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A SIMPLICIAL DESCRIPTION OF THE HOMOTOPY CATEGORY
OF SIMPLICIAL GROUPOIDS

A. R. GARZON, J. G. MIRANDA AND R. OSORIO
Transmitted by Ieke Moerdijk

ABSTRACT. In this paper we use Quillen’s model structure given by Dwyer-Kan for
the category of simplicial groupoids (with discrete object of objects) to describe in this
category, in the simplicial language, the fundamental homotopy theoretical constructions
of path and cylinder objects. We then characterize the associated left and right homotopy
relations in terms of simplicial identities and give a simplicial description of the homotopy
category of simplicial groupoids. Finally, we show loop and suspension functors in the
pointed case.

1. Introduction

1.1. SUMMARY. A well-known and quite powerful context in which an abstract homo-
topy theory can be developed is supplied by a category with a closed model structure in
the sense of Quillen [16]. The category Simp(Gp) of simplicial groups is a remarkable
example of what a closed model category is, and the homotopy theory in Simp(Gp) de-
veloped by Kan [12] occurs as the homotopy theory associated to this closed model struc-
ture. According to the terminology used by Quillen, we have that the homotopy theory in
Simp(Gp) is equivalent to the homotopy theory in the category of reduced simplicial sets
and this last is equivalent to the homotopy theory in the category of pointed connected
topological spaces.

If Y is an object of a closed model category C, a path object for Y is a factorization

of the diagonal morphism
y 2yt Py oy
where (0y, 1) is a fibration and o is a weak equivalence.
If f,g € Homg(X,Y), a right homotopy from f to g is defined as a morphism h :
X — YT such that dyh = g and d,h = f. The morphism f is said to be right homotopic
to ¢ if such a right homotopy exists. When Y is fibrant “is right homotopic to” is an
equivalence relation on Home(X,Y). The notions of cylinder object and left homotopy
are defined in a dual manner. Moreover, if X is cofibrant and Y is fibrant, then the
left and right homotopy relations on Home(X,Y') coincide. If [X, Y] denotes the set of
equivalence classes, the category nC.r, whose objects are the objects of C that are both
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fibrant and cofibrant, and Homc,(X,Y) = [X, Y], with composition induced from that
of C, is equivalent to the homotopy category of C, Ho(C), which is defined to be the
localization of C, [5], with respect to the class of weak equivalences.

Moreover, if C is a closed simplicial model category (see [16]), X is cofibrant and Y is
fibrant then the left and the right homotopy relations on Home(X,Y') coincide with the
simplicial homotopy relation. This is the case in Simp(Gp) when G, is a free simplicial
group in which case, for any simplicial group H,, Hompgosimp(Gp))(Ge, He) = [Ge, H,],
the set of simplicial homotopy classes of simplicial morphisms from G, to H,.

In [3] Dwyer-Kan demonstrated that Simp(Gpd)., the category of simplicial groupoids
(with discrete object of objects), admits a closed model structure and the associated ho-
motopy theory was then shown to be equivalent to the (unpointed) homotopy theory in
the category Simp(Set) of simplicial sets and therefore to that one in the category of
topological spaces. This was done by extending the well-known adjoint situation, [14],

G : Simp(set)yeq < Simp(Gp) : W

to a pair of adjoint functors

G : Simp(Set) < Simp(Gpd). : W,

which induces the equivalence of homotopy theories. In particular, their homotopy cate-
gories are equivalent and there is a 1-1 correspondence of homotopy classes of maps. More-
over, analogously to the case of simplicial groups, in the model category Simp(Gpd).
every object is fibrant and the cofibrant objects are the free simplicial groupoids and their
retracts.

The first aim of the present paper is to give explicit constructions of path space and
cylinder object in the closed model category of simplicial groupoids and then, although
Simp(Gpd). is not a closed simplicial model category, we characterize the associated
right and left homotopy relations in terms of simplicial identities, which correspond by
the functor W to the simplicial homotopy identities in simplicial sets. Thus, Simp(Gpd).
behaves as it was a closed simplicial model category, that is, there is a notion of simpli-
cial homotopy when the source is cofibrant ant the target fibrant and it coincides with
the axiomatic left homotopy and right homotopy that Quillen develops via cylinder or
path objects. The surprise of this fact can be clarified if one looks at the objects of
Simp(Gpd). inside of the category of all simplicial groupoids (i.e., with objects not nec-
essarily discrete) and then one restricts the notion of simplicial homotopy here to those
simplicial groupoids. Recall that there are true Quillen model structures on the category
of all simplicial groupoids, one created by the Moerdijk’s model structure on bisimpli-
cial sets [13] and the dimensionwise nerve N : Simp(Gpd) — BiSsets, and the other
by Joyal-Tierney in [10], obtained as a particular case (when & = Sets) of the model
structure on the category Gpd(S(€)) of simplicial groupoids in any Grothendieck topos
€. Both model structures should yield to equivalent homotopy theories (they have same
weak equivalences and cofibrations ordered by inclusion). Besides, as it is deduced from
([10] Theorem 10), the inclusion I : Simp(Gpd). — Simp(Gpd) induces an equivalence
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of homotopy categories and there is a 1-1 correspondence of homotopy classes of maps
|G, H] = [I(G),1(H)] for any objects G, H € Simp(Gpd).,.

The fact that the axiomatic right and left homotopy in Simp(Gpd). can be expressed
in the simplicial language gives a more manageable version of the set of homotopy classes
of maps between two simplicial groupoids and thus we are able of giving, as in simplicial
groups, a simplicial description of the homotopy category of simplicial groupoids. Also
we think that, in this way and in order to study non-connected n-types , it is possible
to give truncated versions of the fundamental homotopy constructions and the homotopy
relation, following the same approach as in simplicial groups [1], [7] and in simplicial sets
[4].

