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THE WEAKLY GLOBULAR DOUBLE CATEGORY OF FRACTIONS
OF A CATEGORY

SIMONA PAOLI, DORETTE PRONK

ABSTRACT. This paper introduces the construction of a weakly globular double cate-
gory of fractions for a category and studies its universal properties. It shows that this
double category is locally small and considers a couple of concrete examples.
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1. Introduction

Localization of categories or bicategories is the process of freely adding inverses or pseudo
inverses to a class of arrows to turn them into isomorphisms or internal equivalences
respectively. This has turned out to be important in homotopy theory where one only
considers maps up to homotopy. In doing this we need to add inverses to those maps
that are equivalences up to homotopy, but don’t have a continuous inverse. And in
geometry, it can be useful to view some well-known categories as localizations of simpler
categories. For instance, when objects are defined using an atlas of local charts, we
can define maps between these objects as (smooth) maps defined on charts, also called
‘atlas maps’, but we need to add inverses to those atlas maps that correspond to the
identity on the underlying objects and may not be invertible as atlas maps. As a further
example, the homotopy theory of orbifolds and stacks is best studied in terms of groupoid
representations [22, 1, 23], but in order to obtain the correct notion of maps between
orbifolds we need to invert the Morita equivalences between groupoids (which in general
do not have inverse maps as smooth/continuous groupoid homomorphisms).
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Localizing a category can be done in various ways. The simplest way to construct
a localization is to simply add the required inverse arrows to the category and take the
free category of paths modulo the required inversions plus the old composition structure.
However, this has the draw-back that the equivalence relation is rather unwieldy and one
does not know a priori how long the paths need to be in order to have a representative for
all arrows in the localized category. The first way to deal with this is to consider classes
of arrows that satisfy the conditions of a left or right category of fractions, as defined by
Gabriel and Zisman [12], or its bicategorical generalization, the bicategory of fractions
[26]. In this situation we only need to consider spans (or cospans) of arrows where the
left-hand (right-hand) side of the span (cospan) is an arrow that needed to be inverted.
The equivalence relation becomes a lot easier to describe as well in this case. However,
there is still an issue left: we do not have a guarantee that the resulting category of
fractions will have small hom-sets, unless the original category had only a set of objects.

In practice, we see that besides the canonical category of fractions there are often other
concrete models of the localized category that clearly do have small hom-sets, and this
guarantees then that the category of fractions has small hom-sets as well. For instance,
we can view the bicategory of orbifolds as the bicategory of fractions of the category
of orbifold groupoids with respect to essential equivalences. However, orbifolds can also
be viewed as étendues (a special kind of toposes) with a proper diagonal, and orbifold
morphisms correspond then to geometric morphisms between étendues. For more details
on this, see [26]. Another example is that of 2-groups or crossed modules, where the
arrows in the homotopy category with respect to weak equivalences can be described in
terms of so-called butterflies [23].

As a way to systematically deal with the size-problem Quillen model structures have
been introduced [29]. However, one does not always have the extra structure of fibrations
and cofibrations to be able to use this theory. Also, generalizing the theory of Quillen
model structures to higher categories is highly non-trivial. An attempt that provides the
fibrant half of a Quillen model structure for a bicategory was given in [28]. To obtain a
simplicially enriched localization, the hammock localization [8] was developed by Dwyer
and Kan.

In this paper we want to take a different approach, and use an alternate model for a
weak 2-categorical structure to study localizations in terms of categories of fractions. In
[24] we introduced the notion of weakly globular double category to obtain a new model
for weak 2-categories that is a subcategory of the category of double categories. The
main idea behind the definition of weakly globular double category is that we want to
weaken the globularity condition in the definition of a 2-category rather than the unit
or associativity conditions. The globularity condition says that in each dimension the
collection of cells is discrete, i.e., a set or class. One way to describe a double category is
as an internal category in the category of categories, i.e. a diagram

Xl XXo Xl i>X1 <—U—X0. (].)
t

So a double category X has a category (rather than a set) X; in each dimension. For weakly
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globular double categories, we require that Xy be a posetal groupoid (or, equivalence
relation) rather than a set. This is what we call our weak globularity condition. This
comes then with additional requirements on X;, which are spelled out in Definition 2.9
below. In [24] we obtained a biequivalence of 2-categories

Dbl: Bicatie, < WGDbl,,, : Bic.

(The functors involved in this biequivalence are reviewed in Sections 2.11 and 2.12 be-
low.) Here, Bicat;co, is the 2-category of bicategories, homomorphisms and icons, whereas
WGDbl,s,, is the 2-category of weakly globular double categories, pseudo-functors and
vertical transformations.

In this paper (in Section 5) we will construct C{W}, the weakly globular double
category of fractions for a category C with respect to a class W of arrows. We will
consider the category C here as a horizontal double category, which means that in the
diagram (1), X, is the discrete category on the objects of C and X is the discrete category
on the arrows of C. We denote this double category by HC. The weakly globular double
category C{W} has small hom-sets of horizontal arrows, vertical arrows and cells, so
there are no size-issues here. This can be explained by the fact that this construction
works by adding additional objects to the category that represent the arrows in W and
the fact that in some sense the new inverses are being added in the vertical direction.
For instance, for the category of atlases and atlas maps, the new objects correspond to
atlas refinements U’ = U. The horizontal arrows are given by atlas maps between the
domains of these refinements and there is a vertical map between two refinements of the
same atlas if they have a common refinement. There is a double cell precisely when two
atlas maps become the same when restricted to some common refinements for the domain
and codomain.

Aside from this size property, what makes the weakly globular double category of
fractions interesting is its universal property. For the category of fractions C[W '], com-
position with the inclusion functor Iy : C — C[W 1] gives an equivalence of categories,

Cat(C[W™!],D) ~ Catyy(C, D),

where Caty, (C, D) is the category of functors and natural transformations that send ar-
rows in W to isomorphisms. This determines the category of fractions up to an equivalence
of categories.

For the bicategory of fractions C(W™1), we want an equivalence of categories or 2-
categories between appropriate hom categories or hom 2-categories. Note that the hom-
category Bicat (B, C) of two bicategories B and C can be viewed as a 2-category in various
ways, depending on the type of morphisms and transformations one is interested in. In
particular, one may take homomorphisms of bicategories (which preserve units and com-
position both up to coherent isomorphisms) as objects and (op)lax transformations as
morphisms. When one considers these transformations as homomorphisms into the cylin-
der bicategory on C, this leads the way to the next level of cells: the modifications which
can be viewed as transformations between the first-level transformations when considered
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as homomorphisms. One can also restrict oneself to pseudo natural transformations, or
to icons. And one can restrict the objects to only consider strict functors or relax them
to consider lax or oplax functors.

For a bicategory C with a class of arrows W satisfying the conditions to form a bicat-
egory of fractions, the universal property of the bicategory of fractions C(TW 1) is stated
as follows.

1.1. THEOREM. Composition with the homomorphism Jy: C — C(W™Y) induces an
equivalence of bicategories

Bicat(C(W™Y), D) ~ Bicatyy (C, D),

for any bicategory D.

In [26] this universal property was given in terms of homomorphisms and oplax trans-
formations, but it can be restricted to homomorphisms with pseudo transformations or to
homomorphisms with icons. There is also an analogous result for homomorphisms with
lax transformations.

For weakly globular double categories C and I, the hom object WGDbI(C, D) can be
given the structure of a category in two ways; namely, by using horizontal or vertical
transformations. We show that C{WW} has a universal property with respect to both
structures. The inclusion of weakly globular double categories, Jy: HC — C{W},
induces two equivalences of categories,

WGDbl,, ,(C{W},D) ~ WGDbl,, ., i (HC, D)

and
WGDblg ,(C{W},D) ~ WGDbly 5w (HC, D).

Note that the first equivalence, also called the vertical universal property, is with respect to
pseudo-functors, whereas the second universal property, also called the horizontal univer-
sal property, is with respect to strict functors. The vertical universal property determines
C{W} up to vertical equivalence and the horizontal universal property determines C{WW}
up to horizontal equivalence. The two notions of equivalence are generally unrelated, so
it is important to have both.

One of the main purposes of this paper is to establish what the objects and arrows of
the categories WGDbl s , w (HC, D) and WGDbly 5, w (HC, D) are. One way to do this is to
consider the image of Jy: C — C(W 1) under the 2-functor Dbl. However, this functor is
only defined on icons, not on any other transformations (since it needs to have a 2-category
of bicategories as its domain). So we need apply it to the universal property expressed in
terms of icons. This translates then into a universal property for weakly globular double
categories in terms of pseudo-functors and vertical transformations. Composition with
Dbl(Jw ) gives rise to an equivalence of categories,

WGDbl,, ,(Dbl(C(W ™)), Dbl D) ~ WGDbl,. , 1v-(Dbl(C), Dbl D).
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Note that in this equation, WGDbl,, 1w (Dbl(C), DbID) is really a different expression
for
Dbl(Bicaticonw (C, D).

In order to find a description of WGDbl ,, - (Db1C, DbID) C WGDbl, ,(DbIC, Dbl D)
we need to describe the special properties of horizontal arrows in weakly globular double
categories that correspond to internal equivalences in bicategories (since this notion is
used to describe the universal property of a bicategory of fractions). To find this we first
study for a bicategory B what type of horizontal arrows in the weakly globular double
category Dbl(B) correspond to quasi units in B (where we call an arrow f: A — Ain a
bicategory a quasi unit when f = 14). We show that these are precisely the horizontal
arrows in Dbl(B) that have a vertical companion as defined in [15]. Furthermore, we also
show that for a weakly globular double category X, horizontal arrows that have vertical
companions in X correspond to quasi units in Bic(X).

Corresponding to the bicategorical notion of internal equivalence, we define the notion
of precompanion for horizontal arrows in a weakly globular double category. And we prove
that the objects of WGDbl , w (DblC, DbID) are indeed the pseudo-functors that send
the arrows in the image of W to precompanions. The arrows in this category are the so-
called W-transformations that respect the precompanion structure in an appropriate way
(see Definition 4.11). Since every weakly globular double category is vertically equivalent
to one of the form Dbl(B) for a bicategory B, the notion of W-pseudo-functor and W-
transformation can be extended to pseudo-functors with an arbitrary weakly globular
double category as domain, and the weakly globular double category Dbl(C(WW~!)) has
the following (vertical) universal property.

1.2. THEOREM. Composition with the functor Dbl(J): Dbl(C) — Dbl(C(W 1)) in-
duces an equivalence of categories

WGDbl,,, , (Db1(C(W ")), D) ~ WGDbl, , v (Dbl(C), D),

where the objects of WGDbl , w (Db1(C), D) are pseudo-functors that send arrows related
to those in W (as specified in Definition 4.7 below) to precompanions.

So this seems to be the right vertical universal property for a weakly globular double
category of fractions. However, this is as far as Dbl(Jy): Dbl(C) — Dbl(C(IW 1))
can help us. This functor is strict, but it has no obvious universal property in terms
of horizontal transformations. This is not surprising, since Dbl is part of an equiva-
lence that involves only the pseudo-functors and vertical transformations. So the functor
Dbl(Jy): Dbl(C) — Dbl(C(W 1)) cannot be our prototypical example of a universal
arrow into a weakly globular double category of fractions. Now we could try to just adjust
its codomain - as long as the new codomain is vertically equivalent to Dbl(C(W ™)) it
will have the correct vertical universal property. However, as an example of a weakly glob-
ular double category with a class of horizontal arrows W, Dbl(C) does not look general
enough (the arrows corresponding to those in W occur in many different guises, namely
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as composites of paths that are not necessarily in W, and we do need to take all of them
into account when constructing the category of fractions).

Now note that there is another embedding of categories into weakly globular double
categories (which does not extend to all bicategories), namely the horizontal embedding
H: Cat - WGDbly, ;, which sends a category C to the weakly globular double cate-
gory H(C) with the objects of C as objects, the arrows of C as horizontal arrows, only
identity vertical arrows, and only vertical identity cells on the arrows of C as double
cells. There is a vertical weak equivalence between the weakly globular double cate-
gories H(C) and Dbl(C), with a strict double functor Dbl(C) — H(C), but its vertical
pseudo-inverse is only a pseudo-functor. As a consequence, the composed pseudo-functor
H(C) — Dbl(C(W™1)) has still the correct vertical universal property for the weakly
globular double category of fractions.

So we are looking for a strict double functor Jy : H(C) — C{W} such that C{IWV}
is vertically weakly equivalent to Dbl(C(W™!)). It turns out that this can be done by
turning the arrows in W into precompanions in a very specific way. The resulting weakly
globular double category has both a horizontal universal property and a vertical universal

property.

1.3. THEOREM. The double functor Jyw: H(C) — C{W?} induces equivalences of cate-
gories

WGDbl, ,(C{W}, D) ~ WGDbl,, ..y (HC, D)

and
WGDbly; ,(C{W},D) >~ WGDbly 5w (HC, D),

where WGDbl,s , w (HC, D) consists of pseudo-functors that send arrows in W to precom-
panions and vertical transformations that respect this structure, and WGDbly 5w (HC, D)
consists of strict functors and horizontal transformations with a W -friendly structure (as
described in Definitions 6.11 and 6.13).

The 2-functor H is defined for all 2-categories, so one might wonder whether we can
extend this to 2-categories with a class of arrows W. This is indeed possible, but the
technicalities related to the 2-cells obscure the ideas of this construction. So we will leave
this case for a sequel to this paper [25]. We will then show that the additional ideas
needed to handle arbitrary 2-categories are exactly what we need to define the weakly
globular double category of fractions for an arbitrary weakly globular double category
and a class of horizontal arrows with the appropriate properties.

The current paper is organized as follows. In Section 2 we give the background ma-
terial on double categories and the equivalence between bicategories and weakly globular
double categories. We also explicitly describe pseudo-functors, and vertical and horizon-
tal transformations between weakly globular double categories. In Section 3 we describe
companions and precompanions and show how they are related to quasi units and inter-
nal equivalences respectively. In Section 4 we describe the vertical universal property of
Dbl(C(W™1)). In Section 5 we describe the weakly globular double category of fractions
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C{W} and in Section 6 we give its universal properties. Section 7 consists of concluding
remarks and questions for further research.
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2. Double categories and bicategories

In this section we review the definition of weakly globular double category and the concepts
and notation related to double categories and bicategories used in this paper. We begin
by introducing our notation for double categories.

