6.1. Proposition. The bimodulation ι : n,m //n·m satisfies the strong representabil-
ity property.

Proof. Let

p = (Fk •
pk //Fk−1 •

pk−1 // . . . •
p1 //F0 = F )

q = (H = H0 •
q1 //H1 •

q2 // . . . •
ql //Hl)

be paths of modules and let
µ : q, n,m,p // r

be a multimodulation. We will show that there is a unique multimodulation µ̄ such that

q, n,m,p

r

µ
��

q, n,m,p q, n ·m,pq,ι,p // q, n ·m,p

r

µ̄
��

commutes. Thus for vertical arrows

x = (Ak •
xk //Ak−1 •

xk−1 // . . . •
x1 //A0 = A)

w = (C = C0 •
w1 //C1 •

w2 // . . . •
wl //Cl)
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A •
v1 //B •

v2 //C

we must have commutativity of

[qw] · nv2 ·mv1 · [px]

r[w, v2, v1,x]

µ(w,v2,v1,x) ))

[qw] · nv2 ·mv1 · [px] [qw] · (n ·m)(v2 · v1) · [px]
[qw]·j1v2·v1 ·[px]

// [qw] · (n ·m)(v2 · v1) · [px]

r[w, v2, v1,x]

µ̄(w,v2·v1,x)uu

(1)

Let v : A • //C be an arbitrary vertical arrow and

C C

B

C

•v2

��

B

C

B

A

B

•v1

��

A AA

C C

A

C

A AA

C

•v

��

α

a lax factorization of v. Then for x and w as above, naturality of µ̄ would give the
commutative square

r[w, v2, v1,x] r[w, v,x]
r[w,α,x]

//

[qw] · (n ·m)(v2 · v1) · [px]

r[w, v2, v1,x]

µ̄(w,v2·v1,x)

��

[qw] · (n ·m)(v2 · v1) · [px] [qw] · (n ·m)v · [px]
[qw]·(n·m)α·[px] // [qw] · (n ·m)v · [px]

r[w, v,x]

µ̄(w,v,x)

��

which, if pasted onto the right side of (1), gives the commuting

r[w, v2, v1,x] r[w, v,x]
r[w,α,x]

//

[qw] · nv2 ·mv1 · [px]

r[w, v2, v1,x]

µ(w,v2,v1,x)

��

[qw] · nv2 ·mv1 · [px] [qw] · (n ·m)v · [px]
[qw]·jα·[px] // [qw] · (n ·m)v · [px]

r[w, v,x]

µ̄(w,v,x)

��
(2)

because ((n ·m)α)(j1) = jα. Now the family 〈[qw] · jα · [px]〉α is jointly epic so, if µ̄ exists,
it is unique.

The next step is to show r[w, α,x]µ(w, v2, v1,x) determines a cocone as in proposition
2.2.1, which will show that µ̄(w, v,x) does exist. Condition (a) says that for any triple
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lax factorization γ : v3 · v2 · v1
// v the diagram

[qw] · nv3 ·Gv2 ·mv1 · [px]

[qw] · nv3 ·m(v2 · v1)[px]

1·λm·1 ''

[qw] · n(v3 · v2) ·mv1 · [px]

[qw] · nv3 ·Gv2 ·mv1 · [px]

77
1·ρn·1

[qw] · n(v3 · v2) ·mv1 · [px]

[qw] · nv3 ·m(v2 · v1)[px]

r[w, v3, v2, v1,x]

[qw] · nv3 ·m(v2 · v1)[px]

77

µ(w,v3,v2·v1,x)

[qw] · n(v3 · v2) ·mv1 · [px]

r[w, v3, v2, v1,x]

µ(w,v3·v2,v1,x)

''

[qw] · n(v3 · v2) ·mv1 · [px]

[qw] · nv3 ·m(v2 · v1)[px]

must commute when followed by

r[w, γ,x] : r[w, v3, v2, v1,x] // r[w, v,x].

But it commutes even before that by associativity of µ.
For condition (b) consider two lax factorizations of v, β : v2 · v1 ⇒ v, β′ : v′2 · v′1 ⇒ v

related by β′(θ2 · θ1) = β for

C C

B

C

•v2

��

B B′// B′

C

•v′2
��

B B′//

A

B

•v1

��

A AA

B′

•v′1
��

θ2

θ1

We have to show that

[qw] · nv′2 ·mv′1 · [px] r[wv′2, v
′
1,x]

µ(w,v′2,v
′
1,x)

//

[qw] · nv2 ·mv1 · [px]

[qw] · nv′2 ·mv′1 · [px]

1·nθ2·mθ1·1

��

[qw] · nv2 ·mv1 · [px] r[wv2, v1,x]
µ(w,v2,v1,x) // r[wv2, v1,x]

r[wv′2, v
′
1,x]
��

r[w, v,x]

r[wv′2, v
′
1,x]

44

r[w,β′,x]

r[wv2, v1,x]

r[w, v,x]

r[w,β,x]

**

r[wv2, v1,x]

r[wv′2, v
′
1,x]

r[w,θ2,θ1,x]

��

commutes, which it does, the square by naturality of µ and the triangle by functoriality
of r. This shows that the µ̄(w, v,x) exist (and are unique) satisfying (2).