Finally, we show pointed versions of the homotopy constructions of path and cylinder
objects that allow us to give the corresponding constructions of loop and suspension
functors.

The authors would like to thank the referee for several useful comments and sugges-
tions.

1.2. NOTATION AND TERMINOLOGY. We will freely use the results of [14], [16] and
[3]. We denote by Simp(Gp) the category of simplicial groups and by Simp(Gpd).
the category of simplicial groupoids with discrete object of objects. An object X €
Simp(Gpd). can be represented by means of a diagram

Sn—1 S1
S0
S0 S0
d'n d2 ﬁl\
_—
Xn ............ - Kp—1 X2 [ Xl XO

e E el e e e

O———0 O O

where each x O 1is a groupoid and d; and s; are groupoid morphisms satisfying

the usual simplicial identities (see [14]). Note that if O = * is a one-point set, then X can
be seen as a simplicial group and so Simp(Gp) is a full subcategory of Simp(Gpd)..
For any two objects p,q € O in X, X(p,q) will denote the simplicial set of morphisms in
X from p to q. If p=¢q, X(p) = X(p, p) is a simplicial group called the simplicial group
of automorphisms in p. Both categories Simp(Gp) and Simp(Gpd). are closed model
categories in the sense of Quillen [16]. Below we recall the structure in Simp(Gpd). [3]:

Xo -y,
-A morphism f : X — Y in Simp(Gpd), is a fibration if Sl lt Sl lt is a fibration of
O—=0
groupoids and, for any p € Obj(X), the induced morphism X (p) — Y (f(p)) is a fibration
of simplicial groups.
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-The morphism f is a weak equivalence if f induces a 1-1 correspondence between
the components of X and those of Y and, for any p € Obj(X), the induced morphism
X(p) = Y(f(p)) is a weak equivalence of simplicial groups.

-The morphism f is a cofibration if it is a retract of a free map.
I

In any groupoid x O » the composition of two morphisms z,y € X, such

that s(z) = t(y) will be denoted by x o y.

2. Homotopy groupoids and simplicial homotopy identities

Given X € Simp(Gpd)., the Moore complex of X, NX | is defined as the following chain
complex of groupoids:

CONXTNX NX e NX P N X

el

............. O _ O O O O

where NoX = Xy, N, X —ji O = Ker(dy)N---NKer(d,_) and d, is the restriction of
dp.

Note that, as the face and degeneracy morphisms of X are the identity on objects, the
groupoid N, X H‘i’ O is, for n > 1, the disjoint union of the vertex groups Kerd;(p),
p € O; in particular, d,d,; is always an identity so that (NX,d) is, indeed, a chain
complex of groupoids over O. Then, this construction (see [6]) gives a functor from
Simp(Gpd). to the category of chain complexes of groupoids and, if O has only one
element, it is clear that this construction reduces to the well-known Moore complex functor
defined in Simp(Gp) (see [14]).

Recall that the homotopy groups of the underlying simplicial set of a simplicial group
G, (pointed by the identity element) can be obtained as the homology groups of the

Moore complex of G,. In the same way, we can consider homotopy groupoids of any
X € Simp(Gpd)., defined as follows:

Let us consider B, (X) é O , the groupoid whose set of morphisms is d,,1(N,,41(X)),
and Z,(X) —j> O , the groupoid whose set of morphisms is K er(d_n). It is clear that

B, (X) é O is a normal subgroupoid of Z,(X) $ O [9], and then we define, for all
n > 1, the n-th homotopy groupoid of X, denoted by 7,(X), as the quotient groupoid of
Zn(X) $ O by B,(X) # O . Thus, 7,(X) has O as the set of objects and @ as
the set of morphisms, where x = 2’ if there exist y, ¢’ € B,,(X) such that ¢y’ oz =2’ o y.
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This construction determines a functor from Simp(Gpd). to the category of groupoids.
Note that the group of automorphisms in p € O of the groupoid m,(X) is 7, (X (p)), which
is the n-th homotopy group of the simplicial group of automorphisms in p, and, for n > 1,
(X)) is the disjoint union of the homotopy groups m,(X(p)), p € O.

Next we establish the notion of simplicial homotopy between morphisms in the cate-
gory Simp(Gpd)..

2.1. DEFINITION. Let f g : X — Y be two morphisms in Simp(Gpd).. A simplicial
homotopy from f to g, denoted by B : f =~ g, consists of a map B : O — Yy such that
sB = f and t3 = g together with a family of maps 3 : X,, — Yy, 1 < j <mn, satisfying
the following relations:

a) doBL(x) = gn-1do(x) 0 s§ ' Bs(z) 5 B (x) = s§ ' Bt(x) o fr_1du(x), Yz € X,,.

[ Bd i< [ Bs i<
3 — n - — v
) i { n-10i AT s 12
c) Given p—~>qYsy € Xy, Bi(yox)=pG(y) o (s58t(x)) ! o By (z).

2.2. PROPOSITION. Let f,g: X — Y be two morphisms in Simp(Gpd).. Then, giving
a simplicial homotopy from f to g is equivalent to giving a map o : O — Yy such that
sa = f and ta = g, together with a family of maps o : X,, — Y,i1, 0 < j < n, satisfying
the following relations:

a) sad = fs; tal = gt.

b) doa(z) = gn(x) o sfas(z) ; dp1al(z) = spat(z) o fu(z), Vz € X,,.

i—1 . .
| ydi <] . aitls, i< j
c) diad = diad™! i=j+1 ; sl = notr =
n P Y n alsii1 1>
Oénfldi—l 1> +1

d) Given p 2. q- Yoy €X,, al(yox)=al(y) o (s§at(z))™" oal(z).

