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GROUPOIDS IN CATEGORIES WITH PRETOPOLOGY

RALF MEYER AND CHENCHANG ZHU

ABSTRACT. We survey the general theory of groupoids, groupoid actions, groupoid
principal bundles, and various kinds of morphisms between groupoids in the framework
of categories with pretopology. The categories of topological spaces and finite or infinite
dimensional manifolds are examples of such categories. We study extra assumptions
on pretopologies that are needed for this theory. We check these extra assumptions in
several categories with pretopologies.

Functors between groupoids may be localised at equivalences in two ways. One uses
spans of functors, the other bibundles (commuting actions) of groupoids. We show
that both approaches give equivalent bicategories. Another type of groupoid morphism,
called an actor, is closely related to functors between the categories of groupoid actions.
We also generalise actors using bibundles, and show that this gives another bicategory
of groupoids.
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1. Introduction

The notion of groupoid has many variants: topological groupoids, étale topological groupoids,
Lie groupoids of finite and infinite dimension, algebraic groupoids, and so on. A subtle
point is that the definition of a groupoid in a category depends on a notion of “cover”
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because the range and source maps are assumed to be covers. A pretopology gives a
reasonable notion of cover in a category.

The need to assume range and source maps to be covers is plain for Lie groupoids:
it ensures that the composable pairs of arrows form a smooth manifold. The covers also
influence the notion of principal bundle because their bundle projections are assumed
to be covers; this is equivalent to “local triviality” in the sense of the pretopology. If
our category is that of topological spaces and the covers are the continuous surjections
with local continuous sections, then we get exactly the usual notion of local triviality
for principal bundles; this is why many geometers prefer this pretopology on topological
spaces. Many operator algebraists prefer the pretopology of open continuous surjections
instead.

Some authors (like Goehle [17]) make no assumptions on the range and source maps of
a topological groupoid. Since any map with a continuous section is a biquotient map, this
amounts to the same as choosing biquotient maps as covers; this is the so called canonical
topology, that is, it is the largest subcanonical pretopology on the category of Hausdorff
topological spaces (see Section 9.6). But how much of the usual theory remains true in
this case?

We will see that some aspects of the theory of groupoid Morita equivalence require
extra assumptions on pretopologies. In particular, we will show that for the pretopology
of biquotient maps, equivalent groupoids may have non-equivalent categories of actions
on spaces. We do not know whether Morita equivalence of groupoids is an equivalence
relation when we choose the pretopology of biquotient maps. In addition to the theory
of Morita equivalence with bibundles, we also extend the theory of anafunctors. It works
without extra assumptions on the pretopology, but is less concrete.

Since we want to work in the abstract setting of groupoids in a category with pre-
topology, we develop all the general theory of groupoids and their actions from scratch.
Most of our results are known for some types of groupoids, of course. Since we develop
the theory from scratch, we also take the opportunity to suggest more systematic nota-
tion for various kinds of morphisms of groupoids. We study functors, anafunctors, and
bibundle functors, actors and bibundle actors; in addition, there are several kinds of equiv-
alences: equivalence functors, ana-isomorphisms, anafunctor equivalences, and bibundle
equivalences; and there are the covering bibundle functors, which are the intersection of
bibundle functors and bibundle actors. The categories of anafunctors and bibundle func-
tors are equivalent, and ana-isomorphisms and bibundle equivalences are also equivalent
notions; all the other types of morphisms are genuinely different and are useful in differ-
ent situations. Several notions of morphisms have been introduced in the context of Lie
groupoids in [41]; our notion of “actor” is unrelated to the one in [41, A.2], however.

Roughly speaking, functors and the related anafunctors and bibundle functors are
appropriate if we view groupoids as generalised spaces, whereas actors and bibundle actors
are appropriate if we view them as generalised symmetries (groups).

Other new names we introduce are basic actions and basic groupoids. A groupoid ac-
tion is basic if, together with some bundle projection, it is a principal action. A groupoid G
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is basic if its action on G° is a basic action. (The name “principal groupoid” is already
used for something else by operator algebraists, so a new name is needed.)

Our initial goal was to generalise the bicategory of topological groupoids with Hilsum—
Skandalis morphisms as arrows and isomorphisms of the latter as 2-arrows. It is well-
known that this is a bicategory if, say, we use continuous maps with local continuous
sections as covers (see [38]). Our bibundle functors are the analogue of Hilsum—Skandalis
morphisms in a category with pretopology. To compose bibundle functors or bibundle
actors, we need extra assumptions on the pretopology. We introduce these extra assump-
tions here and check them for some pretopologies.

We now explain the contents of the sections of the article.

Section 2 introduces pretopologies on categories with coproducts. Here a pretopology is
a family of maps called covers, subject to some rather mild axioms. The more established
notion of a topos is not useful for our purposes: it does not cover important examples like
the category of smooth manifolds because all finite limits are required to exist in a topos.

All pretopologies are required subcanonical. We also introduce three extra assumptions
that are only sometimes required. Assumption 2.10 concerns final objects and is needed
to define groups and products of groupoids, as opposed to fibre products. Assumption 2.8
requires maps that are “locally covers” to be covers; the stronger Assumption 2.9 requires
that if fop and p are covers, then so must be f. We also prove that the property of being
an isomorphism is local (this is also noticed by [48, Axiom 4]). Assumptions 2.8 and 2.9
are needed to compose bibundle functors and bibundle actors, respectively.

Section 3 introduces groupoids, functors and anafunctors. We first define groupoids in
a category with pretopology in two equivalent ways and compare these two definitions.
One definition has the unit and inversion maps as data; the other one only has the
multiplication, range and source maps as data and characterises groupoids by making
sense of the elementwise condition that there should be unique solutions to equations
of the form g-x = h or x - g = h for given arrows g and h with equal range or equal
source, respectively. We explain in Section 3 how such elementwise formulas should be
interpreted in a general category, following ideas from synthetic geometry [26,34]. We use
elementwise formulas throughout because they clarify statements and proofs.

We define functors between groupoids and natural transformations between such func-
tors in a category with pretopology. We observe that they form a strict 2-category. We
define a “base-change” for groupoids: given a cover p: X — G°, we define a groupoid
p*(G) with object space X and a functor p,: p*(G) — G; such functors are called hyper-
covers, and they are the prototypes of equivalences. An anafunctor G — H is a triple
(X, p, F) with a cover p: X — G° and a functor F': p*(G) — H. An ana-isomorphism is
an isomorphism p*(G) = ¢*(H) for two covers p: X — G° and ¢: X’ — H®. Anafunctors
form a bicategory. We characterise equivalences in this bicategory by two different but
equivalent criteria: as those anafunctors that lift to an anafunctor isomorphism, and func-
tors that are almost fully faithful and almost essentially surjective. These constructions
all work in any category with a subcanonical pretopology. If we assume that being a cover
is a local condition, then a functor is almost fully faithful and almost essentially surjective
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if and only if it is fully faithful and essentially surjective.

Section 4 introduces groupoid actions, their transformation groupoids, and actors.
Our convention is that the anchor map of a groupoid action need not be a cover; this is
needed to associate bibundle functors to functors. We call an action a sheaf if its anchor
map is a cover. The transformation groupoid of a groupoid action combines the action
and the groupoid that is acting. An actor from G to H is a left action of G on H! that
commutes with the right translation action of H. We show that such an actor allows to
turn an H-action on X into a G-action on X in a natural way. Any such functor from
G-actions to H-actions with some mild extra conditions comes from an actor. This is the
type of “morphism” that seems most relevant when we think of a groupoid as a general
form of symmetry, that is, as something that acts on other objects.

Section 5 introduces principal bundles over groupoids and basic groupoid actions. A
principal G-bundle is a (right) G-action m: X xggo, G = X with a cover p: X — Z, such
that the map

(ma pr1>: X Xs,GO,r Gl — X Xp,Zp X» (C(],g) = (l’ : g,fﬁ), (]‘)

is an isomorphism. Then Z is the orbit space of the right G-action, so the bundle projection
is unique if it exists. A G-action is basic if it is a principal bundle when taken together
with its orbit space projection. We construct pull-backs of bundles and relate maps on the
base and total spaces of principal bundles; this is crucial for the composition of bibundle
functors. We show that the property of being principal is local, that is, a pull-back of a
“bundle” along a cover is principal if and only if the original bundle is.

Principal bundles and basic actions allow us to define bibundle equivalences, bibundle
functors, and bibundle actors. These are all given by commuting actions of G and H on
some object X of the category. For a bibundle functor, we require that the right H-action
together with the left anchor map X — G° as bundle projection is a principal bundle; for
a bibundle equivalence, we require, in addition, that the left G-action together with the
right anchor map X — HC is a principal bundle. For a bibundle actor, we require the right
action to be basic — with arbitrary orbit space — and the right anchor map X — H° to be
a cover. If X is both a bibundle actor and a bibundle functor, so that both anchor maps
are covers, then we call it a covering bibundle functor.

We show that functors give rise to bibundle functors and that bibundle functors give
rise to anafunctors. The bibundle functor associated to a functor is a bibundle equivalence
if and only if the functor is essentially surjective and fully faithful.

The composition of bibundle functors, actors, and equivalences is only introduced in
Section 7 because it requires extra assumptions about certain actions being automatically
basic. Section 7.1 discusses these extra assumptions. The stronger one, Assumption 7.2,
requires all actions of Cech groupoids to be basic; the weaker one, Assumption 7.3, only
requires this for sheaves over Cech groupoids, that is, for actions of Cech groupoids with a
cover as anchor map. The weaker version of the assumption together with Assumption 2.8
on covers being local suffices to compose bibundle equivalences and bibundle functors; the
stronger form together with Assumption 2.9 (the two-out-of-three property for covers) is
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needed to compose covering bibundle functors and bibundle actors. Under the appropriate
assumptions, all these types of bibundles form bicategories.

We show in Section 7.29 that the equivalences in these bicategories are precisely the
bibundle equivalences. Section 7.17 shows that the bicategory of bibundle functors is
equivalent to the bicategory of anafunctors. Section 7.24 describes the composite of
two bibundle functors by an isomorphism similar to (1). Section 7.27 shows that the
assumption needed for the composition of bibundle actors is equivalent to the assumption
that the property of being basic is a local property of G-actions.

We show in Section 7.19 that every bibundle actor is a composite of an actor and a
bibundle equivalence. Thus the bicategory of bibundle actors is the smallest one that con-
tains bibundle equivalences and actors and is closed under the composition of bibundles.
A similar decomposition of bibundle functors into bibundle equivalences and functors is
constructed in Section 6.10 when passing from bibundle functors to anafunctors.

Section 8 describes the quasi-categories of bibundle functors, covering bibundle func-
tors, and bibundle equivalences very succinctly. The main point are similarities between
the multiplication in a groupoid, a groupoid action, and the map relating the product of
two bibundle functors to the composite.

Section 9 considers several examples of categories with classes of “covers” and checks
whether these are pretopologies and satisfy our extra assumptions. Section 9.2 considers
sets and surjective maps, a rather trivial case. Section 9.6 considers several classes of
“covers” between topological spaces; quotient maps do not form a pretopology; biquotient
maps form a subcanonical pretopology for which Assumption 7.2 fails; open surjections
and several smaller classes of maps are shown to be subcanonical pretopologies satisfying
all our assumptions.

Section 9.41 considers smooth manifolds, both of finite and infinite dimension, with
submersions as covers. These form a subcanonical pretopology on locally convex manifolds
and several subcategories, which satisfies the assumptions needed for the composition of
bibundle functors and bibundle equivalences. For Banach manifolds, we also prove the
stronger assumptions that are needed for the composition of bibundle actors and covering
bibundle functors. It is unclear whether these stronger assumptions still hold for Fréchet or
locally convex manifolds. Thus all the theory developed in this article applies to groupoids
in the category of Banach manifolds and finite-dimensional manifolds, and most of it, but
not all, applies also to Fréchet and locally convex manifolds.

For a category C, we write X €& C for objects and f € C for morphisms of C. Our
categories need not be small, that is, the objects may form a class only. The set-theoretic
issues that this entails are not relevant to our discussions below and can be handled easily
using universes. Hence we leave it to the reader to add appropriate remarks where needed.

2. Pretopologies

The notion of a Grothendieck (pre)topology from [1] formalises properties that “covers” in
a category should have. Usually, a “cover” of an object X is a family of maps f,: U, — X,
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a € A. If our category is extensive (see [10]), we may replace such a family of maps by a
single map
(fa)aeA: |_| Ua — X.

acA
This reduces notational overhead, and is ideal for our purposes because in the following
definitions, we never meet covering families but only single maps that are covers.

2.1. DEFINITION. Let C be a category with coproducts. A pretopology on C is a collec-
tion T of arrows, called covers, with the following properties:

(1) isomorphisms are covers;
(2) the composite of two covers is a cover;

3) if [+ Y — X is an arrow in C and g: U — X is a cover, then the fibre product
Y xXx U exists in C and the coordinate projection pri: Y Xx U — Y is a cover.

Symbolically,
.
Y Y Xy U Ly
T U R
v, x v—9 .x

We use double-headed arrows — to denote covers.
We always require pretopologies to be subcanonical:

2.2. DEFINITION AND LEMMA. A pretopology T is subcanonical if it satisfies the follow-
ing equivalent conditions:

(1) each cover f: U — X in T is a coequaliser, that is, it is the coequaliser of some
pair of parallel maps g1,92: Z = U;

(2) each cover f: U — X in T is the coequaliser of pry,pry: U xsx U 23 U;

(3) for any object W and any cover f: U — X, we have a bijection
C(X,W) :> {h GC(U7W) | hoprl :hOpI’2 ZTLC(U XX, f U7W)}’ gHgofv

(4) all the representable functors C(_, W) on C are sheaves.

ProOF. Condition (3) makes explicit what it means for C(_, W) to be a sheaf and for f
to be the coequaliser of pry,pry, so (2) <= (3) <= (4). (2) implies (1) by taking
Z =U x;sx,; U and g; = pr; for i = 1,2. It remains to prove (1)=(3).

Let g1,92: Z = U be as in (1). Then fg; = fgo, so that (g1,92) is a map Z —
UxsxpU. Let pry: U xg x5 U — U for i = 1,2 be the coordinate projections. Since
pr; o (g1,92) = ¢; for i = 1,2, a map h € C(U,W) with h o pr; = h o pr, also satisfies
ho g1 = hogy. Since we assume f to be a coequaliser of g; and ¢o, such a map h is of
the form h o f for a unique h € C(X,W). Conversely, any map of the form h o f satisfies
(ho f)opr, = (ho f)opry. Thus (1) implies (3). "
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2.3. DEFINITION. Let T be a pretopology on C and let P be a property that arrows in C
may or may not have. An arrow f:Y — X has P locally if there is a cover g: U — Y
such that pry: Y X5 x,U — U has P.

The property P is local if an arrow has P if and only if it has P locally, that is, in the
situation of (2), f: Y — X has P if and only if pry: Y X4x,U — U has P.

2.4. ISOMORPHISMS ARE LOCAL.

2.5. PROPOSITION. [f the pretopology is subcanonical, then the property of being an iso-
morphism is local.

PRrROOF. Giorgi Arabidze pointed out a slightly stronger version of this result that works

in any category C, not necessarily with a pretopology. Namely, let Y S XandU % X
be arrows in C such that the fibre product ¥V x;x, U exists in C and the projection
pro: Y Xyx, U — U is an isomorphism. If g is a coequaliser in C (see Definition and
Lemma 2.2) and the projection pr;: Y X;x, U — Y is an epimorphism, then f is an
isomorphism. If C is a category with a subcanonical pretopology and ¢ is a cover, then
the assumptions above are satisfied.

To prove the more general statement above, take two arrows ui,us: A = U that
have g as their coequaliser. Form y :=pr,oprytoug: A - U — Y X¢x,qU — Y. Since
foy =gopryopry'ouy = gouy, there is a unique b: A — Y X ¢ x,gU with pryob =y and
pryob = u;. Since pr, is invertible, b = pry 'ouy, so pr,opry fou; = y = pryopr, Louy. Since g
is the coequaliser of u; and us, there is a unique arrow c¢: X — Y with cog = pr, opry .
This satisfies f o co g = g. Since g is a coequaliser, it is epic, so f oco g = ¢ implies
foc=idx. Furthermore, co fopr, = cogopr, = pr,; gives co f = idy because we
assumed pr; to be epic. Thus c is inverse to f. [

2.6. REMARK. Example 9.12 provides Hausdorff topological spaces (X, 1), (X, ) and Y
such that the identity map (X, 7)) — (X, 72) is a continuous bijection but not a homeo-
morphism, and a quotient map f: (X, 73) — Y such that the map f: (X,73) = Y is a
quotient map as well, and such that the identical map

(X,m) Xpyp (Xom) = (X, 71) Xy (X, 72)

is a homeomorphism. Thus the pull-back of a non-homeomorphism along a quotient map
may become a homeomorphism. Quotient maps on topological spaces do not form a
pretopology, so this does not contradict Proposition 2.5.

2.7. SIMPLE EXTRA ASSUMPTIONS ON PRETOPOLOGIES. Consider the fibre-product sit-
uation of (2). Then g is a cover by assumption and pr; is one by the definition of a
pretopology. If f is a cover as well, then so is pr, by the definition of a pretopology.
That the converse holds is an extra assumption on the pretopology, which means that the
property of being a cover is local.
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2.8. ASSUMPTION. The property of being a cover is local, that is, in the fibre-product
situation of (2), if g and pry in (2) are covers, then so is f.

If g and pr, are covers, then so is gopr, = f opr; as a composite of covers, and pr; is a
cover by definition of a pretopology. Hence Assumption 2.8 is weaker than the following
two-out-of-three property:

2.9. AsSSUMPTION. Let f € C(Y,Z) and p € C(X,Y) be composable. If fop and p are
covers, then so is f.

A pretopology is called saturated if f is a cover whenever fop is one, without requiring p
to be a cover as well (see [44, Definition 3.11]). This stronger assumption fails in many
cases where Assumption 2.9 holds (see Example 9.33), and Assumption 2.9 suffices for all
our applications. For the categories of locally convex and Fréchet manifolds with surjective
submersions as covers, Assumption 2.8 holds, but we cannot prove Assumption 2.9. The
other examples we consider in Section 9 all verify the stronger Assumption 2.9.

2.10. ASSUMPTION. There is a final object x in C, and all maps to it are covers.

2.11. LEMMA. Under Assumption 2.10, C has finite products. If fi: Uy — X; and
fa: Uy = Xy are covers, then so is f1 X fo: U x Uy = X7 x Xs.

PROOF. The first statement is clear because products are fibre products over the final
object *. The second one is [22, Lemma 2.7]. =

Assumption 2.10 has problems with initial objects. For instance, the unique map from
the empty set to the one-point set is not surjective, so Assumption 2.10 fails for any
subcanonical pretopology on the category of sets. We must exclude the empty set for
Assumption 2.10 to hold. We will not use Assumption 2.10 much.

3. Groupoids in a category with pretopology

Let C be a category with coproducts and let 7 be a subcanonical pretopology on C. We
define groupoids in (C,T) in two equivalent ways, with more or less data.

3.1. FIRST DEFINITION. A groupoid in (C,7) consists of
e objects G° €€ C (objects) and G' €€ C (arrows),

e arrows r € C(G',G%) (range), s € C(G', G%) (source), m € C(G! x5 o, G', G') (multi-
plication), u € C(G° G') (unit), and i € C(G*, G') (inversion),

such that

(1) r and s are covers;
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(2) mis associative, that is, rom = ropr; and som = sopr, for the coordinate projections

pri, pry: G' X co, G = G!, and the following diagram commutes:

1 1 " m Xgo, idGl 1 1
G Xs,GOr G X5,GOr G ———G X5,GOr G
idGl Xs,GO ml lm
1 1 1
G Xs,GO,r G m G

(3) the following equations hold:

rou = idgo, r(ly,) ==« Vo € G,

sou = idgo, s(l,) == Vz € GO,

mo (uor,idg ) = idg, lg-9=9 Vg € G,
o (idgi,uos) = idg, g-lgg =9 Vg € G,
soi=r, s(¢g™ ) =r(g) Vg € G',

roi=s, r(g™) = s(g) Vg € G,

mo (i,idgi) =uos, g 9= 1y Vg € G',
mo (idg:,i) =uor, g-g‘lzlr(g) Vg € G

(3)

The right two columns interpret the equalities of maps in the left column in terms

of elements. The conditions above imply

mo (u,u) = u,

mo (i X,cosi) =iomoo,

here o: G! X, cos G* 5 G! X go, G' denotes the flip of the two factors.

-1, =1, Vz e G,
i? = idg1, (g H-t Vg € G,
B (h 9)"" Vg,heGlr(g)

=s(h);

Most statements and proofs are much clearer in terms of elements. It is worthwhile,
therefore, to introduce the algorithm that interprets equations in terms of elements as in
the middle and right columns above as equations of maps as in the left column.

The variables z € G°, g, h € G! are interpreted as maps in C from some object ? €€ C to
GY and G!, respectively. Thus an element z of X €€ C is interpreted as a map z: ? — X,
and denoted by z € X. The elements of X form a category, which determines X by the

Yoneda Lemma.

If an elementwise expression A is already interpreted as a map A: ? — G', then r(A)
means ro A: 7 — GY s(A) means so A: 7 — G° and A~ means io A: 7 — G!; if an
elementwise expression A is interpreted as A: ? — G°, then 14 meansuoA: ? — G'. If A
and B are elementwise expressions that translate to maps A, B: 7 — G! with s(A) = r(B),

that is, so A =ro B: ? — G° then A - B means the composite map

(A,B)

o(A,B): 7 88, Gl x, o, G! D G
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This algorithm turns the conditions in the middle and right column above into the
conditions in the left column if we let ? vary through all objects of C. More precisely, the
equation in the left column implies the interpretation of the condition in the other two
columns for any choice of 7, and the converse holds for a suitable choice of ?.

For instance, in the last condition g~*-h~ = (h-g)~', we may choose ? = G X, go s G,
g=pr:?— G oand h = pry: 7 — G'. The interpretation of the formula g='-h™! =
(h-g)~! for these choices is mo (i X, gosi) =iomoo.

As another example, the associativity diagram (3) is equivalent to the elementwise
statement

(g1-92) 95 =01 (92-93)  V91,92,95 € G, s(g1) =r(ga), s(g2) =r(gs). (4

To go from the elementwise statement to (3), choose ? = G xg o, G! X go, G!, g1 = pry,
g2 = pry, g3 = pry (we take one factor for each of the free variables g1, g2, g3, and implement
the assumptions s(g;) = r(gz2), s(g2) = r(gs) by fibre-product conditions). Then A := g;-¢go
is interpreted as mo (pry, pry): G' x5 o, G X o, G — G, 50 (91 92) - g3 = A g3 becomes
the map

m o (mo (pry,pry),prs) = mo (m XGor idg1) o (pry, pry, pr3) = mo (m XGor idg1)

from G' X go, G! X go, G' to G!. Similarly, g; - (g2 - g3) is interpreted as mo (idgt X go m).
Thus (g1 - g2) - 93 = g1 - (92 - g3) implies that (3) commutes. Conversely, if (3) commutes,
then (g1 - g2) - g3 = g1 - (g2 - g3) for any choice of ? €€ C and gy, go,93: 7 — G with
sog; =rogyand so gy =rogs. Thus (3) is equivalent to the elementwise statement
above.

We may also use elementwise formulas to define maps. For instance, suppose that
we have already defined maps f: X — G! and ¢g: Y — G!. Then there is a unique map
F: X Xgof.60r0g Y — G! given elementwise by F(x,y) = f(z)-g(y) forallz € X,y €Y
with so f(z) =rog(y). If amap f € C(X, Z) is given in terms of elements, then it is an
isomorphism if and only if every element z of Z may be written as f(z) for a unique z € X:
the interpretation of this statement in terms of maps is exactly the Yoneda Lemma.

3.2. REMARK. Why do we need the range and source maps to be covers? Of course, we
need some assumption for the fibre product G!' xggo, G to exist, but there are deeper
reasons. Many results in the theory of principal bundles depend on the locality of isomor-
phisms (Proposition 2.5), which holds only for pull-backs along covers. The composition
of bibundle equivalences cannot work unless we require their anchor maps to be covers.
The range and source maps of a groupoid must be covers because they are the anchor
maps for the unit bibundle equivalence G! on G.

3.3. SECOND DEFINITION. For groupoids in sets, the existence of units and inverses is
equivalent to the existence of unique solutions # € G! to equations of the form z-g = h
for g,h € G' with s(g) = s(h) and g-x = h for g,h € G* with r(g) = r(h). This leads us
to the following equivalent definition of a groupoid in (C,7T):
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3.4. DEFINITION. A groupoid G in (C,T) consists of G° €€ C (objects), G' €€ C
(arrows), r € C(G',G%) (range), s € C(G',G°) (source), and m € C(G' x4qo, G',G')
(multiplication), such that

(1) the maps r and s are covers;
(2) the maps

(prQa m): Gl ><S,Go,r Gl :> Gl ><S,GO,S Gla (I7g) = (gal‘ ' g)a (5)
(pry,m): G' Xgco, G' = G X, co, G, (9,2) — (9,9 x), (6)

are well-defined isomorphisms;

(3) m is associative in the sense of (3) or, equivalently, (4).

The first condition implies that the fibre products G' X go, G', G! X gos G' and
G! X, go, G used above exist in C. The maps in (5) and (6) are well-defined if and only
if som =sopry,and rom = ro pry, so these two equations are assumed implicitly.

If (G}, G%r,s,m,u,i) is a groupoid in the first sense above, then it is one in the sense
of Definition 3.4: the map (g,h) — (h-g~', g) is inverse to (5), and the map (g,h) —
(9,97 - h) is inverse to (6). The converse is proved in Proposition 3.9.

3.5. LEMMA. The invertibility of the map in (5) is equivalent to the elementwise statement
that for all g,h € G' with s(g) = s(h) there is a unique v € G' with s(x) = r(g) and
x - g = h. The invertibility of the map in (6) is equivalent to the elementwise statement
that for all g,h € G' with r(g) = r(h) there is a unique v € G with s(g) = r(z) and
g-x=h.

PROOF. We only prove the first statement, the second one is similar.

We interpret g, h,z as maps g,h,x: ? — G! in C. The elementwise statement says
that for ? €€ C and g,h: ? — G! with so g = s o h there is a unique z € C(?,G!) with
sox =rog and mo(z,g) = h. The maps g and h with sog = soh are equivalent to a single
map (g,h): 7 — G! X, gos G, and the conditions sox =ro g and mo (z,g) = h together
are equivalent to (z,g) being a map ? — G' X go, G' with (pry,m) o (x,9) = (g,h).
Hence the elementwise statement is equivalent to the statement that for each object ?
of C and each map (g,h): ? — G xscos G' there is a unique map A: ? — G x o, G
with (pry,m)o A = (g, h). This statement means that (pry, m) is invertible by the Yoneda
Lemma. [

To better understand (5) and (6), we view m as a ternary relation on G

3.6. DEFINITION. An n-ary relation between Xi,...,X, €€ C is R €€ C with maps
pj: R — X for j =1,...,n such that given xv; € X; for 5 = 1,...,n, there is at most
oner € R with pj(r) =x; forj=1,... n.

The multiplication relation defined by m has

R:=G! Xs.GOr Gl, p1i=Ppry, poi=pry, P3i=m.
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3.7. LEMMA. The maps in (5) and (6) are well-defined isomorphisms if and only if the
following three maps are well-defined isomorphisms:

(p17p2): R — Gl Xs,GOr Gl7
(pg,py,): R — Gl Xs,GO,s Gl7
(pl,pg): R — G1 Xy .GO,r Gl.

PROOF. The first isomorphism is the definition of R, the second one is (5), the third one
is (6). n

When we view the multiplication as a relation, then the isomorphisms (5) and (6)
become similar to the statement that the multiplication is a partially defined map.

3.8. EQUIVALENCE OF BOTH DEFINITIONS OF A GROUPOID.

3.9. PROPOSITION. Let (G°, G',r,s,m) be a groupoid in (C,T) as in Definition 3.4, where
(C,T) is a category with a subcanonical pretopology. Then there are unique maps u: G° —
G! andi: G' — G with the properties of unit map and inversion listed above. Moreover,
the multiplication m s a cover.

ProOOF. We write down the proof in terms of elements. Interpreting this as explained
above gives a proof in a general category with pretopology.

First we construct the unit map. For any g € G!, the elementwise interpretation of (5)
in Lemma 3.5 gives a unique map u: G! — G! with s(u(g)) = r(g) and u(g) - g = g. Hence
r(u(g)) =r(u(g) - g) = r(g). Associativity implies

u(g)-(g-h)=1(u(g)-g)-h=g-h=1u(g-h)-(g-h)

for all g, h € G! with s(g) = r(h). Since u(g - h) is unique, this gives u(g-h) = u(g) for all
g,h € G' with s(g) = r(h), that is, uom = uo pr;. The map (pr;,m) is the isomorphism
in (6), so we get Gopr; = uopry on G' X, o, G'. Since the pretopology 7 is subcanonical,
the cover r is the coequaliser of pry, pry: Gt X, go, G' = G'. Hence there is a unique map
u: G — G! with u = uor. Since r is an epimorphism, the equations soid =rand rou =r
imply s ou = idgo and rou = idgo. Interpreting 1, = u(z) for x € G° this becomes
s(1,) =z = r(1,) for all z € G°. The defining condition u(g) - g = g for g € G' becomes
Ly -g =g forall g € G'. If g,h € G' satisfy s(g) = r(h), then

(9 1sg) h=9 (s h) =9 - (Lywy-h)=g-h.

Since g is the unique element of G' with - h = g - h by (5), we also get g - 15, = g for
all g € G'. Hence the unit map has all required properties.

The inverse map i: G} — G! is defined as the unique map with s(i(g)) = r(g) and
i(g) - g = 15 for all g € G'. Since s(g) = s(1s()), (5) provides a unique map with this
property. We write g~' instead of i(g) in the following. Then s(g™') =r(g), ¢!+ g = 14
by definition, and r(g~*) =r(g" - g) = r(lsy)) = s(g). Associativity gives

-1

(99 9=9-(g" 9 =9 1y=9=1 g
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Since the map z: G' — G! with z- g = 1,(,) - ¢ is unique by (5), this implies g- g=' = 1,(y).
Similarly, associativity gives

(g-1)7" (g h) = Lsgn = 1sy = (A" -g7") - (g~ h)

for all g, h € G' with s(¢g) = r(h). Hence the uniqueness of the solution of z - (g-h) = 1yp)
implies (g-h)~™' =h~t-g7! for all g, h € G* with s(g) = r(h). Similarly,

(971>71 : gil = 1s(g—l) = 1r(g) =g- 9717

and the uniqueness of the solution to z-g~' = 1, gives (¢7')~! = g for all g € G'. Thus
the inversion has all expected properties.