It remains to show that this definition makes µ̄ into a multimodulation. There are
a number of things to check but the method of proof is the same for all of them. The
condition is expressed as the commutativity of a diagram involving µ̄ which we reduce to
a similar diagram for µ by precomposing with an arbitrary 1 ·jα ·1 (for suitable identities).
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To check naturality of µ̄ we take a path of cells

Ck Ck//

C

Ck

•w

��

C C ′// C ′

Ck

•w′

��
ω

C C ′//

A

C

•v
��

A A′// A′

C ′

•v′

��
σ

A A′//

Al

A

•x
��

Al A′l
// A′l

A′

•x′
��

ξ

and must show that

[qw′] · (n ·m)v′ · [px′] r[w′, v′,x′]
µ̄(w′,v′,x′)

//

[qw] · (n ·m)v · [px]

[qw′] · (n ·m)v′ · [px′]

[qω]·(n·m)σ·[pξ]

��

[qw] · (n ·m)v · [px] r[w, v,x]
µ̄(w,v,x) // r[w, v,x]

r[w′, v′,x′]

r[ω,σ,ξ]

��

(∗)

commutes. For this it will be sufficient to show that it does when preceded by [qw]·jα ·[px]
for α : v2 · v1 ⇒ v, an arbitrary lax factorization of v. Factor σα as

C C

B

C

v2

��

B

C

B

A

B

v1

��

A AA

C C

A

C

A AA

C

v

��
C C ′//

A

C
��

A A′// A′

C ′

v′

��

α σ =

C C ′//

B

C

v1

��

B B′// B′

C ′

v′2

��

B B′//

A

B

v1

��

A A′// A′

B′

v′1

��

C ′ C ′

A′

C ′

A′ A′A′

C ′

v′

��
β2

β1

β

Then by definition of (n ·m)σ and functoriality of vertical composition, we get the com-
mutative square

[qw′] · nv′2 ·mv′1 · [px′] [qw′] · (n ·m)v′ · [px′]
1·jβ ·1

//

[qw] · nv2 ·mv1 · [px]

[qw′] · nv′2 ·mv′1 · [px′]

[qω]·nβ2·mβ1[pξ]

��

[qw] · nv2 ·mv1 · [px] [qw] · (n ·m)v · [px]
1·jα·1 // [qw] · (n ·m)v · [px]

[qw′] · (n ·m)v′ · [px′]

[qω]·(n·m)σ·[pξ]

��
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If we paste this onto (∗) and use the definition of µ̄ we get

[qw′] · nv′2 ·mv′1 · [px′] r[w′, v′2, v
′
1,x]

µ(w′,v′2,v
′
1,x
′)
//

[qw] · nv2 ·mv1 · [px]

[qw′] · nv′2 ·mv′1 · [px′]

[qω]·nβ2·mβ1·[pξ]

��

[qw] · nv2 ·mv1 · [px] r[w, v2, v1,x]
µ(w,v2,v1,x) // r[w, v2, v1,x]

r[w′, v′2, v
′
1,x]

r[ω,β2,β1,ξ]

��
r[w′, v′2, v

′
1,x] r[w′, v′,x′]

r[w′,β,x′]
//

r[w, v2, v1,x]

r[w′, v′2, v
′
1,x]

��

r[w, v2, v1,x] r[w, v,x]
r[w,α,x] // r[w, v,x]

r[w′, v′,x′]

r[ω,σ,ξ]

��

which commutes by naturality of µ and functoriality of r. This establishes naturality of
µ̄.

Checking the equivariance of µ̄ involves evaluating one of the F ’s or one of the H’s at
a vertical arrow. There are eight cases to consider:
(1) Fk, k > 0 (right equivariance),
(2) Fi, 0 < i < k (doesn’t involve n ·m),
(3) F0, k > 0 (involves n ·m),
(4) F0, k = 0 (involves n ·m),
and four dual ones for the H’s.