Proof. Let us suppose that @ and o satisfy the above relations. Then, by putting 8 = «
and, for each 1 < j <mn, ] =d;al™ : X,, — Y, it is straightforward to see that 3 is a
simplicial homotopy from f to g. Conversely, if 3 : f ~ ¢ is a simplicial homotopy, then

a=fand of = F1]s;, 0 < j < n, satisfy the above relations.

It is not very difficult to see that the functor W preserves simplicial homotopies.

Now, given f, g : X — Y two morphisms in Simp(Gpd), and 3 : f ~ g a simplicial
homotopy, there is, for each p € O, a morphism 3(p) : f(p) — ¢g(p), and then we can
consider the morphism gg : X — Y defined by gs(p) = f(p) and gg(z) = s§pt(z)~! o
g(x)osyBs(z), x € X,. The next proposition shows the relationship between the induced
morphisms in the homotopy groupoids by two morphisms that are simplicially homotopic.
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2.3. PROPOSITION. Let f, g : X — Y be two morphisms in Simp(Gpd).. If there
exists a simplicial homotopy (: f ~ g, then m,(f) = m,(gs), n > 0.

Proof. Let p € O and consider the family of group morphisms 37, 1 < j < n, where each
B Xu(p) — Yo(f(p)) is given by 37 = spB(p)~to B, It is straightforward to check
that this family of morphisms determines a simplicial homotopy 3 between the simplicial
group morphisms f,, (95), : X(p) — Y (p). Thus, for each n > 0, m,(f,) = mn((95)p), and
so it is clear that 7, (f) = m,(gg), for any n > 1.

In addition, mo(f) = mo(gg), since for any = : p — q € X, there exist y,y" € By(Y') such
that y'o f(z) = ggoy. In fact, if we consider § = so8(p)~" o sog(z)~* o B (soz) € Y1(f(p))
then do(y) = Ids) and di(y) = B(p) ' og(x) "t oB(g) o f(x) and so the morphisms
y=pB(p)tog(x)topBq)o f(zx) and y' = Idy, satisfy the required condition.

3. Path and cylinder constructions in simplicial groupoids

Let us start by recalling that in the closed model category Simp(Gp) of simplicial groups
[16], given H, € Simp(Gp), the simplicial group H!, whose n-simplices are:

(H])n = Homgimp(set)(A[1] x Aln], H,) =

= {(1’0, - ,l’n) - (Hn+1)n+1 / d,l’z = d,‘l’i_l, 1< < TL}

and the face and degeneracy operators are:
dz’(iﬁm e ,an) = (d1;+1560, ooy i, diTig, . 7d1;$n), 0<i<n,

5i(T0, - Tn) = (Si41%0, - - -, Sig 174, STy - - -, 8iTy), 0 <0<,

is a path space for H, since there is a factorization of the diagonal morphism

S g1 N g w1, |

H,
where f3,, given by (,(x) = (soz,...,s,x), is a weak equivalence and (Jy, 0;), the mor-
phism induced by (9g)n (20, - .., Tn) = dpi17, and (O1)n(zo, - .., T,) = doxg, is a fibration
(see 7], [3]).

3.1. DEFINITION. Given H € Simp(Gpd),, consider the simplicial groupoid H' whose
set of objects is Hy and the set of morphisms in dimension n is the set of (n+ 1)-uples of
commutative squares:

n+1 n+1
puq puq a,b € Hy dZZEZ = dixi—l
(Hl)n =3\ X= \Lwo m6¢ o i/ln at’n\L xi,x; € Hyn dz-x; - dix;_l
p,q€0

/ / / /
p sg+1b q p ng'lb q
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where, in each dimension, the source and target of the groupoid (H?), _j> Hy are defined

by s(x) = a and t(x) = b, and the face and degeneracy operators are given, in each
dimension, by:

Spa 80(1 SOG Spa

pP—— .
dl(X) = di+1T0 , z+1ﬂcz 1 du’vz+1 dizn
dip12) dit17]_ Ty dix),
/ / / /
P—m=d P —mmd P
sg+2a sg+2a sg+2a sg+2a
—(q p q p q Pp———(q
S (X) = $j+1T0 g eeey | STH1TS SjTj o SjTn
55412 Sj+1%; Sj; 85T,
/ / / / / / / /
Vgl Vol P d Vo

The above definition determines a functor
(—)" : Simp(Gpd). — Simp(Gpd),

and we actually have the following:
3.2. PROPOSITION. The simplicial groupoid H' is a path space for any H in Simp(Gpd)..
Proof. We must prove that there exists a factorization of the diagonal morphism
B I (00,01)

kH/
A

H HxH

such that morphism [ is a weak equivalence and (Jy, 0) is a fibration.
Let us define 3: H — H' as follows:

- On objects, 8 : O — H, is given by ((p) = Id, Vp € O.