Since s is a cover, so is the coordinate projection pry: G' X o sG' — G*. Composing pr,
with the invertible map in (5) gives that m: G! X, g0, G' — G! is a cover. n

3.10. ExAMPLES. The following examples play an important role for the general theory.

3.11. EXAMPLE. An object X of C is viewed as a groupoid by taking G! = G = X,
r = s = idy, and letting m be the canonical isomorphism X xx X = X. A groupoid is
isomorphic to one of this form if and only if its range or source map is an isomorphism.
Such groupoids are called 0-groupoids.

3.12. EXAMPLE. Let p: X — Y be a cover. Its Cech groupoid is the groupoid defined
by G' = X, G' = X X, v, X, r(z1,22) = 21, s(x1, 22) = 29 for all 21,25 € X with p(z1) =
p(2), and (x1,x9) - (we, x3) = (71, 3) for all z1,x9, x5 € X with p(x;) = p(x2) = p(z3).
The range and source maps are covers by construction. The multiplication is clearly
associative. The canonical isomorphisms

1 1~

G Xs,GO,r G = X Xpyp X Xpyp X, ($1,5C2,372, 33'3) = (513'1, 902,353),
1 1~

G Xr,GOr G = X Xpyp X Xpyp X, (x17$2>x1a x3) = (5517 51327353),
1 1~

G ><s7Go,s G — X ><p,Y,p X ><p,Y,p X, (1’1, Z2,T3, xZ) — (xla T, 373))

show that (5) and (6) are isomorphisms. Thus we have a groupoid in (C, 7). Its unit and
inversion maps are given by 1, = (z,z) and (z1,29) ™" = (22, 71).

3.13. EXAMPLE. Let G be a groupoid and let p: X — GY be a cover. We define a
groupoid p*G = G(X) with objects X and arrows X X, g0, G X5 o, X, range and source
maps pr; and pry, and with the multiplication map defined elementwise by

(1’17917-732) : (352,92,96’3) = ($1,91 - g2, %3)

for all x1, 29,23 € X, 91,90 € G' with p(x1) = r(q1), p(z2) = s(g1) = r(g2), p(x3) =
s(ge); this multiplication is associative. Since the maps s, r, and p are covers, the fibre
product X X, co, G' Xggo, X exists and the source and range maps of G(X) are covers.
Straightforward computations show that (5) and (6) are isomorphisms. Units and inverses
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are given by 1, = (x, L), z) and (21, g, 22) " = (22,97 ', 21) for all z, 21,25 € X, g € G
with p(z1) = r(g), p(z2) = s(g). .

If G is just a space Y viewed as a groupoid (Example 3.11), then G(X) is the Cech
groupoid defined in Example 3.12.

Let p1: X7 — X5 and py: Xy — G° be covers. Then p, o p; is a cover and there is a
natural groupoid isomorphism p}(p;G) = (p2 o p1)*G.

3.14. EXAMPLE. Assume Assumption 2.10 about a final object x. Then a group in (C,T)
is a groupoid G with G” = . The range and source maps G! — G% = % are automatically
covers by Assumption 2.10. The multiplication is now defined on the full product G* x,
G! = G! x G!, and the isomorphisms (5) and (6) also take place on the product G! x G!.
The unit in a groupoid is a map u: » — G!. For any object ? €€ C, let 1: ? — G! be the
composite of u with the unique map ? — . These maps give the unit element in G'. It
satisfies 1 - g =g = g - 1 for any map ¢: ? — GL.

3.15. FUNCTORS AND NATURAL TRANSFORMATIONS.

3.16. DEFINITION. Let G and H be groupoids in (C,T). A functor from G to H is given
by arrows F* € C(G',H?) in C for i = 0,1 with rq(F'(g)) = F°rg(g)) and su(F'(g)) =
F(sc(g)) for all g € G' and F*(g1 - g2) = F*(g1) - F*(g2) for all g1, g2 € G with se(g1) =
re(g2)-

The identity functor idg: G — G on a groupoid G has F* = idg: fori=0,1.

The product of two functors F1: G — H and Fy: H — K is the functor FroF;: G — K
given by the composite maps Fa o Fj: G' — K" fori=0,1.

Let Fy,Fy: G = H be two parallel functors. A natural transformation F} = F, is
® € C(GO HY) with s(®(x)) = FY(x), r(®(x)) = FY(z) for allz € G° and ®(r(g))- Fl(g) =
F}(g) - ®(s(g)) for all g € G

FY(s(9)) F(r(g)
2(5(0) | o O | 2(r(9))
F(s(9)) F(r(g)

The identity transformation 1p: F = F on a functor F: G — H is given by ®(x) =
Lp@) for allx € G'. If @: Fy = F is a natural transformation, then its inverse ®~' is
the natural transformation Fy = F| given by io ®: x> ®(z)~L.

The vertical product of natural transformations ®: Fy = Fy and V: Fy, = F3 for
three functors Fy, Fy, Fy: G = H is the natural transformation U - ®: F; = F3 defined by
(U - ®)(z) := V() - ®(x) for all z € GO.

Let F1, F]: G = H and Fy, Fy: H= K be composable pairs of parallel functors and let
O: Fy = F| and V: Fy = F} be natural transformations. Their horizontal product is the
natural transformation W o ®: F, o Fy = Fj o F| defined by

(Vo @)(x) = U((F)"(2)) - F5(®(x)) = (F3) (®(x)) - U(F7 (),
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(P (x
Fro A — 0 (R
() | (¥ o 0)(a) [w(F))

(F)° 0 FO(x) (B0 o (F)°(x)

(F3)'(®(2))
for all z € G°. This diagram commutes because of the naturality of ¥ applied to ®(z).

If &: F} = F5 is a natural transformation, then
@71'®:1F11F1:>F1, (I)'q)ilIleingFQ,

justifying the name inverse. Thus all natural transformations between groupoids are
natural isomorphisms.

3.17. PROPOSITION. Groupoids, functors, and natural transformations in (C,T) with the
products defined above form a strict 2-category in which all 2-arrows are invertible.

PROOF. See [2,28,39] for the definition of a strict 2-category. The proof is straightforward.
]

3.18. EXAMPLE. Let G be a groupoid and let p: X — G° be a cover. Then p and the
map pry: X X, o, G X g0, X — G' form a functor p,: G(X) — G. Functors of this form
are called hypercovers.

3.19. EXAMPLE. Let G and H be groupoids, F': G — H a functor, and p: X — H° a
cover. Let X := GO X o Ho 5, X ; this exists and pry : X — G is a cover because p is a cover.
We define a functor p*(F) = F(X): G(X) — H(X) by pry: X — X on objects and by
(21,9, 2) — (pry(z1), FX(g), pro(zs)) for all 21,25 € X, g € G' with pry(z;) = r(g) and
pri(z2) = s(g) on arrows.

3.20. EXAMPLE. An equivalence from the identity functor on G to a functor F': G — G
is ® € C(G° G!) with so ® = idgo, ro ® = F°, and

F'(g) = @(r(g)) - g- P(s(g))""  forallge G (7)
Conversely, let ® be any section for s: G! — G°. Then F° = ro ® and (7) define an

endomorphism Ad(®) = F: G — G such that ® is a natural transformation idge = F.
Functors F': G — G that are naturally equivalent to the identity functor are called inner.

The horizontal product of ®;: idge = Ad(®P;) for i = 1,2 is a natural transformation
P, 0Py idGO = Ad(q)l) o Ad(@g)
Here
P10 Py(x) := Dy(ro Dy(x)) - Po(x) for all z € G". (8)

This product on sections for s gives a monoid with unit u: x — 1,. The map Ad from
this monoid to the submonoid of inner endomorphisms of G is a unital homomorphism,
that iS, Ad(q)l e} (I)Q) = Ad(q)l) 9 Ad((I)Q) and Ad(l) = ldG
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3.21. DEFINITION AND LEMMA. The following are equivalent for a section ® of s:
(1) @ is invertible for the horizontal product o;
(2) Ad(®) is an automorphism;
(3) ro® is invertible in C.

Sections of s with these equivalent properties are called bisections.

PROOF. Let @ be invertible for o with inverse ®~!. Then Ad(®~!) is inverse to Ad(®),
so Ad(®) is an automorphism of G. Then ro & = Ad(®)? € C(G% G°) is invertible in C.
Conversely, if o := ro ® is invertible in C, then ®~!(z) := ®(a"!(z))™': G* — G! has
s(P~(z)) = r(®(a"(2))) = aa™Y(z) = z, so it is a section, and both ® o ®~1 = 1, and
d~!'o® =1,. We have shown (1)=(2)=(3)=(1). "

We may think of a section as a subobject ®(G%) C G' such that s restricts to an iso-
morphism ®(G%) = G°. Being a bisection means that both s and r restrict to isomorphisms
®(G°) 5 G. This explains the name “bisection.”

Isomorphisms of groupoids with natural transformations between them form a strict
2-groupoid. Thus the automorphisms of G with natural transformations between them
form a strict 2-group or, equivalently, a crossed module. The crossed module combines
automorphisms of G and bisections because the latter are the natural transformations
from the identity functor to another automorphism of G. The crossed module involves
the horizontal product o on bisections and the composition o on automorphisms, and the
group homomorphism Ad from bisections to automorphisms; another piece of structure
is the conjugation action of automorphisms on bisections, given by conjugation:

Fed:=1lpo®olpi:idg= Foidgo F'= FAd(®)F .
By the definition of the horizontal product, we have
Fed(x) = F'(®(z)) for all z € G.

The crossed module conditions Ad(F e®) = F Ad(®)F~" and Ad(®,)edy = ®10Py0d;?
are easy to check.

3.22. ANAFUNCTORS. The functor p,: G(X) — G from Example 3.18 is not an isomor-
phism, but should be an equivalence of groupoids. When we formally invert these functors,
we arrive at the following definition:

3.23. DEFINITION. Let G and H be groupoids in C. An anafunctor from G to H is a
triple (X,p, F), where X €€ C, p: X — G° is a cover, and F: G(X) — H is a functor,
with G(X) defined in Example 3.13.

An isomorphism between two anafunctors (X;,pi, F;), i = 1,2, is an isomorphism
p € C(Xy, X3) with pyow = p; and Fy o ¢, = Fy, where p,: G(X1) — G(X3) is the
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functor given on objects by ¢ and on arrows by ¢L(x1,9,72) = (©(x1), g, 0(x2)) for all

z1, 72 € X1, g € G' with pi(z1) = r(g), pr(z2) = s(g).
The functor F: G(X) — H is a pair of maps

FO: X 5 HY,  F': X x,60, G! Xego, X — H!

with r(FY(z1, g, 22)) = FO(z1), s(F'(xy,9,72)) = F°(x3) for all x1,25 € X, g € G* with
P($1) = r<g)7 5(9) = p($2); and F1($1,91,$2) : F1($2,92,$3) = Fl(ﬂﬁhgl '92@3) for all
T1,%2,%3 € X, g1,92 € G! with p(ﬂﬁl) = r(Ql); p(I2) = 5(91) = V(QQ); and p($3) = 5(92)-

Pronk [42] and Carchedi [11] and several other authors use spans of functors like we do,
but with weak equivalences instead of hypercovers. As a consequence, they use the weak
instead of the strong pull-back to compose spans. An equivalent notion of anafunctor is
used by Roberts [44], who also shows that we get an equivalent bicategory if we invert all
weak equivalences. The following construction of the bicategory of anafunctors may also
be found in [44].

We are going to compose anafunctors. Let Gy, Gy and Gz be groupoids in (C,7T) and
let (Xij,pij, Fij) for ij = 12 and ij = 23 be anafunctors from G; to G;. Their product
(X13, p13, F13) is the anafunctor from G; to Gs given by

X237
D13 i= piz o pry: Xiz — Xjo — GO,
Fi3:= Fy30 Flz(X23)i Gl(XIS) = Gl(X12)(X23) — G2(X23) — Gs.

X1z 1= X12 X Fp, 68.pag

Thus Fy(x1,22) = Fyy(xe) for all z; € X, 29 € Xoz with Fh(z1) = pos(z2) and
F113($1,$2,g,$(,’3,$4) = F213(x2,F112(x1,g,m3),x4) for all 1,23 € X9, w9, x4 € Xo3, g € G!
with F(21) = pas(w2), Fia(ws3) = pas(a), pia(1) = r(g), pia(w3) = s(g). The map
pri: X153 — Xjo is a cover because po3 is one. Hence pi3 is a cover as a composite of
covers.

3.24. LEMMA. The composition of anafunctors is associative up to isomorphism; the
associator comes from the canonical isomorphism

(Xlg X o

120

GY,p23 X23) XF§3PFQ7G8,P34 X3y — X2 X F9,,GY,p2spry (X23 XFSP),GQ,PM X34)'

The identity functor viewed as an anafunctor with X = G° and p = idgo s a unit for this
composition, up to the natural isomorphisms Y xgo G' 2Y =2 G x¢qo Y.

PRrROOF. The proof is routine. [

Since fibre products are, in general, only associative up to the canonical isomorphism in
the above lemma, anafunctors do not form a category; together with their isomorphisms,
they give a bicategory. We now incorporate natural transformations into this bicategory.

To simplify notation, we usually ignore the associators in Lemma 3.24 from now on,
assuming that fibre products are strictly associative.
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3.25. DEFINITION. Let G and H be groupoids in C and let (X1, p1, F1) and (Xa, pe, F3) be
anafunctors from G to H. Let X 1= X X, o, Xo and let p := pyopr; = paopry: X — GO.
We get functors Fy o (pry)«: G(X) — H and Fy o (pry).: G(X) — H. An anafunctor
natural transformation from (X1, p1, F1) to (Xa, pa, F») is a natural transformation ®: Fjo
(pry)s = Fz 0 (pry).

Pry (pry)«
X4»X1 G(X) G(X1)
AN
N
Xy — G G(Xz) H
D2 )2

The natural transformation ® is a map ®: X — H' withso ® = FYopr;: X — HO,
rod®=F)opry: X = H° and

CI)(xla'rQ) ' Fll(ml’g’x3) = F21($2797JZ4) ) CI)({L‘37,I‘4)

for all vy, w3 € X1, w9, 14 € Xo, g € Gt with py(x1) = pa(x2) = r(g) and p1(x3) = pa(x4) =
s(g)-

3.26. EXAMPLE. Let (X;, p;, F}) for i = 1,2 be anafunctors from G to H and let p: X; =
X5 be an isomorphism between them. Then

(I)(xh‘rQ) = Fll((pil(‘x?% 1p1($1)7'r1) = F21('T2; 1p2($2)7 90<x1))

forall x; € X3, x5 € Xy with py(z1) = p2(x2) is a natural transformation from (X, py, F1)
to (Xa, p2, F3).

3.27. LEMMA. Let F\,Fy: G — H be functors and let p: X — G be a cover. Let
p«: G(X) — G be the induced hypercover. Then natural transformations Fy o p, = Fyop,
are in canonical bijection with natural transformations Fy = F;.

PROOF. A natural transformations ®: F| = F, induces a natural transformation ® o
1, Fiop, = Fyop, by the horizontal product; explicitly, ® o 1, is the map ®op: X —
G% — H'. To show that this canonical map ® — ®ol,, is bijective, we must prove that any
natural transformation ¥: F} o p, = Fyop,: G(X) = H! factors uniquely through p and
a map ®: G° — H!; the latter is then automatically a natural transformation F; = F
because pl: G(X)' — G! is a cover, hence an epimorphism, and the conditions for a
natural transformation hold after composing with p?.

Since W is natural with respect to all arrows (21, 1p(,),72) in G(X) for z1,2, € X
with p(z1) = p(z2), we get W(xy) = U(xs) if p(z1) = p(x2). Since the pretopology is
subcanonical and p is a cover, ¥ factors uniquely through p: X — G°. [
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3.28. THEOREM. Groupoids in (C,T), anafunctors and natural transformations of ana-
functors with the composition of anafunctors described above form a bicategory with in-
vertible 2-arrows.

PrOOF. We must compose natural transformations of anafunctors vertically and horizon-
tally. We reduce this to the same constructions for ordinary natural transformations: the
reduction explains why the conditions for a bicategory hold.

Let (X;, pi, F;) be three anafunctors from G to H and let ®;;: (X, ps, Fi) = (X, p;, Fj)
for iy = 12,23 be natural transformations to compose vertically. Let Xi; := X; X}, go . X
and p;; = p; opr; = pjopry: Xy — GO for ij = 12,13,23. Let X3 := X1 X, 60,
Xo Xpy G0ps X3 and piog :=p1 0 pry =paopry =pgoprg: X —» GO,

The given natural transformations are maps ®15: X9 — H! and ®y3: Xo3 — H!
with, among others, s(®3(z1,22)) = F2(x1), r(®P1a(z1,79)) = FY(29) = s(Pag(wa, 23)),
r(Pos(wa, 23)) = F§(z3) for all x; € X; with p;(x;) = p;(z;) for 4,5 € {1,2,3}. We define

®: Xyp3 — H', (21, 2, 73) 1= Pog(T9, 3) - P12(71, T2),
which is well-defined because r(®5(xq, 22)) = FY(22) = s(Pa3(x9, 23)); moreover,
s(®(z1, 29, 3)) = 5(Pr2(w1, 72)) = F10($1)

and
(@ (21, 79, 73)) = r(Poz(9, 73)) = Fy(23).

The naturality of ®;; implies that ® is a natural transformation from Fjo(pry).: G(Xj23) —
H to F5 o (pry).: G(Xi23) — H. Lemma 3.27 shows that & factors uniquely through
pris: Xi23 — Xi3 and thus gives a natural transformation ®13: (X1, p1, F1) = (X3, ps, F3).
This ®,3 is the vertical product of ®93 and Pq,.

If ;5 comes from an isomorphism of anafunctors ¢15: X7 — X5 as in Example 3.26,
then the composite @13 above is

$12X60 ;. X3

. Po3 1
Q130 X1 Xpy,60,p5 X3 Xo Xpy6ops X3 — H. (9)

Similarly, if ®93 comes from an isomorphism of anafunctors @s3: Xo — X3, then the
vertical product ®3 is

X1x 0(,07:1
. p1,GYF23 P12 1
(1)13. X1 Xp17GO7p3 X3 —)N X1 XthO’p2 X2 — H". (10)

As a consequence, the natural transformation corresponding to the identity isomorphism
of an anafunctor is a unit for the vertical product.

Since arrows in groupoids are invertible, any natural transformation of anafunctors
has an inverse: exchange the order of the factors in the fibre product and compose ®
with the inversion map on H!. This is an inverse for the vertical product above. Thus all
2-arrows are invertible.
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When we further compose with a natural transformation
D341 (X3,p3, F3) = (X4, pa, F),

then we may first construct a natural transformation on the fibre product Xjs34 of all
four X;. Then by Lemma 3.27 this factors uniquely through the covers Xjs34 — X924 and
X934 — Xi34, and then further through the covers X5y — X4 and Xy34 — Xi4. The
resulting map on X4 does not depend on whether we factor through Xi94 or Xj34 first.
Thus the vertical product is associative.

Now we turn to the horizontal product. Let K be a third groupoid in (C,T); let
(Xi, pi, F;) for i = 1,2 be anafunctors G — H and let (Y}, ¢;, E;) for i = 1,2 be anafunctors
H— K;let &: (Xq,p1, F1) = (Xa,po, F) and V: (Y1, q1, E1) = (Y2, g2, Eo) be anafunctor
natural transformations. The horizontal product Wo® must be a natural transformation of
anafunctors FyoF} = FEyoF;. We are going to reduce it to an ordinary horizontal product
of natural transformations of composable functors. To make our functors composable, we
pass to larger fibre products.

First, let

Y :=Y1 Xg ho4 Yo, E; = FE;o(pr;).: HY) = H(Y;) — K;
by definition, ¥ is a natural transformation of functors ¥: E; = FE,. Secondly, let
YiX; =Y, X gi,HO, ) X;
for 7,5 € {1,2} and
YX 1= Y1X] Xgo Yo X1 X0 Y1Xp Xgo Y2 Xo = (V X ¢,HO F0 X1) Xeo (Y X ¢,HO, 9 Xz).

Let F;: G(YX) — H(Y) be the composite functors G(YX) — G(Y xgo X;) — H(Y),
where the first functor is associated to the coordinate projection Y X — Y xgo X; and the
second functor is F;(Y'). The natural transformation of anafunctors ® induces a natural
transformation of ordinary functors ®: Fy = F.

Now the natural transformations of ordinary functors U and ® may be composed
horizontally in the usual way, giving a natural transformation F; o F} = E; o Fy. The
composite functor E; o Fj: G(Y X) — K and the composite anafunctor E; o F are related
as follows: the latter is given by a functor E; o Fj: G(Y;X;) — K, and we get E; o F;
by composing E; o F; with the functor G(YX) — G(Y;X;) associated to the coordinate
projection Y X — Y;X;. Now Lemma 3.27 shows that the natural transformation ¥ o P
descends to a natural transformation of anafunctors F, o I} = FE5 o F5. This defines the
horizontal product.

It is routine to see that the horizontal product is associative and commutes with the
vertical product (exchange law). For each proof, we replace anafunctors by ordinary
functors defined over suitable fibre products, and first get the desired equality of natural
transformations on this larger fibre product. Then Lemma 3.27 shows that it holds as an
equality of natural transformations of anafunctors.
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The composition of anafunctors is associative and unital up to canonical isomorphisms
of anafunctors by Lemma 3.27. These isomorphisms give natural transformations by
Example 3.26. These are natural with respect to natural transformations of anafunctors
and satisfy the usual coherence conditions; this follows from the simplifications of the
vertical product with isomorphisms in (9) and (10). n

3.29. THEOREM. The bicategory of anafunctors is the localisation of the 2-category of
groupoids, functors and natural transformations at the class of hypercovers, and it is also
the localisation at the class of weak equivalences.

This theorem clarifies in which sense the anafunctor bicategory is the right bicategory
of groupoids to work with. It follows from results in [44]: first, [44, Theorem 7.2] says that
the anafunctor bicategory is the localisation at the class of all weak equivalences; secondly,
[44, Proposition 6.4] implies that it makes no difference whether we localise at hypercovers
or weak equivalences. Instead of a proof, we make the statement of Theorem 3.29 more
concrete.

Let Sun be the strict 2-category of groupoids, functors and transformations. Let
2Ana be the bicategory of groupoids, anafunctors and anafunctor natural transformations.
Let D be another bicategory. We embed §un — 2na in the obvious way, sending a functor
F: G — H to the anafunctor (G, idgo, F)). We assume now that fibre products in C of the
form X xxY or Y x x X are equal to Y, not just canonically isomorphic via the coordinate
projection; this can be arranged by redefining the fibre product in these cases. This choice
ensures that the map from functors to anafunctors above is part of a strict homomorphism
of bicategories. Furthermore, it implies that the identity functors are strict units in the
bicategory of anafunctors, that is, the unit transformations idgo (X, p, F') = (X, p, F') and
(X,p, F)oidy = (X, p, F) for an anafunctor (X, p, F'): G — H are identity 2-arrows.

Since the embedding Fun — 2Ana is a strict homomorphism, we may restrict a mor-
phism of bicategories E: Ana — D to a morphism F|z,: $un — D; restrict a trans-
formation ®: Fy — F5 between two morphisms Fi, Es: Ana = D to a transformation
@lzun: E1lgun — Falzun; and restrict a modification ¢: ®; — P between two such trans-
formations ®1, ®o: F1 =% Ey to a modification ¢|gum: P1|zun — Po|zun- Here and below we
use the notation of [28] regarding bicategories, morphisms, transformations, and modifi-
cations.

Theorem 3.29 turns out to be equivalent to the combination of the following three
more concrete statements:

(1) Any homomorphism Fun — D that maps hypercovers to equivalences is the restric-
tion of a homomorphism 2Ana — D.

(2) Let Ei, Ey: Ana =2 D be homomorphisms. Any strong transformation ) |zun —
Es|zun is the restriction of a strong transformation F; — Es.

(3) Let Ey,Ey: Ana = D be homomorphisms and let &y, ®y: By = E, be strong
transformations. Restriction to Fun gives a bijection from modifications ®; = @,
to modifications ®1|zm = Palzun.
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We restrict attention to homomorphisms and strong transformations, as usual in the
theory of localisations [42,44]. That is, we require the 2-arrows in D that appear in the
definition of a morphism or a transformation to be invertible.

Actually, instead of (2), the localisation theorem in [44] only says that any strong
transformation @: E1|gun — E2|3un is equivalent to the restriction of a strong transfor-
mation ®: E; — E, by an invertible modification ¢: é‘gun — ®. We may, however, get
rid of ¢ because Fun and Ana have the same objects. Thus we may conjugate ® by the
invertible modification t to get a strong transformation that restricts to ® ezactly. Hence
the usual form of the localisation theorem gives (2). Similarly, instead of (1), the local-
isation theorem in [44] only says that for any homomorphism E: Fun — D there is a
homomorphism E: 2Ana — D such that E |zun 1S equivalent to E; that is, there are strong
transformations between £ and E|g,, that are inverse to each other up to invertible modifi-
cations. In particular, this strong transformation gives equivalences E(G) = E(G) for any
groupoid G; we may conjugate E by these to produce an equivalent homomorphism E’
so that all the arrows E'(G) — F(G) involved in the resulting strong transformation
E'|3un = E become identities. Hence this strong transformation only consists of invertible
2-arrows E'(F) = E(F) for all functors F, subject to some conditions. We use these in-
vertible 2-arrows together with the identity 2-arrows on E'(X,p, ') for anafunctors with
non-identical p to change E’ once more to an equivalent homomorphism E”: 2Ana — D.
Now the strong transformation E"|Sun = F becomes the identity transformation; that is,
E"|3un = E. Thus (1)-(3) are equivalent to the usual form of the localisation theorem.

If the bicategory D is strictly unital as well, then it makes sense to restrict attention
to strictly unital homomorphisms. A homomorphism on 2na is strictly unital if and only
if its restriction to §un is. Hence assertions (1)—(2) continue to hold for strictly unital
homomorphisms and strictly unital strong transformations as well.

3.30. ANAFUNCTOR EQUIVALENCES AND ANA-ISOMORPHISMS. An arrow f: G — H in
a bicategory is an equivalence if there are an arrow g: H — G and invertible 2-arrows
go f=1idg aIldng:>idH.

3.31. DEFINITION. Equivalences in the bicategory of anafunctors are called anafunctor
equivalences.

Anafunctor natural transformations may be far from being “isomorphisms.” This
makes it non-trivial to decide whether a given anafunctor is an anafunctor equivalence.
We are going to provide necessary and sufficient conditions for this that are easier to
check.

3.32. DEFINITION. An ana-isomorphism between two groupoids G and H in (C,T) is given
by an object X €€ C, covers p: X — G® and ¢: X — H°, and a groupoid isomorphism
F: p*(G) = ¢*(H) with F° = idx. An anafunctor from G to H lifts to an ana-isomorphism
if it is equivalent (through an anafunctor natural transformation) to (X, p,q. o F) for an
ana-isomorphism (X, p,q, F).
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3.33. DEFINITION. A functor F': G — H is essentially surjective if the map
rx: G X po o, H' — H°, (g9,2) — s(z), (11)

is a cover. It is almost essentially surjective if the map (11) is a cover locally (see
Definition 2.3). It is fully faithful if the fibre product G® X go yo , H! Xg o po GO exists in C
and the map

G' - G X FO HOr H! X's,HO, F0 GO, g+ (r(g)7 Fl(g)a 5(9))7 (12)

is an isomorphism in C. It is almost fully faithful if there is some cover q: Y — H° for

which the functor ¢*(F) is fully faithful.

It is trivial that essentially surjective functors are almost essentially surjective and
fully faithful functors are almost fully faithful. The converse holds under Assumption 2.8:

3.34. LEMMA. If Assumption 2.8 holds, then any almost essentially surjective functor is
essentially surjective. An essentially surjective and almost fully faithful functor is fully
faithful.
PROOF. Assumption 2.8 says that a map that is locally a cover is a cover, so an almost
essentially surjective functor is essentially surjective.

The fibre product G° x F07H07rH1 always exists because r is a cover. If F'is essentially sur-
jective, then's: G”x o o H!' — H% is a cover, so the fibre product (G”x o o [H) X o 0 G’
exists. Let ¢: Y — H° be a cover such that ¢*(F) is fully faithful. The projection

. 0 1 0 0 1 0
Prosy: Y Xq,HO,FO G XFO,HO,r H Xs,HO,FO G XFD,HD,q Y =G XFO,HO,r H XS,HO,FO G

is a cover because ¢ is a cover. The pull-back of the map (12) for the functor F' along this
cover gives the map (12) for the functor ¢*(F'), which is assumed to be an isomorphism.
Since being an isomorphism is a local property by Proposition 2.5, the functor F' is
fully faithful if ¢*(F') is fully faithful. (This conclusion holds whenever the fibre product
G X FO Ho H! X, HO, 0 G exists.) ]

3.35. THEOREM. Let (X,p, F) be an anafunctor from G to H. Then the following are
equivalent:

(1) (X,p, F) is an anafunctor equivalence;
(2) the functor F: G(X) — H is almost fully faithful and almost essentially surjective;

(3) (X,p, F) lifts to an ana-isomorphism.

If Assumption 2.8 holds, then we may replace (2) by the condition that F is fully faithful
and essentially surjective — the usual definition of a weak equivalence.

The proof of the theorem will occupy the remainder of this subsection. The last state-
ment about replacing (2) is Lemma 3.34. We will show the implications (1)=(2)=-(3)=-(1).

We start with the easiest implication: (3)=-(1). The main point here is the following
example:
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3.36. EXAMPLE. Let G be a groupoid in (C,7T) and let p: X — G° be a cover. The hy-
percover p,: G(X) — G is an anafunctor equivalence. Its quasi-inverse is the anafunctor
(X, p,idg(x)) from G to G(X). The composite functor G — G(X) — G is the anafunc-
tor (X, p,ps). The unit section X — G(X)! gives an anafunctor natural transformation
between (X, p,p.) and the identity anafunctor (G°,idgo,idg) on G. The other composite
functor G(X) — G — G(X) is the anafunctor (X xgo X, pry, (pry)«). It is naturally equiv-
alent to the identity on G(X) because the functors (pr,y). and (pr;). from G(X xgo X)
to G(X) are naturally equivalent.

If F = g ofF for a cover ¢: X — H° and an isomorphism F, then the functors
F: G(X) — H and p,: G(X) — G are anafunctor equivalences by Example 3.36. Since
(X,p, F)op, ~ F: G(X) — H, we have (X,p, F) ~ Fo(p,)™!, so (X, p, F') is an anafunctor
equivalence as well; here ~ denotes equivalence of anafunctors. Thus (3) implies (1) in
Theorem 3.35.

Now we show (2)=-(3). The following lemma explains why (almost) fully faithful
functors are related to hypercovers.

3.37. LEMMA. Let F': G(X) — H be a functor. The following are equivalent:

(1) F is isomorphic to a hypercover;
(2) F is fully faithful and F°: X — H is a cover;
(3) F is almost fully faithful and F°: X — H° is a cover.

Here “isomorphic” means that there is an isomorphism G(X) = ¢*(H) intertwining F
and the hypercover ¢,: ¢*(H) — H.