For (1), let x, w, α be as before, and x′ : A′k • //Ak. We must show that

[qw] · (n ·m)v · [p(x · x′)] r[w, v,x · x′]
µ̄(w,v,x·x′)

//

[qw] · (n ·m)v · [px] · Fkx′

[qw] · (n ·m)v · [p(x · x′)]

1·ρpk
��

[qw] · (n ·m)v · [px] · Fkx′ r[w, v,x] · Fkx′
µ̄(w,v,x)·Fkx′ // r[w, v,x] · Fkx′

r[w, v,x · x′]

ρr

��

commutes. Paste onto this the commutative diagram

[qw] · nv2 ·mv′1[p(x · x′)] [qw] · (n ·m)v · [p(x · x′)]
1·jα·1

//

[qw] · nv2 ·mv1 · [px] · Fkx′

[qw] · nv2 ·mv′1[p(x · x′)]

1·ρpk
��

[qw] · nv2 ·mv1 · [px] · Fkx′ [qw] · (n ·m)v · [px] · Fkx′
1·jα·1 // [qw] · (n ·m)v · [px] · Fkx′

[qw] · (n ·m)v · [p(x · x′)]

1·ρpk
��

and use the definition of µ̄ to get

[qw] · nv2 ·mv1 · [p(x · x′)] r[w, v2, v1,x · x′]
µ(w,v2,v1,x·x′)

//

[qw] · nv2 ·mv1 · [px] · Fkx′

[qw] · nv2 ·mv1 · [p(x · x′)]

1·ρpk
��

[qw] · nv2 ·mv1 · [px] · Fkx′ r[w, v2, v1,x] · Fkx′
µ(w,v2,v1,x)·Fkx′ // r[w, v2, v1,x] · Fkx′

r[w, v2, v1,x · x′]

ρr

��
r[w, v2, v1,x · x′] r[w, v,x · x′]

r[w,α,x·x′]
//

r[w, v2, v1,x] · Fkx′

r[w, v2, v1,x · x′]
��

r[w, v2, v1,x] · Fkx′ r[w, v,x] · Fkx′
r[w,α,x]·Fkx′// r[w, v,x] · Fkx′

r[w, v,x · x′]

ρr

��

which commutes, the left square by right equivariance of µ and the right square by natu-
rality of ρr.
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To prove equivariance for case (2) we replace the path x by a path (x, y, z) where x
and z are paths of lengths i and k − i and y a single arrow. We must show that the
following diagram commutes

[qw] · (n ·m)v · [px] · [p(y · z)] [qw] · (n ·m)v · [p(x · y)] · [pz]

[qw] · (n ·m)v · [px] · Fiy · [pz]

[qw] · (n ·m)v · [px] · [p(y · z)]

1·λpi+1 ·1

ww

[qw] · (n ·m)v · [px] · Fiy · [pz]

[qw] · (n ·m)v · [p(x · y)] · [pz]

1·ρpi ·1

''
[qw] · (n ·m)v · [px] · [p(y · z)]

r[w, v,x, y, z]

µ̄(w,v,x,y·z)

''

[qw] · (n ·m)v · [px] · [p(y · z)] [qw] · (n ·m)v · [p(x · y)] · [pz][qw] · (n ·m)v · [p(x · y)] · [pz]

r[w, v,x, y, z]

µ̄(w,v,x·y,z)

ww

If we precede this by [qw] · jα · [px] · Fiy · [pz] we get the corresponding diagram for µ
followed by r[w, α,x, y, z]. This uses the definition of µ̄ and the fact that jα and ρpi (resp.
λpi+1

) act on different factors and so can be permuted.
For case (3) we must show that

[qw] · (n ·m)v · [p(x′ · x)] r[w, v, x′,x]
µ̄(w,v,x′·x)

//

[qw] · (n ·m)v · Fx′ · [px]

[qw] · (n ·m)v · [p(x′ · x)]

1·λp1 ·1
��

[qw] · (n ·m)v · Fx′ · [px] [qw] · (n ·m)(v · x′) · Fx′ · [px]
1·ρn·m·1 // [qw] · (n ·m)(v · x′) · Fx′ · [px]

r[w, v, x′,x]

µ̄(w,v·x′,x)

��

commutes. Now we must use the definition of ρn·m (proposition 2.3.1), which gives the
commutative

[qw] · (n ·m)v · Fx′ · [px] [qw] · (n ·m)(v · x′) · [px]
1·ρn·m·1

//

[qw] · nv2 ·mv1 · Fx′ · [px]

[qw] · (n ·m)v · Fx′ · [px]

1·jα·1
��

[qw] · nv2 ·mv1 · Fx′ · [px] [qw] · nv2 ·m(v1 · x′) · [px]
1·ρm·1 // [qw] · nv2 ·m(v1 · x′) · [px]

[qw] · (n ·m)(v · x′) · [px]

1·jα·x′ ·1
��

that we paste on top of the diagram we want to commute. We use the definition of µ̄ and
the fact that 1 · jα · 1 and 1 · λp1 · 1 act on different factors to permute them, to get

[qw] · (n ·m)v · [p(x′ · x)] r[w, v, x′,x]
µ̄(w,v,x′·x)

//

[qw] · nv2 ·mv1 · [p(x′ · x)]

[qw] · (n ·m)v · [p(x′ · x)]