- On morphisms, 3: H,, — (H'), is given, for each z : p — q € H,, by

o P
ﬁ(l’) = 5033i/ ‘LSOI ) sy Snml/ \Lsnx
q q q q
58+11dq sg+1ldq

It is straightforward to check that (3 is a morphism of simplicial groupoids. To verify
that it is a weak equivalence, we first show that it induces a bijection between the com-
ponents of H and those of H’. The injectivity is clear because, if 3(p) and 3(q) are in



Theory and Applications of Categories, Vol. 7, No. 14 270

the same component of (H)y, then p y ¢ are in the same component of Hy, since if the
following square

p

q

is a morphism connecting them in (H%),, then z : p — ¢ is a morphism connecting p and
q in Hy. To show the surjectivity it is enough to see that, given = : p — ¢ with p € O,
then B3(p) and x are in the same component in (H?),, but this is clear if we consider the
following commutative square:

8
R

soldp

p

P—>q .

Sox

Sox

-3

Second, we must show that the induced morphism 3(p) : H(p) — H'(B(p)) is a weak
equivalence of simplicial groups for all p € O and this is clear since we have:

~ {(xo,...,ycn) / jxefg(;")ﬁﬂ }: (H(p))' ,

and so morphism ((p) can be identified with the corresponding morphism in the con-
struction of the path space in the category of simplicial groups (see the beginning of this
section), and therefore it is a weak equivalence.

Next we define (9, 01) : H — H x H as follows:

- On objects, (0y,01) : Hy — O x O is given by (0y, 01)(a) = (s(a),t(a)), Ya € H,y.

- On morphisms, (9, 01), : (H'),, — H, x H, is given by

0 a SO a
p——q b——q )
(807 al)n \on :(:6¢ ) cee \Lmn 1‘;“1/ = (dn—f—lwna dox()) .
p/ / p/ /
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The proof that (9, d;) is a morphism of simplicial groupoids is long and tedious but
straightforward. For instance, in dimension 1, we have to prove that the following cube
is commutative:

(00,01)1
di
=

HOXHO 0

(HI>1 Hl XHl

(00,01)0

-

Hy

(H")o

H, H Ox0O

W

Ox0O

t

and, for example, for the upper face and the morphism dj this is true because:

52(1 32a
p——=q¢ p—>¢q / /
(do(8o,01)1) | 2o ap) > Jar ar} | =do(dazr, dowp) = (dodax, dodoxy)
p/ / pl /
2b 2b
2(1 2(1
p—q pyg p—>q /
((90,01)odo) | |20 ap) s oo o] | =(00,00)0 | |aown |dowy | = (drdozy, dodozy)
p/ 2b / p/ 2b / p/ q/
and the simplicial identities and the relation d;x; = d;x;—; imply (dodozy, dodozy) =

(dldol‘l, dodol’/l)
Finally, let us prove that the morphism (0y, 0) is a fibration in Simp(Gpd).. To do
so, note first that the morphism of groupoids

(H')o——= Hy
(30,81)l l(ao,al)
Hy x Hy —>j—>0 x O

CC,

is a fibration since, given a :p — ¢ € Hy and (p —"=p/ ¢ q') € Ho x Hy, the ele-

ment of (H')y represented by the commutative square

q
lsoz’
q/

soa
pP—m—>
soxl
-
so(z'az1)
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satisfies  (9p, Oy) (CQ = (z,2').

It remains to prove that, given a : p — ¢ € Hy, the morphism (0y,0;) : H(a) —
H(p) x H(q) is a fibration of simplicial groups. Now, since the objects p and ¢ are in the
same component of Hy, H(p) x H(q) = H(p) x H(p). Moreover, it is easy to identify
H'(a) with H(p)" because an element of (H%(a)),, such as the following:

Sn+1a Sn+1a Sn+1a
p——q pP——q pP——q
Zol lxg ’ wll lz’l 7Y :Enl lz;
P—ma L L
SO a SO a 80 a
determines (xg,x1,...,2,) € (H(p))L and, conversely, given (zg,z1,...,7,) € (H(p))L,
the morphisms xy, . .., z! are determined by composition. Thus, the morphism (dy, d;) :

H'(a) — H(p) x H(q) can be identified with the morphism of simplicial groups H(p)! —
H(p) x H(p), which is a fibration since it is the corresponding morphism in the construc-
tion of the path space in the category Simp(Gp).

Finally, it is clear that (9, 01)03 = A. [

Let us recall now that if G, is a cofibrant (i.e., free) simplicial group, the simplicial
n+1

group G, ® I, whose n-simplices are (Ge ® I),, = [[ (Gn):, where (G,); = G, 0 <i <mn,

is a cylinder object for G, in the closed model ::ategory Simp(Gp) since there is a
factorization of the codiagonal morphism

G JIG. MG 0T —2-a,

where o, which is the morphism induced by the identities, is a weak equivalence, and
the morphism %¢ + 41, which is induced by the first and last inclusions respectively, is a

cofibration (see [7], [8]).

3.3. DEFINITION. Given G € Simp(Gpd)., consider the simplicial groupoid GRI whose
set of objects is OV O = O x {0,1} and the sets of morphisms are constructed as follows:

Given p € O, we denote py = (p,0) € O x {0} and p; = (p,1) € O x {1}. For any
x € Gy, x:p— q, we consider two morphisms, x° : py — qo and x' : py — qo, and the
sets GY ={2° / x € Gy} and G{ ={z' | x € Go}. Also, for any p € O we consider a
morphism I, : po — p1 and its inverse Ip_l S p1 — Do.

The set (G ® 1)y of morphisms in dimension zero, denoted by G5V Gy V O, consists
of these three classes of morphisms and all the words o, o a,,_1 o ...«aq, where each o is
any of the morphisms described above, such that s(c;) = t(o;_1). All these morphisms are
subject to the relations 1° o y° = (zoy)?, xl oy' = (zoy)!, (Id,)° = (Id,)'.