PRroOF. If F9 is a cover, then F is essentially surjective, so F' is almost fully faithful if
and only if F is fully faithful by Lemma 3.34. Thus we only need to show the equivalence
between (1) and (2).

Assume (2). The map (r, F'',s): G(X)' = X Xpo o, H' Xgpo po X is an isomorphism
because F'is fully faithful. This isomorphism together with the identity map on X is
a groupoid isomorphism from G(X) to (F°)*(H) that intertwines F and g., giving (1).
Conversely, assume (1). If F' = q,, then F is fully faithful and F° is a cover because g is
one. m

Now assume that F': G(X) — H is almost fully faithful and almost essentially surjec-
tive. Then there is a cover ¢: Y — H° such that the map

prs: XHY =X X [0 HO ¢ H1 Xs,HO g Y »Y

is a cover. Then so is ¢ o pry: XHY — H°. The projection pr;: XHY — X is a cover
because ¢ and r are covers. Hence the anafunctor (X, p, F') is equivalent to (XHY, popr,, Fo
(pry)«). The functor Fo(pr, ), maps (z, h,y) — F°(x) on objects and (1, hy, Y1, g, T2, ha, yo)
— F'(x1,g,79) on arrows. It is equivalent to the functor E given by

Eo(xa huy) = Q(y) = S(h)u El(xlv h17y17gax27 h27y2) = hfl ’ F1($1,g,$2) : h27
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the natural transformation £ = F o (pry), is (z, h,y) — h. Thus (X, p, F) is equivalent
to (XHY,popry, E). The map E° = gopry: XHY — H® is a cover.

3.38. LEMMA. The functor E is almost fully faithful.

PROOF. By assumption, there is a cover r: Z — H° such that r*(F) is fully faithful; that
is, the map

A X HO,FO X Xp,GOr G1 Xs,GOp X X [0 HO A
— 7 XT,HO,FO X XFO,HO,r H1 XS,HO,FO X XFO,HO,T Z7

(21,21, 9, T2, 22) (21,3717F1($1,g,332),332, 22),

is an isomorphism. Adding extra variables yi,y> € Y, hy, ho € H' with (x;, by, y;) € XHY
for ¢ = 1,2 gives an isomorphism

(21,21, ha, Y1, g, T2, ha, Yo, 22) = (21,961,hhyl,Fl(xbg;Iz)axmh27y2,22)
between the resulting fibre products. The conjugation map
(21,21, g1, by @, B, o, 20) = (21, 20, By, By Phhg, 2, o, 2, 22)
is an isomorphism between suitable fibre products as well, with inverse
(21,21, g, by @, ho, o, 20) = (21, @0, By g, hahhy b o, o,y 22).

Composing these isomorphisms gives the map

(217$17 h17ylvg7x27 h27y27 22)
= (Zl7x17 h17y17 El(xh h17y17g7x27 h2792)7x27 h27y27 22)‘

Since this is an isomorphism, F is almost fully faithful. [

Since E is almost fully faithful and EY is a cover, E is isomorphic to a hypercover by
Lemma 3.37. Thus (X, p, F) lifts to an ana-isomorphism. This finishes the proof that
(2)=-(3) in Theorem 3.35.

Finally, we show that (1) implies (2) in Theorem 3.35; this is the most difficult part
of the theorem. An anafunctor equivalence is given by anafunctors (X,p,F): G —
H and (Y,q,E): H — G and natural transformations ¥: (X,p, F) o (Y,q, E) = idy
and ®: (Y,q,F) o (X,p, F) = idg, which are automatically invertible. More explicitly,
U:Y Xmogo, X — H'is an anafunctor natural transformation from F o p*E to idy;
that is, U(y,x) € H! is defined for all y € Y, z € X with Ey) = p(z) and is an ar-
row in H' with s(¥(y,z)) = F°(z) and r(¥(y,r)) = q(y); and for all (z1,y1,h, Yo, T2) €
X X p,GO,E0 Y X g,HO ¢ H! Xs,HO ¢ Y X E0,GOp X,

‘1'(917%) ) Fl(xl,El(yl,h,m)ﬁm) =h- \I’(?h,xz); (13)
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and ®: X Xpopo, Y — G! is a natural transformation from E o ¢*F to idg, that is,
®(x,y) € G is defined for all x € X, y € YV with F°(x) = ¢(y) and is an arrow in G
with s(¥(z,y)) = E°(y) and r(¥(z,y)) = p(x); and for all (y1,21,9,72,y2) € Y X o po
X Xp,GO,r G! Xs,GO,p X X [0 HO 4 Y,

(I)(xlvyl) : E1<y17 Fl(%,g,@)ayz) =g @($27y2)- (14)

3.39. LEMMA. There is a unique map a: X Xpopno, H' Xgpo , Y — G with

a/(xlah7y2) - (I)(':bel) ' El(y17h7y2) (15)

forallzy € X, h e HY, y1,yo € Y with F°(x1) = r(h) = q(y1), s(h) = q(y2).
The following map is an isomorphism:

(prl, a, pr3): X X 0 HO ¢ H1 X HO ¢ Yy 5 X Xp,GO,r Gl Xs,GO,E0 Y.

PROOF. The fibre products X ><p07|.10,rH1 XsHoqY and Y X, pyo po X ><Fo,|.|0’rH1 X Ho,qY exist
because r and g are covers. The fibre product X X, co G! Xso po Y exists because p and s
are covers. Equation (15) defines a map a: Y X, po o X Xpo o, H' Xgpo, ¥ — G We
must check that a factors through the projection prys,. Since g is a cover, so is pryg,. Since
our pretopology is subcanonical, @ factors through this cover if and only if G om; = @ oo,
where 7, Ty are the two canonical projections

1 1
(Y Xq,HO,FO X XFO,HO,r H Xs,HO,q Y) Xpr2347pr234 (Y Xq,HO,FO X XFU,HU,r H Xs,HO,q Y)
= Y Xq,HO,FO X XFO,HO,r H1 XS,HO,q Y.
We may identify 7, mo with the two coordinate projections
)
. 1
Prosass Prisas: Y XqHoq Y XgHo po X X po po H XsHoqY
f—y Y Xq,HO,FO X XFO,HO,r H1 XS,HO,q Y.

Hence a factors through prys, if and only if a(yy, z1, h, y2) = @y}, z1, h, y2) for all v, v}, yo €
Y,z € X, h € H with q(y1) = q(y}) = F°(x1) = r(h), s(h) = q(y2). Equivalently,

O(z1,y1) - E'(y1, hyya) = @(x1,91) - E' (41, b, )

fOI' ylayi’xl)hﬂyQ as above. Since El(yi’hqu) = El(yivlq(yﬂayl) : El(yhh)yQ)a a‘nd
q(y1) = q(y,) = F°(zy), this is equivalent to

P(x1,11) = (I)(:El,yi) : El(yi, 1q(y1),y1) = <I>(x1,y§) : El(yllaFl(fla 1p($1)7$1)7y1)'

This equation is a special case of the naturality condition (14) for ®. This finishes the proof
that a factors through a unique map a: X X po yo (H' X o , Y — G'. Since r(a(z1, h, y2)) =
r<(I)(x17y2)) = p('rl) and S(G(%l,h,yg)) = S(El(ylaha yQ)) = EO(?JZ)? the map (prlaaa prS)
maps X X 0. HO ¢ H! Xs,HO ¢ Y to X Xp,GOr G! X's,GO, E0 Y.
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The property of being an isomorphism is local by Proposition 2.5. Thus the map
(pry, @, prs) is an isomorphism if and only if the following pull-back along a cover induced
by ¢ is an isomorphism:

. ] 1
(pry, pro, @, pry): Y Xgpo po X Xpopo, H Xgpo, Y
—Y X ¢,HO, FO X Xp,GOr G! Xs,G0,E0 Y.

Here we have simplified the pull-back using the construction of a through a. Actually, to
construct a map in the opposite direction, we add even more variables and study the map

5: X X p,HO, EO Y X g,HO, FO X X FO HOr H1 Xg,HO g Y X E0.GOp X X F0.HO 4 Y
— X X p,HO, EO Y X g,HO, O X X p,GO,r G1 X's,GO, 0 Y X E0,GOp X X 0. HO ¢ Y,
1
(l’g, Y1, 21, h7 Y2, L2, yS) = (233, Y1, L1, (b(mla yl) K (yla h7 y2)7 Y2, T, y3)
Since p and ¢ are covers, the fibre products above exist and £ is a pull-back of (pry, a, prs)

along a cover. By Proposition 2.5, it suffices to prove that (3 is invertible.
In the opposite direction, we have the map defined elementwise by

7(x37y17$1agay27x27y3) = (x37y17x1aF1(xlagax2) ' \I}(yQal‘?)_l)val’?ayiﬁ);

the product in the fourth entry is well-defined because s(F'(x1,g,19)) = F°(x5) =
s(¥(yq, x2)), and it has range and source

r(F (21, 9,22) = FP(21), r(¥(y2,72)) = (1),

respectively, so (z3,y1, 21, F1 (21, g,12) - U (y2, 2) ™1, yo, T2, y3) belongs to the domain of 5.
In the following computations, we only consider the fourth entry for simplicity because
this is the only one that is touched by 5. We compute

pryo B oy(x3, Y1, 21,9, Y2, T2, Y3)
= ®(z1,m1) - E' (1, FH (21, 9, 22) - O (g2, 22), 42)
= ®(x1,41) - El(yl, Fl(l‘l,ga T2),Y3) - El(?/&h U (y2, 952)71,?;2)
=g - B(x2,y3) - B (y3, U(y2, 22) ", 112),

pry oy o B(w3, 1,71, h, Yo, T2, Y3)
= F1<5U1, (I)(mlayl) : El(yh h, yz),mz) : ‘If(?JQ, 1’2)71
= Fl(x1, ®(z1,31), 23) - F' (w3, B (y1, b, ya), ) - Wy, 22) 7"
= F'(x1, ®(x1,31), 23) - U(y1, 23) " - .

The first map multiplies ¢ from the right with some complicated element & of G! with
r(€) = s(€) = s(g); the crucial point is that £ does not depend on g, so the map g > g-£ 1 is
a well-defined inverse for fo~. Similarly, the map o is invertible because it multiplies h
on the left with some element 7 of H! with s(n) = r(n) = r(h) that does not depend on h.
Thus ( is both left and right invertible, so it is invertible. [
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3.40. LEMMA. The projection pry: XHY := X X po po, H! XsHoq Y — Y is a cover.

PROOF. The isomorphism in Lemma 3.39 allows us to replace pry: XHY — Y by pry: XGY
=X X,c0, G Xggopo Y — Y. Since p: X — G and s: G — G° are covers, so are
the induced maps prys: XGY — GY and pry: GY — Y. Hence so is their composite
pry: XGY — Y. ]

3.41. LEMMA. The functor F': G(X) — H is almost essentially surjective.

PrOOF. We consider the following diagram

r
X X O HO r H! Xs,H,q Y 2» Y
Pr12l lq
SO erl

X X pogo, H ——H0, Ho

Lemma 3.40 shows that pry- is a cover. The map ¢ is a cover by assumption. Thus sopry:
is locally a cover, meaning that I’ is almost essentially surjective. [

3.42. LEMMA. The functor F': G(X) — H is almost fully faithful.

PROOF. We claim that ¢*(F) is fully faithful for the given cover q: Y — HO, that is, the
map

0:Y Xq,HO,FO X Xp,GO,r Gl XS,GO,p X XFO,HO,q Y
—Y Xq,HO,FO X XFO7HO7,. H1 XS,HO,q Y Xq,HO,FO X,
(yla T1,9, 22, ?/2) = (yla Iy, Fl(xb g, l’g), Y2, 1’2)7
is an isomorphism. The fibre product on the right exists by Lemma 3.40. An element of
the codomain of § is given by y1,ys € Y, z1, 15 € X, h € H! with ¢(y;) = F°(z1) = r(h),

q(y2) = F°(z2) = s(h). Hence E'(yy, h,y2), ®(x1,y1) and ® (2, y2) are well-defined arrows
in G!, and their ranges and sources match so that

ey, 1, by 2, y2) == ®(z1,91) - EN(y1, hy ya) - ®(z9,0) " € G!

is well-defined and has range r(®(x1,y1)) = p(x1) and source s(®(xq, y2)) = p(z2). We get
a map

—. 1
e:Y Xq,HO,FO X XFO,HO,r H XS,HO,FO X XFO,HO,q Y

—Y X q,HO, 0 X X p,GO,r G! Xs,G0.p X X FO0 HO ¢ Y,

(yh I, h7 T2, yQ) = (yh Xy, €<y17 Iy, ha Ta, y2)7 T2, y2)

The map €04 is the identity on Y X, po po X X, g0, G! X0, X X po o, Y by the naturality
condition (14). We are going to show that the composite § o € is invertible (and hence
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the identity because € o § is the identity). Elementwise, d o € maps (y1, 21, h, T2, y2) to
(Y1, 1, (Y1, 21, b, T2, Y2), T2, ya2) With
Ny, 1, by w2, 40) = FH (2, @(x1,51) - B (Y1, by yo) - P, 92) ™, 22).
To show that § o € is an isomorphism, we pull § o € back to the map on
X Xpgo.p0 Y Xgpo.p0 X Xpopo, H Xgpo po X X oo g Y X o gop X

that sends (23, y1, 71, b, T2, Yo, 24) to (23, y1, v1,m(y1, 71, h, T2, Y2), T2, Y2, T4). Sincep: X —
G is a cover, Proposition 2.5 shows that § o € is an isomorphism if and only if this new
map is an isomorphism. Using the extra variables x3, x4, we may simplify »:

n(yr, 21, hy 9, y2) = FH (w1, @(21,91) - B (Y1, by ) - (29, 92) 7, 22)
= F1($1>®($1,y1)>$3) 'Fl($3,El(?Jl,h,y2)>$4) 'Fl($4,@($2,y2)_1,$2)
= F' (w1, ®(21,01), 23) - U(yr, 23) " - h- Uy, 24) - FH (24, B(22,52) ", 22).
This map is invertible because n multiplies A on the left and right by expressions that do
not depend on h: the inverse maps (x3, y1, 21, h, T2, Y2, T4) to
(3,91, 21, O(y1, 23) - F' (w1, @(21,91),23) " - h
X F (g, ®(22,2), %) - W (Yo, 24) ", X2, Y2, Ta)-
Thus ¢ o € is invertible. It follows that § is invertible, so that F' is almost fully faithful. m

This finishes the proof that (1) implies (2) in Theorem 3.35, and hence the proof of
the theorem.

4. Groupoid actions

Let C be a category with coproducts and 7 a subcanonical pretopology on C.

4.1. DEFINITION AND LEMMA. Let G = (G°, G!,r, s, m) be a groupoid in (C,T). A (right)
G-action in C is X €€ C with s € C(X,G%) (anchor) and m € C(X x¢go, G',X) (action),

denoted multiplicatively as -, such that
(1) s(x-g) =s(g) for all z € X, g € G with s(x) = r(g);
(2) (z-g1) g2=2-(g1-go) for all z € X, g1, 92 € G' with s(x) =r(g1), s(g1) = r(g2);

(3) -1y = for all x € X.

This definition does not depend on T . In the presence of (1) and (2), the third condition
is equivalent to

(3") m: X xggo, Gt = X is an epimorphism;
(3") m: X xsgo, G — X is a cover;
(3") (m,pry): X Xggo, Gt = X Xsc05 G, (2,9) — (z-g,9), is invertible.

An action where the anchor map is a cover is called a sheaf over G.
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PrOOF. Conditions (1)—(3) imply (z-¢97')-g=2-(97"-g) =15 =z for all z € X,
g € G! with s(x) =s(g) and (z-¢g) - g~ =z for z € X, g € G! with s(z) = r(g). Hence
the elementwise formula (z,g) — (x - g7', g) gives an inverse for the map in (3"”). Thus
(3) implies (3") in the presence of (1) and (2).

Assume (3"”). The map pry: X x5 G! — X is a cover because s: G! — G is a
cover. Composing with the isomorphism in (3"”) shows that m is a cover. Covers are
epimorphisms because the pretopology is subcanonical. Thus

(1)-3) = 3") = (3") = (3).

Since (z-g) - 1sg) =z (9-15g)) = - g for all z € X, g € G! with s(z) = r(g), the map
[: X =X, 2+ x-1y,), satisfies fom = m. If m is an epimorphism, this implies f = idx.
Thus (3") implies (3). =

4.2. REMARK. Sheaves over a Lie groupoid are equivalent to groupoid actions with an
étale anchor map (see [33, Section 3.1]). Sheaf theory only works well for étale groupoids,
however. If we work in the category of smooth manifolds with étale maps as covers, then
the above definition of a sheaf is an equivalent way of defining the concept of a sheaf
via local sections [33, Section 3.1]. We also require the anchor map to be surjective,
which restricts to sheaves for which all stalks are non-empty; this seems a rather mild
restriction. We have not yet tried to carry over the usual constructions with sheaves to
non-étale groupoids using the above definition.

The class of groupoid actions with a cover as anchor map certainly deserves special
consideration, but it is not a good idea to require this for all actions. Then we would
also have to require this for bibundles and, in particular, for bibundle functors. Hence we
could only treat covering bibundle functors, where both anchor maps are covers. But the
bibundle functor associated to a functor need not be covering: this happens if and only if
the functor is essentially surjective. As a result, anafunctors and bibundle functors would
no longer be equivalent.

4.3. DEFINITION. Let X and Y be right G-actions. A G-equivariant map or briefly G-map
X = YisfelCXY)wihs(f(z)) =s(x) for all z € X and f(z-g) = f(x) - g for all
r € X, g € G with s(x) =r(g).

The G-actions and G-maps form a category, which we denote by C(G). Let Cr(G) C
C(G) be the full subcategory of G-sheaves.
4.4. DEFINITION. Let X be a G-action and Z €€ C. A map f € C(X,Z) is G-invariant if
f(x-g) = f(z) for all z € X, g € G* with s(z) =r(g).
4.5. EXAMPLES.
4.6. EXAMPLE. Any groupoid G acts on G° by s = idgo and r(g) - g = s(g) for all g € G*.
4.7. PROPOSITION. G° is a final object in C(G) and Cr(G).

PROOF. For any G-action X, the source map s is a G-map, and it is the only G-map
X — GY. Since identity maps are covers, G° belongs to C7(G). n
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4.8. EXAMPLE. View Y €€ C as a groupoid as in Example 3.11. A Y-action on X is
equivalent to a map X — Y, namely, the anchor map of the action; the multiplication map
X Xy Y — X must be the canonical isomorphism. A Y-map between actions s;: X; — Y,
i=1,2,of Yisamap f: X; = Xy with sp 0 f =s;. Thus C(Y) is the slice category C | Y
of objects in C over Y.

4.9. EXAMPLE. Let G be a group in (C,T), that is, G° is a final object in C. Then there
is a unique map X — G° for any X €€ C. Since this unique map is the only choice for
the anchor map, a G-action is given by the multiplication map X x G! — X alone. This
defines a group action if and only if (z-¢1)-go = x-(g1- go) for all x € X, g1, 9> € G, and
x -1 =z for all x € X; the unit element 1 is defined in Example 3.14.

4.10. TRANSFORMATION GROUPOIDS.

4.11. DEFINITION AND LEMMA. Let X be a right G-action. The transformation groupoid
X x G in (C,T) is the groupoid with objects X, arrows X Xsco, G, range pry, source m,
and multiplication defined by

(1, 01) - (22, 92) = (21,01 - 92)

for all z1,25 € X, g1,92 € G with s(xy) = r(g1), s(x2) = r(ge), and zy - g1 = x9, that is,
s(x1,91) = r(za2, g2) in X; then s(z1) =r(g1 - g2), so that (x1,91 - g2) € X Xs o, G

This is a groupoid in (C,T) with unit map and inversion given by 1, = (z, 1yym)) and
(r,9)7 = (x-g,97%). It acts on X with anchor map s =idx: X = X, by z- (x,9) :=x-g

for all z € X, g € G with s(z) = r(g).

PROOF. The range map pry: X Xggo, G! = X of X x G is a cover because r: G! — G°
is a cover; Lemma 4.1 shows that the source map m of X x G is a cover as well. The
remaining properties are routine computations. The action of X x G on X is a special case
of Example 4.6. n

4.12. PROPOSITION. Let X be a G-action. An action of the transformation groupoid X x G
on an objectY €€ C is equivalent to an action of G on'Y together with a G-map f: Y — X.
Furthermore, the following two groupoids are isomorphic:

Yx(XxG) =Y xG.
A map Y — Z is X x G-invariant if and only if it is G-invariant, and a map between two
X x G-actions is X X G-equivariant if and only if it is G-equivariant and over X.

PROOF. An action of Xx G on Y is given by an anchor map f: Y — X and a multiplication
map
Y Xf,X,prl (X Xs,GO,r G1> — Y.

We compose f with sx: X — G to get an anchor map sy: Y — GY, and we compose the
multiplication map with the canonical isomorphism

Y ><5y,G0,r G1 % Y Xf,X,prl (X ><S><7go7r Gl) (16)
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to get a G-actionon Y: y-g:=y- (f(y),g) forall y € Y, g € G' with sy(y) = r(g). It is
routine to check that this is an action of G. The map f is G-equivariant: sx o f = sy by
construction, and f(y - g) = sxxc(f(v),9) = f(y) - g.

Conversely, given a G-action on Y and a G-equivariant map f: X — Y, we define an
action of X x G by taking f as the anchor map and y - (x,g9) := y-g for all y € Y,
r €X, g € G with f(y) =, s(z) = r(g). These two processes are inverse to each other.
Since both constructions are natural, a map is X x G-equivariant if and only if it is both
G-equivariant and a map over X.

The transformation groupoids Y x (X x G) and Y x G have the same objects Y, and
isomorphic arrows by (16). This isomorphism also intertwines their range, source and
multiplication maps, so both transformation groupoids for Y are isomorphic. The isomor-
phism (16) also implies that X x G- and G-invariance are equivalent. n

4.13. LEFT ACTIONS AND SEVERAL COMMUTING ACTIONS. Left G-actions and G-maps
between them are defined like right actions; but we denote anchor maps for left actions
by r: X — G instead of s.

4.14. LEMMA. The categories of left and right G-actions are isomorphic.

PROOF. We turn a right G-action (s, m) on X into a left G-action by r = sand g-z := z-¢g~!
for g € G!, x € X with r(¢g7!) = s(g) = r(z). A left G-action gives a right one by s = r
and r-g:=g ' xforz € X, g € G' with s(z) = r(g) = s(¢g7!). A map is equivariant
for left actions if and only if it is equivariant for the corresponding right actions, so this
is an isomorphism of categories. [

4.15. DEFINITION. Let G and H be groupoids in (C,T). A G,H-bibundle is X €€ C
with a left G-action and a right H-action such that s(g - ) = s(x), r(z - h) = r(z), and
(g-z)-h=g-(z-h) forallg € G', z € X, h € H" with s(g) = r(z), s(x) = r(h). Let
C(G,H) be the category with G,H-bibundles as objects and G,H-maps — maps X — Y that
are equivariant for both actions — as arrows.

A G, H-bibundle also has a transformation groupoid G x X x H with objects X and
arrows

(Gx X x H)' := G x¢go, X Xgpo, H;
r(g,z,h) :=g-x,s(g,x,h) ==z h, and

(91,$1,h1) : (927$2,h2) = (91 '92792_1 a1, hy - hz) = (91 * g2, X2 - hfl,hl : h2)

for all g1, g0 € GY, w1, 29 € X, hy, hy € H! with s(g;) = r(x;), s(z;) = r(h;) for i = 1,2 and
x1 - hy = g9 - T, so that g;l-xl :xg-hfl.

4.16. REMARK. Assume Assumption 2.10. Then the product of two groupoids in (C,7)
is again a groupoid in (C, T); the range and source maps are again covers by Lemma 2.11.
The category C(G, H) is isomorphic to C(G x H): actions of G and H determine an action
of GxHbyz-(g,h) =g ' -x-hforzeX, geG heH withr(g) =s(x), r(z) = s(h).
Here we use that (g, h) € G' x H! is equivalent to g € G' and h € H!. The transformation
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groupoid G X X x H is naturally isomorphic to the transformation groupoid X x (G x H)
via (gaxa h) = (g ' 1‘79717 h)

More generally, we may consider an object of C with several groupoids acting on the
left and several on the right, with all actions commuting. We single out G, H-bibundles
because they are the basis of several bicategories of groupoids.

4.17. FIBRE PRODUCTS OF GROUPOID ACTIONS. Let X;, X5 and Y be G-actions and let
fi: X; = Y for i = 1,2 be G-maps. Assume that the fibre product X := X; X, v 7, Xo
exists in C (this happens, for instance, if f; or fs is a cover).

4.18. LEMMA. There is a unique G-action on X for which both coordinate projections
pri: X = X;, @ = 1,2, are equivariant. With this G-action, X becomes a fibre product in
the category of G-actions.

PROOF. We define a G-action on X as follows. The anchor map s: X — G is defined by

s(z1,22) == s(w1) = s(fi(z1)) = s(fa(w2)) = s(x2),

the multiplication by (z1,xs) g := (21 - g, z2 - g) for all xy, 15 € Xy, g € G! with fi(z;) =
fa(xs) and s(x1, 22) = r(g). This elementwise formula defines a map (X; X 1, v,7, X2) Xs.6or
Gl = X, X 11,1, X2 by taking 7 = (Xy X p, v, 7, X2) ><57G07,G1 and x1, To, g the three coordinate
projections on 7.

Routine computations show that this defines a G-action on X. The coordinate projec-
tions X — X; for ©+ = 1,2 are G-equivariant by construction, and the above formulas are
clearly the only ones that make this happen. Finally, a map h: W — X is a G-map if and
only if h; := pr, o h for + = 1,2 are G-maps, and two G-maps h;: W — X; combine to a
G-map W — X if and only if f; o hy = f50hs. Thus X has the property of a fibre product
in the category C(G). =

4.19. ACTORS: ANOTHER CATEGORY OF GROUPOIDS. A functor G — H between two
groupoids does not induce a functor C(H) — C(G). (The only general result is Proposi-
tion 7.8, which gives a functor C7(H) — C(G) on the subcategory of sheaves.) Here we
introduce actors, a different type of groupoid morphisms that are equivalent to functors
C(H) — C(G) with some extra properties. In the context of locally compact groupoids,
these were studied by Buneci (see [7,8]) because they induce morphisms between groupoid
C*-algebras. In the context of Lie groupoids and Lie algebroids, these were studied under
the name of comorphisms (see [13], [29, Definition 4.3.16] and the references there). Our
notion of “actor” is unrelated to the one in [41, A.2].

4.20. DEFINITION. Let G and H be groupoids in (C,T). An actor from G to H is a left
G-action on H' that commutes with the right multiplication action of H on H!.

Other authors exchange left and right in the above definition. The following generalises
9, Lemma 4.3]:
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4.21. PROPOSITION. An actor from G to H is equivalent to a pair consisting of a left
action of G on H° and a functor G x HY — H that is the identity on objects.

PROOF. Let rgo: H' — G and m: G! x go, H' — H! define an actor from G to H. Since
the left and right actions on H' commute, we have rgo(hy - he) = rgo(hy) for all hy, hy € H?
with s(h1) = rpo(hs). Thus rge(h) = reo(h-h™") = reo (1 o). With the map r’: H® — G°
defined by r%(x) := rgo(1,) for x € H°, this becomes rgo = r° o ro.

The map r° is the anchor map of a G-action on H°. The action G' x4 go,0 H® — H? is
defined elementwise by g -z := ryo(g - 1,). We have r(g - x) = reo(1g.0) = reo(1r o(g1,)) =
reo(g-1;) = r(g) and 1o,y -2 = z for all z € H. Furthermore, ryo(g-h) = rpo(g-h-h™') =
g-rpo(h) for all g € G, h € H! with s(g) = rgo(h). Hence (g1 - g2) - = g1 - (g2 - x) for all
g1, 92 € G, x € H® with s(g1) = r(g2), s(g2)(x) = ().

The map

F'.G! Xs,GO,r0 HO — Hl7 (g,l’) g1y,

together with the identity map on H® is a functor F': Gx H? — H. This functor determines
the actor because g -h = (g- 1 o)) - h = F(g,ruo(h)) - h for all g € G', h € H' with
s(g) = reo(h).

Conversely, a left G-action on H” and a functor F': Gx H® — H yield an actor by taking
the anchor map r¥ o ryo: H! — H% — G® and the multiplication g - h := F(g,ryo(h)) - h. m

Proposition 4.21 shows that actors G — H are usually not functors G — H, and vice
versa. The intersection of both types of morphisms is described in the following example:

4.22. EXAMPLE. Let F': G — H be a functor with invertible F° € C(G° H°). Then we
define an associated actor by rg: H! — G°, g +— (F°)~(ry(g)), and g-h := F'(g)-h for all
g € G, h € H! with r(h) = s(F'(g)) = F°(s(g)). Conversely, if an actor has the property
that the associated anchor map r: HY — GO is invertible, then we may identify G with the
transformation groupoid G x HY and get a functor G — H by Proposition 4.21. The actor
associated to this functor is the one we started with.

4.23. PROPOSITION. An actor from G to H induces a functor C(H) — C(G) that does not
change the underlying objects in C, that is, we have a commutative diagram

where Fg and Fy are the functors forgetting the G- and H-actions, respectively. Further-
more, H-invariant maps are also G-invariant. Any functor C(H) — C(G) with these extra
properties comes from an actor. Thus groupoids as objects and actors as arrows form a
category, and G — C(G) is a contravariant functor on this category.
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PRrROOF. We use categories of left actions during the proof. Describe an actor as in Proposi-
tion 4.21 as a right G-action on H® with a functor F': H*x G — H. Let X be a left H-action.
Then we define a left G-action on X by taking the anchor map r® or: X — H% — G® and
the multiplication g - z :== F'(g,r(z)) - x for all g € G, x € X with s(g) = r’(r(z)). This
action is the unique one with rgo(h - z) = rgo(h) and g - (h-x) = (g - h) - x for all g € G,
h € H', z € X with s(g) = rgo(h), s(h) = r(z).

Routine computations show that the above formulas define a G-action on X in a natural
way so as to give a functor C(H) — C(G), and that H-invariant maps f: X — Z remain
G-invariant.

Conversely, let F': C(H) — C(G) be a functor that does not change the underlying
object of C and that preserves invariant maps. That is, F' equips any left H-action X
with a left G-action, such that H-maps remain G-maps and H-invariant maps remain
G-invariant. When we apply F' to the left multiplication action on H!, we get a left
G-action on H'. We claim that this commutes with the right multiplication action of H!,
so that we have an actor, and that this actor induces the functor F'.