1·jα1

��

[qw] · nv2 ·mv1 · [p(x′ · x)] r[w, v2, v1, x
′,x]// r[w, v2, v1, x
′,x]

r[w, v, x′,x]

r[w,α,x′,x]

��

[qw] · nv2 ·mv1 · [p(x′ · x)] r[w, v2, v1, x
′,x]

µ(w,v2,v1,x′·x)
//

[qw] · nv2 ·mv1 · Fx′ · [px]

[qw] · nv2 ·mv1 · [p(x′ · x)]

1·λp1 ·1
��

[qw] · nv2 ·mv1 · Fx′ · [px] [qw] · nv2 ·m(v1 · x′) · [px]
1·ρn·1 // [qw] · nv2 ·m(v1 · x′) · [px]

r[w, v2, v1, x
′,x]

µ(w,v2,v1·x′,x)

��
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The top square commutes by equivariance of µ and the bottom by definition of µ̄.
Case (4) is somewhere between cases (1) and (3) and so is its proof. We must establish

the commutativity of

[qw] · (n ·m)(v · x) r[w, v · x]
µ̄(w,v·x)

//

[qw] · (n ·m)v · F0x

[qw] · (n ·m)(v · x)

1·ρn·m
��

[qw] · (n ·m)v · F0x r[w, v] · F0x
µ̄(w,v)·F0x // r[w, v] · F0x

r[w, v · x]

ρr

��

Paste onto this the commutative diagram (proposition 2.3.1)

[qw] · nv1 ·m(v2 · x) [qw] · (n ·m)(v · x)
1·jα·x

//

[qw] · nv1 ·mv2 · F0x

[qw] · nv1 ·m(v2 · x)

1·ρm
��

[qw] · nv1 ·mv2 · F0x [qw] · (n ·m)v · F0x
1·jα1 // [qw] · (n ·m)v · F0x

[qw] · (n ·m)(v · x)

1·ρn·m
��

and use the definition of µ̄ to get

[qw] · nv1 ·m(v2 · x) r[w, v1, v2 · x]
µ(w,v1,v2·x)

//

[qw] · nv1 ·mv2 · F0x

[qw] · nv1 ·m(v2 · x)

1·ρm
��

[qw] · nv1 ·mv2 · F0x r[w, v1, v2] · F0x
µ(w,v1,v2)·F0x // r[w, v1, v2] · F0x

r[w, v1, v2 · x]

ρr

��
r[w, v1, v2 · x] r[w, v · x]

r[w,α·x]
//

r[w, v1, v2] · F0x

r[w, v1, v2 · x]
��

r[w, v1, v2] · F0x r[w, v] · F0x
r[w,α]·F0x // r[w, v] · F0x

r[w, v · x]

ρr

��

which commutes, the left square by right equivariance of µ and the right square by natu-
rality of ρr.

The other four cases are dual.

5. Complements

5.1. Identities In this section we show that for arbitrary A and X, identities are strongly
representable in Lax(A,X). This justifies our claim in [15], theorem 4.3. It is also neces-
sary in order to see that, under the hypotheses of theorem 4.0.1, Lax(A,X) is a double
category.

We have to check this separately because, for one thing, nullary modulations are not
exactly the specialization of multimodulations to the nullary case, although a more global
definition of multimodulation than the one given above would indeed show it in that
light. Another reason is that, as Peter Lumsdaine has pointed out, our AFP is a binary
condition and those usually come with a corresponding nullary one. But if we generalize
our AFP to n-ary factorizations, which is easily enough done, and then specialize to n = 0,
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we get a ridiculously strong condition, which says (in part) that every cell

A

C
g ''

B

A

77f B

C

•v
��

α

factors as

A
f // B

C

B

B

B

C

•v
��

ᾱ

which implies that B = C and g = f .
We recall the definition of the module we called idF (in corollary 3.19 of [15]) and IdG

(in theorem 4.3 of [15]).

5.1.1. Definition. For any lax functor F : A // X there is a canonical module idF :
F • //F defined by the formulas

idF (v) = F (v) : FA • //FĀ

idF (σ) = F (σ) : Fv // Fw

λidF (v̄, v) = φF (v̄, v) : F v̄ · Fv // F (v̄ · v)

ρidF (v̄, v) = φF (v̄, v) : F v̄ · Fv // F (v̄ · v).

5.1.2. Proposition. The above definitions make idF into a module F • //F .

Proof. Condition (M3) follows immediately from (LF3), (M4) from (LF4), (M5) and
(M6) from (LF5).

5.1.3. Definition. If t : F // G is a natural transformation between the lax functors
F and G, there is a canonical modulation idt : idF // idG defined by

idt(v) = t(v) : Fv //Gv.

5.1.4. Proposition. The above definition makes idt into a modulation.

Proof. Condition (m2) follows immediately from (NT2) and condition (m3) from (NT3).
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We also recall the definition of null modulation. Conditions (nm1) and (nm2) below
are just a specialization of (mm1) and (mm2) from section 1 above, but (mm3), (mm3l)
and (mm3r) don’t make sense when n = 0 and must be replaced by (nm3).