Now, for any morphism x : p — q € G, we consider three morphisms z°° : py — qo,
2% i py — qo and M py — qo and the sets G° = {2 / x € G}, GV = {2™ / x € G}
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and Gi* = {a™ | x € G1}. Also, for any p € O, we consider the morphisms I, : pg — p1
and their inverses.

Then, the set (G® 1), of morphisms in dimension one, denoted by GV G vGitv O,
consists of these four classes of morphisms and all the words a, 0y, _10. .. ag, where each
«; is any of the morphisms described above, such that s(«;) = t(cy_1). All these morphisms
are subject to the relations 2% o y%° = (z o y)%, 2% 0y = (2 0o y)%, 2t oyt = (2 0 y)1!
(Idp)oo = ([dp)m = (Idp)n = Ldy,.

By iterating this process, we define (G & I),, = er(A[l])n GI Vv O. Thus, given x € G,
and 7 € (A[1)),, we have 27 € GT C (G ® I),.

Note that we have a groupoid

Id
= T~
(G @ I ovo .

where Id,, = (Id,)°* = (Id,)'; Id,, = IpIp_l; s(2%) = s(a') = s(I,) = po;d S(Ip_l) = pi;
t(z°) = t(z') = t(I;') = qo and t(I;) = q1. In general, we have, in each dimension n, a
groupoid

Id
/t\
(G&D.20VO0 .

Thus, we have constructed a simplicial groupoid where the face and degeneracy operators

are defined by:

di(x )= (diz)4™, 27 € G, 0<i <,

d;(I,) =1, (in a smaller dimension),
si(x7) = ( )T, T € Gy, 0<i<n-—1,
si(I,) = I, (in a higher dimension).

The above definition determines a functor
(=) ® I : Simp(Gpd), — Simp(Gpd).

and we actually have the following:

3.4. PROPOSITION. The simplicial groupoid G @ I is a cylinder object for any cofibrant
object G in Simp(Gpd)..

Proof. We must prove that there exists a factorization of the codiagonal morphism

GO 6ol

such that i¢ + 47 is a cofibration and o is a weak equivalence.
We define 0 : G®I — G by a(py) = o(p1) = p, p € O; o(z") = z, 27 € GI;
o(l,) =1d,, p € O.
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The morphisms g, i; : G — G @ I are defined by i(p) = po, p € O; ig(x) = 7000

z € Gp; ir(p) = p1, p € O; ix(x) = Lz I & € G,

It is clear that ot = 01 = 1.

Moreover, if G is cofibrant, ig + ¢; is a free map, and thus a cofibration, since it is
clearly one-to-one on objects and maps and it is straightforward to see that, if V' is a base
of G, then W = {W,, / n € N} is a base of G ® I where, with the same notation used in
the construction of G ® I, W,, = V%001 y 0001l y - yyotl-1yQ.

To prove that o is a weak equivalence it is enough to see that it is a homotopy
equivalence (see [17], theorem 1.3). To do so, below we construct a right homotopy from
i0o t0 lggr. Note first that (ioo)(po) = po, (i00)(p1) = p1, (i00)(I,) = (Id,)°, p € O;
(igo)(z7) = 20 27 € (G I),.

The right homotopy is a morphism H : G ® I — (G ® I)! such that
OoH = igo, 01H = lger and it is given as follows:

- On objects:

H(po) = (po=Lpy) H(p1) = (po—2p;)

- In dimension 0:

o Do =L 1o o po L p, o Po == po
(.Q? ) = (SOI)OOl i(sox)oo ) (33 ) - (Sox)ml l(SOI)m ) ( P) T llp
Go == o G0 == Do Po— -
- In dimension 1:
Po=—="Po Po=—="Po
H(z™) (SO@OOOl l(SOIE)OOO : <slx>°°°l l(w)m
qo == qo 9o =—="%
Po=—="Do Po=—="Po
H(I‘Ol) = (SOQ?)OOI\L l(sox)ool ) (SlI)OOll l(slm)(ml
qo == {qo 9%o=—="%
Po=—=Do Po=—="Po
H(z") = (soxwul l(soxw“ : <m>°01l l(sm‘)‘”
qo == {qo 9o =—="%
I I
Po —= D1 Po —= D1
H([p) = Id Id | Id Id
Do AS b1 Do A b1

- In general, for any element 2%~ ¢ (G @ 1), 0<j<n+1:
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H(xOO("TJ:J’lOUgl) — (do7 diy...,dg,... ,dn)

where each dj, is a diagram of the form:

Po=—="Po
(skx)oﬁ(”‘-i“ﬂllfill l(skx)oo("‘»-j“OHQI if 0<k<n-—j+1,
o ——=14o
Po=—="Po
(skx)OO"“-*IOH("-f““ll J{(skx)(]O(’“-flOll‘”»-’?“l if n—j+2<k<n+1.
o =—=40

Finally, it is straightforward to see that O0H = igoc y O1H = lger.

4. A simplicial description of Ho(Simp(Gpd).)

The construction of path space in Simp(Gpd). given in Section 3, allows us to formulate
the right homotopy relation between two morphisms in terms of the simplicial homo-
topy relations given in Proposition 2.2. In fact, if f,g : G — H are two morphisms in
Simp(Gpd)., a right homotopy from f to g is a morphism « : G — H' such that dya = f
and 0y« = g and this means to give:
- A map a : O — Hj such that (0y, 01)a = (f,¢g) and, since (0, 01)a = (sa, tar), the
map « must satisfy that sa = f and ta = g.
- A map «p : Gy — H{ such that (9y,01)an = (fo,g0) and the following diagram is
commutative:
Go i)) O
t
CVO\L la
Hi :t; Hy .

