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In this paper, we consider a special approach to investigate a three-dimensional mixed bound-
ary value problem (BVP) for an anisotropic Helmholtz type equation which is a second order
elliptic partial differential equation containing a complex parameter 7. The boundary surface
S = 00 of a domain under consideration, Q C R?, is divided into two disjoint parts, Sp and
Sn, where the Dirichlet and Neumann type boundary conditions are prescribed respectively.
Our approach is based on the potential method. We look for a solution to the mixed boundary
value problem in the form of linear combination of the corresponding single layer and double
layer potentials with the densities supported respectively on the Dirichlet and Neumann parts
of the boundary. This approach reduces the mixed BVP to a system of pseudodifferential equa-
tions. It is shown that the corresponding pseudodifferential matrix operator is bounded and
coercive in the appropriate La-based Bessel potential spaces. Consequently, the operator is
invertible, which implies the unconditional unique solvability of the mixed BVP in the Sobolev
space W21 (92). Using a special structure of the obtained pseudodifferential matrix operator,
it is also shown that it is invertible in the Lp-based Besov spaces, which under appropriate
boundary data implies C*-Hoélder continuity of the solution to the mixed BVP in the closed
domain Q with o = % — ¢, where € > 0 is an arbitrarily small number.
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1. Introduction

Here we consider a special approach to investigate a mixed boundary value prob-
lem (BVP) for anisotropic Helmholtz type equation in the case of three-dimensional
bounded domain © C R3, when the smooth boundary surface S = 99 is divided
into two smooth disjoint parts, Sp and Sy, where the Dirichlet and Neumann type
boundary conditions are prescribed respectively. Our approach is based on the clas-
sical potential method. We look for a solution to the mixed boundary value problem
in the form of linear combination of the single layer and double layer potentials
with the different densities supported respectively on the Dirichlet and Neumann
parts of the boundary. This approach reduces the mixed BVP under consideration
to a system of pseudodifferential equations, where the right hand side functions
coincide with the Dirichlet and Neumann boundary data. The corresponding pseu-
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dodifferential matrix operator is bounded and coercive in the appropriate Lo-based
Bessel potential spaces. Consequently, the operator is invertible, which implies the
unconditional unique solvability of the mixed BVP in the Sobolev space W3 ().
Using a special structure of the obtained pseudodifferential matrix operator with
the help of the bootstrap arguments we show that the operator is invertible in the
L,-based Besov spaces, which under appropriate boundary data implies C*-Hoélder
continuity of the solution to the mixed BVP in the closed domain Q with o = %—5,
where € > 0 is an arbitrarily small number.

This type of mixed boundary value problems are studied in scientific literature
by using the potential methods (see, e.g. [4], [16], [20]). In contrast to the existing
approaches, our alternative method has two essential advantages, on the one hand,
it does not require extension of the given boundary data to the whole surface and,
on the other hand, the representation of a solution doesn’t contain the Steklov-
Poincaré type operator containing the inverse operator of the single layer boundary
operator, which is not available explicitly in general for arbitrary surface. Therefore
we hope that our alternative approach will play a crucial role in the process of
construction of efficient algorithms for numerical solutions to the mixed BVPs.

2. Formulation of the mixed BVP and uniqueness theorem

Let © = QF C R? be a three-dimensional bounded domain with the boundary
02 = S, which is divided into two simply connected disjoint parts, Sp and Sy,
SpUSN =8, SpNSy = @. For simplicity we assume that S € C* and ¢ = 0Sp =
0Sn € C*°. We denote the complement of the domain 2 to the whole space by
Q" =R3\ Q.