5.1.5. Definition. Let F , G0, G1 be lax functors A //X and p : G0 • //G1 a module,
t : F //G, s : F //H natural transformations. A null modulation

µ : F // p

F

H
s ''

G

F

77
t

G

H

•p

��
µ

consists of the following data:

(nm1) For every object A, a cell
µA : idFA // p(idA).

These must satisfy

(nm2) (Horizontal naturality) For any horizontal arrow f : A // A′,

p(idA) p(idA′)
p(idf )

//

idFA

p(idA)

µA

��

idFA idFA′
idFf // idFA′

p(idA′)

µA′

��

commutes.

(nm3) (Equivariance) For every vertical arrow v : A • // Ā,

Hv · p(idA) p(v · idA)
λp
//

Fv · idFA

Hv · p(idA)

sv·µA
��

Fv · idFA idFĀ · Fv
∼= // idFĀ · Fv

p(v · idA)p(v · idA) p(idĀ · v)∼=
//

idFĀ · Fv

p(v · idA)

idFĀ · Fv p(idĀ) ·GvµĀ·tv // p(idĀ) ·Gv

p(idĀ · v)

ρp

��

commutes.

We can now define the null modulation ι which will turn out to be the universal one.

5.1.6. Definition. For any lax functor F we let

ιA = φA : idFA // F (idA).

5.1.7. Proposition. ι is a null modulation from F into idF .

Proof. Conditions (nm2) and (nm3) follow immediately from (LF4) and (LF5) respec-
tively.
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There are two bimodulations associated with an arbitrary module m : F • //G which
will be useful in the proof below.

5.1.8. Definition. For a module m : F • //G we have bimodulations

λ : idG,m //m

ρ : m, idF //m

defined by
λ(v2, v1) = λm(v2, v1) : Gv2 ·mv1

//m(v2 · v1)

ρ(v2, v1) = ρm(v2, v1) : mv2 · Fv1
//m(v2 · v1)

i.e. λ and ρ are the left and right actions for m.

5.1.9. Proposition. λ and ρ are bimodulations and satisfy

G

G

G

G

G

G

• idG

��

G

G

F

G

F

G

•m
��

F

G

F

F

F

G

•m
��

G

G

G

G

G

G

•
��

G

G

F

G

F

G

•m
��

F

G

F

F

F

G

•
��

ι

1m

λ = 1m =

G

G

F

G

F

G

•m
��

F

G

F

F

F

G

•m
��

F

F

F

F

F

F

• idF

��

G

G

F

G

F

G

•
��

F

G

F

F

F

G

•m
��

F

F

F

F

F

F

•
��

ι

1m

ρ

Proof. The conditions for λ and ρ to be bimodulations correspond to those for m to be
a module. For λ, e.g., (mm2) is (M4), (mm3) and (mm3l) are the first condition of (M6),
and (mm3r) is the second condition of (M6).

Evaluating λ(ι, 1m) at v : A • // Ā gives the commutative

idGĀ ·mv G(idĀ) ·mvγĀ·mv //idGĀ ·mv

m(idĀ · v)

G(idĀ) ·mv

m(idĀ · v)

λm(idĀ,v)

��

mv idGĀ ·mv
∼= //mv

m(idĀ · v)

∼=
++

by (M5), and this is the first equation above.
The argument for ρ is dual.

5.1.10. Theorem. Identities in Lax(A,X) are strongly represented by idF with universal
null modulation ι.
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Proof. We first prove weak representability. Given a null modulation µ : F // r we
want to show that there is a unique modulation µ̄ : idF // r such that

F

F

F

F

F

F

• idF

��
F L

t
//

F

F

•
��

F K
s // K

L

•r
��

= F

Lt ''

K

F

77s
K

L

•r
��

ι µ̄ µ

i.e. for every A

idFA

r(idA)
µA ))

F (idA)

idFA

55φA
F (idA)

r(idA)

µ̄(idA)

��

commutes. If µ̄ exists, its left associativity gives commutativity of the middle part of the
diagram

Fv · idFA

Lv · r(idA)
tv·µA ((

Fv · F (idA)

Fv · idFA

66Fv·φA
Fv · F (idA)

Lv · r(idA)

tv·µ̄(idA)

��
Lv · r(idA) r(v · idA)

λr(v,idA)
//

Fv · F (idA)

Lv · r(idA)
��

Fv · F (idA) F (v · idA)
φ(v,idA) // F (v · idA)

r(v · idA)

µ̄(v·idA)

��
r(v · idA) r(v)

∼= //

F (v · idA)

r(v · idA)
��

F (v · idA) F (v)
∼= // F (v)

r(v)

µ̄v

��

The right square commutes by naturality of µ̄ and the triangle by functoriality of vertical
composition and the defining property of µ̄ above. The right unit law for F says that the
top composite is a canonical isomorphism, so µ̄v is uniquely determined.