Now, if z: p — q € Gy, ag() : a(p) — alq) € H! is a commutative square of the form

F(p) 22 g(p)

o T

£(q) 22 g(q)

and so, giving «y in these conditions is equivalent to giving a map

with dyzg = fo(x) and dyzf, = go(z),

|

058 : GO H1

x—— soat(x) o xg
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. J sag(@) = fs(z), tag(z) = gt(x),
such that: { ad(z) = at(x) o fo(z), doad(x) = go(x) o as(x)
(note that doao( ) = at(x) o dowg = at(x) o (at(x)) ™! o dozfy 0 as(x) = go(z) 0 as()).
The condition that the pair (ag,«) is a morphism of groupoids is clearly equivalent
to o satisfying the relation af(y o z) = a(y) o (spat(z))~! o af(x), for any morphisms
- A map o : Gy — (H?Y); such that (9y,01)a; = (f1,91) and the following diagrams

are commutative:
50

P RN
G 0 G == Gl
aq (6% aq [e70]
S0
s ATy >
(Hj)lt—>HU ’ (HI) “a (HI)

Now, if z:p — q € Gy, a1(x) : a(p) — alq) € (H!); and so it is of the form

sga(p) a(p)
Fp) =g(p)  fp) == g(p)
) ) dllL‘O = dlfL‘l
o Tol 7 o 1 dyxy = dyr)
f Q)WQ(Q) Q)mg(q

with dyzy = fi(z), doxy = g1(x), ao(doz) = | dom, doz), | and

ao(dr1w) = | dymo ldgmé

Thus, giving «; is equivalent to giving two maps o}, af : Gy — H,
T+ s2at(z) o xg

T+ s3at(z) o 1

(sal(x) = fs(x), tal(z) = gt(z), saj(z) = fs(x), taj(r) = gt(x) ,
doc(z) = spat(z) o dyrg = doxp o spas(z) = g1(x) o spas(x)

() = soa(

() (z) o dyzg = spat(x) o dywy = dyad(z)
(z) = spat(x) o dywg = addy (x
(2) (2) (
(x) (2)

such that:

e} dol‘l = Oéod()
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Moreover, if z : p — q € Gy, then

f(p)mg(p F0) 2 o) f) 2L ()
SOQO(:E) = 50 lxo lslxo s1x) jsol‘o soxg - 04180 )
f(q )—>Soa(q) 9(q) @) o— e 9la)  fla) 5= e (9)

and so spal(z) = siat(z) o sozo = ajso(x) and s1af(z) = syspat(x) o 179 = siat(x) o

5179 = alsg(x).

Given p_%.q_ Y,y € Gy, the condition that («q,«) is a morphism of groupoids
is equivalent to a? and af satisfying the relations of(y o ) = a(y) o (s2at(x))™ o ad(x)
and al(yoz) = al(y) o (siat(x))™ o al(x).

By iterating these calculations and recalling the characterization given in Proposition
2.2, we can state the following:

4.1. PROPOSITION. Let G, H € Simp(Gpd). and f,g: G — H two morphisms. Then,
giving a morphism o : G — H! such that (0y,01)a = (f,g) is equivalent to giving a
simplicial homotopy o : f ~ g.

In the same way as above, the construction of cylinder object in Simp(Gpd), given
in Section 3, allows us to formulate the left homotopy relation between two morphisms in
terms of the simplicial homotopy relations given in Definition 2.1. In fact, if f,¢g: G — H
are two morphisms in Simp(Gpd)., giving a morphism 3 : G® I — H such that i = f
and (i, = g is equivalent to giving the following data:

-Amap 3: 0OV O — O such that, for any p € O, B(po) = f(p) and B(p1) = g(p);
thus, [ is completely determined by the maps f,g: O — O'.

- A map Gy : (G®I)y — Hy such that [y(ig + 1) = fo+ go and the following diagram

(G —20VO0

1

Hy 04

is commutative.

Now, given z : p — q € Gy, ig(z) = z° and 5y(z°) = fo(z) : f(p) — f(q), then [y is
determined on GJ by fo. If p € O, By(I,) is a morphism in Hy such that sgy(1,) = f(p)
and t0y(I,) = g(p). Thus, giving Gy, on the morphisms I, is equivalent to giving a
map § : O — Hy such that s = f y t6 = ¢g. This map determines [, if we define
Bo(2®) = fo(x); Bo(Lp) = B(p); Bo(x') = Bs(x)~" 0 go(w) o Bs(x).

-Amap (3 : (G®1); — Hy such that £y (ig+1i1) = f1 + g1 and the following diagrams
are commutative:
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S0

s /d_o\
(G®I)1t:>>0\/0 (GeI), (G®I)
eit Jé] 61 w0 Bo

/;l()\
H,y o H, Hy

Now, if p € O, it is clear that (8;(I,) = sof(p) and, glven Tip— q € Gy, Prig(x)

Bi(e™) = fi() : f(p) — Flg) and Bris(z) = soBt(x)ofs(aM)s00Bs(x) ! = gu(2) : g(p) =
g(p). Thus, (3 is determined by giving £ (2°) : f(p) — f(q), satlsfylng that doﬁl( ) =

01
Bo(do(2™)) = Bo((dox)') = Bt(x)™" o godo(z) o Bs(x) and diBi(z™) = Bo(di(z™)) =
Bo((d1x)°) = fodi(x), which is is equivalent to giving a map:
5% 1 Gy H,
Ti——=soft(x) o f1(z*) : f(p) — 9(q)

Bt(z) " () o godo(x) o Bs(x) = go(z) o dofBs(x)
Jodi(z) .

doﬁ% (z) =
dlﬁll (z)

pt(x)
Bt(x)

@)
O

satisfying that {

Given p_*.q_Y.r € G, the fact that (3, 3) is a morphism of groupoids is
equivalent to 3 satisfying the following relation:

Bi(yox) = soBt(y) o fi((y o)) = s0Bt(y) o Bu(y” ™) = s0Bt(y) o Bu(y™) o fr (") =

= s0Bt(y) o Bi(y™) o soBt(x) ™" 0 s0Bt(w) 0 i (2™) = Bi(y) o (s0Bt(w)) ™" 0 By (x).