2.1. DOUBLE CATEGORIES. A double category X is an internal category in Cat, i.e., a
diagram of the form

do

X = < Xl XXo Xl —m—> Xl =s5—= X(] ) . (2)
di

The elements of Xqg, i.e., the objects of the category Xy, are the objects of the double

category. The elements of Xgy, i.e., the arrows of the category X, are the vertical arrows

of the double category. Their (vertical) domains, codomains, identities, and composition

in the double category X are as in the category Xy. For objects A, B € Xy, we write

X’U(A7 B) - XO(Av B)

for the set of vertical arrows from A to B. We denote a vertical identity arrow by 14 and
write - for vertical composition. The elements of X, i.e., the objects of the category X,
are the horizontal arrows of the double category, and their domain, codomain, identities
and composition are determined by dy, dy, s, and m in (2). For objects A, B € Xq9, we
write

Xh(A,B) = {f € X10| do(f) = A and d1<f) = B}

We use o for the composition of horizontal arrows, g o f = m(g, f). In order to make
a notational distinction between horizontal and vertical arrows, we denote the vertical
arrows by —e— and the horizontal arrows by ——. The elements of X1, i.e., the arrows
of the category X, are the double cells of the double category. An element o € Xy; has
a vertical domain and codomain in X, (since X; is a category), which are horizontal
arrows, say h and k respectively. The cell « also has a horizontal domain, dy(«), and a
horizontal codomain, d;(«), which are elements of Xq;, i.e., vertical arrows. Furthermore,
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the horizontal and vertical domains and codomains of these arrows match up in such a
way that all this data fits together in a diagram

These double cells can be composed vertically by composition in X; (again written as -)
and horizontally by using m, and written as aj o ag = m(aq, ay). The identities in X;
give us vertical identity cells, denoted by

A-L-B A-L-B

up v g o |

The image of s gives us horizontal identity cells, denoted by
da_ A—— A

v$ idy {v or v} idy iv

where Id4 = s(A) and id, = s(v). Composition of squares satisfies horizontal and vertical
associativity laws and functoriality of m is equivalent to the middle four interchange law.
Further, id;, = 114, and we will denote this cell by ¢4,

Ida

A— A

1A$ LA $1A

A—A.

Id4

For any double category X, the horizontal nerve N,X is defined to be the functor

N, X: A% — Cat such that (N,X)o = Xo, (MX); = X; and (NyX)p = X x5, - x5, X1
for £ > 2. So N,X is given by the diagram

™1 0
Xy xx, X; == X, ==X,
T2 dq
The objects at level k are composable paths of horizontal arrows of length k& and the
arrows at level k are horizontally composable paths of double cells,

h h hi
Ao Ay A
’U(){ al ’U1$ (o) Uli Qg ivk
/ / !/ / /
Ay = M == Ay Ay > Ay

1 2 k
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2.2. PSEUDO-FUNCTORS AND STRICT FUNCTORS. As maps between (weakly globular)
double categories we consider those functors that correspond to natural transformations
between their horizontal nerves.

2.3. DEFINITION.

1. A strict functor F': X — Y between double categories is given by a natural trans-
formation
F: Ny X = N,Y: A°®? — Cat.

2. A pseudo-functor F': X — Y between double categories is given by a pseudo-natural
transformation
F: Ny X = N,Y: A°® — Cat.

So strict functors send objects to objects, horizontal arrows to horizontal arrows,
vertical arrows to vertical arrows, and double cells to double cells, and preserve domains,
codomains, identities and horizontal and vertical composition strictly. Pseudo-functors
preserve all of these up to coherent isomorphisms. Note that this notion of pseudo-
functor between double categories is different from what is described in [7], for instance.
The pseudo-functors of 7] preserve domains and codomains strictly.

A pseudo-functor (F, (¢;), o, i, (6;)): X — Y consists of functors Fy: Xog — Yo, Fi: Xy —
Y; and Fj: X xx, - Xx, X1 = Y1 Xy, - Xvy,Y; for k > 2, together with invertible nat-
ural transformations,

X — Y, Xp —2 =¥, (3)
I
Xo o Yo X4 3 Y,
X1 Xx, Xli)Y1 Xy, Y1 Xy Xx, X1£>Y1 Xy, Y1
N
X; ———— Y, X, ——— Y1,

(where ¢ = 1,2), and analogously for Fy with & > 2. These satisfy the usual naturality
and coherence conditions, that can be derived from their simplicial description. We will
list the ones that we will use in the remainder of this paper. For instance,

XO i.YO XOAYO (4)
sl ol js
I .
X —Y;, = Lrg for i =1, 2.
diL wid ldi
X0 TO'YO XOTO>Y0
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This means that vertical composition and domains and codomains are preserved strictly,
but horizontal composition and domains and codomains are only preserved up to a vertical
isomorphism. For the pseudo-morphisms we consider in this paper the typical image of a

horizontal arrow A—'~B under F corresponds to the following diagram:

doFr f diFi f
(wo)le Nl(@l)f
A FyB

where (o) and (1) are components of ¢y and ¢; given in (3). The equation (4) means
that the components of o have the following shape:

d
FoA—90% _pog
(i, } oa {wl)m;
AoFr(1dy) = i Fi (1)

Naturality of ; means that for any pair of horizontally composable double cells in X,

A1_>Bl_>01

i Mli 5 {w

A2TB2TC2,

the following equation holds:

Fi(g1of1) (
5)
~ Hgy,f1 b~
w22 (g1,f1) m1F2(g1,f1)
B e l—E 4
~ (02)gy, 11 *~ ~ (01) gy, 51 P
Fi(g10f1)
Flflé Flglé
~ Fia o~ = ~ e Fip b ~ = N' F1(Boa) lN
Frgo—— [E—
Fifz Fi(g20f2)
~ (02)9_21,1’2 b ~9 (91)9_21,f2 P~
- s 5
w2 F5(g2,f2) m1F2(g2,f2)
—1
~ M92af2 i

Fi(g20f2)
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The identity coherence axioms for m and s state that for a horizontal arrow A-l.p ,

Fl(IdBof) Fl(f) (6)
. Hidg,f b
m2(F2(1dg,f)) m1(Fa(ldp,f))
o (O)ag,y o
—F(IdB)—> = 4 idf [
s (02)1a, 7 = ! ot b
—Ildpyp—
[ id >
Bi(f) Ida; ry (5) Fi(f)
and
Fl(fOIdA) Fl(f) (7)
1 Hf1d 4 b
o (F2(f,1d)) m1(Fa(f,1da))
» (92)f14,
—Fi(Idg)— = 3 idy o
» oyt = ¢ (01)r1a, o
—Idpya—>
» id
IddoPH(f) Fi(f) Fi(f)

2.4. TRANSFORMATIONS. Since double categories have two types of arrows, there are two
possible choices for types of transformations between maps of double functors: vertical and
horizontal transformations. Vertical transformations correspond to modifications between
natural transformations of functors from AP into Cat.

2.5. DEFINITION. A wertical transformation v: F = G: X = Y between strict double
functors has components vertical arrows v4: FA—e=GA indexed by the objects of X

and for each horizontal arrow A—"~B in X, a double cell

FA-f" FB

’YAi Th i’YB
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such that ~y is strictly functorial in the horizontal direction, i.e., Vp,on, = Vhy © Vay, and
natural in the vertical direction, i.e.,

FA-f" FB FAX FB (8)
FU$ F¢ iFw ’YA} Vh $’YB
Vc$ Vi {VD Gv} G¢ iGw

for any double cell ¢ in X.

To give a vertical transformation between pseudo-functors of double categories, we
need to require that the data above fits together with the structure cells of the pseudo-
functors.

2.6. DEFINITION. A wertical transformation v: F' = G: X =2 Y between pseudo double
functors corresponds to a modification between their representations as simplicial natural
transformations between the horizontal nerves of the double categories. It has components
vertical arrows v4: F'A—e—=G A indexed by the objects of X and for each horizontal arrow

A—"~B in X, a double cell
doFh -~ d,Fh
do’Yhi Th idl’m

do Gh W dl Gh,
such that the following squares of vertical arrows commute:

FoA—'—>d0Fh FoB—»lelh

YA { ido'yh B i idl’}/h

G()A—°—> dQGlh GQB_»lelh

where the unlabeled arrows are the structure isomorphisms corresponding to F' and G.
We require that 7 is natural in the vertical direction, in the sense that the following
square of vertical arrows commutes for a vertical arrow A—e—=B in X,

Fiv

F()A ——> F()B

! -

GoA 5% B
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and furthermore, for any double cell ¢ in X

doFyh "~ d, Fih doFyh "~ d, Fih
d0F1C{ Fi¢ $d1F1C dowhi Vh }dwh
dOFIdelFIk = dOGlhwlelh
do%i Yk idl’Yk doGlCi G1¢ }lelc
dOlewlelk dOlewlelk'

In the horizontal direction we require pseudo-functoriality, which means that

Fi(gf) Fi(gf)
i M s 1
m2F2(g,f) m1F2(g,f)
B — e
b (02)g,5 ' (01)g,5 ,
Flf% Flg—>
dovre vf [ < Y9 bd1vg = 3 Yof
—G f—— —Gig——
b (02), % ! (01), .
m2G2(g,f) m2G2(9,f)
4 (“gf)—l ’
Gi(gf) Gi(gf)

In order to state the universal property in Section 6 below, we also need to consider
horizontal transformations between strict functors of double categories. The definition of
a horizontal transformation is dual to that of a vertical transformation in that all mentions

of vertical and horizontal have been exchanged.

2.7. DEFINITION. A horizontal transformation a: G = K: D == E between strict func-

tors of (weakly globular) double categories has components horizontal arrows G X KX

indexed by the objects of D and for each vertical arrow X —e—=Y in D, a double cell

GX XS KX

Gv$ ay }K’U

GY — KY,
ay



THE WEAKLY GLOBULAR DOUBLE CATEGORY OF FRACTIONS OF A CATEGORY 709

such that a is strictly functorial in the vertical direction, i.e., ay,.., = @y, - Gy, and natural
in the horizontal direction, i.e., the composition of

ax L oxt X g x

Gvi G¢ $Gv’ Ayl $KU,

GY GY’ KY’'

Gg Ayt

is equal to the composition of

X px Mg x

Gv{ Ay iKv K¢ $K’Ul

GY KY KY’

ay Kg

for any double cell ¢ in D.

We write DblCats ,,, respectively DblCaty 5, for the 2-categories of double categories,
strict functors, and vertical transformations, respectively horizontal transformations. We
will write DblCat, , for the 2-category of double categories, pseudo-functors, and vertical
transformations of pseudo-functors.

There are 2-functors H: 2-Cat — DblCaty;, and V: 2-Cat — DblCaty,. H sends
a 2-category C to a double category HC with HCy = Cy, the discrete category on the
objects of C and HC; has the arrows of C as objects and the 2-cells of C as arrows (and
composition in HC; corresponds to vertical composition in C). The horizontal structure
of HC corresponds to (horizontal) composition in C. V' sends the 2-category C to a double
category VC with the objects of C as objects, the arrows of C as vertical arrows, only
identity horizontal arrows, and the double cells of C are the 2-cells of HC. H has a
right adjoint h: DblCatst, h — 2-Cat which sends a double category to its 2-category of
horizontal arrows and special cells with identity arrows as vertical arrows. Analogously, V
has a right adjoint v: DblCatst, v — 2-Cat which send a double category to its 2-category
of vertical arrows and special cells with identity arrows as horizontal arrows.

2.8. WEAKLY GLOBULAR DOUBLE CATEGORIES. In [24] we introduced the notion of
weakly globular double category. Weakly globular double categories were defined in such
a way that there is a biequivalence of 2-categories,

Bic : WGDbl,,, , ~ Bicat;,, : Dbl.

Here Bicat;.,, denotes the 2-category of bicategories, homomorphisms and icons.

The adjunction H — h described above restricts to an adjoint equivalence between
the 2-category of double categories D such that Dy is discrete and the 2-category of
2-categories. And a similar result is true when we take pseudo double functors as in
[7] for instance and homomorphisms of 2-categories with oplax transformations. The
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requirement that the vertical category Dy be discrete can be viewed as a globularity
condition: we require that the cells have vertical arrows that are identities, so they are
globular in shape.

To obtain a kind of double categories that can model bicategories we choose to weaken
this globularity condition to obtain the first condition in the definition below. This means
that rather than having a set of objects we have a set with an equivalence relation, i.e.,
a category that is equivalent to a discrete one, a posetal groupoid. In order to make sure
that this interacts well with the structure of the horizontal arrows, we need the second
condition in the definition below. To obtain an understanding of this condition, consider
some arrangement of horizontal and vertical arrows of the form

h fs fn (9)
v1 v2 v3 Un—2 Un—1
f2 fa fn—1

We will refer to such an arrangement of alternating horizontal and vertical arrows as a
staircase path. Since we think of the vertical arrows as just indicating that two objects
are equivalent, we require that this diagram can be completed to

/
fi f3 f3 fa n—1 I
uo Y1 uie u ®¥3 ou3 Un—2 Un—14¢ Pn Un
—_— Y2 —_— Y4 Pn—1 —_—

1 I3 fn

U1 e U2 V3 ¢ Un—2 Un—1

_ _ _

f2 f4 fn—l

where all the double cells are vertically invertible. (And so we can think of the top path
as the corresponding path that is horizontally composable.) Furthermore, we require that
this correspondence is part of an equivalence of categories.

2.9. DEFINITION. A weakly globular double category X is a double category that satisfies
the following two conditions

e (the weak globularity condition) there is an equivalence of categories v : X — X¢,
where X is the discrete category of the path components of Xg;

o (the induced Segal maps condition) v induces an equivalence of categories, for all
n> 2,
Xy Xy X o Xy 2 Xy X+ Xa X (10)
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Analogously to the notation introduced above we write WGDbl,, for the 2-category of
weakly globular double categories, pseudo-functors, and vertical transformations between
them. We also write WGDbl; , and WGDbly, 5, for the 2-categories with strict functors and
vertical, respectively horizontal, transformations.