In fact µ̄v is the composite

Fv
∼= // Fv · idFA

tv·µA // Lv · r(idA)
λr(v,idA) // r(v · idA)

∼= // rv

which is the composite modulation

F

L
''

L

F

L

L

• idL

��

L

F

F

L
''

F

F

•idF

��

F

L
''

K

F

77 K

L

•r
��

L

L

L

L

L

L

•
��

L

L

K

L

K

L

•r
��

K

L

K

K

K

L

•
��

µ

idt

λ

at v. So µ̄ is a modulation. That it satisfies the required commutativity condition follows
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from the equalities

F

F

F

F

F

F

• idF

��
F

Lt ''

L

F

L

L

• idL

��

L

F

F

L
''

F

F

•
��

F

Lt ''

K

F

77s
K

L

•r
��

L

L

L

L

L

L

•
��

L

L

K

L

K

L

•r
��

K

L

K

K

K

L

•
��

ι

idt

µ

λ =

F

Lt ''

K

F

77s
K

L

•r
��
L

L

L

L

L

L

• idL

��

L

L

K

L

K

L

•
��

K

L

K

K

K

L

•r
��

L

L

L

L

L

L

•
��

L

L

K

L

K

L

•r
��

K

L

K

K

K

L

•
��

µ

ι

1r
λ = F

Lt ''

K

F

77s
K

L

•r
��

µ

The validity of these equations is checked by evaluating at A to get

r(idA) idLA · r(idA)
∼= //r(idA)

r(idA)

idLA · r(idA)

r(idA)

∼=
��

r(idA) r(idA · idA)oo
∼=

idLA · r(idA)

r(idA)
��

idLA · r(idA) L(idA) · r(idA)// L(idA) · r(idA)

r(idA · idA)

λr(idA,idA)

��

r(idA) idLA · r(idA)//

idFA

r(idA)

µA

��

idFA idFA · idFA
∼= // idFA · idFA

idLA · r(idA)

idtA·µA
��

idLA · r(idA) L(idA) · r(idA)
lA·1

//

idFA · idFA

idLA · r(idA)
��

idFA · idFA F (idA) · idFA
φA·1 // F (idA) · idFA

L(idA) · r(idA)

t(idA)·µa
��

where lA is the structure morphism for L and the top right square commutes by the
unit law for t (NT3). The bottom square is the unit law for ι. The top diagram above
corresponds to the path top, right, bottom, and the second diagram to the path right,
down, right, down, left.

To prove strong representability, we adopt the notation of 4.6. Thus we start with
paths of modules

p = Fk •
pk //Fk−1 •

pk−1 // . . . •
p1 //F0

q = H0 •
q1 //H1 •

q2 // . . . •
ql //Hl

with F0 = F = H0. We have to show that for any multimodulation µ : q,p // r, there
is a unique multimodulation µ̄ : q, idF ,p // r such that

q,p

r

µ
��

q,p q, idF ,p
q,ι,p // q, idF ,p

r

µ̄
��
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commutes.
Thus for paths of vertical arrows

x = Ak •
xk //Ak−1 •

xk−1 // . . . •
x1 //A0

w = C0 •
w1 //C1 •

w2 // . . . •
wl //Cl

with A0 = A = C0, we must have commutativity of

[qw] · idFA · [px]

r[w, idA,x]

[qw] · idFA · [px] [qw] · F (idA) · [px]
1·φA·1 // [qw] · F (idA) · [px]

r[w, idA,x]

µ̄(w,idA,x)zz

[qw] · [px] [qw] · idFA · [px]
∼= //

r[w, idA,x]

r[w,x]

∼=zz

[qw] · [px]

r[w,x]

µ(w,x)

��

We’ve already considered the case where both x and w are empty, so we can assume that
one of them is not, say x (the other case being dual).

Now, take x and w as above but with y : A0 • //C0. Then if µ̄ does exist, inner
equivariance says that

[qw] · F (idA0 · y) · [px] r[w, idA0 , y,x]
µ̄(w,idA0

·y,x)
//

[qw] · F (idA0) · F (y) · [px]

[qw] · F (idA0 · y) · [px]

1·φ(idA0
,y)·1
��

[qw] · F (idA0) · F (y) · [px] [qw] · F (idA0) · [p(y · x]
1·λp1 ·1 // [qw] · F (idA0) · [p(y · x]

r[w, idA0 , y,x]

µ̄(w,idA0
,y·x)

��

commutes. If we precede this square by 1 · φA0 · 1, the bottom composite gives the
commutative

r[w, y,x] r[w, idA0 , y,x]∼=
//

[qw] · Fy · [px]

r[w, y,x]

µ̄(w,y,x)