Let X be any left H-action. Let H act on HX := H' X o, X by hy - (he, z) := (hy - he, )
for all hy, hy € H', & € X with s(hy) = r(hs), s(hs) = r(z). Equip HX with the G-action
from F(HX). Routine computations show that the maps pr;: HX — H! and m: HX — X
are H-equivariant and the map pr,: HX — X is H-invariant. By assumption, pr; and m are
G-equivariant and pr, is G-invariant. The statements for pr, and pr, mean that g- (h,z) =
(g-h,z) for all g € G', h € H', x € X with s(g) = rgo(h), s(h) = r(z). The G-equivariance
of m gives g - m(h,z) = m(g - (h,x)) = m(g - h,z) or briefly g - (h-z) = (g - h) - x
for g, h,z as above. For X = H!, this says that the left G-action on G! commutes with
the right H-action by multiplication, so that we have an actor. For general X, we get
g-r=g- Lz -x) = (g 1)) - 7, so the G-action given by F' is the one from this actor.
We also see that the functor F' determines the actor uniquely.

Since the composite of two functors C(H) — C(G) and C(K) — C(H) that does not
change the underlying object of C and preserves invariant maps again has the same prop-
erties, it must come from an actor. Thus actors may be composed. More explicitly, given
actors G — H and H — K, there is a unique right G-action on K! with (¢-h)-k = g-(h-k)
for all k € K!, h € H!, g € G! with s(g) = rgo(h) and s(h) = rpo(k). This left action gives
the actor from G to K that corresponds to the composite functor C(K) — C(G). n

4.24. PROPOSITION. An actor G — H is invertible if and only if it comes from an iso-
morphism between G and H.

PROOF. The anchor maps H? — G° are composed when we compose actors. Since this an-
chor map is the identity for the identity actor, the anchor map H® — G° for an invertible
actor must be invertible in C. The identification between actors G — H with invert-
ible anchor map H® — G° and functors acting identically on objects in Example 4.22 is
compatible with the compositions on both sides. Thus invertible actors are the same as
invertible functors, that is, isomorphisms of groupoids. [
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In order to enrich actors to a 2-category, we study automorphisms of H! that preserve
the right H-action:

4.25. PROPOSITION. The right H-maps ¢: H' — H! are exactly the maps of the form
h i ®(r(h)) - h for a section ®: H® — H! of s. This map is invertible if and only if ® is
a bisection.

PRrROOF. In the following, “section” always means a section of s. It is clear that left
multiplication with a section defines an H-map. Furthermore, the map from sections to
H-maps is a homomorphism for the horizontal product (8) of sections, so a bisection gives
an invertible map on H!. It remains to prove the converse. Let ¢: H! — H! be an H-map
and let h € H'. Then s(p(h)) = s(h), so Lemma 3.5 gives a unique wy, with ¢(h) = wy, - h.
This defines a map w: H' — H! with sow = r and w(h) - h = p(h) for all h € H'. Since
©(hy - hy) = p(hy) - hy for all hy, hy € H! with s(hy) = r(hy), we get w(hy - hy) = w(hy).
This implies w = ® or for a map ®: H® — H!, compare the proof of Proposition 3.9. We
have so ® = idyo, so ® is a section, and ¢(h) = ®(r(h)) - h for all h € H! by construction.
The section @ is uniquely determined by .

If ¢ is invertible, its inverse is also an H-map and hence associated to some section W.
Since the map ® +— ¢ is injective, ® is invertible in the monoid of sections, hence it is a
bisection by Lemma 3.21. [

Let my, my be two actors from G to H, that is, left actions of G on H! that commute
with the right multiplication action. A 2-arrow from m; to my is a G, H-bibundle map
(H',m;) — (H!,my). By Proposition 4.25, this is the same as a section ® of H with

O(r(g-1h)-(g1h)=g-2(P(r(h)) 1 h)

for all g € G', h € H' with s(g) = rg1(r(h)), where -; and - come from m; and ms,
respectively. Composing the G, H-maps associated to sections ®; and ®, gives the G, H-
map associated to the section ®; o 5 defined in (8).

4.26. PROPOSITION. There is a strict 2-category with groupoids in (C,T) as objects,
actors as arrows, sections ® as above as 2-arrows, the usual composition of actors and the
usual unit actors, and with the product o for sections as vertical product. The equivalences
in this 2-category are precisely the isomorphisms of groupoids in (C,T).

PROOF. It remains to construct the horizontal product. Let G, H and K be groupoids,
let m;,my: G = H and m{,m}: H = K be actors, let ®: H® — H! and ¥: K — K! be
sections with

(r(g1h)-(g-1h) =g-2((r(h) 1 h),  W(r(h-1k))-(h-1k)=h-o(U((k)) 1K)

for all g € G', h € H', k € K! with s(g) = rg1(r(h)) and s(h) = ry1(r(k)), respectively.
Then W e ®: KO — K! 2+ ®(ry1(z)) - U(z), is a section for K that gives a 2-arrow from
the composite m} o m; to m}, o ms.
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An equivalence a: G — H in this 2-category has a quasi-inverse 5: H — G and
invertible 2-arrows idg = [ o o and idy = « o 8. Being invertible, they correspond to
bisections. Then it follows that the actors foa and ao 8 come from inner automorphisms
of G and H, respectively, as in Example 4.22. Thus o a and « o 8 are isomorphisms
in the 1-category of actors. This implies that « is an isomorphism in the 1-category of
actors. Now Proposition 4.24 shows that « is an isomorphism of categories. [

5. Principal bundles

5.1. DEFINITION. Let G be a groupoid in (C,T). A G-bundle (over Z) is a G-action
(X, s,m) with a G-invariant map p: X — Z (bundle projection). A G-bundle is principal
if

(1) p is a cover;

(2) the following map is an isomorphism.:

(pr,m): X xggo, G' = X Xpz, X, (x,9) = (z,2 - 9g). (17)

The isomorphism (17) is equivalent to the elementwise statement that for x;,z, € X
with p(z;) = p(z2), there is a unique g € G' with s(z1) = r(g) and z; - g = xo; this
translation is proved like Lemma 3.5.

5.2. DEFINITION. Let G be a groupoid and X a G-action in (C,T). The orbit space
projection mx: X — X/G is the coequaliser of the two maps pri,m: X xsgo, G =% X.

While the coequaliser need not exist in C, it always exists in the category of presheaves
over C.

5.3. LEMMA. Let X with bundle projection p: X — Z be a principal G-action. Then p is
equivalent to the orbit space projection X — X/G, which therefore exists in C and is a cover.

The orbit space projection is always G-invariant, and condition (3") in Definition 4.1
follows from (17).

PRrROOF. Since the pretopology is subcanonical, the cover p: X — Z is the coequaliser of
pry, pry: X Xpzp X =2 X, and these two maps are covers. By the isomorphism (17), p is the
coequaliser of pry, m: X X go, G' = X as well, and both pr; and m are covers. Thus p is an
orbit space projection and m is automatically a cover; the latter is Definition 4.1.(3”). =

5.4. EXAMPLES.

5.5. EXAMPLE. Let Y be a 0-groupoid (see Example 3.11), let X — Y be a Y-action, and
let p = idx. This is a principal Y-bundle.
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5.6. EXAMPLE. Let p: X — Z be a cover and let G be its Cech groupoid (see Exam-
ple 3.12). The canonical action of G on its objects X is given by s = idx and z; - (21, x2) 1=
xq for all z1, xs € X with p(x1) = p(x2) (see Example 4.6). Together with the bundle pro-
jection p: X — Z, this is a principal bundle: the map X Xiq, x pr, (X Xpzp X) = X X7, X
defined elementwise by (x1, (1, 23)) — (x1,22) is an isomorphism.

5.7. PULL-BACKS OF PRINCIPAL BUNDLES.

5.8. PROPOSITION. Let f: Z — Z be a map inC and let (X, s, p,m m) be a prmczpal G-bundle
over Z. Then there is a principal G-bundle (>~( S, p, M) over Z with a G-map f X — X
with p o f fop._ These are unique in the following sense: for any principal G-bundle
(X’ §.p',m') over Z and G- -map f’ X — X, there is a unique isomorphism of principal
G-bundles @: X = X with f' o p = f.

This principal G-bundle is called the pull-back of (X,s,p, m) along f.

PROOF. Let X =7 Xtzp X, S = S0pry: X — G° and p = pry: X — Z. The fibre
product X exists and p is a cover because p is a cover. Let

~ 7 = id'Xf’Zm =
m: X X3§,GO,r G1 =7 XfZp X Xs,GO,r G1 27 XfZp X = X,

this map is well-defined because pom = p o pr;.

Routine computations show that ()N(, §,m) is a G-action and that pom = popr;. The
map (17) with tildes is the pull-back along f of the same map without tildes, where we use
the canonical maps from both sides to Z. Since pull-backs of isomorphisms remain isomor-
phlSIIlS (X Z.5,m ,p) is a pr1n01pal G-bundle over Z. The second coordinate projection
fX—>XlsaGmapW1thp0f fop.

Let (X’ §',p/,m’) be another prmClpal G-bundle over Z with a G-map f’ X' — X with
pof’—fop Then ¢ = (p/, f) X' — X is a G-map with po ¢ = p/, and it is the
only G-map with this extra property. The proof will be finished by showing that ¢ is an
isomorphlsm

Since p': X' — Z is a cover, so is its pull-back along p: X — Z. Identifying X’ x

X' X fopr.z.p X, this cover becomes the map
[5, Xz idy : )~</ X #p'.Z,p X —» )~< = Z X ¢$Z.p X, (.%1,.1'2) — (6/(1’1>,$2).
Since p’ Xz idy is a cover, the fibre product of the following two maps exists:
>~</ X', Z,p X —= Pxzidx X (— X/

An element of this fibre product is a triple 2, € X', 25 € X, 23 € X" with f(p'(z1)) = p(2),

A

f'(@s) = w2, B'(w5) = P'(21). Then p(z2) = p(f'(z3)) = f(F'(x3)) = f( (1)) = p(f'(1)).

Since X is a principal G-bundle over Z, there is a unique g € G with s(z2) = r(g) and
f(x1) = x5 - g. Since X’ is a principal G-bundle over Z and p'(z3) = p/(z1), there is also
a unique ¢’ € G! with §'(z1) = r(¢’) and z; - ¢ = 3. Then x5 = f’( 5) = fl(z1 - ¢) =
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fl(x1)-¢,s0g=g. Thus x5 = f'(x1) - ¢ is uniquely determined by z; and z,. That is,
the pull-back of ¢ along the cover p’ Xz idx is an isomorphism. This implies that ¢ is an
isomorphism by Proposition 2.5. [

5.9. PROPOSITION. Let X; and Xy be principal G-bundles over Z, and Zs, respectively.
Then a G-map f: X; — Xo induces a map f/G: Zy — Zy. The map f is an isomorphism
if and only if f/G is. If f/G is a cover, so is f. Conversely, under Assumption 2.8, f is
a cover if and only if f/G is.

PROOF. Since Z; is the orbit space of X; and orbit spaces are constructed naturally, the
G-map f induces a map f/G: Z; — Z,. Since pso f = f/Gopy, X; must be the pull-back
of Xy along f/G by Proposition 5.8. That is, the diagram

x, %,

Pll 1/G lp2

Zy —— 7y

is a fibre-product diagram. Proposition 2.5 shows that f is an isomorphism if and only
if f/G is one. By the pretopology axioms, f is a cover if f/G is, and the converse holds
under Assumption 2.8. [

5.10. PROPOSITION. Consider a commuting square of G-maps between principal G-bundles
Xi and the corresponding maps between their base spaces Z;:

o
Xl *2> X2 Zl ﬁ 22
/YSl J(SQ BSl J/OCQ
)
X3 — X4 z, .7,

The first square is a fibre-product square if and only if the second one is.

PROOF. Assume first that the square of Z; is a fibre-product square. Let x5 € Xo, 23 € X3
satisfy x4 1= d2(29) = 03(z3). We must show that there is a unique xz; € Xy with v;(z1) =
x; for i = 2,3. Let z; := p;i(z;) € Z;, then as(z0) = pa(da(2)) = pa(ds(x3)) = as(z3).
Since Z; is the pull-back of aw, ag by assumption, we get a unique z; € Z; with 5;(z1) = z;
for © = 2,3. Proposition 5.8 shows that X; — Z; is the pull-back of X, — Z4 along
a; 0 B L1 — Z4, and similarly for X; — Z; for « = 2,3. Thus x4 € X4 and z; € X3
determine a unique element z; € X; with py(z1) = 21 and §;v;(z1) = x4 for i = 2,3. We
claim that this is the unique element of X; with v;(z1) = x; for i = 2, 3.

Any element of X; with v;(z1) = x; for i = 2,3 will also satisfy p;(z;) = z; and
divi(x1) = x4 for i = 2,3, so uniqueness is clear. Since X; — Z; is the pull-back of
Xy — Z, for i = 2,3, the element z; € X; is uniquely determined by z; = p;(z;) and
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xg = 0i(x;). Since p;(yi(z1)) = Bip1(z1) = fi(z1) = 2 = pi(z;) and i(yi(z1)) = x4 =
0i(x;), we get x; = v;(z1) as desired. Hence we get a bijection between x; € X; and pairs
To € Xo, x3 € X3 with dy(z2) = d3(x3). This is the elementwise statement corresponding
to X1 = X2 XXy X3.

Now assume, conversely, that X; = Xoxx,X3. We are going to show that Z; = Zyxz,Z3.
This means that, for all 7 €€ C, the map

C(?, Zl> — {(22, Zg) € C(?, Zg) X C(77 23) | Q29 = 06323}

is a bijection. Let z;: 7 — Z; for i = 2,3,4 with as2s = z4 = agz3 be given. The
G-maps X; — X4 for ¢+ = 2,3 give isomorphisms between X; — Z; and the pull-back of
X4 — Z4 along «;. Pulling back further along the maps z; shows that the three pull-backs
of the principal G-bundles X; — Z; along z; for ¢« = 2,3,4 are canonically isomorphic
principal G-bundles over ?. Let ?? — 7 be this unique principal G-bundle over 7. By
Proposition 5.8, the maps z; for ¢ = 2, 3,4 lift uniquely to x;: 7?7 — X;. These liftings still
satisfy yor9 = x4 = 7323 because the lifting of 2z, is unique.

Since X; = Xy xx, X3 is a fibre product in the category of G-actions by Lemma 4.18,
the unique map z1: 77 — X; with d;x1 = z; for : = 2,3 is a G-map. Thus it induces a map
z1: 7 — Z;1 by Proposition 5.9. The naturality of this construction implies §;2; = z; for
i =2,3. Any map 2{: 7 — Z; with 8;2] = z; for i = 2,3 lifts to a map 2z} = (], 2;): 77 —
Zy xz, X; = Xy with 6;2) = x; for i = 2,3 by Proposition 5.8. Since X; = Xy xx, X3, we
must have xj = x1, which gives 2] = z;. Hence there is a unique map z;: ? — Z; with
Biz1 = z; for i = 2,3, as desired. [

5.11. LOCALITY OF PRINCIPAL BUNDLES. We formulate now what it means for principal
bundles to be a “local” notion. Let G be a groupoid in (C,7T). Let X,Z €€ C and let
s: X =G, p: X —=7Z, and m: X Xs,GO,r G! — X be maps. We pull back this data along a
cover f: Z — Z as follows Let X = Z X7pX,8:=5s0pry: X = G p:=pr;: X = Z and

~ ~ idsx pzm = ~
e X Xseo, G =Z X 75 X Xego, G —2t20 7 570 X = X;
this map is well-defined if pom = p o pry.

5.12. PROPOSITION. The data (X,Z,3,/m,p) is a well-defined principal G-bundle over Z
if and only if (X,Z,s,m,p) is a principal G-bundle over Z.

Put in a nutshell, principality for G-bundles is a local property.

ProoF. If (X;s,m,p) is a principal G-bundle over Z, then Proposition 5.8 shows that
(X $,m, p) is a principal G-bundle over Z.

Now assume that (X s,m, p) is a well-defined principal G-bundle over Z. We are going
to show that (X;s, m, p) is a principal G-bundle over Z. For m to be well-defined, we need
pom =popr or p(z-g)=p(z) for all z € X, g € G' with s(z) = r(g). Since f is a cover,
s0 is the map X Xs 6o, Gt = X xg o, G it induces. Since T is subcanonical, this map is an
epimorphism. Now we get som =sopry: X Xggo, Gt = G? because composing s o m and
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sopr, with the cover X X560, G! = X'xsco,G' gives the same map Som = Sopr,. A similar,
more complicated argument shows that m is associative because m is associative and both
multiplications are intertwined by covers X x4 go, G! x50, G' = X X o, G! X560, G and
X — X. Similarly, we get the unitality condition for the multiplication, so (X,s, m) is a
G-action.

It remains to verify that the map

(m,pry): X Xsgo, G' = X xpz,p X

is an isomorphism. Since the coordinate projection X — X is a cover, so is the induced
map X Xpz fop X = X X7, X. The pull-back of (m, pr,) along this map is equivalent to
the map 3 3

(r'ﬁ, prl): X X5,Go,r G1 — X Xﬁ,z, X, (18)

where we identify

in the obvious way. The map (18) is an isomorphism because X is principal. This implies
that (m, pry) is an isomorphism because the property of being an isomorphism is local by
Proposition 2.5. [

5.13. BASIC ACTIONS AND CECH GROUPOIDS.

5.14. DEFINITION. A groupoid action or sheaf that, together with some bundle projection,
is part of a principal bundle is called basic. A groupoid is called basic if its canonical
action on G° in Example 4.6 is basic.

We call such actions “basic” because they have a well-behaved base and because “prin-
cipal groupoid” already has a different meaning for topological groupoids (it means that
the action on GV is free).

5.15. PROPOSITION. A G-action X is basic if and only if the transformation groupoid
X % G is isomorphic to a Cech groupoid of a certain cover p: X — Z.

PROOF. Let X be basic with bundle projection p: X — Z. Then (17) provides an isomor-
phism (Xx G)' = Xx,7,X. Together with the identity on objects, this is an isomorphism
of groupoids from X x G to the Cech groupoid of p. Conversely, let X x G be isomorphic
to a Cech groupoid. We may assume that the isomorphism is the identity on objects,
so that the cover whose Cech groupoid we take is a map p: X — Z. Since the maps pry
and m in (17) are the range and source maps of X X G, the isomorphism of groupoids from
X x G to the Cech groupoid of p must be given by (x,g9) = (z,z - g) on arrows; thus (17)
is an isomorphism. n
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5.16. COROLLARY. A G-action on X is basic if and only if its transformation groupoid
X % G is basic.

PROOF. The criterion in Proposition 5.15 depends only on X x G. [

5.17. COROLLARY. An action of a transformation groupoid X x G is basic if and only if
the restriction of the action to G is basic.

PROOF. Proposition 4.12 shows that Y x (X x G) =Y X G, so the assertion follows from
Corollary 5.16. n

5.18. LEMMA. Let Y carry an action of a transformation groupoid X x G, equip it with
the resulting G-action. Then Y /(X x G) 2 Y/G.

PROOF. Proposition 4.12 shows that the invariant maps for both actions are the same,
hence so are the orbit spaces. [

6. Bibundle functors, actors, and equivalences
Let G and H be groupoids in (C, 7). We describe several important classes of G, H-bibundles:

6.1. DEFINITION. A bibundle equivalence from G to H is a G,H-bibundle X such that
both the left and right actions are principal bundles with bundle projections s: X —» H°
and r: X — GO, respectively. We call G and H equivalent if there is a bibundle equivalence
from G to H.

A bibundle functor from G to H is a G, H-bibundle X such that the right H-action is a
principal bundle with bundle projection r: X — G. A bibundle functor is covering if the
anchor map s: X —» H® is a cover.

A bibundle actor from G to H s a G, H-bibundle X such that the right H-action is basic
and a sheaf, that is, s: X — H® is a cover.

Bibundle functors are also called generalised morphisms[33, Section 2.5] or Hilsum—
Skandalis morphisms [35], and bibundle equivalences just equivalences or Morita equiv-
alences. We will show later that for sufficiently nice pretopologies, bibundle functors
and actors are precisely the products of bibundle equivalences with functors and actors,
respectively (see Sections 6.10 and 7.19). This justifies the names above.

The anchor map r: X — G° of a bibundle functor is always a cover because it is
the bundle projection of a principal action. For an equivalence X, both anchor maps
r: X = G% and s: X —» H° are covers for the same reason. Thus bibundle equivalences are
covering bibundle functors. A bibundle functor is a bibundle actor as well if and only if
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it is covering. The following diagram illustrates the relations between these notions:

bibundle functor

covering bibundle functor bibundle actor

] bibundle equivalence \

6.2. EXAMPLE. Let G be a groupoid in (C, 7). Then G acts on G! on the left and right
by multiplication. These actions turn G' into a bibundle equivalence from G to itself,
so equivalence of groupoids is a reflexive relation. First, the two actions commute by
associativity, so they form a G, G-bibundle; secondly, the right multiplication action gives
a principal G-bundle with bundle projection s: G! — GY by (5); thirdly, the left action
gives a principal G-bundle with bundle projection r: G! — G by (6).

The assumptions that r and s be covers and the conditions (5) and (6) in the definition
of a groupoid are necessary and sufficient for this unit bibundle equivalence to work.

Left and right actions of groupoids are equivalent by Lemma 4.14. Left and right
principal bundles are also equivalent in the same way. Thus a G, H-bibundle X gives an
H, G-bibundle X* which is the same object of C with the two anchor maps exchanged
and h-x-¢g:= g '-x-h!; this is a bibundle equivalence if and only if X is one. Thus
equivalence of groupoids is a symmetric relation. Transitivity seems to require an extra
assumption in order to compose bibundle equivalences, see Section 7.

6.3. EXAMPLE. Let p: X — Z be a cover in (C,7T). View Z as a groupoid with only
identity arrows and let G be the Cech groupoid of p. Then G and Z are equivalent.

The equivalence bibundle is X, with the canonical right action of G on its object space
and with the left Z-action given by the anchor map p. The right G-action on X with p as
bundle projection gives a principal G-bundle by Example 5.6. The left Z-action is given
simply by its anchor map p, and any such action gives a principal bundle with the identity
map X — X as bundle projection; the identity is also the right anchor map.

Conversely, if X is a bibundle equivalence from a groupoid G to a 0-groupoid Z, then G
is isomorphic to the Cech groupoid of the anchor map p: X — Z.

6.4. EXAMPLE. More generally, let p;: X; — Z for i« = 1,2 be two covers and let G;
and G, be their Cech groupoids. Let X := X, Xpy Zps X2, F 1= pri: X = Xy = GY and
s:=pry: X = Xy = GY, and define the multiplication maps by (z1,v1) - (y1,y2) := (21,%2),
(21, 22) - (22,y2) 1= (21,¥2) for 1,31 € Xi, @2, 92 € Xo with pi(x1) = p1(y1) = pa(22) =
p2(y2). Then X is a bibundle equivalence from G; to Gy. This shows that equivalence of
groupoids is a transitive relation among Cech groupoids.

6.5. EXAMPLE. Let Y be an object of C viewed as a groupoid. An action of Y is the same
as a map to Y by Example 4.8. Thus a G, Y-bibundle is the same as a (left) G-action X
with a G-invariant map f: X — Y.
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A bibundle functor G — Y is, up to isomorphism, the same as a G-invariant map
G — Y because of the assumption that r induces an isomorphism X = X/Y 5 G°. A
bibundle functor Y — G is the same as a principal G-bundle over Y.

A bibundle actor G — Y is the same as a G-action X with a G-invariant cover X — Y.
A bibundle actor Y — G is the same as a principal G-bundle X over some space Z with a
map Z — Y, such that the anchor map s: X —» G is a cover.

Let Y; and Yy be two objects of C viewed as groupoids. Then a Yy, Yy-bibundle is a
span Y; < X — Y, in C. This is

e a bibundle functor if and only if the map Y; < X is invertible;
e a bibundle equivalence if and only if both maps Y; <— X — Y, are isomorphisms;
e a bibundle actor if and only if the map X — Ys is a cover.

Example 6.3 shows that a groupoid is equivalent to a O-groupoid if and only if it is
basic. By Proposition 5.15, a groupoid is basic if and only if it is isomorphic to a Cech
groupoid.

6.6. FROM FUNCTORS TO BIBUNDLE FUNCTORS. Let G and H be groupoids in (C,T)
and let F': G — H be a functor, given by F* € C(G',H?) for i = 0,1. We are going to
define an associated bibundle functor Xz from G to H (see also [33]).

Since r: HY — H° is a cover, the fibre product Xp = X := G X po o, H! exists and
the coordinate projection pry: X — GY is a cover. This map is the anchor map for a
left G-action on X defined elementwise by g - (x,h) := (r(g), F'(g) - h) for all g € G,
zr € G h € H! with s(g) =z, r(h) = F°(z) = F°(s(g)) = s(F'(g)). The map s: X — H°,
(z,h) — s(h), for z € G°, h € H' with F°(x) = r(h) is the anchor map for a right
H-action defined elementwise by (z,hy) - hy := (x, hy - hy) for all z € G°, hy, hy € H! with
FO(x) = r(hy) and s(hy) = r(hy).

6.7. LEMMA. The G, H-bibundle X is a bibundle functor.

PROOF. The left and right actions on X commute. For x € G°, hy, hy,y € H' with
F%x) = r(hy) = r(hy) we have s(hy) = r(y) and (z,h1) -y = (x,hs) if and only if
y = hy' - hy. Hence there is a unique such y, proving the isomorphism (17) for the
H-bundle r: X — G Since r: X — G° is a cover as well, the right H-action together
with r is a principal H-bundle. [

We may generalise the construction above as follows. Let F': G — H be a functor
and let Y be a bibundle functor from H to K. We may then construct a bibundle functor
F*(Y) from G to K. The bibundle functor Xp is the special case where Y = H! is the
identity bibundle functor on H. The only change in the construction is to replace H! by Y
everywhere. Thus the underlying object of C is F*(Y) := G X po o, Y; this exists in C
and the coordinate projection pr; = s: F*(Y) —» G® is a cover because r: Y — H® is a
cover.
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The same formulas as above define a left G-action and a right K-action on Y. The
right K-action together with pr,: F*(Y) — G° is a principal K-bundle because for z € G,
y1,y2 €Y, k € K with FO(z) = r(y;) = r(y2), we have s(y;) = r(k) and (z,y;) -k = (x,92)
if and only if s(y;) = r(k) and y; - £ = y», and this has a unique solution if r(y;) = r(ys)
because Y is a bibundle functor.

6.8. PROPOSITION. The bibundle functor associated to a functor I is covering if and only
if F'is essentially surjective, and an equivalence bibundle if and only if F is essentially
surjective and fully faithful.

PROOF. The right anchor map of X is given by (z,h) + s(h) for x € G°, h € H! with
F°(x) = r(h); this is exactly the map that is required to be a cover in order for F to be
essentially surjective. The bibundle Xz is a bibundle equivalence if and only if the right
anchor map is a cover and the following map is invertible:

@: G Xgco, Xp — Xp Xgpos Xp, (g,7) = (9-z,).

The domain and codomain of ¢ are naturally isomorphic to G* X poss po H! and G® X go o,
H! X o s H! X, o ro G, respectively, and ¢ is given elementwise by (g, k) = (r(g), F*(g)-
h,h,s(g)) for all g € G', h € H* with F°(s(g)) = r(h). If ¢ is invertible, then the first
component of ¢~ applied to (21, h, L), x2) for 1,25 € G, h € H' with F°(z;) = r(h),
F%(xy) = s(h), gives an inverse to the map v in (12). Conversely, if ¢ is invertible, then
so is ¢ with o™ (21, by, ha, 22) = (W~ (w1, hy - ha', 2), ho). n

6.9. EXAMPLE. Let p: X — G° be a cover. The hypercover p,: G(X) — G is an equiva-
lence functor.

6.10. FROM BIBUNDLE FUNCTORS TO ANAFUNCTORS. Let X be a bibundle functor
between two groupoids G and H in (C,7). We are going to turn it into an anafunctor
G — H. We take r: X —» G? as the cover that is part of an anafunctor. It remains to
define a functor F': G(X) — H using the G, H-bibundle X.

6.11. PROPOSITION. Let X be a bibundle functor G — H. There is a natural isomorphism
of groupoids G(X) =2 G x X x H that acts identically on objects.

PROOF. Both groupoids G x X x H and G(X) have object space X. Their arrow spaces are
G! Xggo, X Xgpo, H' and X X, go, G* X o, X, respectively. We define

Fli G1 Xs,GOr X Xs,HO ¢ H1 — X Xy,GOr G1 Xs,GOr X

elementwise by F'(g,z,h) := (g-x,g,2-h) for all g € G, z € X, h € H! with s(g) = r(z),
s(x) = r(h); this is well-defined because then g - x and x - h are defined and r(g - x) = r(g)
and s(g) = r(z) = r(x - h). Furthermore, r(F(g,x,h)) = g-x =r(g,z,h), s(F'(g,z,h)) =
x-h=s(g,x,h) and

Fl(gl,ﬂﬂl,hl) : F1(92,$2,h2) = (91 *T1,91 92,72 - h2) = Fl(gl '92792_1 “xq, hy - hz)



GROUPOIDS IN CATEGORIES WITH PRETOPOLOGY 1953

for all g;,90 € G', z1,29 € X, hy, hy € H' with s(g;) = r(z;), s(z;) = r(h;) and z; - hy =
g2 - T5. Thus F! together with the identity on arrows is a functor. It remains to show
that F'! is an invertible map in C.

Let 21,79 € X, g € G! satisfy r(z1) = r(g), s(g) = r(z2). Then z := g~ -z is well-
defined and r(z) = s(g) = r(xz). Since X with bundle projection r is a principal H-bundle,
there is a unique h € H! with s(z) = r(h) and xo = z - h. Thus F'(g,z,h) = (21,9, 12).
Furthermore, the element (g, z, k) is unique with this property, so F'* is invertible by the
Yoneda Lemma. ]

1

We compose the isomorphism G(X) = G x X x H in Proposition 6.11 with the functor
GxXxH-—=H

that is s: X — H on objects and the coordinate projection pry: (G x X x H)! — H!
on arrows. This yields a functor Fx: G(X) — H, given on G(X)° = X by s and on
G(X)l =X Xr,GO,r G! Xs,GOr X by

F)%(nggvxh) =h

for all g € G!, x € X, h € H! with s(g) = r(x), s(z) = r(h); Proposition 6.11 says that
any (21,9, r2) € X X, o, G' X5 o, X may be rewritten as z; = g -z, x2 = x - h for unique
g,x,h as above.

The triple (X, r, Fx) is an anafunctor from G to H.

6.12. COROLLARY. An equivalence bibundle X from G to H induces an isomorphism
G(X) = H(X), that is, an ana-isomorphism between G and H.

Proor. If X is an equivalence bibundle from G to H, then we may exchange left and
right and get another equivalence bibundle X* from H to G. Proposition 6.11 applied to
X and X* gives groupoid isomorphisms

(G) = G(X) 3 G x X x H 5 H(X) = s*(H).

6.13. LEMMA. Let F': G — H be a functor. This gives rise first to a bibundle functor
Xr: G — H, secondly to an anafunctor (XF,rF,F) from G to H, where rp: Xp — GY s
the left anchor map of Xp. This anafunctor is equivalent to (G°,idgo, F'), that is, to F
viewed as an anafunctor.