2.10. REMARK. Since the vertical arrows in a weakly globular double category are unique
and invertible, any object (fi, fa,..., fn) € X4 XX8¢~T-1-><X3X1 corresponds uniquely to a
diagram as in (9). However, there are many other ways to represent this object as a
staircase path. For instance,

S - 3
f3 fn
v2 v3 Un—2 Un—1
- > _— - >
f2 fa fn—1
-1
U1
_—
f1

The induced Segal maps condition would then give us a diagram of vertically invertible
double cells that looks slightly different:

/
fl f3 f3 fa n-1 I
u2 $¥3 ou3 Un—2 Un—1 Pn Un,
u’1 3 P2 —_— Y4 Pn—1 _—
f3 fn
ug, @} v2 V3 ¢ Un—2 Un—1 6
B — D — _—
fa fa fr—1
vfl >
B —
1

However, note that the composable path of horizontal arrows will still be the same, since
this is the path assigned to (fi,..., fn) by the equivalence. But then we realize that the
composites of the vertical arrows also need to be the same, so uy = ujy and vy -u; = vy ' -u}
and furthermore, ¢| = ¢1. So we conclude that the choice of cells and horizontal arrows
is completely determined by the equivalence in the induced Segal maps condition, but the
way they are arranged can vary depending on which vertical arrows are used in the first
staircase path.

In the next two subsections, we briefly review the explicit descriptions of the 2-functors
involved in the biequivalence of 2-categories

Bic : WGDbl, , ~ Bicatco, : Dbl
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For more details on these functors, see also [24].

2.11. THE FUNDAMENTAL BICATEGORY. Let X be a weakly globular double category.
The objects of BicX are obtained as the connected components myX, of the vertical arrow
category Xo. When A is an object of X, i.e., an element of Xy, we write A for the
corresponding object in BicX. Note that A = B if and only if there is a (unique) vertical
arrow v: A—e—=B in X (since the vertical arrow category X is posetal and groupoidal).

For any two objects A and B in X, the set of arrows, BicX(A, B) is obtained as a
disjoint union of horizontal hom-sets in X,

BicX(4,B)= [] Xu(4,B).
A=A
B' =B
Note that we do not put an equivalence relation on the horizontal arrows of X to obtain

the arrows of the fundamental bicategory; we will therefore use the same symbol to denote
a horizontal arrow in X and the corresponding arrow in Bic(X).

N
For any two arrows A—=PB in BicX represented by horizontal arrows Al—f>Bl
g

and Ay;—2=B, in X, the 2-cells from f to g correspond to double cells of the form

A Lo B

iiw

A2—9>BQ

Since v and w are unique, we will denote the corresponding 2-cell in BicX by a: f = g.

Let f: Ay — B; and g: By — (5 be horizontal arrows such that there is an invertible
vertical arrow v: By—e=Bj. Then the induced Segal maps condition (see Definition 2.9)
gives rise to a diagram

A3—>Bs—>03
iy ¥g3,9 iz
ze Pfs.f B2—g>C2
A1—>Bl
Then the composition of f: A, — B; and g: By — C, (Where B, = Bg) in BicX is

defined to be the horizontal composite g3 o f3: A1 = A3 — Cs = Cb.
The horizontal composition of 2-cells is defined as follows: Let
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be a diagram of arrows and cells in the fundamental bicategory, represented by double
cells in X

Ay —1- B, B,—"~C,
U21$ a ivm and v43 i B $w43
Al —g> Bl Bg —k:> 03.

Let the composite of g and k£ in BicX be the arrow k5 o g5 with a corresponding diagram
(using the induced Segal maps condition from Definition 2.9 again),

A5—>B5i>05

vssi Pkg,k }wss

us51 Pg5,9 B3 T- 03

iUSI

Al g B,
and let the composite of f and h be the arrow hg o fg as in the diagram

A6_>B6_>Cﬁ

’U64{ Phg,h $w64

ue2 e  Pfg.f B4 —h> 04

{U42

A2_f>82

Then the horizontal composition of a and [ is represented by the following pasting of
double cells:

B4 h > C4
u62 Pre.f v43 B w43
B3 3 > C3
V32
!
AZ > BZ
u21 a V21 1

S0k57k V35
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(Here, uy; = uj;'

ji and wj; - uj; = wi, and analogous for v and w, since the vertical
category is groupoidal posetal. Furthermore, the same holds for the cells, because they
are components of a vertical transformation.)

The units for the composition are obtained from the functor pp: X4 — X, that is part
of the equivalence of categories, X¢ ~ X,. For an object A in BicX, 15 is the horizontal
arrow Id,, 1)-

There are associativity and unit isomorphisms for this composition that satisfy the

usual coherence conditions by the results in [33] and [18].

2.12. THE WEAKLY GLOBULAR DOUBLE CATEGORY OF PATHS. Let B be a bicategory.
Before we begin the construction of Dbl(B), we first choose a composite ¢y, , for each

finite path AOLA1£>~ LY » of (composable) arrows in B. If the path is empty, we

take w4, = 14,. For each path of such paths,

fil finl

fin1+1 finz fi”rn—1+1 flnm

( ) ) )

the associativity and unit cells give rise to unique invertible comparison 2-cells, which we
denote by

(’D“pfil

,,,,,

. Re¥y .
,,,,, Finy #Fin, 110 Fing

(The uniqueness of these cells follows from the associativity and unit coherence axioms.)
The objects of Dbl(B) are given as pairs of an arrow ¥: [0] — [n] in A with a path,

Ay i Ay L A, , of length n in B, for all n. Since the arrow 1 is determined
by its image iy = 1(0) € [n], we will denote this object in Dbl(B) by

< AO fl Al f2 L fn An 720)
and think of A;, as a marked object along the path. So we will also use the notation
A() fi Al f2 fig [Azo] fig+1 . fn An '
. fi fi n
There is a unique vertical arrow from A, LTy LR [Ag |2 . d A, to
By—2~B,-2 il [B; ]gjo+1 .2 B, if and only if A, = Bj,. In diagrams we
will include this vertical arrow in the following way
Ag L4, L LI N
By~ By L. 2 [Bjo] R L
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Horizontal arrows in Dbl(B) are given as pairs of an arrow ¢: [1] — [n] in A with a
path of length n in B, for all n. Analogous to what we did for objects we denote horizontal
arrows by

(Ao f1 Al f2 L An,lo,ll) Wlth iogil,
or by
fi fi fi fi n
Ag—Lon, L L e S R e S R L
The domain of (AOLAlﬁ» RRELY nil0,11) is (AoiAlg- LY 3 1o) and the codomain

is (A Lt Ay E: R 3 n ;11). For a horizontal identity arrow,

(A L Ay LI A, 1o, o)

we will also use the notation

Ay f1 A, fa fig [[Aio]]fz‘oﬂ . fn §
or
AO fl Al f2 in [Alo] [Alo] fi0+1 L fn An

when this makes it easier to fit such an arrow into a diagram representing a double cell
as shown below.
A double cell consists of two horizontal arrows

(Ao n Ay LR Ap 3o, 1) and ( By s By s By 5 jo, J1)

(for the vertical domain and codomain respectively), such that A;, = B, and A;, = B,
(such that there are unique vertical arrows between the domains of these arrows and
between the codomains of these arrows), together with a 2-cell in B between the chosen
composites,

f fig fig+1 fiq Jig+1 fn
Ay [Azo] [A“] A,
\—/
T
(0%
PYjo+10-:947
—
Bo—gr= 7 Bil g 7 Bidl g 5 B
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So this represents a double cell in Dbl(5).
Two horizontal arrows,

(AO fl Al f2 . fn An;i07i1) and (BO g1 Bl g2 . 9m Bm;j0,j1)7

are composable if and only if the two paths are the same, i.e., m = n, A; = B; for

1 =20,....,n,and f; = ¢g; for i = 1,...,n, and furthermore, i; = jy. In that case, the
horizontal composition of these arrows is given by (A i Ay f2 o Ao, J1)-
The horizontal composition of double cells
f fi fig+1 fi fiy+1 fn
Ag—> .. 2 [Ag)] = — Ay ] = - A,
\—/
Pligt1tiy
(0%
Sogj0+1 ,,,,, 951
—
By i T [ j0]9j0+1 g [ jl]g_>j1+1 o+ ——= By
and
f i fig+1 i Jig+1 fn
Ag— =4 T = (A T Ay,
\—/
Plig+10:Fig
B
PIjy+10:949
— T
BO g 9i1 [ jl]gj1+1 9io [ ]2] Gjo+1 T gm Bm
is defined to be
f fi fig+1 fi fig+1 In
Ag—> .. 2 [A;] = —2[A,] 2~ A,
\—/
Prigt1rtin
a®p

..— B

By

g1 e 9jo [ JO] Gjo+1 9jo [ 32] 9327 ) gm m
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2.13. REMARKS.

1. Note that both the category of horizontal arrows and the category of vertical arrows
of Dbl(B) are posetal.

2. We call Dbl(B) the double category of marked paths in B.

3. For a 2-category C, the double category Dbl(C) is not isomorphic to the double

category HC, but it is vertically equivalent to it. And the same is true for a category
C: HC 2 Dbl(C), but HC ~, Db](C).

3. Companions and precompanions

In general double categories, the notions of companion and conjoint have been recognized
as important concepts related to the notion of adjoint. While adjoint arrows have to be of
the same kind, i.e., both horizontal or both vertical, the relations of companionship and
conjointship are for arrows of different types. The notions of companion and conjoint were
first introduced by Ehresmann in [14], but companions in symmetric double categories
(where the horizontal and vertical arrow categories are the same) were studied by Brown
and Mosa [5] under the name ‘connections’. Connection pairs were first introduced by
Spencer in [32]. The existence of companions and conjoints for the vertical arrows in
a double category is related to Shulman’s notion of an anchored bicategory [31], also
called a gregarious double category in [7]. We will show that for weakly globular double
categories horizontal companions are related to so-called quasi units, i.e., arrows with an
invertible 2-cell to a unit arrow, in their associated bicategories. Then we will introduce
a slightly weaker notion, that of a precompanion. We will show that precompanions in
weakly globular double categories correspond to equivalences in bicategories. In Section
6 we will show that both companions and precompanions play an important role in the
description of the universal properties of a weakly globular double category of fractions.

We begin this section by repeating the definitions of companion and conjoint from [14]
to set our notation, and then we will discuss their relationship to quasi units. Then we
will introduce both a category and a double category of companions. And in the last part
we will study precompanions and their properties.

3.1. COMPANIONS AND CONJOINTS. Recall the definitions of companion and conjoint.

3.2. DEFINITION. Let D be a double category and consider horizontal morphisms f: A —
Band u: B — A and a vertical morphism v: A—e=B. We say that f and v are companions
if there exist binding cells

A—— 24 A—L.B
| ¢ powa o o]
A—-B B—B,
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such that
A=—=A (11)
A=——A-L.p N H v l A=A
I I I B S B
A—f>B=B —f>B v{ X H B—DRB
B:B

Dually, u and v are conjoints if there exist binding cells

B—=A B——=B8,
such that
A=——A (12)
B—“>A=—A  B-"- l H A==A
BaROER=En.
B=—DB—/A B—=A, H l B=——=2>"
B=——=8~HB

3.3. REMARK. Since the vertical arrow category in a weakly globular double category is a
posetal groupoid, it follows from Proposition 3.5 in [7] that the inverse of a vertical arrow
that is a companion is a conjoint, and the binding cells for the conjoint pair can be taken
to be the vertical inverses of the binding cells for the companion pair. So a horizontal
arrow in a weakly globular double category has a vertical conjoint if and only if it has a
vertical companion. So it will often be sufficient to focus on the companion pairs.

3.4. UNITS. The units in a bicategory are weak units in the sense that there are invertible
2-cells
Ailpof= fand ps: folg=f (13)

for any arrow f: A — B (and these need to satisfy the coherence conditions). Such units
are not necessarily unique: any arrow g: A — A with an invertible 2-cell ¢ = 1, would
satisfy (13). In this paper we want to consider the property for an arrow to behave like a
weak unit without necessarily being part of any coherent family of weak units. To stress
this fact, we give them a different name.

3.5. DEFINITION. An endomorphism f: A — A in a bicategory is a quasi unit if it
satisfies the following equivalent conditions:
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1. f = 1A;
2. fog=gforallg: C' - Aand ho f = h forall h: A - B.

We want to characterize the quasi units in the fundamental bicategory BicX.

3.6. LEMMA. Every arrow of the form Ida: A — A is a quasi unit in BicX.

PROOF. Recall from the end of Section 2.11 that the identity arrow on A is Id,, 1y where
po: X4 — X, is part of the equivalence of categories in the weak globularity condition.
There is an invertible 2-cell Id4 = 1Id,, (1) given by the vertically invertible double cell

A Id4 A
x{ idy ix
A) —— 1p(A
o )I%M)M )
(with vertical inverse id,-1). =

We can now characterize the quasi units in BicX as those horizontal arrows in X that
have a companion.

3.7. PROPOSITION. Let w: A — B be a horizontal arrow in a weakly globular double
category X. Then w: A — B is a quasi unit in BicX if and only if w: A — B has a
companion w,: A—e=B in X.

PROOF. If w is a quasi unit, then A = B and there is an invertible 2-cell (: w = 14 in
BicX, given by a vertically invertible double cell in X,

A—~—~B
4 oo b
0(4) 7= 0(4)

We can compose this with the horizontal identity cell on y~! to obtain a double cell

A—" =B A s B
x$ ¢ iy
O(A) 7 0(A) = ylee  id1C glp
0(A)
g1 idy71 g1
B B B B
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Furthermore, precomposing (! (the vertical inverse of ¢) with the horizontal identity cell

on x gives
A1 g A g
z$ idy ix
0(A MG(A) = 1a —lid, y Lo
A B A B

So we can define w, = y~' - z with binding cells x,, = id,~1 -  and ¢, = (7' -id,. (It is
straightforward to verify that these double cells satisfy the binding cell equations (11) for
companions. )

Conversely, let w: A — B be a horizontal arrow with a companion w,: A—e—=B and

binding cells
Ida

A—“. B A2 4
w*$ Xw {13 and IA{ Yw Wi
B——=B A—>B.

Idp

By the previous lemma it is sufficient to show that there is an invertible 2-cell Id4 = w
in BicX. Such a 2-cell is provided by the binding cell ,,. [

Now we start with a bicategory B and consider its associated double category Dbl(5).
The following proposition describes the relationship between quasi units in B and com-
panions in Dbl(B).