-Amap (s : (G® 1)y — Hy such that By(ig+1i1) = fa+ go and the following diagrams

are commutative:
50

S1
/%

(G®1):=0VO0 (G® 1), (G& 1),
B2 B B1 2(1) Bo
N\
HQ O/ ) H2 H1 .
—

Now, given p € O, Bo(1,) = s33(p) and, if x : p — q € Ga, Paio(x) = Po(a®) = fo(x)
and iy (2) = Bo(lgx' 1) = s30t(x) o Bo(a'™h) 0 s508s(x) ™" = ga(x). Thus, B, is deter-
mined by By(2%1) and By (z!!) satisfying that:

dofo(2™") = Brdo(z™) = B1((dox)*") = s0Bt(x) " o Bido(2),
d1ﬁ2($001) 6 ( 001) 51((61196)01) = 50575(1‘)_1 Oﬁlldl(ﬂﬁ);
do B () dy (") = B1((de2)®) = frda(x) o dofBa(x°')
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= Bido(z™") = Bi((dox)'t) = so8t(x) ! o grdy(z) 0 soBs(x),
d152(95011) = fidy (xon) = 51((65195)01) = Soﬁt(x)_l © 611d1 (),
d252(55011) = 51032(37011) = ﬁl((dﬂ)m) = Soﬁt(l’)_l © 511652(33);

which is equivalent to giving two maps:

521 1 Gy H, and ﬁ% 1 Gy H,

T s23t(x) o Bo(x) T s23t(z) o Bo(x"1)

satisfying the following relations:

dofi(x) = dysiBt(x) o dofa(x®M) = so8t(x) o soBt(x) ™t 0 gido(x) o spBs(x) =
= gido() 0 soBs(x),

d1 8y (x) = dysiBt(x) o difa(x®M) = so08t(x) 0 soBt(x) ™t o Bido(z) = Bido(x),

dof33 () = dastBt(x) o dafa(x®M) = sodysoSt(x) o frde(z) = seft(x) o frda(z),

dof35(x) = dysiBt(z) o dofa(x®) = sot(z)seft(x) ! o fido(x) = Bido(x),

d1B3(x) = dysEBt(z) o dyBa(x") = soft(x) o sofBt(x) ™ o Bidi(z) = Bidi(x),

do 35 () = dasyBt(x) o dyfa(x9) = sodysofBt(x) o frdy(x) = soft(x) frda(z).

Moreover, if x : p — q € Gy, then dyB2so(z) = (1 (x) and so Bise(x) = sofi(x), and
difys0(z) = Bi(z) and so Bys0(z) = 5101 (z). )
For any p_—*.q—Y.p € Gy, the fact that (fs,3) is a morphism of groupoids is

equivalent to 33 and (37 satisfying following relations:

By(y ox) = s5Bt(y) o Bal(y 0 x)') = s3Bt(y) o oy 'a™") = s55t(y) o Ba(y™'!) © Ba(a1)
= so0t(y) o B2(y™) (s58t(x)) " 0 55t (x) 0 Bo(x™) = B3 (y) o (s55L(x)) ™" © B (),
B3(yox) = siBt(y) o Ma(yox)™) = siBt(y) o Fa(y™'a™) = s§Bt(y) o Ba(y™) 0 B (ﬂf“m) =
= 550t (y) o Ba(y™") o (s58(x)) ™" 0 558t (x) 0 Fa(x™) =B5(y) © (s56L(x)) ™" o F(x).

By iterating these calculations and recalling the definition of homotopy given in 2.1,
we can state that:

4.2. PROPOSITION. Let f,g: G — H be two morphisms in Simp(Gpd).. Then, giving
a morphism 3 : G @ I — H such that 3(ig +i1) = f + g is equivalent to giving a simplicial
homotopy B : f ~g.

Now, as a consequence of Propositions 4.1, 4.2 and 2.2, we have the following:
4.3. COROLLARY. The functor (=) ® I : Simp(Gpd). — Simp(Gpd). is left adjoint
to the functor (=)' : Simp(Gpd), — Simp(Gpd)..

Lastly we have:
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4.4. THEOREM. The homotopy category Ho(Simp(Gpd).) is equivalent to the category
whose objects are the cofibrant (i.e. free) simplicial groupoids and whose morphisms are
simplicial homotopy classes of simplicial groupoid morphisms.