PRrROOF. We have Xp = G° X [0 HO ¢ H! with rp = pr;. The functor F: G(Xg) — H is given
elementwise by

FO(x,h):=s(h),  F'((z1,h),9, (w2, h2)) = hy" - F'(g) - ha
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for all x,z1, 29 € G°, h,hy, hy € H', g € G! with F°(z) = r(h), F°(x1) = r(hy), F°(x3) =
r(ha), z1 = r(g), 2 = s(g). The map ®: Xp — HL, (z,h) — h, is a natural transformation

F = F because of the following commuting diagram in H:

F(g)

r(he) = FO(z3) = F°(s(g)) FO(r(g)) = FO(a1) = r(n)

hQ‘ hJ

S(hg) - S(hl)
FY((21,M), g, (22, h2)) = hi' - FY(g) - hs

7. Composition of bibundles

The composition of bibundle functors and actors requires an extra assumption on the
pretopology. We first formulate this assumption in several closely related ways and then
use it to compose the various types of bibundles.

7.1. ASSUMPTIONS ON CECH GROUPOID ACTIONS. Let 7 be a subcanonical pretopology
on C.

7.2. ASSUMPTION. Any action of a Cech groupoid of a cover in (C,T) is basic.

7.3. ASSUMPTION. Any sheaf over a Cech groupoid of a cover in (C,T) is basic.

Assumption 7.2 is obviously stronger than Assumption 7.3. We will use Assumptions
2.8 and 7.3 to compose bibundle functors and equivalences. The stronger Assumptions
2.9 and 7.2 are necessary and sufficient to compose bibundle actors.

The following two lemmas reformulate the assumptions above. Recall that C(G) and
C7(G) are the categories of G-actions and G-sheaves for a groupoid G in (C,T).

7.4. PROPOSITION. The following are equivalent:
(1) Let G be a groupoid, X, and Xy G-actions and f: X; — Xo a G-map. If Xy is basic,
then so is Xy.
(2) Any action of a basic groupoid is basic.

(3) Any action of a Cech groupoid is basic.

(4) Let p: X — Z be a cover, let G be its Cech groupoid, and let Y be a G-action. Then
there are Z €€ C and a map f: Z — Z such that Y = Z Xz, X with G acting on
Z x5z X by (2,21) - (x1,22) = (2,22), as in Proposition 5.8.

(5) Let p: X — Z be a cover and let G be its Cech groupoid. Then the functor C(Z) —
C(G) induced by the equivalence bibundle X between G and the 0-groupoid Z is an
equivalence of categories.
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PROOF. (1)=(2): Let G be a basic groupoid and let X be a G-action. Let X, = G and
let f =s: X — X, be the anchor map. Since f is a G-map and the G-action on G is basic
by assumption, (1) gives that the G-action on X is also basic.

(2) implies (3) because Cech groupoids are basic (Example 5.6).

(3) implies (1): the G-action on X; and the map f combine to an action of Xs X G on X;.
The groupoid Xy x G is isomorphic to a Cech groupoid of a cover by Proposition 5.15.
Hence its action on X; is basic by (3). Corollary 5.17 shows that the action of G on X; is
basic as well.

(4) <= (3): The action of the Cech groupoid of p on X is basic by Example 5.6. Hence
its pull-back along f: Z — Z remains a basic action by Proposition 5.8. Thus the actions
described in (4) are basic, so (4) implies (3). Conversely, let X be a basic G-action for the
Cech groupoid of p: X — Z. Let p: X — Z be the bundle projection. The anchor map
f '=3§: X — X = G of the G-action on X is a G- -map. It induces a map [ = f/G 77
by Proposition 5.9. Proposition 5.8 shows that X is isomorphic to Z x sz.p X with the
canonical action. Thus (3) implies (4).

A Z-action is the same as a map Z — Z. The Cech groupoid G of p: X — Z is equivalent
to the O-groupoid Z by Example 6.3. The functor C(Z) — C(G) induced by this equivalence
is, by definition, the pull-back construction described in (4). (This is indeed a special case
of the composition of bibundle equivalences with actions defined below. ) Propositions 5.8
and 5.9 yield a bijection between maps 21 — 22 and G-maps 21 X7z X — Zg Xz X.
This means that the functor C(Z) — C(G) is fully faithful. Condition (4) means that
it is essentially surjective. A fully faithful functor is an equivalence if and only if it is
essentially surjective. ]

Proposition 7.4.(5) shows that we need Assumption 7.2 if we want equivalent groupoids
to have equivalent action categories.

7.5. PROPOSITION. The following are equivalent:

(1) Let G be a groupoid, X; and Xy G-actions and f: X; — Xo a cover that is also a
G-map. If Xy is basic, then so is Xy.

(2) Any sheaf over a basic groupoid is basic.
(3) Any sheaf over a Cech groupoid is basic.

(4) Let p: X — Z be a cover, let G be its Cech groupoid. Let Y be a G-sheaf. Then there
areZ €€ C and a map f: Z — Z such thatY = Z X7, X with G acting on Z X5z, X
by (z,21) - (x1,22) = (2,23), as in Proposition 5.8.

Assumption 2.8 is equivalent to the statement that the map f in (4) is automatically a
cover.

PROOF. The proof is the same as for Proposition 7.4. Assumption 2.8 is necessary and
sufficient for the map f in (4) to be a cover because each fibre-product situation (2) in
which g is a cover gives rise to a situation as in (4). n
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Let p: X — Z be a cover and let G be its Cech groupoid. Then the equivalence X
induces a functor Cr(Z) — C7(G) between the 0-groupoid Z and G. By Proposition 7.5,
Assumptions 2.8 and 2.9 together are equivalent to the statement that this functor
Cr(Z) — C7(G) is an equivalence of categories.

7.6. PROPOSITION. Let T and T’ be pretopologies on C with T C T'. If T' is sub-
canonical, then so is T. If T satisfies Assumption 7.2, then so does T. If T' satisfies
Assumption 7.3, then so does T .

PROOF. Let p: X = Z be a cover in T and let G be its Cech groupoid. Let Y be a G-action.
Since T C T”, pis also a cover in T'. Proposition 7.4.(4) for the pretopology 7" shows that
there is amap f: Z — Zsuch that Y = Zx ;7 X with G acting by (2, x)-(21, 2) 1= (2, T3).
This action is basic also in (C, 7). The proof of the second statement is similar. ]

Often a category admits many different pretopologies. Proposition 7.6 shows that we
do not have to check Assumptions 7.2 and 7.3 for all pretopologies, it suffices to look at
a maximal one among the interesting pretopologies.

7.7. COMPOSITION OF BIBUNDLE FUNCTORS AND ACTORS.

7.8. PROPOSITION. Let G and H be groupoids in (C,T). Under Assumption 7.2, a bibun-
dle actor X from G to H induces a functor

C(H) — C(G), Y — XxpY.
Under Assumption 7.3, a G, H-bibundle X with basic action of H induces a functor
CT(H)—>C<G), Y —XxuY.

Both constructions above are natural in X, that is, a G,H-map X; — Xg induces a
natural G-map Xy Xy Y — Xo Xy Y. Assume Assumption 2.8. If the G, H-map f: X; — Xq
and the H-map g: Y1 — Yy are covers, then so is the induced map f Xy g: X1 Xy Y1 —
Xg XH Y2.

If Assumptions 7.3 and 2.9 hold, then X xyY €€ Cr(G) if X is a G, H-bibundle functor
and Y €€ Cr(H).

PRrROOF. The proofs for bibundle functors and actors are almost the same. The first
difference is that the fibre product

XY =X xgpos Y

exists in C for different reasons: if X is a bibundle actor, then s: X — H® is a cover, and
otherwise Y €€ Cr(H) means that s: Y — H? is a cover.

There is an obvious left action of G on XY with anchor map rxy :=ropry: XY — X —
G° and multiplication map
XY — XY

1
G X$,GO,rxy
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given elementwise by ¢ - (z,y) := (¢-z,y) for g € G}, z € X, y € Y with s(g) = r(x),
s(z) = s(y). We equip XY with the unique right H-action for which the coordinate
projections pry : XY — X and pry: XY — Y are H-maps (see Lemma 4.18). Elementwise,
we have s(x,y) = s(z) =s(y) and (z,y)-h = (z-h,y-h) forall z € X, y € Y, h € H! with
s(z) = s(y) = r(h).

The actions of G and H on XY clearly commute, and the map on objects
C(G,H) x C(H) — C(G,H), X, Y — XY,

is part of a bifunctor; that is, a G,H-map X; — X, and an H-map Y; — Y5 induce a
G, H-map X;Y; — XoYs.

The coordinate projection pry: XY — X is an H-map and X is a basic H-action by
assumption. In the first case, Proposition 7.4.(1) shows that XY is a basic H-action.
In the second case, the map pry: XY —» X is a cover because s: Y —» H° is one; thus
Proposition 7.5.(1) shows that XY is a basic H-action. Let p: XY — Z be the bundle
projection of this basic action. We also write Z = X xy Y.

Recall that a G,H-map f: X; — Xy and an H-map ¢: Y; — Y3 induce a G, H-map
f xno g: X1Y7 — XoY5. By Proposition 5.9, this induces a map f xy g: X; Xy Y —
Xo Xy Ys. Thus the construction of X xyY is bifunctorial. If f and g are covers, then so is
the induced map f Xpo g; this is a general property of pretopologies. By Proposition 5.9,
the map f xy ¢ induced by this on the base spaces of principal bundles is a cover as well
if Assumption 2.8 holds.

It remains to push the G-action on XY down to a natural G-action on Z. Let W := X/H.
The anchor map s: X — G° descends to a map sw: W — G° because it is H-invariant.
Proposition 5.9 gives a unique map pry/H: Z — W, which we compose with sy to get a
map rz: Z — G°. This is the anchor map of the desired action on Z. It is the unique map
with ry o pry =rzop: XY — G°.

Pulling back the principal H-bundle XY — Z along pry: G! X go,, Z — Z gives

G! g0y, Z Xz XY = G xg o, XY

with its usual H-action. This is a principal bundle over G* X, go ., Z by Proposition 5.8. By
Proposition 5.9, the left G'-action G! x4 go XY — XY induces a map mz: G' xggo,,Z — Z
on the bases of these principal bundles. It is routine to see that rz; and mz define a
left G-action on Z, using the corresponding facts for XY and passing to orbit spaces by
Proposition 5.9. Thus X xy Y carries a left G-action. This G-action is natural in the sense
that the maps f xy g defined above are G-equivariant.

If X is a G, H-bibundle functor and Y €€ Cr(H), then pry: XY — X is a cover because
s: Y — H% is one. Since r: X — G° for bibundle functors, the composite map XY —» G°
is a cover as well. The map XY — X Xy Y is a cover as the bundle projection of a
principal bundle. Assumption 2.9 shows that the induced map X xy Y — G is a cover,
so X xpu 'Y €€ Cr(G). "
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7.9. PROPOSITION. The quotient X/H for a G,H-bibundle X with basic action of H in-
herits a natural G-action. If X carries an action of a third groupoid K that commutes with
the actions of G and H, then the induced actions of G and K on X/H commute.

PRrROOF. The first assertion is shown during the proof of Proposition 7.8. We are dealing
with the special case Y = H?, where XY = X so that X xyH? = X/H. No extra assumption
about actions of Cech groupoids is needed in this particular case. A (left or right) action
of K commuting with those of G and H induces an action on X/H for the same reasons as
for the action of G. The proof that the induced actions of G and K on X/H still commute
is routine and omitted. We only remark that, under Assumption 2.10, we could replace
a pair of commuting actions of G and K by a single action of G x K, which would clearly
still commute with the action of H. This action of G x K descends to X/H and may then
be turned back into two commuting actions of G and K on X/H. n

7.10. PROPOSITION. Assume Assumptions 7.3 and 2.8.

Let G, H and K be groupoids in (C,T). Let X and Y be bibundle functors from G to H
and from H to K, respectively. Then X Xy Y is a bibundle functor from G to K in a natural
way with respect to G, H-maps X; — Xy and H,K-maps Y1 — Yo. If both X and Y are
bibundle equivalences, then so is X Xy Y.

Under Assumption 2.9, if both bibundle functors X and Y are covering, so is X xy Y.

Assume Assumptions 7.2 and 2.9. Let X and Y be bibundle actors from G to H and
from H to K, respectively. Then X xy Y is a bibundle actor from G to K in a natural way
with respect to G, H-maps X; — Xy and H, K-maps Y1 — Ys.

PROOF. Since right and left actions of H are equivalent, Proposition 7.8 also works for a
left H-action on Y. All cases of composition considered fall into one of the two cases of
Proposition 7.8, which provides X xy Y €€ C with a natural G-action.

A right K-action on X xy Y is constructed like the left G-action in the proof of
Proposition 7.8. First, XY carries a right K-action that commutes with the actions
of G and H: the anchor map is s o pry: XY — Y — K° and the multiplication is
idx XgHo My : XY Xgopr, Kor K! — XY. Proposition 7.9 shows that this K-action descends
from XY to an action on X Xy Y that commutes with the induced action of G.

It remains to show that the G, K-bibundle X xy Y is a bibundle functor, bibundle
equivalence, covering bibundle functor, or bibundle actor if both X and Y are, under
appropriate assumptions on (C, 7). We consider the case of bibundle functors first. We
must show that r: X xy Y — GO is a principal K-bundle.

It is clear that the anchor map r: X xy Y — G? is K-invariant. We claim that it is a
cover. The map pry: XY —» X is a cover because r: Y — H? is one. Hence so is the induced
map pry/H: X xy Y — X/H = G° by Proposition 5.9; here we need Assumption 2.8. This
map is the anchor map r: X xyY — G°.

We must also show that the map

(m, pl’l)Z (X XH Y) Xs,KO,r K! — (X XH Y) Xr,GO,r (X XH Y) (19)
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is an isomorphism. Since r: Y — H is a principal K-bundle, its pull-back along s: X — H®
is a principal K-bundle pry: XY — X. This means that the map

XY oo, KD P XY s e XY (20)

is an isomorphism.

Pulling XY — XxyY back along r: K! — K gives a principal H-bundle XY x koK' —
(X xnY) xsko, K. Proposition 5.10 shows that XY X, x or, XY is a principal H-bundle
over (X xuY) X, go, (X xuY). Hence (19) is the map on the base spaces induced by the
H-equivariant isomorphism (20). Thus (19) is an isomorphism as well by Proposition 5.9.
This finishes the proof that X xy Y is a bibundle functor if X and Y are. We have used
Assumptions 7.3 and 2.8.

If both X and Y are bibundle equivalences, then the same arguments as above for the
right K-action apply to the left G-action on X xy Y. They show that s: X xy Y — K°
is a principal G-bundle. Thus X xy Y is a bibundle equivalence if X and Y are, under
Assumptions 7.3 and 2.8.

Assume now that s: X — H% and s: Y — K" are covers. Then so are pry: XY — Y and
the composite map XY — Y — K°. Since the bundle projection XY —» X xY is a cover as
well, Assumption 2.9 gives that the anchor map X xy Y — K% is a cover. Thus a product
of covering bibundle functors is again a covering bibundle functor, under Assumptions
2.9 and 7.3. Furthermore, the right anchor map for a product of two bibundle actors is a
cover. It remains to show that the right action on the product of two bibundle actors is
basic.

Since the K-action on Y is basic, we may form its base W = Y /K and get a principal
K-bundle p: Y — W. Proposition 7.9 shows that the H-action on Y descends to W.

Now we may also form X xy W, and the cover p induces a cover g: X xp Y — X xy W
by Proposition 7.8; here we only need Assumption 2.8. The map

(m,pry): XY Xgo, KM= XY xxw XY (21)

is an isomorphism because p: Y — W is a principal K-bundle, which we have pulled back
to XW. The spaces in (21) are total spaces of principal H-bundles over (X xyY) X ko, K*
and (X xXpY) Xxxuw (X xn Y), respectively. Proposition 7.8 shows that the induced map
(m,pri): (XxpY)Xeko, Kb = (XXY) Xxx,w(XxnY) on the bases is also an isomorphism.
Hence the induced K-action on X xy Y is basic with bundle projection ¢. [

7.11. REMARK. The proof above shows that (X xy Y)/K = X xy (Y/K) whenever the
actions of H on X and of K on Y are basic and suitable assumptions about (C,7T) ensure
that X xu Y and X xy (Y/K) exist and ¢: X xu Y — X xy (Y/K) is a cover.

7.12. PROPOSITION. The compositions defined above under suitable assumptions are as-
sociative in the following sense:

(1) For bibundle functors or bibundle actors X: G — H,Y: H = K, and Z: K — L, there
is a natural bibundle isomorphism (X xyY) xkZ = X xy (Y Xk Z); these associators



1960 RALF MEYER AND CHENCHANG ZHU

for four composable bibundle functors or actors make the usual pentagon diagram
commute.

(2) For bibundle actors X: G — H and Y: H — K, and a K-action Z, there is a natural
G-equivariant isomorphism (X xyY) xx Z = X xy (Y Xk Z).

PRrROOF. Literally the same argument proves both statements. The usual fibre product
XYZ := X Xgpo, Y Xggo, Z is associative up to very canonical isomorphisms, which we
drop from our notation to simplify. This space carries commuting actions of H and K by
(r,9,2) - h=(x-h,h7t -y ,2)and (z,y,2) - k= (z,y-kkt-2)forz e X, yeY, zeZ
h € H', k € K! with s(x) = r(y) = r(h), s(y) = r(z) = r(k). We get X xy (Y Xk Z) from
XYZ by first taking the base space X x o (Y xk Z) for the basic K-action on XYZ and then
taking the base space of the resulting basic H-action on X xpo (Y Xk Z). Remark 7.11
implies that X xy (Y Xk Z) is naturally isomorphic to (X xy (Y Xko Z))/K. The latter is,
in turn, naturally isomorphic to ((X Xy Y) xko Z)/K, which is (X Xy Y) Xk Z by definition.
This provides the desired associator.

The associator is characterised uniquely by the statement that it is lifted by the
associator (X Xspo,Y) Xgko,Z — X Xgpo, (Y Xsko,Z). Since the latter associators clearly
make the associator pentagon commute, the same holds for the induced maps on the
quotients. L]

7.13. REMARK. Assume Assumption 2.10 about a final object x. Then a left G-action X is
the same as a bibundle actor from G to x. The functor C(H) — C(G) defined by a bibundle
actor X from G to H in Proposition 7.8 is equivalent to the composition of bibundle actors
G — H — x under this identification. Thus the second statement in Proposition 7.12
becomes a special case of the first one under Assumption 2.10.

7.14. PROPOSITION. The bibundle equivalence G' from G to itself is a unit both for the
composition of bibundle functors and bibundle actors, up to natural isomorphisms X Xg
G' = X and Gt xgY 2 Y for a bibundle functor or actor X to G and a bibundle functor
or actor Y out of G. The functor C(G) — C(G) induced by the bibundle equivalence G*
is naturally isomorphic to the identity functor. It is routine to check that this natural
construction is also equivariant with respect to the appropriate left or right actions.

PROOF. The bibundle equivalence G! is constructed in Example 6.2. Pulling the principal
left G-bundle s: G! — G° back along the anchor map s: X —» G° gives a principal left
G-bundle X xggos G — X; here the action of G is by ¢ - (x,92) = (2,91 - g2). The
map X Xggos G' = X X0, G!, (2,9) = (z-g7,g), is an isomorphism with inverse
(z,9) + (z-g,g). It intertwines the G-action on X x4 go (G' with the G-action on X xg go ,G*
by g1+ (2, g2) := (297", g1+ g2). These isomorphic G-actions have isomorphic orbit spaces,
and the orbit space for the latter is XxG'. Hence the multiplication map X X go,G' — X,
(x,9) = x - g, induces an isomorphism X x¢ G! = X. Similarly, the multiplication map
G! Xec0, Y =V, (9,y) = gy, induces an isomorphism G' xgY =Y. "
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Putting together the results above gives the following theorem:

7.15. THEOREM. Assume Assumptions 2.8 and 7.2. Then there is a bicategory with
groupoids in (C,7T) as objects, bibundle functors from G to H as arrows, maps of G,H-
bibundles as 2-arrows between arrows G — H, x¢g in reverse order as composition, G as
unit arrow on G, the associator and unitors from Propositions 7.12 and 7.14, and composi-
tion of maps as vertical product of 2-arrows; the horizontal product of 2-arrows f: X; = X
for Xi,Xe: G2 H and g: Y1 = Yy for Yi,Yo: H=2 K is f Xy g: Xy Xy Y1 = Xo Xy Ys.
All 2-arrows in this bicategory are invertible.

Assume Assumptions 2.9 and 7.2. Then almost all of the above holds for bibundle ac-
tors, except that 2-arrows need no longer be invertible. Furthermore, the covering bibundle
functors form a sub-bicategory of both.

PROOF. It is a direct consequence of the propositions above that bibundle functors, bi-
bundle equivalences, bibundle actors, and covering bibundle functors are the arrows in
bicategories, with the 2-arrows and compositions as asserted.

We show that 2-arrows between bibundle functors are equivalences. Let X; and Xy be
bibundle functors from G to H and let f: X; = X5 be a G, H-map. Then the induced map
f/H: X{/H — Xy /H is the identity map on G° by G-equivariance and because X;/H = G°
by assumption. Since f/H is an isomorphism, so is f by Proposition 5.9. This argument
fails for bibundle actors because their definition does not determine X;/G. ]

7.16. REMARK. Assume Assumption 2.10. Then Assumptions 7.2 and 2.9 are necessary
to compose bibundle actors.

By Remark 7.13, we may identify C(G) for a groupoid G with the category of bibundle
actors G — x and 2-arrows between them. Let p: X — Z be a cover and let G be its
Cech groupoid. The functor C(Z) — C(G), Y — Y xz X, in Proposition 7.4.5 composes
with the bibundle equivalence X from Z to G. Exchanging left and right in X gives
a bibundle equivalence X* from G to Z, such that X* xz X = G! and X x¢g X* = Z.
That is, X* is inverse to X. If we can compose bibundle actors, we can compose them
with bibundle equivalences as well, and the latter composition must be an equivalence.
Hence the existence of a composition of bibundle actors implies Proposition 7.4.5 and
thus Assumption 7.2.

Now consider also a map f: Z — Y such that fop: X — Y is a cover. Then X with
its usual left action of G and right action of Y by f o p is a covering bibundle functor
from G to Y, and hence a bibundle actor. Composing it with the equivalence X* gives the
bibundle functor Z —+ G — Y from the map f. This is a bibundle actor if and only if it is
a covering bibundle functor if and only if f is a cover. Thus Assumption 2.9 is necessary
for composites of bibundle actors to exist, and also for composites of covering bibundle
functors to remain covering bibundle functors.

7.17. BIBUNDLE FUNCTORS VERSUS ANAFUNCTORS.
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7.18. THEOREM. The construction of anafunctors from bibundle functors in Section 6.10
is part of an equivalence from the bicategory of bibundle functors to the bicategory of
anafunctors; this equivalence is the identity on objects.

This theorem requires Assumptions 2.8 and 7.3 in order for the bicategory of bibundle
functors to be defined. Related results for Lie groupoids and topological groupoids (with
suitable covers) are proved by Pronk [42] and Carchedi [11], see also [33]. Pronk develops
a general calculus of fractions in bicategories for such purposes.

PROOF. Let G and H be groupoids in (C, 7). We show first that the groupoid of anafunc-
tors from G to H with natural transformations of anafunctors as arrows is equivalent to
the groupoid of bibundle functors from G to H with G, H-maps between them as arrows.
Secondly, we check that this equivalence is compatible with the composition of arrows in
the appropriate weak sense.

The anafunctor associated to a bibundle functor X from G to H is (X,r, Fx), where
FY == s: X = H° on objects and Fg: X X, o, G' X g0, X — H! is determined by the
elementwise formula F}(g-z,g,7-h) = h for all x € X, g € G!, h € H! with s(g) = r(x),
s(z) = r(h) (see the proof of Proposition 6.11).

Conversely, let (X, p, F') be an anafunctor from G to H. We have built bibundle functors
from functors in Section 6.6. In particular, p.: G(X) — G gives a bibundle functor
X x,co, Gt from G(X) to G, and F': G(X) — H gives a bibundle functor X X o po,
H! from G(X) to H. The bibundle functor X x,co, G' from G(X) to G is a bibundle
equivalence (Example 6.9); exchanging the left and right actions on X x, o, G' gives a
quasi-inverse bibundle functor (X X, co, G')* from G to G(X). We map the anafunctor
(X, p, F) to the bibundle functor

B(X,p, F) = (X x,c0, G')* Xg(x) (X Xpopo, H').
This is the orbit space of the right action of G(X) on the fibre product
(X Xpco, G Xx (X Xpopo, H) 2 G' X gop X X po o, H!
with anchor map s(g,z, h) := x and

(1,21, h) - (21, g2, 72) = (91 '92,$2,F1($1>927$2)71 - h)

for all g1,90 € G', 1,25 € X, h € H! with s(g1) = p(z1) = r(g2), F(z1) = r(h),
p(xs) = s(go); the isomorphism above involves the inversion in G!, which exchanges the
source and range maps. The G, H-action on (X, p, F) is induced by the obvious G, H-
action

g1 (92,2, h1) - ha := (g1 - g2, @, I~ ha)

on G! Xs,GOp X X [0 HO ¢ HL.
We claim that these two maps between bibundle functors and anafunctors are inverse
to each other up to natural 2-arrows. First we start with a bibundle functor X, turn it
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into an anafunctor (X, r, Fx) and then turn that into a bibundle functor (G' X4 go X Xs o,
H')/G(X). We claim that the map

G' Xggo, X Xgpo, H' = X, (g,2,h) — g-x-h,

descends to an isomorphism 3(X,r, Fx) = X; it is clear that this isomorphism is a G, H-
map. We must show that (g1, 21, h1), (g2, T2, ha) € G Xg o, X Xg o, H! satisfy g1 -aq-hy =
ga - Ty - hy if and only if there is (z3,93,74) € G(X)' with s(g1,21,h) = r(x3, 93, 74)
and (g1, z1,h1) - (23,93, 24) = (g2, T2, he). First, s(g;, z;, hi) = x;, r(xs, g3, x4) = w3 and
s((g1,21,h1) - (23,93, 24)) = s(x3,93,24) = x4, SO we must have z; = x3 and xy = z4.
Moreover, the Gl-entry in (g1, 21, h1) - (23, g3, 24) is g1 - g3, SO we must have g3 = g; ' - go.
Since s(g; ") = r(g1) = r(g1 - @1 - hy) and r(ga) = r(gs - 2o - hy), this product is well-defined
if g, -2, -hy = gy - Ty - hy. Furthermore, r(g;" - g2) = s(g1) = r(z1) and s(g;* - g2) =
s(ga) = r(x3), so that (z1, 97" - g2, 22) € G(X)'. Unravelling the definition of Fx, we see
that (g1, 71, h1) - (21,91 - g2, 72) = (g2, T2, o) if and only if gy - 21 - hy = go - 2 - ho. This
proves the natural isomorphism of bibundle functors (X, r, Fx) = X.
Next we start with an anafunctor (X, p, F'), take the associated bibundle functor

Y = (Gl XS,GO,p X XFO,HO,r Hl)/G<X),

and construct an anafunctor from that. This anafunctor contains the cover ¢: Y —
G’ induced by the map G' x o, X Xpopo, H' — G% (g,2,h) + r(g), and a functor
E: G(Y) — H. This functor is described elementwise by E°([g,z,h]) = s(h) for g € G,
h € H', x € X with s(g) = p(x), F°(x) = r(h) and

El([gbxhhl]vgv [927I27h2]) = hl_l ' Fl(xlvgl_l g 92,1‘2) ' h2

for g, g1,90 € G, hy,he € HY, 21,29 € X with s(g;) = p(x;), F°(z;) = r(h;) for i = 1,2
and r(g) = r(g1), s(g) = r(g2); here [g, 2, h] stands for the image of (g,z,h) € G' X0,
X Xpopo, H' under the quotient map to Y. The constructions above show that there is
a unique functor E with these properties.

We describe a canonical natural transformation ¥ from (Y, ¢, F) to (X, p, F'); this is
a map from X X,co, Y to H' with suitable properties. Elementwise, ¥ is determined
uniquely by
Fl(3,9,7)

U(Z,[g, 2, k) = FNF,g,2) - h: s(h) 2 r(h) = FO(x) FO(z)
for 7,z € X, g € G, h € H! with s(g) = p(z), F°(x) = r(h), p(Z) = r(g). We must check
that this is well-defined and that it gives a natural transformation.

For well-definedness, we use that X x, co, Y is the orbit space of the G(X)-action on
X %60, G! X560 X X o o, H! on the last three legs; this follows as in the construction of
the left G-action on X XgY in the proof of Proposition 7.8. It is clear that W is well-defined
as amap X X, qo, G' X560, X Xpopo, H — H'. This map is G(X)-invariant because

Fl(fagl '927372) ) F1($1;92,$2)71 ~h= Fl(fagbfﬁ) “h
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for ,x1,79 € X, g1,92 € G', h € H! with p(Z) = r(g1), s(g1) = p(x1) = r(ge), F°(z1) =
r(h), s(ga) = p(a2), so that (z1,g2,29) € G(X) and (Z,¢1,21,h) € X Xpc0, G! Xsco,
X XFO,HO,r Hl.

Naturality of ¥ follows because for (Z;, gi, s, hi) € X X, o, G g0, X X po o, H for
i=1,2, g € G, with r(g) = p(%1), s(g) = p(Z2), the following diagram in H commutes:

h Fl(jlaglaxl) ~
s(hy) — r(hy) = FO(21) FO(i)
hi'F (a1, g7 9o, wz)hzw IFl(wh 91992, 72) IFl(fl, 9,72)
s(ha) — r(ha) = F(x2) FO()
ha Fl(f2,92,x2)

the two rows give ¥ and the left and right vertical maps give E' and F* for an arrow in
G(X X Go Y)

We have now constructed an equivalence between the groupoids of bibundle functors
and anafunctors from G to H. To check that we have an equivalence of bicategories,
it remains to show that the map from anafunctors to bibundle functors is compatible
with composition of anafunctors up to natural G, H-maps. The identity (ana)functor on
a groupoid G is clearly mapped to the unit bibundle functor on G.