3.8. PROPOSITION. A horizontal arrow

f1 fig fig+1 fiy fij+1 fn

Ag Dm0 4, ] g, ] g

in DbI(B) has a companion if and only if A;, = A;, and the chosen composition py, .5,
1S @ quast unait.

PROOF. Suppose that

fi Tfig fig+1 fiq fii+1 fn

Ag Dm0 4, ] g, ] g

has a companion. Then there are double cells of the form

AOL---A[AW]—[AZ‘O]fio—“»--LAn
P
‘ Plig+1°Fiq ‘
— T
Ag—> o — [Aj] — - —— [Ay ] —= - —— A

% % n
fi Tig 08 fig+1 fi 2 fig fn
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AOLA[AZO]“;L#[A“]QLA,%
\_/
‘ Plig+1°Fiq ‘
X
AOT'..T[Ail]—[Ail]filT..‘TAn'

So Aj, = A;, and there are 2-cells ¢: Ida, = ¢y, g, and X2 @, 4yop, = Ida, In B.
The binding cell equations are equivalent to stating that these two 2-cells are inverse to
each other, so ¢y, ..., i a quasi unit.

Conversely, if A;, = A;, and @y, .5, is a quasi unit with an invertible 2-cell 6: Id4, =

P fig+1-fiy> then

AOL~~ﬁ>[AiO]%—“>.~i>[Ah]f”i»--& .
has a companion
AOL...A[AZ.O]M...L .
AOL...A[AH]%...L,%
with binding cells
f fig fig+1 In
gt T ) e T
0
‘ Plig+1-Fiq ‘
— T
AOT)...T_O, AiO]ﬁOTWT[A“]thMTA"
AOL---A[AiO]ﬂ---ﬁ[AH]f“—ﬂ»--LAn
\_/
Plig+1fiq
971
AO?...T[AiI]—[Ail]filT.--TAn

3.9. PRESERVATION OF COMPANIONS. It is clear that strict functors between double
categories preserve companions and conjoints. It is not immediately obvious that the
same is true for pseudo-functors, given the fact that horizontal identities and domains
and codomains are not preserved strictly.

However, since companions in weakly globular double categories correspond to quasi
units in bicategories, and we know that homomorphisms of bicategories preserve quasi
units, pseudo-functors between weakly globular double categories should preserve com-
panions. Here we give a direct proof of this result in terms of companions and binding
cells.



722 SIMONA PAOLI, DORETTE PRONK

3.10. PROPOSITION. Let F: X — Y be a pseudo-functor of weakly globular double cate-
gories. If a horizontal arrow f in X has a companion then so does F(f) in Y.

PROOF. Let A—'~B be a horizontal arrow with vertical companion A—e—=B and binding
cells

Consider the following pastings of double cells in Y:

Iddo Fif

doFr f doF1 f
(po)1d ,-(doF1ep) 1 d id b (0)1d 4 -(doFrgp) ~*
FyA ————— Ry
Y p = COR oA (P11,
doFl(IdA) W‘leladA)
doF1)e Fiy pdi 1y
doF1f 7 diF1f
and
Fif
do ' f - di By f
doFyx Fix ody F1x
AoF; (1) ———= dy Fi 1d)
XEf = (o)1 ¢ op' ¢ (p1)1ap
FB————— FyB
(d1F1x)71'(<p1)fdch id < (d1F1X)71‘(801)17dlB
diFy f diFy f
Ida; ry

Note that di Fi- (1)1, - (v0)1as - (doF1v) ™' = (diFix) ™ (¢1)1d, - (00)1a, - doFix since the
vertical arrow category is posetal, and we claim that this arrow is the vertical companion
of Fy f with binding cells ¢p s and xg . So we need to check that the equations in (11)
are satisfied. It is relatively easy to check that the second equation, involving the vertical
composition of these cells, is satisfied. For the first equation we need to refer to the
coherence conditions in (5), (6), and (7). The horizontal composition considered in the
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binding cell equation is

Idagry £

Ff

doF'1 f doF'1 f doF1 f doF'1 f
. -1
(SOO)IdA'(dOFIT/J)71 id ) (‘PO)IdA (dOFlw) dOFIX' Fix by Fry
FA TdFOA FA d()Fl(IdB) —Fl(IdB)—> lel(IdB)
(SOO)I_dlA oA ' (901)1_(1{4 (w0)1d ¢ op!  (¢1)1d 5
dOFl(IdA) —Fi1(Ida)—> lel(IdA> FB IdryB FB
doF1¢ Fiy < lelw(lelx)fl'@Pl)I_dlB id »(d1F1X)_1'(4P1)1_dlB
doF1f 7 diFif diFy f Moo diFy f
By (6), and (7) this is equal to
Fi(foldy)
o (Fa (1)) i m(Fa(fd) |
> (02)5,1d 4 '
Fi(Idg)——>
» OZI L = » (gl)fyldA L
IdFOA—>
> id [
Idgy ry f— P f——
> id [ 3 Fix [
ldpyaA——> Fi(Idg)——
3 oA [ = 3 oB [
Fy(Ida)—= 1d py p—>
q iy s » id <
F) f—> Idlelf—>
> id L
IdFOB—>
3 (92);i;,f [ = 3 0-51 [
Fl(IdB)é
> (91)17(113110 [
moFy(Idp,f) 1 m Fy(Idp,f)
» Hidg,f 1

Fi(f)
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Cancellation of vertical inverses gives that this is equal to

Fi(fold,)
> Hf1d 4 L
w2 Fo(f,1da) 1 F2(f,1da)
—_— — s >
» (02)51a, o ~eo (01)f1a,
—MIdg— —F f— L(f)
iy e = » ix = j F1(xov) j
ne T Fildper)
> (GQ)IdB,f > 4 (Gl)ldB,f L
moFo(Idp, f) 1 mFe(Idp,f)
» Prag, s b
Fi(Idpof)
where the last equality is by (5). This gives us the required identity double cell. [

3.11. REMARK. The proof of this proposition uses the fact that we are working with
weakly globular double categories rather than arbitrary double categories in an essential
way. In fact, the result is not true in this generality for arbitrary double categories:
it was shown in [7] that pseudo-functors between arbitrary double categories preserve
companions if and only if they are normal.

3.12. COMPANION CATEGORIES. The family of horizontal /vertical arrows that have a
vertical /horizontal companion is closed under horizontal/vertical composition and the
binding cells of the composite can be expressed as composites of the binding cells of the
individual arrows. So for an arbitrary double category we can construct a category of
companions. This category can furthermore be viewed as the category of vertical arrows
of a double category that has the same horizontal arrows as the original double category,
but its cells are only those that interact well with the binding cells of the companion pairs.
This is made precise in the following definition.

3.13. DEFINITION. Let D be an arbitrary double category. Then Comp(ID), the double
category of companions in D, is defined as follows. It has the same objects and horizontal
arrows as D, but its vertical arrows are companion pairs (with their binding cells) in D.
So a vertical arrow 6: A—e=B in Comp(D) is given by a quadruple 8 = (hg, vy, 1y, Xs),
where vy and hy are companions with binding cells

A Al B
1A{ o $v0 and Ue$ Xo 1a
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The vertical identity arrow 14 is given by (Id4, 14,¢4,t4). Vertical composition is defined

by 0 -0 = (h@/h@, Vg - Vg, (@Dg/ o 1h9) : (idv9/ o '1/19), (X@/ o idve) : (1h9/ o Xg)). A double cell

AL w

e

B—g>B/

in Comp(D) consists of a double cell

BT‘B/

in D (involving just the vertical parts of the companion pairs in the cell we are defining)
that has the following properties:

1. the square of horizontal arrows

AL q
hel lhel
B—g>B/
commutes in D;
2.
A—T M p Al . p_ 9 . p
R
B 7 B ————D B—RB - B
3.
AN n_ T AT
H g {Ug e $’U9/ e H lf H 7119 i’vgl
/ / /
e B 7 B A 7 A ™ B

3.14. REMARKS.

1. We write Comp(D) for the category of vertical arrows, vComp(DD), i.e., the category
of companion pairs (with chosen binding cells).

2. If we have a functorial choice of companions and binding cells and we only use the
horizontal arrows that are taken in these choices in the construction of Comp(D),
the result is a double category with a thin structure as defined in [5].
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3.15. PRECOMPANIONS. We saw before that companions in weakly globular double cat-
egories correspond to quasi units in bicategories. We now introduce a class of horizontal
arrows in weakly globular double categories that will correspond to internal equivalences
in bicategories.

3.16. DEFINITION. Let X be a weakly globular double category.

1. A horizontal arrow A—L>B in X is a left precompanion if there are horizontal

arrows A'— =B and B'—/~C with a vertically invertible double cell

A—f>B

b

A ——= D
f/
such that 7y o f’ is a companion in X.

2. Dually, a horizontal arrow AL BinXisa right precompanion if there are hori-

17 l
sontal arrows A”— > B" and D—2>A" with a vertically invertible double cell

AL . B

A

A// B//
f”

such that f” ol; is a companion in X.

3. A horizontal arrow A—~B in X is a precompanion if it is both a left and a right
precompanion.

3.17. EXAMPLE. Every horizontal isomorphism f: A — B is a precompanion with f' =
f=f"andly=r;=f"
We first prove some basic properties of precompanions.

3.18. LEMMA. If a horizontal arrow A-~L.B 15 a precompanion in a weakly globular

I F 7
double category, then there exist horizontal arrows D—=A’, AL and B0
with a vertically invertible double cell

A-L.B
b
A,ﬁB/
f

such that 7y o f is a companion and f o l_f 1S a companion.
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PROOF. Since f is both a left and a right precompanion there are horizontal arrows [y,
rs, f'and f” with double cells ¢ and ¢" as in Definition 3.16. These can be combined in

the following diagram.

AL g o
b

A// B/l

lf f//
By the weak globularity condition, we can complete this staircase diagram with arrows
and vertically invertible cells as in the following diagram,

DY A . p . &

> 3

/ r
ALop o
71 >

f

— < B

/

L (P 4

D A// B//
Ly 1
Now the composites f o [ ¢ and 7y o f are both companions, since they are vertically

isomorphic to companions. We will give an explicit proof in terms of binding cells for
one of them. Let the binding cells for f’ o r; with its companion be as in the following

diagram.
N——o—n aLl.pc
| v 4 s
A'—B ——C ( =——=C
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Then the binding cells for f o 7 with its companion are

A A AL.p . ¢
$ id ) Y2 $ 3 {
A A o Lp e
. v |
A—=B ——=C C C
f rf
BB
f rf
The rest of the details are left to the reader. m

3.19. LEMMA. If f is a precompanion with arrows ly and ry as in Definition 3.16, then
there is a vertically invertible double cell of the form

PROOF. Let r; o f’ have vertical companion v} with binding cells

I’ Tf

- . N
| o prwet v |
T- ? p— 5

and let f” ol; have vertical companion "Uéc with binding cells

lf f//
_—



THE WEAKLY GLOBULAR DOUBLE CATEGORY OF FRACTIONS OF A CATEGORY 729

Further, let 2 = (v}) ™" - di’ - (dip) ™" and y = (doy’) - (do) " - (v;)~". Then vy can be
obtained as the following pasting of double cells:

rf
—_—
xi id x
v v
IJ f// 1Tf
do(p/—l s0/—1 dlcp/—l
—f—
doyp ® dip
llf f/ Tf
vF Xj
Yy id iy

It is well-known that companions, just like adjoints, are unique up to special invertible
double cells. A similar result applies to precompanions and the proof is a 2-dimensional
version of the proof that the pseudo-inverse of an equivalence in a bicategory is unique
up to invertible 2-cell.

3.20. LEMMA. For any precompanion f in a weakly globular double category, the pre-
companion structure given in Definition 3.16 is unique up to vertically invertible double
cells.

PROOF. Suppose that ¢;, 7y, v}, ! Y%, and X ; give two right precompanion structures
for i = 1,2, and ¢}, Iy, f/ 7”3‘71'7 zﬁﬁc’i and le,i give two left precompanion structures for
1 = 1,2. Then there are vertically invertible double cells as follows:

f y
. —— R —
o e
S S S
B — S —
7 7

According to Lemma 3.19 there are vertically invertible double cells

Tf1i

i Viig ifor i,j €{1,2}.

—_—

ly;
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So we obtain vertically invertible cells

T lra
_ - >
-1 -1
t Vio1'Vf11 i and i Vf22 V5o i
_— _—
Tf2 lfg

The next two propositions establish the relationship between precompanions in weakly
globular double categories and equivalences in bicategories.

3.21. PROPOSITION. Let B be a bicategory. A horizontal arrow

fig fig+1 fiq fig+1 fn

1
Aoﬁa~~ﬁ[Aio]ﬁ~nnﬁ[Ail]ﬁ-n--ﬁ- n (14)
in Db1(B) is a precompanion if and only if the chosen composition Pfigi1fsy, 1S QN equiv-
alence in B.

PROOF. Suppose that the chosen composition ¢y, ,,..f, 18 an equivalence in 5. Denote
the arrow (14) in Dbl(B) by f. Let g: A;;, — A;, be a pseudo-inverse of ¢y, in B.
Then we may take f’ in Definition 3.16 to be the arrow

o1 iy

Plig+1Fi
[Aio} - : [An] i Aio
with vertically invertible cell
fi fi fi fi fin
A=t (A | s e ] A,
‘ Plig+1-Fiq ‘
[AZO] (pfio+1“‘fi1 [A’Ll] g Aio
and we may take r; in Definition 3.16 to be the arrow
Plig+1fi
Aio : - [A’Ll] : [Aio] :
The horizontal composition r; o f’ is given by
Plig+1fi
[Aio] ° 1 Ail ! [Aio]v
and this is a companion by Proposition 3.8, since g o ¢y, ., ..f, 1s a quasi unit in B. So

(14) is a left precompanion. The proof that it is a right precompanion goes similarly.
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Now suppose that (14) is a precompanion in Dbl(B). So there are diagrams with
vertically invertible double cells of the form

A fi fig+1 fi fig+1 fn
A0_>"'_O>[Aio]0_>"’_1>[Ai1]1_>”'_> "
\_/'
Lpfi0+1"'fi1
®
Pajo+195,
— T
BOT)"'TJ-O)[Aio]M'“le)[Ail]ghﬂ T g, Gist1  gm B,
and
f1 fig fig+1 fiq fig+1 fn
Ag [4;,] (4] A,
Plig+1Fiy
SO/
Phiy 417 hkgy
— T
B’ D A, A, B
0 m hig hig+1 hiy (4] hiey +1 Ry [4a] hicy+1 hp P
such that the arrows
BO g 9jo [Ai()] 9jo+1 T 951 Ail gj1+1 T 9jo [ ] 9jo+1 T gm Bm
and
B D A, A, B’
0 m hg D] hig+1 T T Ry [4a] hicy+1 hp P

have companions in Dbl(B). By Proposition 3.8 this implies that 4,, = C, D = A,
and both chosen composites g, ,,..q;, and @p, ,,..n,, are quasi units in 5. So the chosen
composite ¢, .4, 18 a pseudo-inverse for ¢y, ..., , making this arrow an equivalence
in B. m

3.22. PROPOSITION. Let X be a weakly globular double category with a horizontal arrow
f: A— B. Then the arrow f: A — B in Bic(X) is an equivalence if and only if f is a
precompanion in X.