��

[qw] · Fy · [px] [qw] · F (idA0 · y) · [px]
∼= // [qw] · F (idA0 · y) · [px]

r[w, idA0 , y,x]

µ̄(w,idA0
·y,x)

��

[qw] · Fy · [px] [qw] · F (idA0 · y) · [px]//

[qw] · idA0 · Fy · [px]

[qw] · Fy · [px]

∼=
��

[qw] · idA0 · Fy · [px] [qw] · F (idA0) · Fy · [px]
1·φA0·1 // [qw] · F (idA0) · Fy · [px]

[qw] · F (idA0 · y) · [px]

1·φ(idA,y)·1
��
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The top composite gives the commutative

r[w, y,x] r[w, idA0 , y,x]∼=
//

[qw] · [p(y · x)]

r[w, y,x]

µ(w,y·x)

��

[qw] · [p(y · x)]

r[w, idA0 , y,x]

[qw] · [p(y · x)]

[qw] · idFA0 · [p(y · x)]

[qw] · [p(y · x)]

∼=
��

[qw] · idFA0 · [p(y · x)] [qw] · F (idA0) · [p(y · x)]
1·φA0·1 // [qw] · F (idA0) · [p(y · x)][qw] · idFA0 · [p(y · x)] [qw] · F (idA0) · [p(y · x)]//

[qw] · Fy · [px]

[qw] · idFA0 · [p(y · x)]

1·λp1 ·1
��

[qw] · Fy · [px] [qw] · F (idA0 · y) · [px]
1·φA0·1 // [qw] · F (idA0 · y) · [px]

[qw] · F (idA0) · [p(y · x)]

1·λp1 ·1
��

[qw] · F (idA0) · [p(y · x)]

r[w, idA0 , y,x]

µ̄(w,idA0
,y·x)

��

where the unlabeled isomorphisms are canonical. This shows that µ̄, if it exists, is unique.
In fact we can solve for µ̄(w, y,x). It is the composite

[qw] · Fy · [px]
1·λp1 ·1 // [qw] · [p(y · x)]

µ(w,y·x) // r[w, y,x].

If we write p as p1, p′ we see that this means that µ̄ is the composite of multimodulations
µ(1, λ, 1)

Hl Hl

F

Hl

•q

��

F FF

Hl

•q

��

F F

F

F

•idF

��

F

F

F

F1

F

•p1

��

F1 F1F1F1 F1

Fk

F1

•p′

��

Fk FkFk

F1

•p′

��

Hl L//

Fk

Hl

Fk K// K

L

•r

��

F1

F

•p1

��

1

λ

1

µ

where λ is the bimodulation of proposition 5.1.9. It follows immediately that µ̄ is a mul-
timodulation. By the same proposition it also follows that µ̄(1, ι, 1) = µ. This completes
the proof.

5.2. Reduction to [5] In this section we show that if A and X are bicategories, i.e. all
horizontal arrows are identities, our colimit formula for m·n (definition 2.2.3) is equivalent
to the one given in [5], §2.4. By proposition 2.2.1, a cocone κ on Γv is given by a family
of cells

κ(β) : nv2 ·mv1
// x
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indexed by lax factorizations of v satisfying two conditions: (a) transfer of scalars and
(b) naturality. A cocone on their diagram is also a family κ(β) : nv2 ·m1

// x as above
satisfying just one condition (c):
For all β, γ1, β2, γ2, β1(1 · γ1) = β2(γ2 · 1) as in

Ā Ā

A2

Ā

•w3

��

A2 A2A2

Ā

•w3

��

A2 A2

A1

A2

•w2

��

A1

A2

A1

A

A1

•w1

��

A AA

A2 A2

A

A2

A AA

A2

•v1

��

1

γ1

Ā Ā

A2

Ā

•
��

A2

Ā

A2

A

A2

•v1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

β1 =

Ā Ā

A2

Ā

•w1

��

A2

Ā

A2

A1

A2

•w2

��

A1 A1A1

Ā Ā

A1

Ā

A1 A1A1

Ā

•v2

��

A1 A1

A

A1

•w1

��

A AA

A1

•w1

��

γ2

1

Ā Ā

A

Ā

A AA

Ā

•v

��

β2

we have the commutative hexagon

nw3 ·Gw2 ·mw1

nw3 ·m(w2 · w1)

1·λm ��

n(w3 · w2) ·mw1

nw3 ·Gw2 ·mw1

??
ρn·1

n(w3 · w2) ·mw1

nw3 ·m(w2 · w1)nw3 ·m(w2 · w1) nw3 ·mv11·mγ1

//

n(w3 · w2) ·mw1

nw3 ·m(w2 · w1)

n(w3 · w2) ·mw1 nv2 ·mw1
nγ2·1 // nv2 ·mw1

nw3 ·mv1

x

nw3 ·mv1

??