The first step is to show that the composition of bibundle functors gives the usual
composition for ordinary functors. Let Fy: G — H and Fj: H — K be functors. Let S(Fy)
and S(F)) be the associated bibundle functors. We claim that S(F; o F3) is naturally
isomorphic to 3(Fy) xw (F) as a G, K-action. The underlying objects are G° XFfoFg,KO,rKl
for 5(F) o F,) and

(GO ><F207H07r Hl) XH (HO XF&KO,,. Kl)

for 5(F,) xy B(F}); the latter is the orbit space of a canonical H-action on
(GO XF2U7HO7r Hl) X Ho (HO XF{’,KO,r Kl) = GO XF20,HO,I’ H! ><F10057K07,, K.
The isomorphism is induced by the map
a: G° ><FQO,HO,r H! ><F{)os,KO,r K! — G XF{)OFS,KOJ Kl) (l’, h) k) = (J], Fll(h) ) k)?

for x € G° h € HY, k € K! with FY(z) = r(h), FY(s(h)) = s(F!(h)) = r(k). Since
r: H' — H° is a cover, so is the coordinate projection G° X 0 HO» H! — GY. The pull-back
of this cover along the coordinate projection G x FOORD KO, r K! — G is a cover as well,
and this pull-back is exactly . Thus « is a cover. We must also show that o induces an
isomorphism

0 1 0 1 0 1
(G X FYHOr H ) XH (H X FO KO, K ) — G X FOoF) KO r K"

We show that « is the bundle projection of a principal H-bundle. This means that if
(i, his ki) € G” X po o, H' X pocg o, K* for i = 1,2, then there is h € H' with

(‘TQ; h27 k2) = (l’l, h17 kl) : h = (xh h’l * h7F11(h>71 : kl)
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if and only if a((x1, hy, k1) = a(x2, ha, k). Indeed, the only possible choice is h = hi* - ho,
and this does the trick if and only if 2 = x5 and F}(hy) - ky = Fl(hs) - ko. This provides
an isomorphism

B(Fo) xu B(F1) & B(F) 0 Fy) (22)

for two functors F; and F5.

It is straightforward to see that the isomorphisms (22) turn  into a homomorphism
from the bicategory of functors to the bicategory of bibundle functors (see [28] for the def-
inition of homomorphisms between bicategories). Theorem 3.29 implies that S extends
to a homomorphism from the bicategory of anafunctors to the bicategory of bibundle
functors. This homomorphism acts on arrows and 2-arrows by the equivalences described
above, so these are part of a homomorphism. Thus we have got an equivalence of bicate-
gories. n

7.19. DECOMPOSING BIBUNDLE ACTORS. Let G and H be groupoids and let X be a
bibundle actor from G to H. We will decompose X into an ordinary actor from G to an
auxiliary groupoid K and a bibundle equivalence from K to H:

7.20. PROPOSITION. Assume Assumptions 2.8 and 7.3. Any bibundle actor is a composite
of an actor and a bibundle equivalence.

The groupoid K is defined using only the right H-action on X, in such a way that X
is a bibundle equivalence from K to G. The construction goes back to Ehresmann; for
locally compact groupoids, this construction is contained in [36, p. 5].

PRroOOF. The fibre product X X po ¢ X exists and the coordinate projections
Pri, pra: X Xgpos X = X

are covers because s: X — H® is a cover by assumption. We let K® := X/H and K! :=
(X Xsnos X)/H, where H acts diagonally on X X po s X, that is, (z1,22)-h := (21 -h,z2- h)
if 71,29 € X, h € H! with s(z;) = s(z2) = r(h). Assumption 7.3 ensures that this action
is basic because pr; and pr, are H-maps and the H-action on X is basic. The range and
source maps r,s: K} = K% are induced by the coordinate projections pr; and pr, above
and are covers by Proposition 5.9; here we need Assumption 2.8. Using Proposition 5.10,
we may identify

112

Kl XS,KO,r Kl ((X XS,HO,S X) XX (X ><S7|_|O7S X))/H

(X Xg,HO s X Xs,HO s X)/H

I

The multiplication map of K! is the map on the base induced by the H-map
(prl, pl’3>1 X ><57|.|07S X ><57H07s X=X Xs,HO,s X.

Proposition 5.10 also implies the isomorphisms (5) and (6) for K, so that K is a groupoid
in (C,T).
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We are going to construct a canonical actor from G to K. Let the groupoid G act
on X Xspos X by g (x1,22) 1= (g9 x1,72) for all g € G', z1,29 € X with s(g) = r(x1)
and s(z1) = s(x9); this is well-defined because s(g - 1) = s(x1). This G-action commutes
with the diagonal H-action and hence descends to a G-action on the H-orbit space K! by
Proposition 7.9. The resulting G-action on K! commutes with the right multiplication
action because g - [z1, 73] = [g- z1, 23] = (9 [v1, 23]) - [2, 23] for all g € G}, 1, w9, 3 € X
with s(g) = r(x1), s(z1) = s(xg) = s(x3).

We are going to construct a left K-action on X such that X becomes a bibundle equiv-
alence from K to H. Its anchor map is the bundle projection p: X — X/H. The ac-
tion (X Xgpos X)/H Xpx/mp X — X is induced by the map X Xgpo s X Xpx/mp X — X
that is given elementwise by (z1,22) - (x2 - h) = w1 - h for all xy,25 € X, h € H!
with s(z1) = s(x2) = r(h); this defines a map on X Xgpo s X Xpx/Hp X because there
is h € H' with 3 = x5 - h whenever 9,73 € X satisfy p(zy) = p(z3). We have
(X X HO s X)/H Xp,X/H,pX = (X Xs,HU,sX Xp,X/H,pX)/H7 where H acts on X Xs,HO,sX Xp,X/H,pX
by (z1, z2,x3) h := (x1-h,x9-h,x3). The multiplication map defined above is H-invariant
for this action, hence it descends to a map K! Xsx/Hp X — X

Let H act on K! X ko, X by (k,z) - h := (k,2 - h). This action is basic with

(K Xgkop X)/H 2 K" X ko, (X/H) 2K,
by Remark 7.11. Thus the H-map
K' Xokop X = X Xgpog X, (k,z) — (k-2,1), (23)

induces an isomorphism (K' xgyo, X)/H = (X xgnos X)/H on the bases of principal
H-bundles. Hence the map in (23) is an isomorphism as well by Proposition 5.9. Thus
s: X —» HY and the K-action on X form a principal K-bundle. Thus we have turned X into
a bibundle equivalence from K to H.

The actor from G to K is also a bibundle actor. Its composite with the bibundle
equivalence X from K to H is X as a right H-action because K! xx X = X for any bibundle
actor X from K to H. The induced action of G on the composite is the given one because
g-lvzl-x=[g-z,x] -z =g xforall g € G z € X, where we interpret [z,z] € K.
This shows that the actor and the bibundle equivalence constructed above compose to
the given bibundle actor X. [

We conclude that the category of bibundle actors is the smallest one that contains
both bibundle equivalences and actors and where the composition is given by xy.

Now let X be a covering bibundle functor. Equivalently, X is a bibundle actor and the
range map induces an isomorphism X/H = GY. In the above construction, this means
that K® = G, so that the actor from G to K acts identically on objects. Such actors are
exactly the ones that are also functors, by Proposition 4.21.

7.21. THE SYMMETRIC IMPRIMITIVITY THEOREM.
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7.22. THEOREM. Let G and H be groupoids and X a G, H-bibundle with basic actions of
G and H. This induces a left action of G on X/H and a right action of H on G\X, and X
becomes a bibundle equivalence from G x (X/H) to (G\X) x H.

PROOF. The induced G-action on X/H exists by Proposition 7.9. The bundle projection
s': X = X/H is a G-map. Hence the G-action on X and s’ combine to a left action of
G x (X/H) on X with anchor map s’ by Proposition 4.12. This left action is basic with
the same orbit space G\X by Corollary 5.17 and Lemma 5.18 because the G-action on X
is basic. Exchanging left and right, the same arguments give an H-action on G\X and a
basic right action of (G\X) x H on X with anchor map r’: X — G\X and orbit space X/H.
The actions of G x (X/H) and (G\X) x H on X commute because the actions of G and H
commute, s’ is H-invariant, and r’ is G-invariant. Hence they form a bibundle equivalence.

n

This theorem generalises the symmetric imprimitivity theorem for actions of locally
compact groups by Green and Rieffel [43] and provides many important examples of
bibundle equivalences between transformation groupoids.

7.23. EXAMPLE. Assume Assumption 2.10 and let G be a group in C. Let H — G
and K < G be “closed subgroups” of G; we mean by this that the restrictions of the
multiplication actions on G to H and K are basic. Since the left and right multiplication
actions commute, G is an H, K-bibundle. We get an induced bibundle equivalence H x

(G/K) ~ (H\G) x K.
7.24. CHARACTERISING COMPOSITES OF BIBUNDLE FUNCTORS.

7.25. PROPOSITION. Let G, H, K be groupoids in C. Let X: G — H, Y: H — K, and
W: G — K be bibundle functors. Then isomorphisms X xyY = W are in canonical
bijection with G, K-maps m: X Xgpo, Y = W with m(z - h,y) = m(z,h-y) for all x € X,
h e H', y €Y with s(x) = r(h), s(h) = r(y). If m is such a map, then m is a cover and
the following map is an isomorphism:

(pri,m): X Xgpno, Y = X X, co, W, (z,y) = (z,m(x,y)). (24)

PrOOF. Any G,K-map X xy Y — W is an isomorphism by Theorem 7.15. Since X xy Y
is the orbit space of an H-action on X Xspo, Y, a G,K-map X xy Y — W is equivalent
to an H-invariant G, K-map X Xgpo, Y — W. It remains to show that (24) is always an
isomorphism.

Since X is a principal H-bundle over G°, its pull-back X x, o, W along r: W — G is
a principal H-bundle over W with bundle projection pr, by Proposition 5.8; here H acts
on X X, co, W by s(z,w) =s(x) and (x,w) - h:= (z-h,w) for all z € X, w € W, h € H!
with r(z) = r(w), s(z) = r(h). By definition of the composition, X Xspo, Y — X xy Y is
a principal H-bundle as well. We compute that (pr;, m) is an H-map:

(pr17 m)((I7y) ’ h) = (prla m)(x ’ h7h_1 : y)
= (z-hmz-h,h"y)) = (z-hm(z,y)) = (z,m(z,y)) - h
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for all z € X, y € Y, h € H! with s(z) = r(y) = r(h). Proposition 5.9 shows that (24) is
an isomorphism if and only if the induced map X xy Y — W is an isomorphism.

Since r: X — G" is a cover, so is the induced map pry: X X, o, W = W. Composing
this with the isomorphism (24) shows that m is a cover. =

We have seen some special cases of the isomorphism (24) before. First, the condition
(6) in the definition of a groupoid is equivalent to G! x¢ G! = G!. Secondly, the condition
(17) for a principal bundle is equivalent to X xg G! = X for a principal G-bundle X — Z
viewed as a bibundle functor from Z to G. We will use this similarity to simplify the
description of the quasi-category of groupoids and bibundle functors in Section 8.

Condition (3”) in Definition 4.1 is also similar and corresponds to a variant of Propo-
sition 7.25 where we characterise the composite of a covering bibundle functor with a
groupoid action. This variant is also true, and the isomorphism in (3"”) in Definition 4.1
is equivalent to G! xg X = X for any left G-action X.

7.26. REMARK. The proof of Proposition 7.25 does not use Assumption 7.2. For any
subcanonical pretopology (C,T), if G, H, K are groupoids, X: G — H, Y: H — K and
W: G — K bibundle functors, and m: X Xgpo, Y — W an H-invariant G, K-map and a
cover such that (24) is an isomorphism, then m is the bundle projection of a principal
H-bundle, so that X xy Y exists and is isomorphic to W.

7.27. LOCALITY OF BASIC ACTIONS. We now reformulate Assumption 7.2 in a way
similar to the locality of principal bundles in Proposition 5.12.

Let G be a groupoid, X a right G-action, f: Z — Z a cover, Z,Z €€ C, and let
¢: X — Z be some G-invariant map. Then we may pull back X along f to a G-action X:
let X 1= Z x 7.2 X (this exists because f is a cover) and define the G-action on X by
s(z,z) ==s(z) and (z,2)- ¢ = (z,2-g) forall z € Z, z € X, g € G! with f(z) = o(z),
s(z) = r(g).

7.28. PROPOSITION. In the above situation, if X is a basic G-action, then so is X. Under
Assumption 2.9, Assumption 7.2 is equivalent to the following converse statement: in the
above situation, X is basic if X is.

ProoOF. If X is a basic G-action, let Zy be its base and p: X — Z; its bundle projection.
There is a unique map ¢o: Zg — Z with ¢g o p = ¢ because ¢ is G-invariant and p is
the orbit space projection by Lemma 5.3. Let Zy =7 x #2700 Lo Then X is naturally
isomorphic to the pull-back Z, Xpr,,Z0,p X The induced G-action on this together with the
projection to Zy is a principal bundle by Proposition 5.8. Thus X is basic if X is.
Conversely, assume that X is a basic G-action. First, we also assume that Assumptions
2.9 and 7.2 hold. Since f is a cover, so is pry: X — X. The map pr, is a G-map as well, so
the G-action and pr, give a right X x G-action on X by Proposition 4.12. This action is
basic by Corollary 5.17 and because the G-action on X is assumed basic. The advantage
of the right X x G-action over the right G-action is that its anchor map pr, is a cover.
Let H be the Cech groupoid of f. It acts on X on the left with anchor map pr; and
action (z1, 22) « (22, ) := (21, 2) for all z1, 2 € Z, x € X with f(z1) = f(2z2) = p(x). This
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action commutes with the right X x G-action. Thus X is a bibundle actor from H to G.
Proposition 7.10 allows us to compose bibundle actors. In particular, we may compose X
with the bibundle equivalence Z from Z to H (see Example 6.3). The composite is H\X = X
because the pull-back of the principal H-bundle Z — Z along ¢ gives a principal H-bundle
X — X.

Since the isomorphism is the coordinate projection, the induced X x G-action on X — X
is the one we started with. Since this composite of bibundle actors is again a bibundle
actor from Z to X x G, we conclude that X is a basic right X x G-action. Hence it is a
basic right G-action by Corollary 5.17. Thus being basic is a local property of groupoid
actions.

Now assume that basic actions are local. Let f: Z — Z be a cover and let G be
its Cech groupoid. Let X be a G-action. We want to show that X is basic as well, by
proving that it is locally basic. Composing the anchor map s: X — Z with f gives a
G-invariant map ¢ = fos: X — Z. The pull-back of the G-action X along f gives
X 1= X 7.5 Z with G-action by (z,2) - (21, 22) = (- (21, 22),2) forall x € X, 2, 21,2 € Z
with ¢(2) = f(2) = f(21) = (), % = s(a).

The multiplication m: X X4 go, G! = X is a cover by (3”) in Definition 4.1. Identifying

X Xs,GO,r Gl =X Xs,z,prl (Z Xf7z7f Z) =X Xfos,Z,f Z,
this cover becomes ¢: X — X, (x, 2) — z-(s(z), z). We claim that ¢ is the bundle projection
of a principal G-bundle. If (x1, z1), (2, 22) € X with @ - (s(z1), 21) = & - (s(22), 2), then
f(s(@1)) = f(z1), [(s(z2)) = [(22), and 21 = s(x1 - (s(21), 21)) = s(@2 - (s(22), 22)) = 2.
Thus

(z1,21) - (s(21),5(22)) = (21, 21) - (s(21), 21) - (22, 5(2))

= (22, 22) + (5(72), 22) - (22,5(72)) = (22, 22).

Furthermore, if (21, 21) - (23, 24) = (%9, 22), then z3 = s(x1) and z4 = s(x2), so (s(x1),s(x2))
is the unique element of G! with this property. Thus the map (17) is an isomorphism
and X — X is a principal G-bundle. Since X is the pull-back of the G-action X along the
cover f, any G-action is locally basic. Therefore, if all locally basic actions are basic, then
Assumption 7.2 follows. n

7.29. EQUIVALENCES IN BIBUNDLE FUNCTORS AND ACTORS.

7.30. PROPOSITION. Let G and H be groupoids and let X: G — H be a bibundle equiva-

lence in (C,T). Then there are canonical isomorphisms of bibundle equivalences X x yX* =
G! and/ X* xg X = H!.

PROOF. Since r: X — H is a left principal G-bundle, the map G' X¢go, X = X Xgpos X,
(9,x) — (x,g-x), is an isomorphism. The inverse is of the form (z1,z3) — (21, m(z1, x2))
for a map m: X xgpos X — Gl Identifying X Xgpos X = X Xgpo, X*, the criterion of
Proposition 7.25 applied to m shows that X xy X* = G!. Explicitly, the isomorphism is
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induced by m, so it maps the class of (z1,x3) € X Xgpo, X* to the unique g € G! with
g- Ty = 27.
The same reasoning for X* instead of X gives X* xg X = H!, ]

7.31. THEOREM. The equivalences in the bicategory of bibundle functors and bibundle
actors are exactly the bibundle equivalences. Furthermore, if Y: H — G is quasi-inverse
to X: G — H, then Y = X* is obtained from X by exchanging left and right actions.

We require Assumptions 2.8 and 7.3 for the bibundle functor case and Assumptions
2.9 and 7.2 for the bibundle actor case because otherwise the bicategories in question need
not be defined (Theorem 7.15).

PRrROOF. The bicategories of bibundle functors and anafunctors are equivalent by Theo-
rem 7.18. By Theorem 3.35, the equivalences in the bicategory of anafunctors are exactly
those anafunctors that lift to ana-isomorphisms. Since the equivalence to bibundle func-
tors maps ana-isomorphisms to bibundle equivalences, the equivalences in the bicategory
of bibundle functors are exactly the bibundle equivalences.

Without Assumption 2.8 something goes wrong at this point because a fully faith-
ful functor that is only almost essentially surjective but not essentially surjective is an
equivalence in the bicategory of anafunctors, but the associated bibundle functor is not a
bibundle equivalence by Proposition 6.8.

It is clear that bibundle equivalences are equivalences in the bicategory of bibundle
actors. Conversely, let X be an equivalence in this bicategory. Proposition 7.20 decom-
poses X as a composite of a bibundle equivalence and an actor. Thus it suffices to show
that an actor that is an equivalence in the bicategory of bibundle actors is already an
isomorphism of categories.

Let m: G! xg o, H' — H! be an actor that is an equivalence in the bicategory of
bibundle actors. We write ,H! for the bibundle actor described by m. Let Y be its quasi-
inverse. Thus nH' x4 Y & G! as G, G-bibundles. Since there is a natural isomorphism of
right G-actions H! xyY 2 Y, we get Y = G! as a right G-action. Thus Y is an actor. When
we view actors as bibundle actors, the 2-arrows are exactly the G, H-maps H* — H!. These
are the same 2-arrows that we already used in the bicategory of actors. Any equivalence
in this bicategory is an isomorphism of categories by Proposition 4.26. Since the 2-arrows
are the same in both bicategories, we conclude that our original actor is an isomorphism
of categories. n

8. The quasi-category of bibundle functors

Let C be a category with a pretopology 7 that satisfies Assumptions 2.8 and 7.3. Theo-
rem 7.15 shows that groupoids in (C,7) with bibundle functors as arrows and G, H-maps
as 2-arrows form a bicategory with invertible 2-arrows, that is, a (2, 1)-category. Its nerve
is a quasi-category (an (oo, 1)-category) in the sense of Boardman—Vogt [3] and André
Joyal [25], that is, a simplicial set satisfying all inner Kan conditions; furthermore, coming
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from a bicategory, it satisfies inner unique Kan conditions in dimensions above 3. This
quasi-category contains essentially the same information as the bicategory.

We are going to describe this quasi-category in a more elementary way, without men-
tioning groupoids and bibundle functors. The main point is the similarity between the
conditions (17), (6) and (24) in the definitions of groupoids, principal bundles, and the
composition of bibundle functors. An n-simplex in &t consists of

e X,ececCfor0<i<n;

o X;;ecClor0<i<j<m

o r; € C(Xi;,X;) and s;; € C(X;;, X;) for 0 <i < j <m;

o myjr € C(Xyj X x50 Xjky Xir) for 0 < i < j <k <n;
such that the following conditions hold:

(1) rij is a cover for all 0 <4 < j < n; hence the domain Xj; Xs; x;r, Xjr of My is
well-defined;

(2) si; is a cover for all 0 <7 < n;

(3) rikomyr = rijopr; and sy oMy = Sj; 0pry on X X x, Xy, forall0 <@ < j <k < n;
briefly, r(z - y) = r(x) and s(z - y) = s(y);

(4) (associativity) for 0 < < j < k <[ < n, the following diagram commutes:

idx,; Xx, Mk

Xij Xx; Xjg Xx, Xt Xij Xx; X;
Mijk XX, ikal J lmijl
Mkl
Xik X X}, X X

briefly, (x-y) -z =z (y- 2);
(5) the following maps are isomorphisms for all 0 <i < j <k <n withi=jor j = k:
(Proi, mijr) s Xij Xsi X Xik = Xij Xvps X Xiks (x,y) — (z,2-y),
(6) the following maps are isomorphisms if 0 <i=j =k < n:

(mijk7 pr2): X’Lj Xsij,Xj,rjk Xjk‘ — X’Lk Xsilek:Sjk X]]f) (‘1.7 y) — (.T : y7y)
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An order-preserving map ¢: {0,...,n} — {0,...,m} induces ¢*: &t,, — Br,: take
Xo)s Xolio(): Teleli)s Se@el): Mp(ip()e()- Thus B, is a simplicial set.

Why is this the nerve of the bicategory of bibundle functors?

To begin with, for each 0 < ¢ < n, there is a groupoid G; with objects X; and
arrows Xj;;, range r;, source s;, and multiplication m;. The conditions above for equal
indices amount to the conditions of Definition 3.4.

Next, X, with left anchor map r;: X; — X, right anchor map s;: X; — X, left
action m;; and right action my; is a G;, Gi-bibundle; the associativity condition (4) for
1 = j = k < [ says that the left action is associative, the one for ¢« < j = k = [ says
that the right action is associative, the one for ¢ = 7 < k = [ says that both actions
commute; (5) for i = j < k says that the left G;-action satisfies (3”') in Definition 4.1;
(5) for i < j = k implies that the right G;-action satisfies condition (3”) in Definition 4.1,
compare the proof of Lemma 5.3.

The conditions (1) for i < k and (5) for ¢ < j = k say that the right Gi-action on X
with bundle projection r;.: X;, — X; is a principal bundle; thus Xj;; is a bibundle functor
from G; to Gg. By construction, Xj;; is the identity bibundle functor on G;.

The associativity conditions (4) for 0 <i=j<k<I<n, 0<i<j=k<I[<n,
and 0 <7 < j <k =1<nand (3) say that the maps mjr: Xy xx;, Xjz — Xy are
Gj-invariant G;, Gy-maps. Hence they induce isomorphisms of G;, Gi-bibundles

Mijk: Xij Xa; Xjk — Xik

by Proposition 7.25. Proposition 7.25 also shows that the maps m;;; are covers for all
0 <i<j<k<nand that the map in (5) is an isomorphism also for i < j < k.

By construction, myy,: G xg, Xi — Xip and my,: Xix X, Gt — X are the canonical
isomorphisms. Finally, for 0 < ¢ < j < k <[ < n, the associativity condition (4) is
equivalent to the following commutative diagram of isomorphisms of bibundle functors:

idx,; Xg, Mjx
Xij Xa; Xjk Xa;, Xk Xij Xa; X;
Mijk X, idx,, l . lmijl
Mkl

Xij xe; Xt X;

Rewriting our n-simplices in terms of the groupoids G;, bibundle functors X;;: G; — G;
and isomorphisms of bibundle functors m;j;;: Xj; Xg; Xjk — X gives us precisely the
definition of the nerve of the bicategory of bibundle functors. It is well-known that the
nerve of a bicategory satisfies the Kan condition Kan(2, 1) and the unique Kan conditions
Kan!(n,j) forn >3 and 1 < j <n—1 (and also for n > 5 and j =0 or j = n). Of
course, this only holds under Assumptions 2.8 and 7.2 because otherwise we do not have
a bicategory.

The quasi-category associated to the sub-bicategory of covering bibundle functors is
defined similarly; in addition, we require the maps s;; to be covers for all 0 <7 < j < n.
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The quasi-category associated to the sub-bicategory of bibundle equivalences is defined
similarly, with the following extra conditions:

e the maps s;; should be covers for all 0 <i < j <mn;

e the maps in (5) and (6) should be isomorphisms if 0 <i < j <k <mnandi=jor
Jj=k.

With this symmetric form of the above axioms, we may reverse the order of 0,...,n and
thus show that s;;: X;; = X is a principal G;-bundle.

Proposition 7.25 shows that the maps in (5) and (6) are automatically isomorphisms
if 0 <i < j <k <nif this is assumed for ¢ = j or 7 = k. So for the quasi-category
of bibundle equivalences, we may require (5) and (6) for all 0 < i < j < k < n. This
stronger condition is less technical and provides a very satisfactory description of the quasi-
category of groupoids in (C,7) with bibundle equivalences. Since bibundle equivalences
are invertible up to 2-arrows, this is a weak 2-groupoid. Thus the corresponding quasi-
category also satisfies the outer Kan conditions Kan(2, j) for j = 0,2 and Kan!(n, j) for
n>3,7=0n.

9. Examples of categories with pretopology

In this section, we discuss pretopologies on different categories and check whether they
satisfy our extra assumptions. We also describe basic actions in each case. We begin with
a trivial pretopology on an arbitrary category.

9.1. EXAMPLE. Let C be any category and let 7 be the class of all isomorphisms in C.
This is a subcanonical pretopology satisfying Assumptions 2.8 and 2.9. All groupoids in
(C,T) are 0-groupoids by Example 3.11, so there are no interesting examples of groupoids.
Assumptions 7.2 and 7.3 are trivial. Assumption 2.10 on final objects usually fails.

In this section, unlike the previous ones, elementwise statements are meant naively,
with elements of sets in the usual sense. Since all our examples are concrete categories,
these naive elements suffice.

9.2. SETS AND SURJECTIONS. Let Sets be the category of sets.

9.3. PROPOSITION. The class Towj of surjective maps in Sets is a subcanonical, saturated
pretopology satisfying Assumptions 2.8, 2.9, 7.2, and 7.3. The subcategory of non-empty
sets satisfies the same assumptions and also Assumption 2.10.

Thus all the theory developed above applies to groupoids in (Sets, 75j). We are going
to prove this and characterise basic actions in (Sets, Tsuj)-

The category Sets is complete and therefore closed under fibre products. In the fibre-
product situation (2), if g: U — X is surjective, then so is the induced map pr;: Y X x,
U — Y. The isomorphisms in Sets are the bijections and belong to Tgyj. Let fi: X =Y
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and fy: Y — Z be composable maps. If f; and f5 are surjective, then so is f5 o f;. Thus
surjective maps in Sets form a pretopology.

If fy 0 fi is surjective, then so is f,. Hence the pretopology 7w is saturated, and
Assumptions 2.9 and 2.8 follow. A map in Sets is a coequaliser if and only if it is surjective.
Thus the pretopology 7suyj is subcanonical, and it is the largest subcanonical pretopology
on Sets. Any set with a single element is a final object, and any map to it from a non-
empty set is surjective, hence a cover. Hence Assumption 2.10 holds for non-empty sets,
but not if we include the empty set. Since a fibre-product of non-empty sets along a
surjective map is never empty, surjections still form a pretopology on the subcategory of
non-empty sets, and it still satisfies the same assumptions. Since Assumption 2.10 does
not play an important role for our theory, it is a matter of taste whether one should
remove the empty set or not.

A groupoid in (Sets, Tqyj) is just a groupoid in the usual sense; the surjectivity of
the range and source maps is no condition because the unit map is a one-sided inverse.
Since Sets has arbitrary colimits, any G-action X has an orbit set X/G (Definition 5.2).
The canonical map X — X/G is always surjective.

9.4. DEFINITION. A groupoid action in Sets is free if for each x € X, the only g € G!
with s(x) =r(g) and x - g = x is g = 1sa).

9.5. PROPOSITION. A groupoid action in (Sets, Towj) s basic if and only if it is free.

PROOF. Let G be a groupoid and X a G-action in (Sets, Tsuyj). The canonical map p: X —
X/G is a cover. We have p(x;) = p(z3) for 1,25 € X if and only if there is g € G! with
s(z1) =r(g) and ;1 - g = z2. Thus the map X Xsgo, G = X X, x/6, X is surjective. It is
injective if and only if the action is free. n

Hence a groupoid G in (Sets, Tqy;) is basic if and only if all g € G! with s(g) = r(g)
are units. Equivalently, G is an equivalence relation on G°.

We may now finish the proof of Proposition 9.3 by showing that any action of a Cech
groupoid in Sets is basic. Let G be a Cech groupoid and let X be a G-action. If z € X,
g € G' satisfy s(x) = r(g) and 2 - g = x, then s(g) = s(z - g) = s(z) = r(g). Then g = 14

because G is a Cech groupoid. Thus the G-action X is free; it is basic by Proposition 9.5.
This verifies Assumptions 7.2 and 7.3 for (Sets, Tou)-

9.6. PRETOPOLOGIES ON THE CATEGORY OF TOPOLOGICAL SPACES. Let Top be the
category of topological spaces and continuous maps. This category is complete and co-
complete. In particular, all fibre products exist and any groupoid action has an orbit
space. There are several classes of maps in Top that give candidates for pretopologies:

(1) quotient maps
(2) biquotient maps (also called limit lifting maps)

(3) maps with global continuous sections
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4) maps with local continuous sections
5) maps with local continuous sections and partitions of unity
6) closed surjections
7) proper surjections

8) open surjections

(
(
(
(
(
(

9) surjections with many continuous local sections
(10) étale surjections

We shall see that quotient maps and closed surjections do not form pretopologies. The
other classes of maps all give subcanonical pretopologies that satisfy Assumptions 2.8
and 2.9. Assumption 2.10 about final objects fails for proper maps and étale maps and
holds for the remaining pretopologies, if we remove the empty topological space. The
pretopologies (2)—(5) are saturated, (7)—(10) are not saturated. Assumption 7.2 and
hence also Assumption 7.3 hold in cases (3)—(5) and (8)—(10). Assumption 7.2 fails for
biquotient maps; we do not know whether Assumption 7.3 holds for biquotient maps.

QUOTIENT MAPS.

9.7. LEMMA. A continuous map f: X — Y is a coequaliser in Top if and only if it is a
quotient map, that is, f is surjective and A C'Y is open if and only if f~1(A) is open.

PROOF. Let g1, 92: Z == X be two maps. Let ~ be the equivalence relation on X generated
by g1(2) ~ g2(2) for all z € Z. Equip X/~ with the quotient topology. The coequaliser of
g1, go is the canonical map X — X/~. Thus coequalisers are quotient maps. Conversely,
let f: X — Y be a quotient map and define an equivalence relation ~ on X by x; ~ x5
if and only if f(z1) = f(z2). Since f is a quotient map, the induced map X/~ — Y is
a homeomorphism. Viewed as a subset of X x X, we have ~ = X x;y; X. Thus f is a
coequaliser of pr,pry: X Xsy X = X. n

There are a quotient map f: X — Y and a topological space Z such that f xidy is no
longer a quotient map, see [30, Example 8.4]. Thus the pull-back of f along the quotient
map pry: Y X Z — Y is not a quotient map any more. This shows that quotient maps do
not form a pretopology on Top. The spaces in [30, Example 8.4] are Hausdorff spaces, so
it does not help to restrict from Top to the full subcategory Haus-Top of Hausdorff spaces.

BIQUOTIENT MAPS.