PROOF. Suppose that f: A — B has pseudo inverse g: B — A. The two compositions of
these arrows in Bic(X) are given by the horizontal compositions go f and f o g as in the
following diagrams of double cells

A—f>§3—>/$l (15)
o~ _?/ 5 A/
B

]
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and )
1.5 (16)

(a3

IR

—>fB

<e— . <eo— .,

B/?A/

By Proposition 3.7, the compositions o f and f o g are companions in X and the diagrams
(15) and (16) show that f is a precompanion with f’ = 1, rr=9, f"= f and ly=4.

Now suppose that f is a precompanion in X with additional arrows and cells as in
Definition 3.16:

Al b

By Proposition 3.7, ryo f" and f” ol are quasi units in Bic(X), say with invertible 2-cells
a:rpo f'=1dz and 5: f” ol = Idg. So we have the composites, 7 f A4 riof' = 1dy

and fl; <p=l>f f'oly 214 5. All these 2-cells are invertible and this implies that f: A — B
in Bic(X) is an equivalence. n

3.23. PROPOSITION. A pseudo-functor between weakly globular double categories pre-
Serves precompanions.

PRrOOF. Let F: X — Y be a pseudo-functor between two weakly globular double cate-

gories X and Y, and let A—L~B be a left precompanion in X, with
A—L.pB

{ -
/ ? B/ T C

as in Definition 3.16, companion v, and binding cells

S AL g o
|y e
/fl B/LC C=C
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Then we have the following diagram in Y

Fy
] Fo [
B —
Ff!
L
Fyg
> =3 —_—
L = j

Pfg,f/

maFa(g,f")  mF2(g,f") j
3 1

Fi(gf")

By Proposition 3.10, F;(gf’) is a companion in Y, so w1 F5(g, f')oma Fs(g, f') is a companion
as well.
The fact that pseudo-functors preserve right precompanions goes similarly. [

4. The weakly globular double category Dbl(C(W 1))

Given a category C with a class W of arrows that satisfies the conditions to define a
category of fractions C[WW~!] as given by Gabriel and Zisman (and repeated in Section
4.1 below), it is possible to not just define the category of fractions C[W '], but also the
bicategory of fractions denoted by C(W~!). Furthermore, the bicategory of fractions is
defined precisely when the category of fractions is defined. The bicategory of fractions
has a universal property in terms of hom categories rather than just hom sets, but the
fundamental category of this bicategory is the original category of fractions and the bi-
category of fractions is even biequivalent to (as bicategories) the category of fractions.
This shows us that the hom categories in the bicategory of fractions will just consist of
the equivalence relation on the arrows of the category of fractions, as described in [12],
i.e., there is 2-cell between any two parallel arrows in the bicategory of fractions precisely
when the two arrows are equivalent in the category of fractions and this 2-cell is unique.
In the remainder of this paper we want to study the weakly globular double categories
that can be used as a counterpart to the bicategory of fractions C(W~1). We will describe
their universal properties and finally find a weakly globular double category that can be
viewed as the weakly globular double category of fractions. The absence of non-identity
2-dimensional cells in C simplifies the calculations and helps us to see what the basic
properties of such weakly globular double categories are. In the sequel [25] to this paper
we will show how the cells of a bicategory or weakly globular double category can be added
to this construction in a very natural way to give the weakly globular double category of
fractions of a weakly globular double category with respect to a class of horizontal arrows.



734 SIMONA PAOLI, DORETTE PRONK

4.1. CATEGORIES OF FRACTIONS. Let C be a category with a class W C C; of arrows
satisfying the conditions for a calculus of fractions given by Gabriel and Zisman [12]
(which imply the existence of a category of fractions C[W™!]):

e CF1 W contains all isomorphisms in C and is closed under composition;

e CF2 For any diagram C—LoB<® A in C with w € W, there exist arrows
D14 and D—=~C with w € W such that

D12
s
C—~B

f

commutes;

e CF3 For any diagram A%BLC with w € W, such that wf = wg, there

exists an arrow X—2=A in W such that fo = gw.

Note that the conditions on a class of arrows IV in a bicategory C to form a bicategory of
fractions coincide with these conditions when C is a category (cf. [26]). So when a class
W of arrows satisfies these conditions, both the category C[IW~!] and the bicategory
C(W™1) are defined (and the former can be obtained as a quotient of the latter).

4.2. EXAMPLE. Manifold Atlases Consider manifolds with atlases such that the intersec-
tion of two atlas charts is either itself a chart or covered by charts. For any smooth map
between two manifolds f: M — N there are such atlases U for M and V for N such that
for each chart U € U, there is a chart V' € V with a smooth map fy: U — V and such
that for any pair of charts with a chart embedding A: U; < U,, there are charts V; and
Vo in V with a chart embedding p: V; < V5 and such that fy,: U; — V; for ¢ = 1,2 and

the diagram

fi
Uy —> 1,

y |

T
commutes. We may choose to start with manifolds represented by such atlases (without
explicitly keeping track of the underlying spaces) and consider atlas maps to be such
families of smooth maps that are locally compatible as described above. Two such atlas
maps (fu)vew and (gu)veu are equivalent when for each U € U with fi: U — Vip
and gy: U — V,p, there is a chart V' € V with a smooth map hy: U — V' and chart
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embeddings A\f: V — Vi and A\;: V — V7 such that the following diagram commutes,

Vi
fu TAf

Uty

Ny

‘/ng °

The category Atlases consists of atlases and equivalence classes of atlas maps.

To obtain the usual category Mfds of manifolds from Atlases we do the following. First,
note that if & and U’ are two atlases for the same manifold and U’ is a refinement of U,
then there is a further refinement U” of U’ with an atlas map U” — U. We will call this a
refinement atlas map. Furthermore, the class W of (equivalence classes of) refinement at-
las maps satisfies the conditions CF1, CF2 and CF3 above. The corresponding category
of fractions Atlases[WW 1] is categorically equivalent to Mfds. Arrows in this category can
be thought of as first taking an atlas refinement and then mapping out. In the category
of fractions we consider two such maps to be the same if there is a common refinement
on which they would become the same (and this is the case precisely when they induce
the same maps on the underlying manifolds.) If we instead consider the bicategory of
fractions, we consider two maps defined by different refinements as distinct but there is
a unique invertible 2-cell between two such maps if there is a common refinement where
they become the same.

4.3. UNIVERSAL PROPERTIES. Both the category and bicategory of fractions have a uni-
versal property as a (weak) coinverter [17]. Specifically, a version of the universal property
of the bicategory of fractions is given in the following theorem.

4.4. THEOREM. For a bicategory B and a class W of arrows satisfying the conditions
to admit a bicategory of fractions, there is a homomorphism of bicategories Jy : B —
B(W=1) such that composition with Jy induces an equivalence of categories

Bicat(B(W '), D) ~ Bicaty (B, D),

for any bicategory D.

4.5. REMARKS.

1. In this theorem, we may take Bicat(3,D) to be the category of homomorphisms
and oplax transformations, and Bicaty, (B, D) the 2-category of homomorphism and
oplax transformations that send elements of W to internal equivalences. We will
also call these W-homomorphisms and W-transformations. (Note that we can make
sense of this statement by representing a transformation in Bicat(,D) by a homo-
morphism B — Cyl(D).) There is also a version for lax transformations.
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2. Note that [26] gives this universal property as an equivalence of 2-categories, which
involves also the modifications. However, the proof given there also shows that this
restricts to an equivalence of categories when we just ignore the modifications.

So when we consider the notion of weakly globular double category of fractions, we
would like to get a similar universal property in a 2-category of weakly globular double
categories. However, there are two choices for such a 2-category, WGDbl; ;, and WGDbl ,,
which are generally very different. Ideally, we would like to have a weakly globular double
category of fractions that has a universal property in both of these 2-categories. We will
begin by applying the 2-functor Dbl to the bicategory of fractions C(IW ') of a category
C and study the universal property of the resulting weakly globular double category.

In order to be able to translate the universal property in Theorem 4.4 into a uni-
versal property involving weakly globular bicategories, we note that the equivalence of
categories given there restricts to the categories with icons as arrows instead of general
oplax transformations,

Bicaticon(C(W ™), D) =~ Bicaticonw (C, D). (17)
When we apply the 2-functor Dbl to this equivalence, we obtain
WGDbl,, ,(DbL(C(W ™)), Dbl(D)) ~ WGDbl, , w (Dbl(C), Dbl(D)),

where the righthand side is for now just defined as the image of Bicaticon,iw (C, D) under the
2-functor Dbl. In the next sections we will study Db1(C(7W 1)) in more detail and give a
description of the pseudo-functors and vertical transformations in WGDbl,,s , w (Dbl(C), Dbl(D)),
so that we can extend this to an equivalence

WGDbl,, ,(DbI(C(W 1)), X) ~ WGDbl,, ., i (Db1(C), X),

for an arbitrary weakly globular double category X.

4.6. THE WEAKLY GLOBULAR DOUBLE CATEGORY Dbl(C(WW™1)). The objects of the
weakly globular double category Dbl(C(W')) are of the form

q1 p1 Qig Pig [A ] Qig+1 Pig+1 qn Pn
20

DN T PRI T 7 iy SR T 7 P DL L

To define 2-cells we choose a composite <—— —= for each path

qi0+1 pi0+1 qil pi1
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Then 2-cells have the form

Pig+1

Ay q P1 o [Aig] Tig+1

‘\\?\\\\\#?////;//7

4] A,

y
P [B]/\[

/
N Py qj0+1 pj0+1

Bj,] ...B,, .

We introduce special terminology for the arrows in Dbl(C) that are related to the
elements of W.

4.7. DEFINITION. A horizontal arrow in Dbl(C) is a called a W-doubly marked path if it
is of the form

fig+1 fi fii+1 fin

1 fz
/P LU L Ry 7 i i S ) A S L

Wlth fil O:+--0 fi0+1 c W

Since precompanions in weakly globular double categories correspond to equivalences
in bicategories as shown in Proposition 3.7 and Proposition 3.8, we can characterize the
arrows in the image of the W-homomorphisms under Dbl as follows.

4.8. LEMMA. Let F': C — D be a homomorphism in Bicat. Then F' is a W -homomorphism
if and only if DbI(F) sends a W-doubly marked path in Dbl(C) to a precompanion in
Dbl(D).

Although this lemma follows immediately from the results mentioned, it is illumi-
nating to consider the precompanion structures required in the proof of the left to right
implication, so we include it here.

PROOF. (of Lemma 4.8) Suppose that F' is a W-homomorphism. Let f be the horizontal
arrow

Ffi Ffig Ffig+1 Ffiy Ffii+1 Ffi,

F A, [FA,] [FA,] FA,

in Dbl(D) with w = f;; 0-- -0 fi,+1 an arrow in W. Let g € D be the chosen composite for
F(fi,)o---0F(fiy+1), and ¢: g = Fw, the invertible coherence cell from F'. Furthermore,
let (Fw)* be a chosen pseudo-inverse for F'w (which exists since F'is a W-homomorphism)
with invertible unit and counit cells 7: (Fw)* o Fw = IdFAi1 and 7y: IdFAiO = Fwo
(Fw)*. Then we take f’ in Definition 3.16 to be the horizontal arrow

(Fw)*

[FAZ'O] &' [FAH] - Fl'o
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and 7, to be the horizontal arrow

(Fw)

FAjy —=[FA ] —=[F |.

Then the double cell ¢ in Definition 3.16, Part 1, is

1 EFfi Ffi F11 Ffiy in
F Ay Fh_ o Fli O [FA Pl Y L [FA; f“---&FAn
—_—
g
¢
[FAio] Fuw [FA“] m Fio

Furthermore, the composition r¢ o f is the horizontal arrow

)*
[F Ay 2 P AL 2 R,

and it is straightforward to check that €y and its inverse give rise to the cells to make this
a companion.

Analogously, f” can be taken to be the horizontal arrow

(Fuw)”

FA, YU pA) Eoe (R Ay

with [ the arrow,
Fw)

[FA; | — [FA;, ] 2~ FA,,.

Since every weakly globular double category is vertically equivalent to one of the form
Dbl(D) for some bicategory D and pseudo-functors of weakly globular double categories
preserve precompanions, this leads us to the following definition.

4.9. DEFINITION. A pseudo-functor F': Dbl(C) — X is called a W -pseudo-functor when
it sends all W-doubly marked paths in Dbl(C) to precompanions in X.

4.10. REMARK. It is clear that we have some choice for the f’ and f” in the proof of
Lemma 4.8. However, once they are chosen, ry and [y are fixed, since they need to be
composable with f’ and f” respectively. We saw in Lemma 3.18 already that it is possible
to choose f’ and f” as the same horizontal arrow, f. One of the questions one may ask
about the precompanion structure is whether one could require Iy and r¢ to be equal as
well. The case of the proof above shows that one cannot ask this much for arbitrary
precompanions. We see here that we could have made f to be equal to

(Fw)*

FA, S pa ] Eoe ma, ) P Fa,
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However, that would have caused us to define r to be

(Fw)* (Fw)*

FAi1 FAio Fu [FA“] —_— [FAZO]

and [ to be
FAL N (P A) Eee A, P R a,
which are not equal.

We also need a description of the vertical transformations in the image of the W-
transformations under Dbl. We claim that when X = Dbl(D) they are the following
class of vertical transformations.