Proof. If G is a cofibrant simplicial groupoid and H is any simplicial groupoid, Propo-
sitions 3.4 and 4.2 assure that the left homotopy relation in Homgimp(Gpd). (G H) co-
incides with the simplicial homotopy relation but this one coincides with the right
homotopy relation according to Propositions 3.2 and 4.1. Since Simp(Gpd). is

a closed model category we have then that Homposimp(apa).) (G, H) = {left =
right homotopy classes of morphisms from G to H} = [G, H] the set of simplicial homo-
topy classes of simplicial morphisms from G to H. [

5. Homotopy constructions in the pointed case

Let us denote by (Simp(Gpd)., p) the category of pointed simplicial groups. This is the
category whose objects are pairs (X, p), with X € Simp(Gpd). and p € O a fixed object
of X, and given (X, p), (Y,p')€ (Simp(Gpd)., p), the morphisms f : (X, p) — (Y,p') are
morphisms f: X — Y € Simp(Gpd). such that f(p) =

If % denotes the zero object in (Simp(Gpd).,p), it is clear that this category is
isomorphic to the category (%, Simp(Gpd).) of objects under x. Thus, (Simp(Gpd)., p)
inherits a closed model structure from that of Simp(Gpd). (see [16]) where f : (X, p) —
(Y,p') is a fibration (respectively cofibration or weak equivalence) if f : X — Y is a
fibration (resp. cofibration or weak equivalence) in Simp(Gpd)..

Below we see that path space and cylinder constructions in (Simp(Gpd)., p) can be
done by using the constructions of these objects in Simp(Gpd). which we have shown
in Section 3. This allows us to define loop and suspension functors in (Simp(Gpd)., p).

5.1. PROPOSITION. The pointed simplicial groupoid (H',1d,) is a path space for any

Proof. We have the following factorization of the diagonal morphism

(80,01)

(H,p) —"= (', 1d,) 2 (H % H, (p.p)) .

where the morphisms 3 and (9p, 1), defined as in Proposition 3.2, are clearly a weak
equivalence and a fibration in (Simp(Gpd),, p) respectively. n

Now we can consider the loop functor

Q0 : (Simp(Gpd)., p) — (Simp(Gpd)., p)

(00,01)

defined by Q((H,p)) = Ker((H, Id,,) (H x H,(p,p)). This functor induces

the corresponding one in the homotopy category Hy((Simp(Gpd).,p)).
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Now, let us consider the groupoid interval Z, which is the groupoid with only two
objects 0 and 1 and one morphism between them. We also denote by Z the simplicial
groupoid constant Z in any dimension, and let us consider, for any G € Simp(Gpd).
and p € O, the morphism of simplicial groupoids v : Z — G ® I defined, in each di-
mension, by: u(0) = py, u(1) = p1, u(0 — 1) = I,. This morphism induces another one
in (Simp(Gpd).,p), u: (Z,0) = (G® I,py), and we make the following:

5.2. DEFINITION. Given (G,p) € (Simp(Gpd).,p), we define (G ® I,py) by means of

the following pushout diagram:

(Z,0) —= (G ® I,po)

)

4 _
*

(G®[7p0)

5.3. PROPOSITION. For any cofibrant object G € Simp(Gpd). and any p € O, the
pointed simplicial groupoid (G ® I,po) is a cylinder object for (G, p).

Proof. Let us consider the morphisms ¢:G®I1 — G and ip,i1:G— GR I de-
fined in Proposition 3.4 and the morphisms they induce in (Simp(Gpd).,p),
o:(G®I1,py) — (G,p) and ip : (G,p) — (G & I,po).

The morphisms ¢ and 0 : * — (G, p) induce a morphism o' : (G ® O,py) — (G,p)
according to the following commutative diagram:

(Z,0) ——(G®1,po)

)

*

Moreover, we consider the morphism iy : (G,p) — (G®I,py) given as the
composition i, = ~ip, so that, in each dimension and for any ¢ € O, we
have i(q) = v(i0(q)) = v(q0) = o, and given x:¢ — r a morphism in G, we have
il(x) = yig(x) = y(x90-0) = 200--0

Now, considering the morphism ~i; : G — G ® I, we have the following induced
morphism in (Simp(Gpd).,p), i} : (G,p) — (G ® I,py). In each dimension, and for any
q € O, we have 7 (q) = qo and, given x : ¢ — r a morphism in G,then i} (z) = [z

Then we have the following factorization of the codiagonal morphism

-/ -/
19t

(G.p) T1(G.p) = (G @ 1, py) —Z (G.p)
o'it(q) = o' (¢0) = o(q0) = 4,
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o 26(:13) — o_/(xOO...O) — 0.(1.00...0) =z,
o'i1(q) = 0'(q0) = o(q0) = ¢,

o't} (z) = o' (I I7Y) = o (L' 17 = .

The proof that i(, + i} is a cofibration is exactly similar to the proof of this fact given
in Proposition 3.4. Also, ¢’ is a homotopy equivalence and therefore a weak equiva-
lence. The homotopy H': (G® I,py) — ((G®I)!,1d,,) is defined similarly to the ho-
motopy H : G ® I — (G ® I)! given in the proof of Proposition 3.4 since we can iden-
tify the set of objects of the pointed simplicial groupoid ((G ® I)!,Id,,) with the set
{GIV GV O/py = p1; I, = Id,, = Id,, }, (see Definition 3.3) and, moreover, ((G ® I)7),,
can be identified with the set

n+1 n+1 -
qur qur G,bG(G@[)O dil'i:dil’i,1
\Lmo IB\L s e, \an xfﬂl/ Xy, :E; c (G & I)n+1 dlx; = dix;il
I I s q,7 €0
q 58+1b " q ngrlb " ’

The above construction allows us to define a suspension functor

¥ : (Simp(Gpd).,p) — (Simp(Gpd).. p)
given by

-/ -/
zo+zl -

(G®1,pg)) -

((G,p)) = Coker((G,p) [1(G, p)

This functor is left adjoint to the loop functor Q in (Simp(Gpd).,p) and it induces the
corresponding suspension functor in the homotopy category Hy((Simp(Gpd)., p)).
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