9.8. DEFINITION. [30] Let f: X — Y be a continuous surjection. It is a biquotient map
if for every y € Y and every open covering U of f~(y) in X, there are finitely many
U €U for which the subsets f(U) cover some neighbourhood of y in'Y.
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9.9. DEFINITION. [[19,20]] The map f is limit lifting if every convergent net in'Y lifts to
a convergent net in X. More precisely, let (I,<) be a directed set and let (y;)ic; be a net
in'Y converging to some y € Y. A lifting of this convergent net is a directed set (J, <)
with a surjective order-preserving map ¢: J — I and a net (x;) ey in X with f(x;) = ye(j)
for all j € J, converging to some x € X with f(x) =y.

9.10. PROPOSITION. [30] Biquotient maps are the same as limit lifting maps.

We will use both characterisations of these maps where convenient.

9.11. PROPOSITION. The biquotient maps Tpiqu form a subcanonical, saturated pretopol-
ogy that satisfies Assumptions 2.8, 2.9, but not Assumption 7.2. It satisfies Assump-
tion 2.10 if we remove the empty space from the category.

PROOF. It is clear that isomorphisms are limit lifting. Let fi: X — Y and fo: Y — Z be
composable maps. If f; and f, are limit lifting, then so is f; o f; by lifting in two steps;
and if f5 o f is limit lifting, then so is f5 by first lifting a convergent net along f5 o f;
and then applying the continuous map f;. Thus we have a saturated pretopology, and
Assumptions 2.8 and 2.9 follow.

Next we claim that pull-backs inherit the property of being limit lifting. In the fibre-
product situation (2), assume that g: U — X is limit lifting. Let (v;);e; be a net in Y that
converges to some y € Y. Then f(y;) converges to f(y) in X. Since g is limit lifting, there
is an order-preserving surjection ¢: J — I and a net (u;);cs in U with g(u;) = f(Yu0))
for all j € J, converging to some u € U with g(u) = f(y). Then (y,(),u;) is a net in
Y X x4 U that converges towards (y,w). Thus pry: Y Xfx,U — Y is limit lifting. This
completes the proof that Ty;q, is a pretopology. Limit lifting maps are quotient maps,
hence coequalisers, so this pretopology is subcanonical.

A space with a single element is a final object in Top, and any map from a non-empty
space to it is limit lifting. Thus Assumption 2.10 holds if we exclude the empty space. The
following counterexample to Assumption 7.2 will finish the proof of Proposition 9.11. =

9.12. ExXAMPLE. We first recall [30, Example 8.4]. Let X be the disjoint union of X; =
(0,1) and X, = {0, 1, %, T,...}. Let 71 be the obvious topology on X: X; and X, are open
and carry the subspace topologies from R. We will later introduce another topology 7,
on X.

Let Y be the quotient space of X by the relation that identifies % in X; and X5, and
let f: X — Y be the quotient map. This is a quotient map that is not limit lifting. As a
set, Y = [0,1). The topology on Y is the usual one on the subset (0,1); a subset U of Y’
with 0 € U is a neighbourhood of 0 if and only if there are ng € N and ¢, > 0 for n > ny
with Uy (£ — €0, 1+ 6,) C U.

We now define another topology 7 on X for which the map f: (X, ) — Y is limit
lifting. The subset X; U X5 \ {0} is open in both topologies 71 and 79, and both restrict
to the same topology on X; U X5 \ {0}. A subset U C X is a my-neighbourhood of 0 if
U N X5 is a neighbourhood of 0 and there are ng € N and €, > 0 for all n > ng such that
U (1 — €n, % + en) \ {%} C U. This uniquely determines the topology 7.

n>ng \ n
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On the open subset (0,1) C Y, the inclusion of X; into X gives a continuous section
for f|f-1(0,1); hence a net in Y that converges to some element of (0,1) lifts to a net
in X; C X that converges in both (X, 7) and (X, 7). Let now (y;);cr be a net in Y
converging to 0. We lift it to a net in X by lifting y; to y; € X5 if y; € X5, and to y; € X,
if y; ¢ X5. This net in X converges to 0 € X5 in the topology 7.

The topology 7, is finer than 75, that is, the identity map on X is a continuous map
(X, 1) — (X, 72). We claim that the identity map

(X, 1) Xpyp (X)) = (X, 71) Xy (X, 72) (25)

is a homeomorphism. That is, the topologies 71 and 7, pull back to the same topology on
(X, 71) X sy sX along the quotient map f: (X, 1) — Y. This also shows that the locality
of isomorphisms, Proposition 2.5, fails for quotient maps in Top; this is okay because they
do not form a pretopology.

To prove that the map in (25) is a homeomorphism, we show that any net in X Xy
X C X x X that converges for 7 x 75 also converges for the topology 7 X 71. A net in
X Xy X is a pair of nets (z1;) and (xq;) with f(x1;) = f(z2;). We assume that (xy;, xq;) is
T1 X Te-convergent to (x1,z3). Equivalently, x1; has 7-limit x; and (xy;) has 7o-limit 5.
We must show that xy; also converges to x5 in the topology 7. This is clear if x5 # 0 € X5
because the topologies 7, and 7, agree away from 0. Thus we may assume z; = x5 = 0.
Since X3 is 7-open, we have x1; € Xy for almost all 7; hence also f(xy;) = f(z1;) € Xo.
Since the points % in X; are excluded from the m-neighbourhoods of 0 and x5; converges
to 0 in 7o, this implies z5; € X5 for almost all @ as well. Since f|x, is injective, we get
x1; = xo; for almost all 4, so (zy;) converges in 7.

Now let G be the Cech groupoid of the limit lifting map (X,72) — Y. The action
of G on its orbit space (X, ) is basic in (Top, Triqu) by Example 5.6. The same action
on (X, 7) is still a continuous action: the anchor map (X, 71) — (X, 72) is continuous,
and the action map

(X, 70) X g s (X,7) = (X,71) xx ((X,7) x5 (X, 7)) 25 (X, 7)

is continuous because of the homeomorphism (25). This action is, however, not basic
because the orbit space projection (X, 71) — (X, 71)/G =2 Y is not in Tyiqu. If this action
were basic, it would contradict Proposition 5.9 because the G-actions on (X, 71) and (X, 72)
have the same orbit space Y.

We do not know whether Assumption 7.3 holds for (Top, Tpiqu). A counterexam-
ple would have to be of different nature because a continuous bijection that is also a
(bi)quotient map is already a homeomorphism.

9.13. PROPOSITION. The pretopology of biquotient maps is the largest subcanonical pre-
topology on Top.
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PRrooOF. We claim that a continuous map f: X — Y is biquotient if and only if pr; : Zx gy ¢
X — Z is a quotient map for any map g: Z — Y. We have already seen that biquotient
maps form a pretopology; in particular, if f is biquotient, then pr;: Z X,y ¢ X — Z is
biquotient and thus quotient. The converse remains to be proved. It implies the proposi-
tion because the covers of a subcanonical pretopology on Top must be quotient maps by
Lemma 9.7, hence biquotient by our claim.

Assume that pr; is a quotient map for any map ¢g: Z — Y, although f is not biquo-
tient; we want to arrive at a contradiction. By assumption, there are y,, € Y and an
open covering U of f~(ys) such that for any finite set F C U, Uyep f(U) is not a
neighbourhood of ... Let I be the set of pairs (F,V) for a finite subset ' C U and an
open neighbourhood V' of y,, in Y. We order I by (F1,Vy) < (Fy, Vs) if F} C F, and
Vi D Va; this gives a directed set. By assumption, V' \ Upyep f(U) # 0 for all (F,V) € I;
we choose ypy in this difference. Since ypy € V, limypy = Yoo-

Let I := I U {oo}, topologised so that any subset of I is open and a subset W
containing oo is open if and only if there is ¢ € I with 7 € W for all j > 7. Let

Z ={(i,y) e I" xY |y =y}

be the graph of the function I > i — y; € Y, equipped with the subspace topology; let
g: Z — Y be the second coordinate projection. We identify

Zxgys X Z{(l,z) e I" x X | f(z) =w},  (Ly,x) = (i,2),

for (i,y) € Z, x € X with f(x) = g(i,y) = y. This bijection is a homeomorphism for the
subspace topologies from Z x X C It xY x X and I x X.

The subset S := Z \ {(00,¥ys0)} in Z is not closed because lim;e;(7,y;) = (00, Yoo)-
Since the coordinate projection Z X,y s X — Z is assumed to be a quotient map, the
preimage S of S is not closed in Z Xgv,; X. Hence there is a net (i;,z;);es in S that
converges in Z x4y s X towards some point in the complement of S , that is, of the form
(00, Too) With zo € X such that f(ze) = yoo. That is, limi; = oo in I* and limz; = x
in X. We have f(z;) = y;; because (ij,2;) € Z X4y, X.

Since U is an open covering of f~!(ys) and f(Ts) = Yoo, there is U € U with x,, € U.
Then also x; € U for sufficiently large j € J. Since ¢; — oo, there is j, € J with
i; > ({U},Y) for all j > jo; thus y;; & f(U) for j > jo. Then z; ¢ U for j > jo, a
contradiction. Hence the coordinate projection Z X,y s X — Z cannot be a quotient
map. [

9.14. REMARK. There are several other notions of improved quotient maps, such as
triquotient maps (see [15,32]). Triquotient maps also form a subcanonical pretopology
satisfying Assumptions 2.8 and 2.9. The biquotient map (X, 75) — Y is a triquotient map
as well, however. Thus the same counterexample as above shows that Assumption 7.2
fails for the pretopology of triquotient maps. The surjective open maps form the largest
pretopology on Top for which we know Assumption 7.2.
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Now we consider groupoids in (Top, Tpiqu). Any map with a continuous section is limit
lifting. Since the unit map is a section for the range and source maps in a groupoid, the
condition that r and s be limit lifting is redundant in the first definition of a groupoid. In
the second definition of a groupoid, it is enough to assume that r and s are both quotient
maps: this suffices to construct a continuous unit map, which then implies that r and s
are limit lifting.

The category Top has arbitrary colimits, so X/G exists for any G-action X; it is the
set of orbits X/G with the quotient topology.

9.15. PROPOSITION. Let T be any subcanonical pretopology on Top. Let G be a groupoid
and X a G-action in (Top,T).
The G-action X is basic if and only if it satisfies the following conditions:

(1) the G-action X is free;

(2) the map X Xpx/6p X — G' that maps x1, 22 € X in the same orbit to the unique
g € G with s(x1) = r(g) and z; - g = x4 is continuous;

(3) the orbit space projection X — X/G is in T .

The first two conditions hold for any G-action of a Cech groupoid of a cover in (Top,T).

ProoOF. By Lemma 5.3, the bundle projection for a basic action must be the orbit space
projection p: X — X/G. For a basic action, this must be a cover. The continuous map
X Xsgo, Gt = X Xpx/6p X, (2,9) — (x,2 - g), is surjective by the definition of X/G. It is
bijective if and only if it is injective if and only if the action is free (see Proposition 9.5).
In this case, the inverse map sends (z1,75) € X? with p(z;) = p(x3) to (z1,g) for the
unique g € G! with s(x;) = r(g) and 1 - g = x5. This inverse map is continuous if and
only if the map (x1,z5) — ¢ in (2) is continuous. Hence the action is basic if and only if
(1)—(3) hold.

Let G be the Cech groupoid of a cover f: Y — Z. Let (21,25) € X be in the same
G-orbit. Then any g € G' with s(z1) = r(g) and z; - g = 2o will satisfy s(g) = s(z; - g) =
s(xq), hence g = (s(x1),s(x2)). This is unique and depends continuously on xy, x5, giving
(1) and (2) above. "

Hence the only way that Cech groupoid actions in (Top,7) may fail to be basic is by
the orbit space projection not being a cover.

9.16. EXAMPLE. We construct a free groupoid action in (Top, Tuiqu) that satisfies (3) in
Proposition 9.15, but not (2). Let Ry be R with the discrete topology. The translation
action of R; on R with the usual topology is free. Its orbit space has only one point, so
the map R — R/R; is a cover. Condition (2) is violated, so the action is not basic.

The transformation groupoid of the non-basic action in Example 9.12 satisfies (1)
and (2) in Proposition 9.15, but not (3).
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HAUSDORFF ORBIT SPACES. We now replace Top by its full subcategory Haus-Top of
Hausdorff topological spaces. The proof of Proposition 9.13 still works in this subcategory,
showing that the biquotient maps form the largest subcanonical pretopology on Haus-Top.
A groupoid in (Haus-Top, Thiqu) is the same as a groupoid in (Top, Tpiqu) with Hausdorff
spaces G and G'. A G-action for a Hausdorff groupoid on a Hausdorff space is basic in
(Haus-Top, Triqu) if and only if it is basic in (Top, Thiqu) and the orbit space is Hausdorff.
This is not automatic:

9.17. EXAMPLE. Let X := [0, 1]JU][0, 1] and let Y be the quotient of X by the relation that
identifies the two copies of (0,1]. This is a non-Hausdorff, locally Hausdorff space. The
quotient map X — Y is open and hence biquotient. Therefore, its Cech groupoid is basic
in (Top, Tviqu) (Example 5.6). This Cech groupoid is also a groupoid in (Haus-Top, Triqu)
because its object space G® = X and arrow space G} = X xy X C X x X are both
Hausdorff. Since its orbit space is non-Hausdorff, it is not basic in (Haus-Top, Tiqu)-

9.18. PROPOSITION. Let f: X — Y be a biquotient map. The space Y is Hausdorff if
and only if the subset X Xsy X C X x X is closed.

Proor. If Y is Hausdorff and f: X — Y is continuous, then

X Xpyp X ={(71,72) € X x X | f(z1) = f(22)}

is closed: if (z1,29) € X x X with f(z1) # f(x2), then there are neighbourhoods U; of
f(x;) in Y for i = 1,2 with U; N Uy = () because Y is Hausdorff; then f~1(U;) x f~1(Us)
is a neighbourhood of (x1, ;) in X x X that does not intersect X xy ; X.

It remains to show that Y is Hausdorff if X x;y s X is closed in X x X and f is
biquotient. We choose y, 1y’ € Y with y # 3 and try to separate them by neighbourhoods.
If z,2" € X satisfy f(xz) = y and f(2') = ¢/, then (x,2') ¢ X Xy X, so there are
open neighbourhoods U, ,» and U, ,, of z and 2, respectively, with U, . X U, , N X Xy ¢
X = 0; that is, f(Upe) N f(U,,) = 0. Choose such neighbourhoods for all (z,2') €
f(y) x f71(y'). For fixed z, the open sets Uy, ,, for 2’ € f~(y') cover f~'(y/). Since f
is biquotient, there is a finite set A, C f~'(y') such that V, = Upea, f(U, ) is a
neighbourhood of ¢ in Y.

Let U, := Nyea, Uz This is an open neighbourhood of = because A, is finite.
We have f(U,) N f(U,,) = 0 for all 2’ € A, and hence f(U,) NV, = ). Since f is
biquotient and the open subsets U, cover f~!(y), there is a finite subset B C f~!(y)
such that U,ep f(U,) is a neighbourhood of y in Y. The finite intersection M,cp V, is a
neighbourhood of ¥ in Y. These two neighbourhoods separate y and y'. [

9.19. COROLLARY. A topological space X is Hausdorff if and only if the diagonal is a
closed subset in X x X.

PrOOF. Apply Proposition 9.18 to the identity map. [
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The following definitions are needed to characterise when the orbit space of a basic
action in (Top, Tpiqu) is Hausdorff.

9.20. DEFINITION. [4, 1.10.1], “application propre” A map f: X — Y of topological
spaces is proper if f xidgz: X X Z =Y X Z is closed for any topological space Z .

9.21. DEFINITION. An action of a topological groupoid G on a topological space X is
proper if the map

><><s,GO,r G1 —>X><X, (:lT,g) = ($7$'g)a (26)

is proper. A groupoid G is proper if its canonical action on G° is proper, that is, the map
(r,s): Gt — G% x GY is proper.

A map from a Hausdorff space X to a Hausdorff, locally compact space Y is proper if
and only if preimages of compact subsets are compact ([4, Proposition 7 in 1.10.3]).

9.22. PROPOSITION. Let T be any subcanonical pretopology on Haus-Top. Let G be a
groupoid and X a G-action in (Haus-Top, T). The G-action X is basic in (Haus-Top, T) if
and only if it satisfies the following conditions:

(1) the G-action X is free;
(2) the G-action X is proper;
(3) the orbit space projection X — X/G belongs to T .

The first two conditions hold for any action of a Cech groupoid in (Haus-Top, T).

PROOF. Since Tyiqy is the largest subcanonical pretopology on Haus-Top, all covers in T
are biquotient. Thus a basic G-action in (Haus-Top,7T) is still basic in (Top, Tpiqu); fur-
thermore, its orbit space X/G is Hausdorff, and the orbit space projection p: X — X/G is
in 7. Conversely, these three conditions imply that the action is basic in (Haus-Top, 7).

Proposition 9.15 describes when the action is basic in (Top, Tpiqu). An injective con-
tinuous map is proper if and only if it is closed, if and only if it is a homeomorphism
onto a closed subset (see [4, 1.10.1, Proposition 2]). Thus a free action is proper if and
only if the bijection X X go, Gl - X Xpx/G,p X is a homeomorphism and X xpx,cp X is
closed in X x X. The first part of this is the second condition in Proposition 9.15, and the
closedness of X X, o , X in X x X is equivalent to X/G being Hausdorff by Proposition 9.18
because p is biquotient. Now it is routine to see that (1)—(3) above characterise basic
actions in (Haus-Top, T).

The first two conditions in Proposition 9.15 are automatic for actions of Cech groupoids
in (Top, Thiqu)- It remains to show that X X, x,g, X is closed in X x X for any action of a

Cech groupoid in (Haus-Top, Thiqu). Let Y and Z be Hausdorff spaces and let f: Y — Z

be a biquotient map with Cech groupoid G. Thus Y = G’ and the anchor map on X is a
map s: X — Y. Since Z is Hausdorff,

X xz X = {(1,22) € XX X[ f(s(21)) = f(s(x2))}
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is a closed subset of X x X. If (z1,22) € X xz X, then (s(x1),s(x2)) € G, so 2 =
x1 - (s(x1),s(x2)) € X is defined. This is the unique element in the orbit of x; with
s(z}) = s(xs). Thus

X xx/6 X ={(r1,22) € X xz X | w1 - (s(x1),5(x2)) = 22}

Since X is Hausdorff and the two maps sending (z1,x2) to x; - (s(z1),s(x2)) and z are
continuous, this subset is closed in X Xz X and hence in X x X. [

We may also restrict to other subcategories of topological spaces, still with biquotient
maps as COvers:

9.23. PROPOSITION. Let f: X — Y be biquotient. The following properties are inherited
by Y if X has them:

(1) locally quasi-compact;
(2) having a countable base;

(3) sequential: a subset A is closed if and only if it is closed under taking limits of
convergent sequences in A;

(4) Fréchet: the closure of a subset A is the set of all points that are limits of convergent
sequences in A;

(5) k-space: a subset is closed if and only if AN K is relatively compact in K for any
quasi-compact subset K.

PROOF. That biquotient images inherit the first two properties is stated in [30, Propo-
sition 3.4]. The remaining statements follow from [31], which characterises the images
of various classes of “nice” spaces under five classes of “quotient maps.” If a property P
characterises the biquotient images of some particular class of “nice” spaces, then P is
inherited by biquotient images because composites of biquotient maps are again biquo-
tient. Composites of biquotient maps with quotient, hereditarily quotient, or countably
biquotient maps are also again of the same sort. Hence all the properties in rows 3-6 of
the table in [31, p. 93] are preserved under biquotient images. This includes the properties
of being sequential, Fréchet, or a k-space given above, and many less familiar properties. m

The classes of spaces in the first row in the table in [31, p. 93] are, however, not
closed under biquotient images. This includes the class of locally compact, paracompact
spaces and the class of metrisable spaces. [31] shows that any locally compact space is
a biquotient image of a locally compact paracompact space (it is a biquotient image of
the disjoint union of its compact subsets), while any “bisequential” space is a biquotient
image of a metrisable space.

Since orbit space projections of basic actions in (Top,7T) are biquotient, the orbit
space X/G of a basic action in (Top, 7") will inherit the properties listed in Proposition 9.23
from X. Let C C Top be the full subcategory described by this property, say, the full
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subcategory of k-spaces, and let T be some pretopology on Top. It follows that a groupoid
action in (C, TNC) is basic if and only if it is basic in (Top, T); the latter is characterised by
Proposition 9.15. If we add Hausdorffness, then a groupoid action in (C N Haus-Top, 7 N
C N Haus-Top) is basic if and only if it is basic in (Haus-Top, 7 N Haus-Top), which is
characterised by Proposition 9.22.

What if we want to restrict to a subcategory that is not closed under biquotient images,
say, the category of metrisable topological spaces? An action of a metrisable topological
groupoid on a metrisable topological space is basic with respect to a pretopology T
contained in Tyiq, if and only if it satisfies the conditions in Proposition 9.22 or 9.15 and,
in addition, X/G is metrisable.

9.24. EXAMPLE. Let Y be bisequential and not metrisable. Let f: X — Y be a biquo-
tient map with X metrisable. Then X X,y ; X C X x X is again metrisable. Hence the
Cech groupoid of f is a groupoid in the category of metrisable topological spaces with
biquotient maps as covers. It is not basic in the category of metrisable spaces, however,
because its orbit space is not metrisable.

COVERS DEFINED BY CONTINUOUS SECTIONS. Let f: X — Y be a continuous map.

9.25. DEFINITION. A global continuous section for f is a continuous map o: Y — X
with f oo =idy. Let Tg be the class of all continuous maps with a global continuous
section.

A local continuous section for f aty € Y is a pair (U, o) consisting of a neighbour-
hood U of y and a continuous map o: U — X with f oo =idy. We call f locally split
if such local continuous sections exist at all y € Y. Let Tioespit be the class of all locally
split continuous maps.

We call f numerably split if there is a numerable open covering U of Y with local
sections defined on all elements of U; an open covering is numerable if it has a subordinate
partition of unity (see [16]). Let Toumspit be the class of numerably split maps.

By definition,
7;p1it C 7;1um.split g ﬂoc.split-

A local continuous section o: U — X for f: X — Y at y € Y is determined by its
image S := o(U) C X. This is a subset on which f restricts to a homeomorphism onto
a neighbourhood of y in Y, and any such subset gives a unique local continuous section
for f near y. The subset S is also called a slice.

9.26. PROPOSITION. Tgpiit, Tnum.split and Tocsplit are subcanonical, saturated pretopologies
on Top and Haus-Top satisfying Assumptions 2.8, 2.9, 7.2, and 7.3. They satisfy 2.10 if
we exclude the empty topological space.

PROOF. Let f: Y — X be a continuous map and let g: U — X belong to Tgpit, Taum.split OF
Tioc.spiit, respectively. Let W C X be the domain of a local continuous section o: W — U
for g. Then (id,co f): f~Y(W) — Y x x U is a local continuous section for the coordinate
projection pry: Y xx U — Y. If W = X, then we get a global continuous section. If the
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domains of such local sections cover X, then the subsets f~1(W) cover Y. If (¢ )wey is
a partition of unity on X subordinate to a cover by domains of local continuous sections,
then (¢Yw o f)wey provides such a partition of unity for the domains of the induced local
continuous sections for pr;: Y xx U — Y. Thus the map pr; belongs to Tepiit, Tnum.split OF
Tioc.spiit, Tespectively, if g does.

It is clear that homeomorphisms are in 7jocspit and hence in the other classes as well. If
f20 fi1 is defined and belongs to Tioc.split, then we may get local sections for f, by composing
local sections for fyo f; with the continuous map f;. Since this does not change the domain,
we may use the same partition of unity for f5 as for fs o f; in the numerably split case.
Hence all three pretopologies are saturated, which implies Assumptions 2.8 and 2.9. It is
also clear that the constant map from any non-empty space to the one-point space has
global continuous sections, which gives Assumption 2.10 for all three pretopologies if we
exclude the empty space. A map with local continuous sections must be surjective, and
we may use local continuous sections to lift convergent nets. Hence Tioc.spiit € Tpiqus SO
that the pretopologies are subcanonical.

Let f: X — Z be a cover in one of our three pretopologies, let G be its Cech groupoid,
and let Y be a G-action. Let p: Y — Y/G be the orbit space projection. By Proposi-
tion 9.15, the G-action is basic if and only if p is a cover. The anchor map s: Y — X of
the G-action induces a continuous map s/G: Y/G — X/G = Z.

Let U be an open cover of Z by domains of local sections oy : U — X for U € U; in
the case of the pretopology Tnum.split, We assume a partition of unity (1y)yey subordinate
to this cover, and in the case of the pretopology Tspit, we assume U = {Z}. The subsets
s }(U) for U € U form an open cover s*(U) of Y/G because s/G is continuous; in the
case of Toum spiit, (Y © (s/G))uey is a partition of unity on Y /G subordinate to s*(U), and
in the case of Toput, s*(U) = {Y/G}. It remains to construct local continuous sections
oy s HU) =Y for U el.

Let y € Y represent [y] € s7(U) C Y/G. Then s(y) € f~'(U) C X and g, :=
(s(y),ou(f(s(y)))) € G has r(g,) = s(y), so that y - g, is defined in Y. This is the unique
element in the G-orbit of y with s(y-g,) € oy (U). Hence y- g, depends only on [y] € Y/G,
so that we get a continuous map oj;: s™(U) — VY, [y] — y - g,. This is a continuous
section for p on s71(U) as needed. =

Thus our whole theory applies to groupoids in Top for the three pretopologies above.
The range and source maps of a groupoid are automatically in 7T, because the unit map
provides a global continuous section. Hence our pretopologies do not restrict the class
of topological groupoids. They give different notions of principal bundles, however, and
thus different bicategories of bibundle functors, equivalences, and actors.

Let G be a topological groupoid (without condition on the range and source maps)
and let X be a G-action that satisfies (1) and (2) in Proposition 9.15. Let p: X — X/G
be its orbit space projection. This is a principal G-bundle for 7 if and only if p € 7. We
now discuss what this means.

9.27. LEMMA. The map p is in Tepie of and only if X is isomorphic to a pull-back of the
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principal G-bundle r: G' — G° along some map X/G — G°.

PROOF. By definition, p € T, if and only if it has a global continuous section o: X/G —
X. We claim that the map

X/G Xsopco, G' = X, ([x], g) — olx] - g, (27)

is a homeomorphism; it is clearly a continuous bijection, and the inverse map sends y € X
to ([y], g) where g is the unique element of G! with s(a[y]) = r(g) and o[y] - g = y; the
map y — ([y], g) is continuous by (2) in Proposition 9.15.

The homeomorphism (27) is G-equivariant for the G-action on X/G Xo0.o, G' defined
by ([z],91) - 92 = ([z], g1 - 92). Hence the principal G-bundle X — X/G is isomorphic to the
pull-back of the principal G-bundle r: G! — G° along the continuous map soo: X/G — G°
(Proposition 5.8). Conversely, such pull-backs are principal G-bundles in (Top, Tepit)
because r: G! — G is a principal G-bundle in (Top, Tepiit)- .

Thus the principal G-bundles in (Top, Tepit) are precisely the trivial G-bundles in the
following sense:

9.28. DEFINITION. A G-bundle p: X — Z is trivial if it is isomorphic to a pull-back of
the G-bundle r: G — G° along some map Z — G°.

A G-bundle p: X — Z is locally trivial if there is an open covering U of Z such that
the restriction ply: p~Y(U) — U is a trivial G-bundle for each U € U.

If T = Trocspiit, then there is an open covering U of X/G such that trivialisations as
in (27) are defined on the G-invariant subsets p~'(U) for U € Y. Lemma 9.27 shows that
the principal G-bundles in (Top, Toc.split) are precisely the locally trivial G-bundles.

Let p: X — Z be a locally trivial bundle. We have an open covering & of Z and
continuous maps ¢p: U — G° and local trivialisations 7i: p~H(U) — U X, o, G! for
all U € U. These local trivialisations are not unique and therefore do not agree on
intersections U; N U, for Uy, U, € U. Since any G-map between fibres of r: G!' — G is
given by left multiplication with some g € G', we get continuous maps gy, 1, : UiNUs — G*

with PU, (Z) = r(gULUz (’2))? PYu, (Z) = s<gU1,U2 (Z)), and TU, OT(jll(Zag) = <z>gU1,U2(Z) 'Q) for
all (z,9) € (U1 NUs) Xy, o G'. These maps g, v, satisty the usual cocycle conditions.

9.29. REMARK. If T = Toum.spiit, then principal bundles are locally trivial and, in addi-
tion, the open covering by trivialisation charts is numerable. This suffices to construct
a continuous classifying map ¢: X/G — BG such that X — X/G is the pull-back of the
universal principal bundle EG — BG along ¢, even if the base space X/G is not para-
compact. Classifying spaces for topological groupoids were introduced by Haefliger [18],
following Segal [45]; Bracho [6] proves that G-principal bundles over locally compact topo-
logical spaces are classified by continuous maps to BG. The local compactness assumption
should not be needed here, as shown by the example of principal bundles over topological
groups, but we have not found a proof of this in the literature.
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If X is Hausdorff, then continuous local sections for the orbit space projection X — X/G
imply that X/G is locally Hausdorff, that is, every point has a Hausdorff open neighbour-
hood; but it does not yet imply that X/G is Hausdorff. Indeed, Example 9.17 is also a
basic groupoid in (Top, Troc.spiit)-

CLOSED AND PROPER MAPS. A map between topological spaces is closed if it maps
closed subsets to closed subsets. A map f: X — Y is proper if and only if it is closed
and f~!(y) € X is quasi-compact for all y € Y; this is shown in [4, 1.10.2, Théoréme
1]. In particular, there are closed maps that are not proper. Thus closed maps are not
hereditary for pull-backs and do not form a pretopology.

9.30. PROPOSITION. The proper maps form a subcanonical pretopology Tprop on Top. It
satisfies Assumptions 2.8 and 2.9, but not Assumption 2.10.

PROOF. It is clear that homeomorphisms are proper and that composites of proper or
closed maps are again proper or closed, respectively. Let g: U — X be proper and let
f:Y — X be any map. Let Z be another topological space. Then g, := idy X g X
idg: Y xUXxZ =Y x X x Zis closed. So is its restriction to any subset of the form
g 1(S) for S C Y x X x Z. If S is the product of the graph of f and Z, then this
restriction is the map pry xidz: Y Xy x,U X Z — Y x Z. Since this is closed for any Z,
pri: Y xX¢x,U — Y is proper.

Proper surjections are biquotient maps by [30, Proposition 3.2]. Hence they are co-
equalisers, so the pretopology of proper maps is subcanonical.

Let fi: X — Y and f5: Y — Z be continuous surjections. If fy o f; is closed, then
so is fy: for a closed subset S C Y, fo(S) = (f2 0 f1)fi 1(S) because f; is surjective, and
this is closed because f; is continuous and f5o f; is closed. Hence the proper maps satisfy
Assumption 2.9 and thus Assumption 2.8. The map from a space X to the one-point
space is proper if and only if X is quasi-compact. Hence Assumption 2.10 fails even if we
exclude the empty space. [

For a groupoid in (Top, Tprep), the source and range maps must be proper. This
restriction is so strong that we seem to get a rather useless class of groupoids. In particular,
proper topological groupoids need not be groupoids in (Top, Tprop)-

OPEN SURJECTIONS. This pretopology is used for topological groupoids in [42], and is
implicitly used by most of the literature on groupoid C*-algebras for locally compact
groupoids.