4.11. DEFINITION. Let W in C be a class of arrows to be inverted which satisfies the
Gabriel Zisman conditions. Let F,G: Dbl(C) = X be W-pseudo-functors and for any
W-doubly marked path w in Dbl(C), choose precompanion structures in X,

lpw  (Fw)' (Fw)!" TFw
and
Gw Gw
— —

SeR SR A

_—

—_—
law (Gw)’ (G'LU)// TGw

For a vertical transformation «: F' = G we write

(Fw)’ (Fw)”
— >
® ()" ¢ (o)
Fuw Fw
— —
() = o and  (a,)" = o
_sw _Lw
o qpfv o P
_ _
(Gw)’ (Gw)"

Then « is a (vertical) W -transformation if there are double cells

ru, BN (18)
t ol i and i o, j
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that are compatible with the companion cells in the sense that the following four equations
hold:

le (Fw), le (Fw),
_— _—

i Odw t (aw)/ idla{w U%wi Xle H
—_— = p—

lgw (GU})/
Ulcwi Xt dl(aw)’i id idl(aw)’
doafﬂi id idgafl, H Pl vk

_— = —_——
lpw (Fw)'

Y Vw door, ¢ o, ¢ (aw)’
lgw  Gu lgw (Gw)

(Fw)l TFw (Fw)l TFw

(Fw)' | TFw
do(aw)li (aw)l t O‘rw i H ’wgw ivgw
(Guw)y Taw (Guw)y Taw

4.12. REMARK. Note that since the precompanion structures for a given horizontal arrow
are unique up to vertical isomorphism, the existence of the cells (18) does not depend on
the choice of the precompanions structure. Furthermore, when we have a collection of
these cells that satisfy the conditions of the definition above, conjugation by the isomor-
phisms of Lemma 3.20 will give another set of cells that satisfy the conditions.

Recall that an icon ¥ : F' = G between W-homomorphisms is a W-icon if and only if
for each w € W and choice of pseudo-inverses (Fw)* and (Gw)* of Fw and Gw respectively
there is a 2-cell o : (Fw)* = (Gw)* such that the pastings of the diagrams

w Fw
FA FB FA FB FA- ™ Fp
GA—

" H and H a
w & EGw

w

—~GB

GB——=GA  GB_——~GA—
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are identity 2-cells. It is now straightforward to prove the following result.

4.13. LEMMA. An icon ¢: F = G between W-homomorphisms is a W-icon if and
only if the corresponding vertical transformation Dbl(y): Dbl(F) = DbI(G) is a W-

transformation.

Note that the horizontal composition of a W-transformation with a pseudo-functor
is again a W-transformation. We conclude that, since every weakly globular double
category is vertically equivalent to one of the form Dbl(D) for some bicategory D, the
vertical universal property of DbI(C(W™!)) is as stated in the following theorem.

4.14. THEOREM. For any category C with a collection W of arrows satisfying the condi-
tions to form a bicategory of fractions, composition with the functor Dbl(Jy/): DbIC —
Dbl(C(W 1)) induces an equivalence of categories

WGDbl, ,(DbI(C(W 1)), X) ~ WGDbl,, ., i (Db1(C), X)

where WGDbl,s, w (Dbl(C), X) is the category of W-pseudo-functors and vertical W -
transformations.

We would like to have a horizontal universal property for Dbl(C(W 1)) as well, but
there is no obvious one at this point. Furthermore, the description of the arrows to be
inverted in Dbl(C) is rather cumbersome. So in the next section we will introduce a
new candidate for the weakly globular double category of fractions. In order to get a
better handle on the horizontal arrows that will be inverted and to keep the complexity
of the construction down, we will just consider the case of a class of horizontal arrows in
a weakly globular double category of the form HC where C is a category. The resulting
double category C{W} will be vertically equivalent to the image Dbl(C(WW 1)) of the
bicategory of fractions and will hence inherit its vertical universal property from the one
given above. However, the horizontal universal property will be a completely new one.

5. The construction of C{W}

In this section we introduce a weakly globular double category C{WW} that is vertically
equivalent to DbI(C(W™!)), and hence shares its vertical universal property. Further-
more, we will show that it has an additional horizontal universal property as a double
category with companions and conjoints. The two properties together determine C{W}
up to vertical and horizontal equivalence of weakly globular double categories.

Furthermore, one draw-back of both the category and bicategory of fractions construc-
tions is that the resulting category or bicategory does not necessarily have small hom-sets.
The same thing is true for Dbl(C(W 1)), but not for C{IW}: it has small homsets in
both directions, both for arrows and double cells.

The reason we can achieve this is as follows. For categories and bicategories of frac-
tions we kept the same objects, but added new arrows and 2-cells, in order to obtain
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(pseudo) inverses for the arrows in the class W. However, for the weakly globular dou-
ble category of fractions, we are not looking for the structure of a pseudo inverse, but
rather for the structure of a precompanion, since we saw in Propositions 3.21 and 3.22
that precompanions in weakly globular double categories correspond to equivalences in
bicategories and we established the universal property of Dbl(C(W ™)) (Theorem 4.14,
with Definitions 4.9 and 4.11) in terms of precompanions. Intuitively we can think of
precompanions as having a horizontal pseudo inverse up to a vertical isomorphism. So
we can add new objects with our new arrows, as long as the new objects are vertically
isomorphic to the old ones. The construction of Dbl(C(W 1)) also added new objects,
but there the idea was that the new objects were dictated by the new paths. In this
section we want to give a free construction that starts by adding new objects and lets the
arrows and double cells follow from what is needed to obtain the precompanion structure.
We will add an additional object for each arrow w in W, with a horizontal arrow to the
domain of the original arrow. The idea is that this additional arrow will be [, so that
we need to give w o [, the structure of a companion. We will not take everything as free
as possible, because the vertical universal property is in terms of pseudo-functors, and
this gives us a bit of flexibility to make additional assumptions. For instance, we will
make [, a horizontal isomorphism. This tightening in the horizontal direction is what
will give us eventually a horizontal universal property for the resulting weakly globular
double category.

The idea of the construction comes from a kind of symmetrization of the original
construction of a (bi)category of (right) fractions. An arrow in a (bi)category of fractions

is given as a span A < A’ 7y B where w is in the class of arrows to be inverted. Sometimes
these arrows are also called generalized arrows. We could think of all objects that are
connected to each other by arrows that are to be inverted as different representations of the
same object in a quotient of the category. The Gabriel-Zisman conditions assure us that an
arrow in the quotient category can be given by taking a different representation followed
by an arrow out of the new representation in the original category. The (bi)category of
fractions construction does not go as far as to take the quotient, but rather keeps track
of how the new representation is related to the domain of the generalized arrow. For
the weakly globular double category of fractions, we will allow for this type of change of
representation in both the domain and the codomain of an arrow. Furthermore, rather
than using generalized arrows, it turns out that we can do this by adding new objects.
The new objects will correspond to the arrows in W, so they will be objects with a second
representation (which may be thought of as some type of refinement). Horizontal arrows
will then be given by arrows between the refinements. In the traditional constructions of
(bi)categories of fractions one always needs to consider an equivalence relation for the cells
at the highest level and make two of those cells equal if they agree on a further refinement.
In the case of weakly globular double categories we can use the vertical structure to deal
with this as we will show below.

5.1. THE CONSTRUCTION. We define the weakly globular double category C{W} as
follows:
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e Objects are arrows in W, (w) = (A—w>B>.

o A wertical arrow (uy, C,us): (Aj——=B)—s>(Ay;—2>B) is an equivalence class of
commutative diagrams
A —=B
ulT
C
uzl/
A2 Tzh B

with wyu; = weug in W. Two such diagrams, (u;,C,u) and (vy, D, vg), are equiva-

lent (i.e., represent the same vertical arrow) when there are arrows C'<——FE——=>D
such that
Ay

commutes and wiuiry = WiV1Te = WalyTy = Wollery is in W.

f

e A horizontal arrow (A—DB) (A w B’) is given by an arrow AL i,

We will usually draw this as (B<2—A)—=(A4'—2~pB).

o A double cell

(1)~ (w)
[U17C7U2]$ (¢) i [u’l,C’,ué]
(w3) 5 (w3).

is an equivalence class of commutative diagrams of the form

;S S F | S —— (19)
T'uq Tu’l
€
lﬂa luQ

B 03 A2 7 A/2 " B’
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The diagram (19) is equivalent to the diagram

B w1 Al fl A/l wll B/

/
D 7 D
lvz Lvé
B s A2 7 A/2 " B’

if and only if there are arrows r, s,7’, s’ and x as in

T @ CT”
T | T/
D D’

such that wyu;r € W, wiuyr’ € W, and making the following diagram commute:

(20)

Note that a double cell may not have a representative for each combination of repre-
sentatives of each vertical arrows, however, there is always a representative with the given
representative of the codomain vertical arrow as in the following lemma.

5.2. LEMMA. Given a representative of a double cell,

i L R P Sy S— (21)

Q
©
Q

B~ A A B

Vi )
f2 wh
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and another representative (vy, D, vs) of the codomain vertical arrow, then there are arrows
r: E—C and: E — D such that

i S S P [y N R— (22)
Tulr Tvl
E v D
jugr lvg

B w2 A2 7 A/2 " B’

and (21) represent the same double cell.

PROOF. Since

A A
T " T "

0 and D

A, o B’ A, — B’

represent the same vertical arrow, there are arrows r and 7o such that wju|ry, wjvirys € W
and

c<“-F-"2-D

N A

commutes. By condition CF2 there are arrows 7, € W and ¢ that make the following
square commute,

Ay

F F
rlj Lwévzm
C ? Cl @“ B/.

By condition CF3 there exists an arrow (: E — F) € W such that

T
C

@
—_—

Tlﬁt

_ /
)
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commutes. We can use all this to construct the following commutative diagram

B w1 Al f1 A/l wll B/
ul u)
C 1 1 v1
U T1
E_ P _p_"_p
U T1
C 7‘ O/ Vg
u uf,
/ /
B wa A2 f2 A2 w2 B
So we obtain a double cell
f w}
B w1 Al 1 A/l 1 B/
ulflﬁT v1
Jokianyy
’u,2’71’l7t L'U2
/ /

that fits in a diagram like (20). By taking r = 70 and ¥ = ryp0 we see that we have
indeed a cell as in (22). =

5.3. EXAMPLE. In the example where C = Atlases and W the class of atlas refinements,
the situation is as follows. The objects of C{W} are atlases with a refinement. There
is a vertical arrow between any two such objects if there is a common refinement, and a
horizontal arrow corresponds to an atlas map between the refinements. Double cells cor-
respond to common refinements where the two atlas maps corresponding to the horizontal
arrows agree.
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5.4. SOME BASIC PROPERTIES. We will now study some of the basic properties of C{W}
and in particular, we will show that C{W} is a weakly globular double category.

The following lemma is equivalent to stating that the codomain map d;: C{W}; —
C{W}y, sending squares and horizontal arrows to their horizontal codomains is an isofi-
bration.

5.5. LEMMA. For every pair of a horizontal arrow (w;)——(w}) and a vertical arrow

(’wll)[v—l?v—gL(wé) in C{W}, there is a double cell

f
(wy) —— (w})
[ul 7C’U2]$ (90) i[vl ’vaQ]

(ws) —5= (w3) .

PROOF. Let Ay»—=>B and A;LB’, for i = 1,2 in W. By condition CF2 there exists
a commutative square

E-22.D

v2l lwéw

Ay ——= D
wag

=/

in C. Since wh € W, there is an arrow (C&E) € W such that

41

also commutes (by condition CF3). So let oo = @pw) us = Uoh. Note that us € W,
and the diagram

/
wy

(B w2u2 O) mec (A/ B/)
T T
(B~ A2) —~ (4 —~ B)

commutes in C and satisfies all the conditions to represent a double cell in C{W}. n
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The following lemma implies that the vertical arrow category is a posetal groupoid.

5.6. LEMMA. There is a vertical arrow (A—"=B)—e=(A’ w B') if and only if B = B’
and furthermore, this arrow is unique.

PROOF. It is obvious that the existence of such a vertical arrow implies that B = B’.

Now suppose that we have objects (A——B) and (A’LB) in C{W}. Since W
satisfies condition CF2 above, there is a commutative square

C—=A

Jdo

A/—/>B

w

in C with v/ € W and consequently, wu = w'u/ € W. So

A—~B
g
C
“|
A—-=B

w

represents a vertical arrow as required.
To show that this arrow is unique, suppose that we have two representatives

A——=B A—"-RB
o] |

C and D
| |
A'TB A/TB.

By conditions CF1 and CF2, there are arrows C<——FE—>=D such that wur = wvs €
W. Now it follows that w'v's = wvs = wur = w'v'r and w’ € W. By condition CF3,

there is an arrow E'—2>FE such that v'sw = u/r@. So the following diagram commutes:

and hence [u, C,u'] = [v, D,v’]. =
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Note that this implies that mo of the vertical arrow category of C{W} is isomorphic
to the set of objects of C.

The category of double cells in C{W} with vertical composition (and horizontal arrows
as objects) is also posetal, as stated in the following lemma.

5.7. LEMMA. For any pairs of horizontal arrows and vertical arrows fitting together as in

(1) =2 (ur)
[u1,C’,U2]$ i[vl,D,vg]

(12) —= (w})

there is at most one double cell in C{W'} that fills this.

PROOF. Suppose that both () and (%) fit in this frame. By Lemma 5.2 we may assume
that ¢ and 1 are of the following form:

w1 f1 wy w1 f1 wy
uf v1 uf v1
o "
— and —
w2 f2 wh w2 f2 wh
Since [u}, uy] = [uy, us] = [uf, uf], there are arrows r" and ” such that wyu)r’, wiujr” € W

and the following diagram commutes
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Note that wjvipr’ = w) frujr’ = w) fiu]r” = wiviyr”. Since wivy € W, we can apply
condition CF3 to obtain an arrow w such that or'@w = ¥r”w. Finally, we see that

w1 S wy w1 S wy
uf v1 ujr'w v1
® r'w
_— ~Y _— =
ul v2 ubr'w v2
w2 f2 wh w2 f2 wh
w1 f1 wy w1 f1 wy
ufr"w vy uf vy
Yr''w (4
_ > ~ _ >
ulbr"w v2 ul v2
w2 f2 wh w2 f2 wh
So (¢) and (¢) represent the same double cell. n

5.8. REMARK. Since the vertical arrow category of C{WW} is posetal and groupoidal, this
lemma implies that the vertical category (C{W}); of horizontal arrows and double cells
is also posetal and groupoidal.