κβ1

nv2 ·mw1

x

κβ2

��

nv2 ·mw1

nw3 ·mv1

If κ satisfies (a) and (b) then it satisfies (c) as can be seen from

nw3 ·Gw2 ·mw1

nw3 ·m(w2 · w1)

1·λm ��

n(w3 · w2) ·mw1

nw3 ·Gw2 ·mw1

??
ρn·1

n(w3 · w2) ·mw1

nw3 ·m(w2 · w1)nw3 ·m(w2 · w1) nw3 ·mv11·mγ1

//

n(w3 · w2) ·mw1

nw3 ·m(w2 · w1)

n(w3 · w2) ·mw1 nv2 ·mw1
nγ2·1 // nv2 ·mw1

nw3 ·mv1

x

nw3 ·mv1

??

κβ1

nv2 ·mw1

x

κβ2

��

nv2 ·mw1

nw3 ·mv1

n(w3 · w2) ·mw1

x
κ(β2(γ2·1))

**

nw3 ·m(w2 · w1)

x
κ(β1(1·γ1))

44(a)

(b)

(b)

On the other hand, (a) is a special case of (c) where γ1 and γ2 are identities. Showing
that naturality (condition (b)) follows from (c) is a bit trickier. Let β : v2 · v1

// v and
β′ : v′2 · v′1 // v be lax factorizations of v such that β′(θ2 · θ1) = β for θi : vi // v′i. We
have to show that

x

nv′2 ·mv′1

77

κβ′

nv2 ·mv1

x

κβ

''

nv2 ·mv1

nv′2 ·mv′1

nθ2·mθ1
��
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commutes. A consequence of (c) is the following. Let γ1 : w1
// v1 and γ2 : w2

// v2,
β1 : w2 · v1

// v, β2 : v2 ·w1
// v be such that β1(1 · γ1) = β2(γ2 · 1). Then the pentagon

of condition (c) when applied to the situation

Ā Ā

A1

Ā

•w2

��

A1 A1A1

Ā

•w2

��

A1 A1

A1

A1

•idA1

��

A1

A1

A1

A

A1

•w1

��

A AA

A1 A1

A

A1

A AA

A1

•v1

��

1

γ̄1

Ā Ā

A1

Ā
��

A1

Ā

A1

A

A1

•

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

β1 =

Ā Ā

A1

Ā

•w2

��

A1

Ā

A1

A1

A1

•idA1

��

A1 A1A1A1 A1

A

A1

•w1

��

A AA

A1

w1

��

Ā Ā

A1

Ā

A1 A1A1

Ā

•v2

��

γ̄2

1

Ā Ā

A1

Ā
��

A1

Ā

A1

A

A1

��

A AA

Ā Ā

A

Ā

A AA

Ā

•v

��

β2

and preceded by

nw2 ·mw1 •
∼= //nw2 · idGA1 ·mw1 •

1·γA1·1 //nw2 ·G(idA1) ·mw1

reduces to

nw2 ·mw1

nw2 ·mv1

1·mγ1 ''

nv2 ·mw1

nw2 ·mw1

77
nγ2·1

nv2 ·mw1

nw2 ·mv1

x

nw2 ·mv1

77

κβ1

nv2 ·mw1

x

κβ2

''

nv2 ·mw1

nw2 ·mv1

being commutative. Now specialize this to

γ1 = θ1, β1 = β′

and
γ2 = 1v′2 , β2 = β′(1 · θ1)

to get commutativity of

nv′2 ·mv1

nv′2 ·mv′1
1·mθ1 ��

nv′2 ·mv1 x
κ(β′(1·θ1)) // x

nv′2 ·mv′1

??

κβ′

Then let
γ1 = 1v1 , β1 = β

and
γ2 = θ2, β2 = β′(1 · θ1)
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to get commutativity of

nv2 ·mv1 x
κβ

//

nv′2 ·mv1

nv2 ·mv1

??
nθ2·1

nv′2 ·mv1

x

κ(β′(1·θ1))

��

Pasting these two diagrams along κ(β′(1 · θ1) gives the required commutativity (b).
Thus we see that, when A and X are bicategories (i.e., double categories whose hor-

izontal arrows are all identities) our construction is equivalent to that of [5]. It follows
that composition of modules is associative up to coherent isomorphism as claimed in loc.
cit.
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Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr
Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com
Valeria de Paiva: valeria.depaiva@gmail.com
Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu
Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch
Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk
Anders Kock, University of Aarhus: kock@imf.au.dk
Stephen Lack, Macquarie University: steve.lack@mq.edu.au
F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu
Tom Leinster, University of Edinburgh, Tom.Leinster@ed.ac.uk
Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl
Susan Niefield, Union College: niefiels@union.edu
Robert Paré, Dalhousie University: pare@mathstat.dal.ca
Jiri Rosicky, Masaryk University: rosicky@math.muni.cz
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