A map between topological spaces is open if it maps open subsets to open subsets.
The following criterion for open maps is similar to but subtly different from the definition
of limit lifting maps:

9.31. PROPOSITION. [46, Proposition 1.15] A continuous surjection f: X — Y between
topological spaces is open if and only if, for any v € X, a convergent net (y;) in Y with
limy; = f(x) lifts to a net in X converging to x.
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9.32. PROPOSITION. The class Topen 0f surjective, open maps in Top is a subcanonical
pretopology that satisfies Assumptions 2.8, 2.9, 7.2 and 7.3, but it is not saturated. It
satisfies Assumption 2.10 if we exclude the empty space.

The proof that 7jpen is a subcanonical pretopology satisfying Assumptions 2.8, 2.9
and 2.10 is similar to the proof for 7piqu, using Proposition 9.31, and left to the reader.
The following simple counterexample shows that it is not saturated:

9.33. EXAMPLE. Let f: X — Y be a continuous map that is not open. Let fy =
(f,idx): XUY = Y and let f1: Y — X UY be the inclusion map. Then f5 o f; is the
identity map on Y, hence open. But f, is not open because f is not open. Hence the
pretopology Topen is not saturated.

Groupoids in (Top, Topen) must have open range and source maps. This is no serious
restriction for operator algebraists because they need Haar systems to construct groupoid
C*-algebras, and Haar systems cannot exist unless the range and source maps are open.
The benefit of this assumption is that it forces the orbit space projections X — X/G for
all G-actions to be open:

9.34. PROPOSITION. Let G be a groupoid and X a G-action in (Top, Topen). The orbit
space projection p: X — X/G is open. All actions of Cech groupoids in (Top, Topen) are
basic.

PROOF. Let U C X be open. Then p~(p(U)) is the set of all x - g with z € U, g € G,
s(z) = r(g). This is m((U X G N (X Xsgo, Gl)), which is open because (U x G') N
(X xsgo, G') is open in X X go, G' and m is a cover (open surjection) by Proposition 3.9.
Thus p(U) is open in X/G, and p is open. Proposition 9.15 characterises basic actions by

three conditions, of which two are automatic for actions of Cech groupoids. The third
condition is that p should be a cover, which s automatic for the pretopology Topen. Thus

all Cech groupoid actions in (Top, Topen) are basic, verifying Assumptions 7.2 and 7.3. =

This finishes the proof of Proposition 9.32.

9.35. COROLLARY. Let G be a groupoid and X a G-action in (Top, Topen). The following
are equivalent:

(1) the action is basic with Hausdorff base space X/G;
(2) the action is free and proper.

ProOOF. This follows from the proof of Proposition 9.22, which still works even if G or X
are non-Hausdorft. n
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The proof of Proposition 9.22 shows that an action is free and proper if and only if it
satisfies the first two conditions in Proposition 9.15 and X X, x/6, X is closed in X x X.
This is exactly how Henri Cartan defines principal fibre bundles for a topological group G
in [12, condition (FP) on page 6-05]:

Un espace fibré principal E est un espace topologique E, ou opeére un
groupe topologique G (appelé groupe structural), de maniére que soit rempli
I’axiome suivant :

(FP) : le graphe C de la relation d’équivalence définie par G est une partie
fermée de E x E ; pour chaque point (z,y) € C il existe un s € G et un seul
tel que z-s =y ; en outre, en désignant par u 'application de C' dans G ainsi
définie, on suppose que u est une fonction continue.

Thus our notion of principal bundle in (Top, Topen) is the same as Henri Cartan’s. Palais [40]
and later authors ([14,23]) call a locally compact group(oid) action Cartan if it satisfies
a condition that, for free actions, is equivalent to the continuity of the map (z,z - g) — g,
allowing non-Hausdorff orbit spaces. Cartan himself, however, requires the orbit space
to be Hausdorff because he requires the orbit equivalence relation to be closed (Proposi-
tion 9.18).

COVERS WITH MANY LOCAL CONTINUOUS SECTIONS.

9.36. DEFINITION. A continuous map f: X — Y has many local continuous sections if
it is surjective and for all x € X there is an open neighbourhood U C'Y of f(x) and a
continuous map o: U — X with o(f(z)) = x and f(o(y)) =y for ally € U. Let Tioe.sect.
be the class of continuous maps with many local continuous sections.

The difference between this pretopology and Ti,cspiit is that we require local sections
with a given x € X in the image. This forces the map f to be open, s0 Tiocsect.  Topens
whereas ﬂoc,split Z 7Z>pen'

9.37. PROPOSITION. The class Tioc.sect. 1S  subcanonical pretopology on Top that satisfies
Assumptions 2.8, 2.9, 7.2, and 7.3, but is not saturated. It satisfies Assumption 2.10 if
we exclude the empty space.

PROOF. The proof is very similar to the proof for the pretopology Tiocspit (Proposi-
tion 9.26) and therefore left to the reader. The idea of Example 9.33 also shows that Tjoe sect.
is not saturated. Since Tiocsect. 1S contained both in Tiyespiit and Topen and both are sub-
canonical and have the property that actions of Cech groupoids are basic, Assumptions
7.2 and hence 7.3 follow from Proposition 7.6. m

The topological groupoids in (Top, Tiocsect.) are those topological groupoids for which r
or, equivalently, s has many local continuous sections. This happens for both maps once
it happens for one because of the continuous inversion on G'.

9.38. PROPOSITION. Let G be a groupoid and X a G-action in (Top, Tioc.sect.). Then X is
basic in (Top, Tiocsect.) if and only if it is basic in (Top, Tioc.spiit)-



GROUPOIDS IN CATEGORIES WITH PRETOPOLOGY 1989

PROOF. Since r: G} — G° is a principal G-bundle in (Top, Tiocsect.), SO are its pull-
backs, that is, all trivial bundles. Since the existence of many local continuous sec-
tions is a local condition, this extends to locally trivial G-bundles. Since the principal
G-bundle in (Top, Toespiit) are precisely the locally trivial G-bundles, they are principal
in (Top, Tiocsect.) as well. The same then holds for basic actions. n

Roughly speaking, if the map r: G! — GY has many local continuous sections, then we
may shift local continuous sections for the quotient map X — X/G so that a particular
point in a fibre is in the image of the local section.

Proposition 9.38 implies that the bicategories of bibundle functors, equivalences, and
actors for (Top, Tieesect.) are full sub-bicategories of the corresponding bicategories for
(Top, Tocspiit); We only restrict from all topological groupoids to those where the range
and source maps have many local continuous sections.

ETALE SURJECTIONS. A continuous map f: X — Y is called étale (or local homeomor-
phism) if for all x € X there is an open neighbourhood U such that f(U) is open and
flv: U — f(U) is a homeomorphism for the subspace topologies on U and f(U) from X
and Y, respectively. This implies that f is open. Let 7g be the class of étale surjections.

9.39. PROPOSITION. The class Te is a subcanonical pretopology on Top that satisfies
Assumptions 2.8, 2.9, 7.2 and 7.3, it is not saturated and Assumption 2.10 fails.

PRrOOF. The proof is very similar to that of Proposition 9.26 and therefore left to the
reader. Unless X is discrete, the constant map from X to a point is not étale, so As-
sumption 2.10 fails for T¢ even if we exclude the empty space. The idea of Example 9.33
shows that Tz is not saturated. n

The groupoids in (Top, T¢;) are precisely the étale topological groupoids.

9.40. PROPOSITION. An action of an étale topological groupoid is basic in (Top, Te) if
and only if it satisfies the first two conditions in Proposition 9.15. A groupoid action
in (Haus-Top, Tg) is basic if and only if it is free and proper.

PROOF. Let G be an étale topological groupoid and let X be a G-action in Top that
satisfies the first two conditions in Proposition 9.15. We must prove that the canonical
map p: X — X/G is étale, that is, the third condition in Proposition 9.15 is automatic for
the pretopology T¢. The characterisation of basic actions in (Haus-Top, T¢;) then follows
from Proposition 9.22.

The first two conditions in Proposition 9.15 say that the map

X ><s,GO,r Gl — X ><p,X/G,p X, (IL’,Q) = (ZE,:L’ . g),

is a homeomorphism. Since G is étale, the set of units u(G°) is open in G!. Its image in
X Xpx/6p X is the diagonal {(z1,22) € X x X | 21 = x5}. Hence any x € X has an open
neighbourhood U C X such that (U x U) N (X X, x/6, X) is the diagonal in U. This means
that for x1, 29 € U, p(z1) = p(x2) only if 1 = x9. Thus p is injective on the open subset
U C X. Since G is an étale groupoid, its range and source maps are open. Hence p is
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open by Proposition 9.34. Its restriction to U is injective, open and continuous, hence a
homeomorphism onto an open subset of X/G. [

9.41. SMOOTH MANIFOLDS OF FINITE AND INFINITE DIMENSION. We consider the fol-
lowing categories of smooth manifolds of increasing generality:

Mfdg,  finite-dimensional manifolds;
Mfdy;  Hilbert manifolds;

Mfdg,, Banach manifolds;

Mfdgre¢  Fréchet manifolds;

Mfd,s  locally convex manifolds.

Such manifolds are Hausdorff topological spaces that are locally homeomorphic to finite-
dimensional vector spaces, Hilbert spaces, Banach spaces, Fréchet spaces, or locally con-
vex topological vector spaces, respectively. Paracompactness is a standard assumption for
finite-dimensional manifolds, but not for infinite-dimensional ones. The morphisms be-
tween all these types of manifolds are smooth maps, meaning maps given in local charts
by smooth maps between topological vector spaces. Banach manifolds are treated in
Lang’s textbook [27], Fréchet manifolds in [21, Section I.4], and locally convex manifolds
in [37, Appendix A| and [47, Appendix B]. The covers are, in each case, the surjective
submersions in the following sense:

9.42. DEFINITION. [see [21, Definition 4.4.8] and [37, Appendix A]] Let X and Y be
locally convexr manifolds. A smooth map is a submersion if for each x € X, there is
an open neighbourhood V' of x in X such that U := f(V) is open in Y, and there are
a smooth manifold W and a diffeomorphism V = U x W that intertwines f and the
coordinate projection pry: U x W — U.

Choosing U small enough, we may achieve that V', U and W are locally convex topo-
logical vector spaces. So submersions are maps that locally look like projections onto
direct summands in locally convex topological vector spaces.

9.43. PROPOSITION. Surjective submersions form a subcanonical pretopology on Mfd.,
Mfdg, Mfdgan, Mfdyy and Mfdg,. In each case, Assumptions 2.8 and 7.3 hold, and
Assumption 2.10 holds if we exclude the empty manifold. The pretopology is not saturated.

Proor. That surjective submersions form a pretopology on locally convex manifolds is
shown in [37,47]. We briefly recall the argument below. It also works in the subcategories
Mfdg,, Mfdg;, Mfdga,, and Mfdg.¢; more generally, we may use manifolds based on any
class C of topological vector spaces (not necessarily locally convex) that is closed under
taking finite products and closed subspaces (this ensures that fibre products of manifolds
locally modelled on topological vector spaces in C still have local models in C).

It is routine to check that isomorphisms are surjective submersions and that composites
of surjective submersions are again surjective submersions. If f;: M; — N for i = 1,2
are smooth maps and f; is a submersion, then the fibre-product M; Xy M, is a smooth
submanifold of M; x Ms, which satisfies the universal property of a fibre product. With
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our definition of smooth submersion, the proof is rather trivial, see [21, Theorem 4.4.10]
for the case of Fréchet manifolds and [37, Proposition A.3] for the general case. The proof
also shows that pry: My Xy My — M is a (surjective) submersion if fi is one, 80 Tgupm is
pretopology. Our categories of smooth manifolds do not admit fibre products in general,
so we must be careful about their representability.

Next we show that T, is subcanonical. A submersion f: X — Y is open because
it is locally open. So our covers are open surjections and hence quotient maps of the
underlying topological spaces, since open surjections form a subcanonical pretopology by
Proposition 9.32. Thus any smooth map X — Z that equalises the coordinate projections
X xy X = X factors through a continuous map f’: Y — Z. Since any submersion f
admits smooth local sections, this map f’ is smooth if and only if f is smooth. Hence f is
the equaliser of the coordinate projections X xy X = X also in the category of smooth
manifolds, so the pretopology Tsupm is subcanonical.

The final object is the zero-dimensional one-point manifold, and any map to it from
a non-empty manifold is a surjective submersion. So Assumption 2.10 is trivial for all
our categories of smooth manifolds if we exclude the empty manifold. The idea of Exam-
ple 9.33 shows that Tgupm is not saturated on any of our categories.

Now we check Assumption 2.8. Let f: X — U be a surjective submersion and let
g: Y — U be a smooth map. We have already shown that surjective submersions form a
pretopology. So the fibre product W := X Xy, Y exists and the projection pry: W — Y
is a surjective submersion. Assume that pr;: W — X is a surjective submersion as well.
We are going to show that g is a surjective submersion.

It is clear that g is surjective. The submersion condition is local, so we must check
it near some y € Y. Since f is surjective, there is some x € X with f(z) = g(y),
that is, (z,y) € W. Since f is a submersion, there are neighbourhoods X, of z in X
and Uy of f(x) in U, a smooth manifold Zy, and a diffeomorphism a: Zy x Uy = X
such that f o a(f,u) = u for all £ € Zy, u € Uy. Let (&, up) = o *(z). The preimage
Wy = pri*(Xp) in W is an open submanifold. It is diffeomorphic to the fibre product
(EoxUp) Xy, Y = Egx Yy with Yy := g7 (Upy) because W is a fibre product. The restriction
of pr; to Wy is still a surjective submersion Wy — X because pr; is one and the condition
for submersions is local. Hence we have improved our original fibre-product situation to
one where f is the projection map pry: Zg X Uy — Uy. Thus Wy = =y x Y} is an ordinary
product and pr;: Wy — Xy becomes the map

id x go: Eo x Yy = Zo x Uy, (&, 90) = (€, 90(00)),

where go: Yy — Uy is the restriction of g.

The map id x g is a submersion by assumption. Hence there are neighbourhoods W,
around (&, o) in 29 x Yy and X; around (&, ug) in Zg X Up, a smooth manifold €,
and a diffeomorphism 3: W; = Q; x X; that intertwines id x gy and the coordinate
projection £2; x X; — X;. We may shrink X; to be of product type: X; = = x U; for
open submanifolds =; C =, and U; C U, and replace W; by the preimage of €2 times
the new X7, so we may assume without loss of generality that X, is of product type. If
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(&1,91) € W, then
B(&1,y1) = (Wi(&1, 1), 615 90(v1))

for some function wy: W7 — ;: the second two components of 5 are id x gy by construc-
tion. The subset
Vi={y €Yo | (&,y) € Wi}

is open in Y. We claim that v(y1) := (w1(&o,41), go(y1)) defines a diffeomorphism from Y;
onto Q; x Uy; indeed, if (wy,u;) € € x Uy, then 37 (wy, &, u1) must be of the form
(&0, y1) for some y; € Yy with (§,y1) € Wi because the Zg-component of 5(&1,y1) is & .
Hence the smooth map 571, (e }x0, 1S inverse to . The restriction of gy to Y7 becomes
the coordinate projection Q; x U; — U; by construction. Hence g: Y — U satisfies the
submersion condition near y. This finishes the proof that Assumption 2.8 holds for Tgupm.

Now we check Assumption 7.3. Let p: X — Z be a surjective submersion. Let G
be its Cech groupoid. Let Y be a sheaf over G, that is, a G-action that has a surjective
submersion s: Y — X as anchor map. We claim that the G-action on Y is basic. That
is, the orbit space Y/G is a smooth manifold, the orbit space projection ¥ — Y/G is a
surjective submersion, and the shear map YV Xsc0, G' =Y Xy, Y, (y,9) — (y,y - g), is
a diffeomorphism. Since surjective submersions are open, GG becomes a Cech groupoid in
(Haus-Top, Topen). We know that Assumption 7.2 holds in that case, so Y/G is a Hausdorff
topological space, the orbit space projection Y — Y/G is a continuous open surjection,
and the shear map is a homeomorphism.

Since p and s are covers, so is pos, so the fibre product Y x 7Y is a smooth submanifold
of Y. If (y1,42) € Y xz Y, then (s(y1),s(y2)) € X Xz X = G!, with range and source
s(y1) and s(y2), respectively. Thus there is a well-defined smooth map

VY xzY =Y xx Gl (1) = (1, (s(n), s(12))).

Composing it with the shear map gives the map
e Y xzY =Y xzY,  (y1,92) = (y1, 910 (s(y1),5(y2)))-

Since s(y; - (s(y1),s(y2))) = s(y1) and (s(y1),s(y1)) is an identity arrow, we get ¢? = .
If y1,9- are in the same G-orbit, that is, ¥, - ¢ = y» for some g € G! = X x, X, then
r(g9) = s(y1) and s(g) = s(y2), so g = (s(y1),s(y2)). Thus p(s(y1)) = p(s(y2)) is necessary
for y; and y, to have the same orbit (we write y;G = y»G). If this necessary condition is
satisfied, then the only arrow in G that has a chance to map y; to ys is (s(y1),s(y2)), so
y1G = oG if and only if y1 - (s(y1),5(y2)) = y2. This is equivalent to p(y1,y2) = (y1,92)-
Thus the image of ¢ is the subspace ¥ Xy, Y of ¥ x, Y, and the restriction of 1
to Y Xy Y is a smooth inverse for the shear map. More precisely, this is a smooth
inverse once we know that Y Xy, Y is a smooth submanifold of ¥ x ¥ and hence a
smooth submanifold of Y x ;Y. Thus the condition on the shear map is automatic in our
case, and we only have to construct a smooth structure on Y/G such that the projection
m:Y — Y/G is a submersion.
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We first restrict to small open subsets where p and s are of product type. Fix y € Y.
We may choose neighbourhoods Y of y in Y, Xy of s(y) in X and Zj of p(s(y)) in Z,
smooth manifolds €y and =, and diffeomorphisms Yy = Qg x Xy, Xo = Zg X Zj, such
that the maps s and p become the projections to the second coordinate, respectively.
We identify Yy = Qg X 29 X Zy and Xy = Zy X Zp, so that s(wo, &, 20) = (&0, 20) and
p(€o, 20) = 2o for all wy € Q, & € Eo, 20 € Zp. Let (w,&, 2) be the coordinates of the
chosen point y € Y.

What happens to the G-action on Y in these coordinates? Let (wy,&o,20) € Y.
Then s(wo, &0, 20) = (£0,20). An arrow in G N (Xy xz, Xo) with range (&, 29) is a pair
((&o, 20), (&1, 20)), which we identify with the triple (&, z0,&1). If & is sufficiently close
to &, then (wo, &0, 20) - (&0, 20,&1) belongs to Yy and may be written in our coordinates.

Since s((wo, &0, 20) - (€0, 20,&1)) = (&1, 20), We get

(wo, €0, 20) * (§0, 20, §1) = (p(wo, &0, 20, 1), €15 20)

for a smooth function ¢ defined on some neighbourhood W of (wy, &, 20, &) in Qo X Zg X
Zo X Zo. Let Y1 :={y € Yy | (wo, &0, 20,&) € Wi}, where £ is the Zg-coordinate of our
chosen point y. Define

a }/1 — QO X E0 X ZOa (W07£0,Zo) = (QD(WOagOaang)?ngO)'

In other words, a(wy, &, 20) takes the original Zy-coordinate and takes the other coordi-

nates from (wo, §0, 20) - (€0, 20, €)- Since (&1, 20, &2) - (§2, 20, &1) = (&1, 20,&1) is a unit arrow
and thus acts identically on Y for any &,& € =g, 29 € Zp, we get

Oé_l(W[), 60, ZO) = (QD(CU(], 57 20, 50)7 507 ZO)

on some neighbourhood of (w,&,z). Thus « is a diffeomorphism from some neighbour-
hood Y7 of y in Yj onto a neighbourhood §2; x =y x Z; of a(y) = (w, €, z) in Qy X E X Z.

When are y1,y2 € Y; in the same G-orbit? Write a(y;) = (w;, &, 2i). Then s(y;) =
(&, 2;) and ps(y;) = z; in local coordinates. Since ps(y;) = ps(yq) is necessary for y,G =
y2G, we have 2, = 25 if y;G = 1,G. Assume this, then (s(y1),s(y2)) € X xz X = G, so
we have G = y»G if and only if y; - (s(y1),5(y2)) = y2 by the discussion above. This is
equivalent to z; = 2o and

Y- (s(yn), (21,6)) = y2 - (s(y2), (22, €)),

where £ is the Zg-coordinate of our fixed point y. And this is equivalent to pry3 o a(y;) =
Pris o a(y2).

As a consequence, the restriction of the quotient map Y — Y/G to a1 (Qy x {{} x Uy)
is a homeomorphism onto its image; this image is the same as the image of Y;, which
is an open subset in Y/G because Y; is open and the quotient map Y — Y/G is open.
Furthermore, with this coordinate chart, the restriction of the projection Y — Y/G to Y}
becomes the coordinate projection pris: € X =23 X Z; — €3 X Z;. Doing the above



1994 RALF MEYER AND CHENCHANG ZHU

construction for all y € Y, we get a covering of Y by open subsets like our Y; with
corresponding charts on 7(Y7). We claim that these local charts on Y/G have smooth
coordinate change maps. Thus Y/G becomes a smooth manifold. The charts are defined
in such a way that the projection 7: Y — Y/G is a smooth submersion. We have already
seen above that the shear map is a diffeomorphism. Hence the proof that the G-action
on Y is basic will be finished once we show that coordinate change maps between our
local charts on Y/G are smooth.

The charts on Y/G are defined in such a way that the projection map 7: Y — Y/G
is smooth for each chart and there are smooth sections Y/G 2 Q; x Uy — Y on the
chart neighbourhoods, defined by (wi,u;) — (w1,&,u1) in local coordinates. Now take
two overlapping charts on Y/G defined on open subsets Wy, Wy C Y/G with their smooth
local sections o;: W; — Y. If w € Wy NWs, then o (w) and o3(w) are two representatives
of the same G-orbit. By the discussion above, this means that ps(o;(w)) = ps(oo(w)) and
oa(w) = o1(w) - (s(o1(w)),s(o2(w))). Thus the coordinate change map from W; to W is

of the form
w e (o1 (w) - (s(o1(w)), s(o2(w)))).

Since the maps 7, 0; and s are all smooth in our local coordinates, so is the composite
map. This finishes the proof that Assumption 7.3 holds for 7gum. The proof works for
all our categories of infinite-dimensional manifolds. n

It is unclear whether Assumptions 2.9 and 7.2 hold for Fréchet and locally convex
manifolds. The problem is that we lack a general implicit function theorem. Such a theo-
rem is available for Banach manifolds and gives the following equivalent characterisations
of submersions:

9.44. PROPOSITION. Let X and Y be Banach manifolds and let f: X — 'Y be a smooth
map. The following are equivalent:

(1) f is a submersion in the sense of Definition 9.42;

(2) f has many smooth local sections, that is, for each x € X, there is an open neigh-
bourhood U of f(z) and a smooth map o: U — X with o(f(z)) =z and foo = idy;

(3) for each x € X, the derivative Dy f: T, X — Tpw)Y is split surjective, that is, there
is a continuous linear map s: Ty)Y — T, X with D,f os = ide(I)y.

If X and Y are Hilbert manifolds, then (3) is equivalent to D, f being surjective.

PROOF. It is trivial that (1) implies (2). Using Dy(,)o as continuous linear section for D, f,
we see that (2) implies (3). The implication from (3) to (1) is [27, Proposition 2.2 in
Chapter II]. If X and Y are Fréchet manifolds, then the derivative D, f is open once it is
surjective by the Open Mapping Theorem. If D, f is surjective and X and Y are Hilbert
manifolds, then the orthogonal projection onto ker D, f splits X = ker(D,f) ® DY, so
(3) follows if D, f is surjective and X and Y are Hilbert manifolds. n
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9.45. PROPOSITION. On the categories Mfdg,,, Mfdgy and Mfdg,, the pretopology Tsupm
also satisfies Assumption 2.9.

PROOF. Since we are working with Banach manifolds or smaller categories, we may use
Proposition 9.44 to redefine our covers as surjective smooth maps with many smooth
local sections. With this alternative definition of our covers, Assumption 2.9 holds for the
same reason as for the pretopology of continuous surjections with many continuous local
sections on the category of topological spaces. Let X, Y and Z be Banach manifolds and
let f: X - Y and g: Y — Z be smooth maps. We assume that go f and f are surjective
submersions and want to show that ¢ is so to. Of course, g must be surjective if g o f is.
Given y € Y, there is x € X with f(x) = y because g is surjective, and there is a smooth
local section o for g o f near g(y) with o(g(y)) = 2. Then f o o is a smooth local section

for g with foo(g(y)) =y. m

If we redefined submersions of locally convex or Fréchet manifolds using one of the
alternative criteria in Proposition 9.44, then the existence of pull-backs along submersions
would become unclear.

The next lemma is needed to verify Assumption 7.2 for Banach manifolds.

9.46. LEMMA. Let Y be a Banach manifold and let p:' Y — Y be a smooth map with
©* = . The image im(p) is a closed submanifold of Y and p: Y — im(yp) is a surjective
submersion.

PRrROOF. The image is closed because Y is Hausdorff and

im(p) ={z eV | p(z) = z}.

We need a submanifold chart for im(¢) near y € im(y). We use a chart v: T,Y — Y,
that is, v is a diffeomorphism onto an open neighbourhood of y in Y whose derivative
at 0 is the identity map on the Banach space T,Y". It suffices to find a submanifold chart
for ¢’ := "' ooy, which is an idempotent smooth map on a neighbourhood of 0 in 7,Y
with ¢'(0) = 0. Let D: T,Y — T,Y be the derivative of ¢ at 0, which is a linear map
with D? = D. We may assume that ¢’ is defined on all of 7}, to simplify notation.

Let X =im(D), W = ker(D). The map

U:XaeW=TY, (&n)— @€+,

has the identity map as derivative near (0,0). By the Implicit Function Theorem for
Banach manifolds, ¥ is a diffeomorphism between suitable open neighbourhoods of 0
in X @ W and T,,Y. We have ¥(£,0) = ¢'(¢) € im(¢’) for all £ € X, and

©'(W(E,n) —W(En) =@ (&) +n) —¢' (&) —n
= D(DE+n) — DE—n+ O(E1* + [InlI*) = —n + O + lInll?).

This is non-zero if n # 0 and 7, £ are small enough. Hence, for sufficiently small &, 7, we
have ¥(¢,n) € im(¢’) if and only if » = 0. Thus W is a submanifold chart for im(¢’)
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near 0. Its composite with 7 gives the required submanifold chart for im(y) near y. It
is clear from the construction that the map ¢: Y — im(y) has surjective derivative at ¥,
hence it is a smooth submersion by Proposition 9.44. [

9.47. PROPOSITION. Every action of a Cech groupoid of a cover in (Mfdgan, Tsubm) 18
basic.

PROOF. Let p: M — N be a surjective submersion and let G = (M X, n, M =2 N) be its
Cech groupoid (see Example 3.12). Let G act on a smooth manifold ¥ with anchor map
s: Y — G

Since p has many smooth local sections, we may cover N by open subsets U;, i € I,
for which there are smooth local sections o;: U; — M with po o; = idy,. Then Y; :=
(ps)~!(U;) C Y is open (and thus an open submanifold of Y) and G-invariant.

The map

o Yi= Y,y y- (s),oioposy)),

is smooth and maps y to a point ¢ in the same G-orbit with s(y') € 0;(U;). If ¢ and y”
belong to the same G-orbit, then s(y') = s(y”) implies ¥’ = y” because the only element
of G that may map ¢’ to y” is (s(v/),s(y”)). Thus ¢;(y) is the unique element in the
G-orbit of y that belongs to s™'(c;(U;)). Thus ¢? = ¢;. By Lemma 9.46, im(p) is a
smooth submanifold of Y and ¢;: Y; — im(¢p;) is a surjective submersion.

If y1,y2 € Vi satisty ¢i(y1) = @i(y2), then yo = y1 - (s(y1),5(y2)). Hence the map

Y X Mpr, (M xy M) =Y, X i Yisps Yis (y, (m1,ma)) = (y,y - (m1,ma)),

is a diffeomorphism with inverse (y1,v2) — (y1,(s(y1),s(y2))). As a consequence, the
restriction of the G-action to Y; with the bundle projection ;: Y; — im(yp;) is a principal
bundle.

It remains to glue together these local constructions. Let Y/G be the quotient space
with the quotient topology. The quotient map 7: Y — Y/G is open by Proposition 9.34
and because submersions are open. Thus the subsets 7(Y;) form an open cover of Y/G.
The above argument shows that 7 restricts to a homeomorphism from im(¢p;) onto m(Y;).
We claim that there is a unique smooth manifold structure on Y/G for which the maps
m: im(p;) — Y/G become diffeomorphisms onto open subsets of Y/G. We only have to
check that the coordinate change maps on Y/G from im(yp;) to im(p;) are smooth maps.
This is so because the map

Vi Nim(p;) — im(p;) NYj, y=y-(oi0s(y), o5 0s(y)),

is a diffeomorphism between submanifolds of Y;, with inverse given by a similar formula.
The orbit space projection Y — Y/G is a surjective submersion for this smooth manifold
structure on Y/G because this holds locally on each Y;. The same argument as above
shows that the map

Y X ampr, (M xy M) =Y Xy/c Y, (y, (m1,m2)) = (y,y - (m1,ma)),

is a diffeomorphism with inverse (y1,y2) — (y1,(s(y1),s(y2))). Hence Y — Y/G is a
principal G-bundle. [
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As a result, most of our theory works for locally convex manifolds with surjective
submersions as covers. This includes the bicategories of anafunctors, bibundle functors
and bibundle equivalences, but not the bicategories of covering bibundle functors and
bibundle actors. We only know that these bicategories exist for Banach, Hilbert and
finite-dimensional manifolds.

9.48. REMARK. An action is basic in the category of finite-dimensional manifolds if and
only if it is basic in the category of Hausdorff spaces, if and only if it is free and proper
(see Proposition 9.22). This remains true for Hilbert manifolds. For group actions, this is
the main result of [24]; groupoid actions may be reduced to group actions using the proof
of [49, Lemma 3.11].

For Banach manifolds and, even more generally, for locally convex manifolds, it re-
mains true that basic actions are free and proper, but the converse fails. Here is a
counterexample (see also [5, Chapter 3]). Let E be a Banach space and let F' be a closed
subspace without complement, for instance, ¢o(N) C ¢>°(N). Let F' act on E by inclusion
and linear addition. This action is free and proper, and the orbit space projection is the
quotient map E — E/F. The derivative of this map is the same map E — E/F, which
has no linear section by assumption. Hence the orbit space projection is not a cover, so
the action is not basic.
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