5.9. THEOREM. The double category C{W} is weakly globular.

PROOF. By Lemma 5.6 the vertical arrow category of C{W} is groupoidal and posetal as
required. Furthermore, the codomain dy: (C{W}); — (C{W}), is an isofibration. For
any pair of a horizontal arrow (w,)—=(w}) and a vertical arrow (w’l)[v—l?v—i(wé) , there
is a double cell
f
(w) —— (w))
[ulvcruﬂi (90) i[vlvavﬂ

(w3) —5> (w3)

by Lemma 5.5. And this double cell is vertically invertible since the vertical category
(C{W}); is posetal groupoidal by Lemma 5.7. =

5.10. CoMPOSITION. Composition of vertical arrows is defined using condition CF2. For
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a pair of composable vertical arrows,

A —=B
ulT

C

UQ\L
A2T>B
wp

D

’UQJ/
A3T3-B,

there is a commutative square in C of the form

E- 2.

Uz L lw2u2

D —— Ay

wWav1

with UV = V1Us € W (by Condition CFZ) So WUV = WolloU1 = WoU1lUy = wgvgﬁg,
and a representative for the vertical composition is given by

A1£>

““?IT
D

Uzﬂzl

A373>B

Note that this is well-defined on equivalence classes, doesn’t depend on the choice of
the square in condition CF2, and is associative and unital, because the vertical arrow
category is posetal.

Analogously, to define vertical composition of double cells,

(B w1 Al) fl (14/1 wy B/)
uy uf
cC »
u2 ul

(B~ As) — (A~ )
v1 v}
D @ D
v2 vl



752 SIMONA PAOLI, DORETTE PRONK

we only need to give a representative to fit the square with the composed boundary
arrows. Without loss of generality we may assume that the double cells we are composing
are such that p: C — C" and ¢: D — D' fit in the diagrams given. So suppose that we
have commutative squares

[}

B C

E—=C
wl Lm ﬁél lu’Q
DT‘AQ D,TAQ,

giving the following composition of the vertical arrows involved:

(B—"—A)— (4 B)
’ul’U1T ull’ljaT
E (¥)-(¢) E’
’L)Q’l_l,zl/ ’Uéﬂél

(B~ A2) —— (A ——— B

We will now construct (§) = (¢) - (¢). Note that it is sufficient to find an arrow E—"+FE
in W with an arrow £: E — E’ such that 01§ = ¢vyr and u5¢ = usr.
Apply condition CF2 to obtain a commutative square

® E/

E
T
FE

ﬁC—>C’
v1 ¥

in C with v{ € W. Then

P = = Ay
WV Ugp = WolaUyp

o P ==
= Wl pr vy
/ — =
= wy[oust1
/ — =/
= Wy fov1lsl]
o o= =t
= Wy YUl
Since wyv; € W, there is an arrow s: £ — FE such that ubps = 1usv|s (by condition

CF3). So let r = v}s and £ = @s.
Composition of horizontal arrows in C{W} is defined directly in terms of composi-

tion of arrows in C: the horizontal composition of (B <-— A) ! (A~ B') and

/ "

(B <2 Ay LA gy s (B<2— A) LI gy
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Horizontal composition of double cells is defined as follows. Let

wy J1 wy wy g1 wy
o "
— and —
w2 f2 wh wh 92 wl
be two horizontally composable double cells. This means that [u}, ub] = [v1, v2], so there

exist arrows r and s such that wjujr € W and the following diagram commutes,

w1 fi wy w1 f1 wy
’ !
ul uy ur ur
® P
_— ~ —_—
ug j lu’z uy“l LUQT
w2 fa wh w2 fo wh
and
/ 1! ! "
wy g1 wy wy g1 wy
v1 vy V18 v]
% Ps
—_— ~Y —_—
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Since ujr = v1s and uhyr = vys, the horizontal composition is given by

17

w2 gafe  wy

Middle four interchange holds because the double cells are posetal in the vertical
direction.

5.11. REMARK. For any objects wy,wy € C{W }qo, the hom-set C{W }(w;, ws) is small
since it is isomorphic to C(dy(wy), dy(ws)) and C{W},(A, B) is small since it contains
at most one element. Furthermore, for any given pair of horizontal or vertical arrows,
there is a set of double cells with those arrows as domain and codomain, since given
any frame of horizontal and vertical arrows, there is at most one double cell that fills
it. This shows that although C(W™!) is generally not a bicategory with small hom-sets
(and consequently, its weakly globular double category of marked paths does not have
small horizontal hom-sets either), the double category C{WW} does. This is one of the
advantages of C{W} over C(IW1).

5.12. THE FUNDAMENTAL BICATEGORY OF C{W}. In this section we establish the
relationship between the weakly globular double category C{W} and the bicategory of
fractions C(W~1). We will construct a biequivalence of bicategories

w: Bic(C{W}) —» C(W™),

with pseudo-inverse a: C(W 1) — Bic(C{IW}).
The objects of the associated bicategory Bic(C{W}) are the connected components
of the vertical arrow category of C{W}. By Lemma 5.6 the map

wo : BiC(C{W})D — C(W_l)o = Co,

sending the connected component of (A—"=B) to B is an isomorphism.
An arrow in Bic(C{WW}) corresponds to a horizontal arrow in C{W}, so it is given

by a diagram B<——A T A~ B in C with w,w" € W. We define

w(B<t—AJo 4 gy (A,

A 2cell o from B<" A, LAt B to B<"2 A, AL 2_ B in Bic(C{W})
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corresponds to an equivalence class of commutative diagrams of the form

/
wy

B/

B w1 Al fl Aa

ulT for

onayel

w2 \L lvz
w/

B Ay -Eoa 2 p

This means that w] fiu; = wjvip = wivep = w) fous and wyu; = waug, so we define

Ay

wy(p) = | B C B

\@l /
wa wh f

As

The fact that this is well defined on equivalence classes of double cells follows from the
following lemma about the 2-cells in a bicategory of fractions of a category.

5.13. LEMMA. For any category C with a class of arrows W satisfying the conditions
CF1, CF2, and CF3 above, the bicategory of fractions C(W 1) has at most one 2-cell

between any two arrows.

PRrROOF. The arrows in this bicategory are spans A< 5 1. B withw € W. A 2-cell

from A<w—151i>B to A<w—282i>B is represented by a commutative diagram of

the form
S1
w1 u fi
R,

Two such diagrams,

S
w1 fi
A / ; \ B and A
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represent the same 2-cell when there exist arrows ¢ and ¢’ such that the diagram

s, (24)
AN

"
Tt o

BN
S2

commutes and wyut € W.
Note that for any two 2-cells as in (23), we can find ¢ and ¢’ as in (24) by first using
condition CF2 to find a commutative square

wiu

We have then also that wousr = wiuir = wiu)r’ = wouyr’. By condition CF3 applied
to both wy and wy we find that there is an arrow w € W such that u;rw = ujr’w and
UgrW = uhr’w. So t = rw and ¢’ = r’w fit in the diagram (24). =

5.14. THEOREM. The bicategories, Bic(C{W}) and C(W ™) are equivalent in the 2-
category Bicaticon -

Proor. We first show that the functions wy, w; and wy defined above give a homomor-
phism of bicategories: w: Bic(C{W}) — C(W™1). To prove this we only need to give
the comparison 2-cells for units and composition. (They will automatically be coherent
since the hom-categories in C(W™!) are posetal.)

We will represent each connected component of (C{IW})q by the identity arrow in it.

So an identity arrow in Bic(C{W}) has the form B<2—B—2~B—2- B and

W (B s pls.pls B) — (B<1LB£>B).

So wy preserves identities strictly.
For any two composable arrows

Bl o Al ! AQ o2 BQ and BQ o3 Ag g A4 o Bg (25)

in Bic(C{W}), the composition is found by first constructing the following double cell in
C{w},
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(using chosen squares in C to obtain w,, w3, w3 and f) and then composing the domain
horizontal arrow with (By<——Ajz)—2>(As—=>B3) to get

(Bl w1W3 C) 9'11—12](T (A4 wq Bg) )

So wy applied to the composite gives

By <0 w9 po (26)

On the other hand, the composite of the images of the arrows in (25) under w is

B, w1W3 E wagwa f Bs, (27)

where w3 and 1;27‘ are obtained using chosen squares.
To construct a 2-cell from (26) to (27) we consider the following diagram containing
the three chosen squares used above:

f D w2 A3

wSL |

Al —f>AQT2>BQ

We want to construct a span E < G — C' that will make this diagram commutative.
Using Condition CF2 we find a commutative square
F—

J ]

EﬁAl
w3

w3

S

3

and using Condition CF3 we find an arrow G—"-+F in W such that all parts of the
following diagram commute:
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_m

So the required comparison 2-cell is given by

?
Cf

/\

w4gw2f

We will now construct a pseudo-inverse a: C(W™!) — Bic(C{W}) for w.
On objects, a(A) = (14). On arrows,

a(A<2-Cc—1op) = (A<v-c-L.p 2. p),

and on 2-cells,

fv
—_—
v
N
w/ f/

We will show that a is a homomorphism of bicategories. First, note that a preserves units
1la 14 ) o ( 1la 1a 14 )

strictly: o . Composition is also preserved strictly as long

as we choose the same chosen squares. We will now show this. So let A<——S 1B and

B2 7.0 bea composable pair of arrows in C(W™1). Let

hor (28)

be a chosen square. Then the composition in C(W™!) is ALy DI f2fy C, and
a(ALy hoy — (any B¢
To calculate the composition in Bic(C{IV}) of
w1 f1 wi S
a(A<—S——DB) = (A~—S——B=——=DB)

and
a(B=2-17- 1 0) = (B2 T 0—0),
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we note that we can use the same chosen square (28) to construct a pair of horizontal
arrows in C{IW} that is composable there: there is a double cell

w1W2 fi w2

w1 fi

Composing the top row of this double cell with (<w—2)i>(=) gives us

() A (—).

Now it remains for us to calculate the composites aow and w o «. First, a straightfor-
ward calculation shows that wa = Idgw-1y. The other composition requires a bit more
attention. L . L

On objects, aw((—)) = (13) for A5 B, and (=) = (13) in Bic(C{W}). So aw is
the identity on objects.

On arrows, aw(<— f, v )= (== wa/ =——). And on 2-cells,
w1 f w2
Tul Tuz w1 w wa f
.
S (P [ B
o wy wyf’
7

w1 wa f
Ul
wa fug

_—
v1
wy
- >

wh f

So we see that « o w is not the identity, but there is an invertible icon (: aw =

Idgic(cw)-1) such that the component of ¢ at v S we
L R R
|, I
f
—_—
w1 f w2
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The fact that the naturality squares of 2-cells commute follows from the fact that this
bicategory is locally posetal.
We conclude that w and « form a biequivalence of bicategories Bic(C{W}) ~ C(W ™).

5.15. COROLLARY. C{W} and Dbl(C(W 1)) are equivalent in the 2-category WGDbl, .

Proor. Apply Dbl to the equivalence of Theorem 5.14 and then compose the resulting
vertical equivalence of weakly globular double categories with the equivalence of C{W}

with DbIBic(C{W}). .

6. The Universal Property of C{W}

The goal of this section is to describe the vertical and horizontal universal properties of
the weakly globular double category C{W} we constructed in the previous section. First
we derive the universal property of C{W} inherited from C(W™!) by Corollary 5.15.
This is a property in terms of pseudo-functors and vertical transformations. The second
universal property we give for C{IW} is in terms of strict double functors and horizontal
transformations. The two properties together determine C{W} up to horizontal and
vertical equivalence.

6.1. THE VERTICAL UNIVERSAL PROPERTY OF C{W}. Recall that Theorem 4.14 states
that composition with Dbl(Jy): Dbl(C) — Dbl(C(W™!)) induces an equivalence of

categories,

WGDbl,,, , (Db1(C(W ™)), X) ~ WGDbl,. , v-(Dbl(C), X)

for any weakly globular double category X.
To obtain a vertical universal property for C{1¥'}, note that C{W} is vertically equiva-
lent to Dbl(C(W1)). We compose Dbl(Jy) with the equivalence Dbl(C(W ~1))——=C{W}

to get a pseudo-functor Jy : Dbl(C) — C{W} with the following universal property:

6.2. THEOREM. Composition with the pseudo-functor Jy : DbI(C) — C{W}, gives rise
to an equivalence of categories,

WGDbl,,, ,(C{IW}, D) ~ WGDbl,, , w-(Dbl(C), D).

Recall that WGDbl,, s w (Db1(C), D) is the category of W-pseudo-functors (which send
W-doubly marked paths to precompanions), and vertical W-transformations as described
in Definition 4.11.

Since furthermore, H(C) is equivalent to DbI(C), we may compose Jy with this
equivalence and obtain Jy: H(C) — C{W}. This functor has the universal property
expressed in the following corollary.

6.3. COROLLARY. Composition with Jw: HC — C{W} gives rise to an equivalence of

categories,
WGDbl,s ,(C{W},D) ~ WGDbl , w (HC, D).



THE WEAKLY GLOBULAR DOUBLE CATEGORY OF FRACTIONS OF A CATEGORY 761

6.4. REMARKS.

1. In this corollary, WGDbl , w (HC, D) has as objects pseudo-functors that send the
elements of W to precompanions. Note that this vertical universal property is easier
to express than the one in terms of Dbl(C), as given in Theorem 6.2.

2. This characterization of C{I/} determines this weakly globular double category up
to a vertical equivalence.

3. It is straightforward to check that the composition Jy: HC — C{W} used in the
last corollary is the obvious inclusion functor, sending and object of C' to the object
in C{W} represented by its identity arrow. It is clear that this is a strict functor
of weakly globular double categories.

In the rest of this section we will discuss the universal property of the functor Jy: HC —
C{W} in terms of 2-categories of strict functors and horizontal transformations. This will
then characterize C{W} up to a horizontal equivalence. This characterization will be in
terms of companions rather than precompanions.

6.5. COMPANIONS AND CONJOINTS IN C{W}. As we saw in an Section 3.4, companions
in weakly globular double categories are closely related to quasi units in bicategories.
Requiring in the universal property that the elements of W themselves become compan-
ions is too strong, but requiring that they become companions after composition with a
horizontal isomorphism turns out to be just right for a universal property with respect to
strict functors and horizontal transformations.

For this part we will make the added assumption on the class W that it satisfies the
3 for 2 property: if f, g, h are arrows in C such that gf = h and two of f,g and h are in
W, so is the third.

The following lemma characterizes the horizontal and vertical arrows in C{IW} that
have companions or conjoints.

6.6. LEMMA.

1. A wvertical arrow in C{W'} has a horizontal companion if and only if it has a repre-
sentative of the form

) (29)

|
C

2

(As ——~B)
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2. A wvertical arrow in C{W} has a horizontal conjoint if and only if it has a represen-
tative of the form
(A; —— B) (30)

3. A horizontal arrow in C{W'} has a vertical companion and conjoint if and only if
it 1s of the form
(B<"— Ay) —= (A, ——= B).

PROOF. To prove the first part, the companion for (29) is the horizontal arrow

(B=——A))——(4,——B)

with binding cells

(B<——A)) == (4 —=B) (31)
.
wu,w = Al - Al
|
(B=<zi- A1) —= (A, ——B)

(B =1 Ay) — (4, - )
H

Xuw = A1 — s A2

4

(B == Ag) == (Ay ——> D)

We leave it up to the reader to check that these cells satisfy the equations (11).
Conversely, suppose that a vertical arrow

A 2B (32)
ulT
C

Y

A2w_2>B
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has a companion (B<——A4,) ! (Ay—=>B). Then there is a binding cell

(B<" A) Lo (4,2 B)
H

o

C w A

So there is an arrow (r: D — C) € W and an arrow x: D — A, such that the following
diagram commutes,

C
u2
(B <57 A2) (A2 —= B)

So fuyr = x = ugr. It follows that (32) is equivalent to

A "o RB

Ay

1

AQ w_2> B

This completes the proof of the first part.

The second part follows from the first part, together with Remark 3.3: a vertical arrow
in C{W} has a horizontal conjoint if and only if its inverse has this horizontal arrow as
companion.

The last part follows from the proofs of the previous two parts. [

It is easy to see that the vertical companions and conjoints generate the category of
vertical arrows:

B<"1 A,
fo
C

Jo

BTAZ
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is the vertical composition of

B<w—1A1 B2 o

I |

and C
H Jo
B wlul B T AQ

which are composable since wyu; = waus.
The following lemma shows that the companion binding cells and their vertical inverses
(the conjoint binding cells) generate all the cells of C{W}.

6.7. LEMMA. Each double cell in C{W} can be written as a pasting diagram of companion
binding cells as in (31) and their vertical inverses.

PROOF. Let
(B2 4y) s (4, 2 B (33)
"
(B~ As) = (4 —> B)

be a representative of a double cell in C{W}. This cell can be written as a pasting of the
following array of double cells by first composing the double cells in each row horizontally
and then composing the resulting double cells vertically.

(B<"A)— (A, = B)  (B<"Ay) 2 (4 s )
[ \\ H
1 1

(B O) == (A= B) (B A1) = (A > B)

(B C) (o By (B ) e (4 )
[ [

C——=C C'=—==C

!/

C) > B’) (B'<—(C")=—(C'"——=B)

/
3 w1y wiuf wiuf

(B

wilul
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B o) Se 0 iy (B0 — (0 )
| H H
C——C C' ="'
| |

(B O)—=(C' o B) (B o O) == (M= B)

(BE20) - (4,2 B) (B Ay) L (4, )
I [
[ I

(B <= A2) == (A2 7> B) (B =g A2) —~ (A~ B')

Each one of these cells is either a horizontal or vertical identity cell or a companion binding
cell or the inverse of a companion binding cell. [

6.8. W-FRIENDLY FUNCTORS AND TRANSFORMATIONS. As we have seen in Lemma 6.6
and Lemma 6.7, the strict inclusion functor Jy: HC — C{W} adds companions and
conjoints to HC. We want to make precise in what sense it does so freely. The goal of
this section is to introduce a notion of W-friendly double functor out of HC and a notion
of W-friendly horizontal transformation between these W-friendly double functors, such
that Jy the universal W-friendly double functor out of HC in the sense that we have an
equivalence of categories,

WGDbly; ,(C{W},D) >~ WGDbly . w (HC, D),

where WGDbly, , w(HC, D) is the category of W-friendly functors and W-friendly hori-
zontal transformations.

The first question is for which arrows it adds the companions and conjoints. It is
tempting to think that it does this for the horizontal arrows in the image of W. However,
those would be the arrows of the form

(1a)—=(15)
and the arrows that obtain companions and conjoints are of the form
(uw)——(u).
In particular, there are companions and conjoints for arrows of the form
(w)—2=(1p), (34)

but not for
(La)—=(1p)
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unless A = B and w = 1. The arrow in (34) can be factored as

(B A)— (A A) - ~(B—2-B)
We will denote the first arrow in this factorization by ¢, : (w) — (14). Note that this is
a horizontal isomorphism in C{W}. Our first step will be to show that the elements of

the family {¢,} for w € W form the components of an invertible natural transformation.
To express this property we need the following comma category derived from W.

6.9. DEFINITION. Let C be a category with a class W of arrows. We define VI¥ to be

the category with arrows in W as objects and an arrow from A—=B to A’ . B is
given by a commutative triangle of arrows in C:

A\ | / '
B
We denote this arrow by (v,w'): w — w’. There is a functor Dy: VW — C defined by
Dy(w) = dp(w) (the domain) on objects and Dy(v,w’) = v.

6.10. REMARK. When W satisfies the 3 for 2 property, the commutativity of the triangle
in Definition 6.9 implies that v € W. Furthermore, by condition CF1, W forms a
subcategory of C that contains all objects of C. So we can view VIW as the comma
category (1w | Lw), where Ly : d(Cy) — W is the inclusion functor of the discrete
category on the objects of C into the category W. In this notation, Dy is just the first
projection functor (1y | Ly ) — W followed by the inclusion into C.

Let ®: VIV — Comp(C{W}) be the functor that sends an arrow

A “ A
AN A

to the horizontal companion arrow (B<——A)—"=(A'—=B) with the vertical compan-
ion and binding cells in C{W} as indicated in the proof of Lemma 6.6. Now we can view
© as a natural transformation in the following diagram

VIW —25 Comp(C{W})
Do £ jh_
C—— 5~ hC{W}.

This is almost enough to describe Jy as a W-friendly functor. The problem is that the
information given thus far is not enough to describe W-friendly transformations between
W-friendly functors. Such transformations need to have components that interact well
with the companion binding cells. In order to ensure this, ® needs to be viewed as a
double functor VVW — Comp(C{W}). This leads us to the following definition.
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6.11. DEFINITION. A W-friendly structure (I',) for a functor G: HC — D consists of
a functor I': VVIW — Comp(D) together with an invertible natural transformation ~,

VW —Ls vComp(D)
Do = lh_
Y
C——— D,

where h_ is the identity on objects and takes the horizontal component of each arrow
(companion pair). We will also refer to G (and to the pair (G,T')) as a W-friendly
functor.

6.12. PROPOSITION. There is a canonical W -friendly structure
(®: VVIW — Comp(C{WW'}), )

for the functor Jo: HC — C{W}.
PROOF. On objects, ®(w) = (w). On horizontal arrows, ® is the identity. On vertical
arrows, q)((ua 'LU)) = (h(u,w)a V(u,w)» w(u,w)> X(u,w))a where

h(u7w):(wu>U(w)
Vuw) = (ﬂ)

;|

—)
and the binding cells are
(<) — (%) ey (-
|| - | . |
| o
(<o) = (=) (=)=

Furthermore, the invertible natural transformation ¢ in

VW 2> yComp(C{W})
Dg = lh_
¢
C —— hC{W}

has components @,
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Let L: C{W} — D be a functor of double categories. Composition with Jc: HC —
C{W?} gives rise to a functor LJc: HC — D with the W-friendly structure (Comp(L) o
®,\). Here, Comp(L) o ®: VVW — Comp(D) sends w to L(w) and a vertical arrow

(u,v): vu—e—v to

v
- —_—

S (e |
b |

VU
VU v
-~ ="
v v
w

Furthermore, the natural transformation A\ has components \, = L (| <—=—=—).

The appropriate horizontal transformations between W-friendly functors are described
in the following definition.

6.13. DEFINITION. For W-friendly functors
(G,T,v),(L,A,\): HC = D, VVIW = Comp(D),

a W-friendly horizontal transformation is a pair (a: G = L,a: ' = A) of horizontal
transformations such that the following square commutes:

h_ova

h_ovl'——=h_ovA (35)

N |

hGoDomhLoDo.

6.14. THE HORIZONTAL UNIVERSAL PROPERTY OF C{W}. We can now state and prove
the universal property of Jy: HC — C{W} in terms of W-friendly double functors and
W-friendly horizontal transformations.

6.15. THEOREM. Composition with Jy: HC — C{W} induces an equivalence of cate-
gories
WGDbly; ,(C{W},D) >~ WGDbly 5w (HC, D),

where WGDblg , w (HC, D) is the category of W-friendly functors and W -friendly hori-

zontal transformations.
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PROOF. Composition with Jy sends a functor L: C{WW} — D of weakly globular double
categories to the triple (LJw, Lo ®, Ly), i.e., the functor LJy with W-friendly structure
(L®, L), as described above.

To show that composition with [Jy is essentially surjective on objects, we show how to
lift a functor G: HC — D with a W-friendly structure (I', ) to a functor G: C{W} — D.

Define G on objects by G(A—%~B) = I'(w). On vertical arrows, G is defined by

w1
_—

( )
¢ I ‘ = UP(uz,w2) (vf(ulvwl))_l
( )

—_—
w2

(where the notation is as in the proof of Proposition 6.12) and on horizontal arrows, G

is defined by G (( =) ! (— )) = 7 1G(f)Vw. To define G on double cells, we

use the factorization of a generic double cell in C{W} given in the proof of Lemma 6.7.
The result of applying G to (33) is given in Figure 1. It is not hard to see that there
is an invertible horizontal transformation 7: G o Ji = G with components 4 = 1 N
Furthermore, it is straightforward to check that G® = T', and (7,id) is an invertible
W-friendly transformation from (G Jw, G®, Gp) to (G, T, 7).

We now want to show that composition with Jy, is fully faithful on arrows, i.e.,
horizontal transformations. So we will show that horizontal transformations

b:G=L:C{W} =D
are in one-to-one correspondence with W-friendly transformations

where 5: G® = L® is defined by 3, = b,. The condition that the square in (35) com-
mutes for (bJw, 3) is equivalent to the following square of horizontal arrows commuting

for each w € W:
by

G(w) L(v)
G(#::)L lG(#::)
Gida) —— L(ida)

and the commutativity of this diagram follows immediately from the vertical naturality
of b.
Conversely, given a W-friendly horizontal transformation (a: GJw = LJIw,a: G® =
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T(w;) [(w;) —2s GA, <L G AL —"T(u)
$”F_<1ul,w1) XE g ) H § o o H
F(wlul) F(wl) L) GAl ' GA/l - F(wll)
u u u

3 1
P wyy) 22 GO -9 GA, 5 D) e Ay - GAT M Dt
F(U)Hlul) e oG o M pg ) " oo 9 G&g i F(L)
H . H
Puw}u)) REE D))
it iy o
Gc/”_lir(wugug) r(wugug)
-1
Gor r(wH;u;) F(wfug)
Pr(uly,wh) VI (uh wh)
I'(whus) T I'(ws)
TR D o
o 220 "o
_ -1
D (watn) 2222 GO -2 Gy — 2 D(uy) <% G Ay 202 AL — 2 D(w))
$vr(u27w2) XT (ug,wy) H - G ’Y;/l H
T'(w,) [(wy) —2+ GAy 2L G Ay —2 T (up)

Figure 1: The image of a generic double cell in C{W} under G.

L®), we get a: G = L with components a,, = «,, and

o G(wu) R () L(wu) =——= L(wu)
- | | L@eww)  $LCsw)
H G (w1) ———— G(wit) —hatuw— L(wi1) -Lhaum)= L(w)
a -
Ul G(|Z|UU) _ G(7|V|Uu) G (he (u,uw))> G(w) —hawy—> L(”w)
(—>) G4 COoww)y  Claww) | [
G(w) =——=G(w) ——=G(w) —haw—= L(w)

Note that it is sufficient to define @ on these particular vertical arrows, since all others
are generated by these and their inverses. [
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6.16. REMARKS.

1. One might be tempted to think that if we take W = Cj, the class of all arrows
in C, then every horizontal arrow in C{WW} will have a companion and a conjoint.

Unfortunately that is not the case: only arrows of the form (<“—)——=(——)
get a companion and a conjoint. However, if we restrict ourselves to such horizontal
arrows (for any chosen class W), take all vertical arrows and the full sub double
category of double cells, we do get a double category in which every horizontal
arrow has a companion and a conjoint. That double category is the transpose
of what Shulman [31] has called a fibrant double category and what was called a
gregarious double category in [7].

2. The vertical and horizontal property together determine C{W} up to both hori-
zontal and vertical equivalence of weakly globular double categories, but note that
for the vertical equivalence the arrows are pseudo-functors, where for the horizontal
equivalence the arrows are strict functors.

3. The construction of C{W} given in Section 5.1 can be extended to 2-categories,
where the universal properties of C{WW} can be formulated using the horizontal
double category HC. It can even be extended to arbitrary weakly globular double
categories. We will present these results in a sequel to this paper, as they involve a
lot of technical details.

7. Conclusions

In this paper we studied what the horizontal and vertical universal properties of a weakly
globular double category of fractions should be and we have seen how this determines this
weakly globular double category both up to horizontal and vertical equivalence. Both
companions and precompanions play an important role in the description of its universal
properties. We have seen that the notion of precompanion generalizes both the notions
of companion and of horizontal isomorphism in a double category.

For double categories with strict functors, the hom-object DblCat(C, D) can be given
the structure of a double category where the horizontal arrows are horizontal transforma-
tions and the vertical arrows are vertical transformations, and modifications are given as
families of double cells that are functorial and natural in appropriate ways (the precise
definition can be found in [10]). This leads to the question whether the universal prop-
erty of C{W} as a coinverter can be expressed in terms of double categories rather than
2-categories. This is indeed possible, but requires a further study of the modifications for
weakly globular double categories. We will discuss this in a separate paper.
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