By Ly, Lpjoc; Wy Wyioer Hps Hp ooy By go and By . (with » > 0, s € R,
1 <p<oo,1<q<o0)wedenote the well-known Lebesgue, Sobolev-Slobodetskii,
Bessel potential, and Besov spaces of complex valued functions of real variables,
respectively (see, e.g., [13], [21], [22]). Recall that Hy = W3 = Bj,, H5 = Bj,,
W[f = B;p, and Hg = ng€7 for any r > 0, for any s € R, for any positive and
non-integer ¢, and for any non-negative integer k. In our analysis we employ also

the spaces:
Hy(M) :={f + f € H}(Mo), supp f < M},
By (M) = {f : | € By (M), supp f C M},
Hy(M) :=A{rf : f € Hy(Mo)},
By (M) :={r,f 1 f€Bj,(Mo)},
where My is a closed manifold without a boundary and M is an open proper sub-

manifold of My with a nonempty smooth boundary oM # @; r, is the restriction
operator onto M. The norms in these spaces are determined by the standard way:

ol gy = Nesllzgeaney el ouy = sl o)

lullgeagy = inf 0]l ), v € Hy(Mo), 7,0 =u,



Vol. 26, No. 2, 2022 55

lull e, (ry = 1nf 0]l B: a0y, v € Bpg(Mo), 70 =u.

Remark 1: Let a function f be defined on an open proper submanifold M of
a closed manifold My without a boundary. Let f € B, (M) and let f be the
extension of f by zero to My \ M. If the extension preserves the space, i.e., if
fe E;,q(M)’ then we write f € E;q(/\/l) instead of f € r,, E;vq(/\/l), when it does
not lead to misunderstanding.

Moreover, By (M) and B,% (M) with %—l—}% =1and %—l—% = 1 are dual spaces.

Similarly, f[g(M) and H,°(M) are dual spaces (for details see, e.g., [21], [22]).
Therefore, for functions f € B, %, (M) and g € E;q(/\/l) (vesp., f € H,*(M)

and g € fI;(M)) the duality relation (f, g) v 18 well defined and it generalizes the
classical Lo-inner product,

o g) =0 Dy = / f(@)g@dM  for f.g € Ly(M),
M

where the overbar denotes complex conjugation operation.

By the symbols {-}* and {-}~ we denote the one-sided traces on the surface
S = 00T from QF and O~ respectively.

It is well known that mixed boundary value problems for elliptic partial dif-
ferential equations have not solutions in the class of regular functions in general
(see, e.g., [10], [20] and the references therein). Therefore, the existence theorems
of solutions are proved in the space of generalized functions and using the embed-
ding theorems the Holder regularity properties of solution are derived for smoother
boundary data.

Now we formulate the interior mixed boundary value problem for the anisotropic
Helmbholtz type pseudo-oscillation equation in the domain Q = Q7: Find a complex
valued function v € H3(€2), which satisfies the following conditions:

3
&*u(z) 2
arj ——— —7u(x) =0, x €, (2.1)
k;l ki kaaxj
{u}t=f on Sp, (2.2)
{T(Og,n)u}" =F on Sy, (2.3)

where a = [ay;]3x3 is a positive definite constant matrix with real entries, 0, =
(01,02,03), 0; = a%j, T = 0 + 1w is a complex parameter with ¢ < 0 and w € R,
n(ni,n2,n3) stands for the outward unit normal vector to S, T'(9,,n(x)) denotes
the conormal derivative

3
T (O, n(x))u(z) = Z aping(x)oju(x), x €S,
k

J=1
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and the boundary data f and F meet the following natural inclusions

feH;(Sp), FeH,*Sy). (2.4)

Here, we understand equation (2.1) in the weak sense. The boundary condition
(2.2) is understood in the trace sense, while for a weak solution u to equation (2.1)
condition (2.3) is understood in the generalized functional sense defined with the
help of Green’s generalized formula (see, e.g., [15]),

{ay;OrO5u(z) — 2u(x), v(x)>ﬂ = —(akjOju(z) ,8kv(x)>ﬂ - 72<u(z), U(JU)>Q
+ {({Tu(z)}*, {v(:n)}+>s for all v e H(Q),

ie.,

{Tu(@)}*, {v(@)}") s == (arjju(z), v(x)), + {u(z), v(z)), (25)
for all v € H2(9Q).

Here we assume summation over the repeated indices from 1 to 3 (Einstein summa-
1
tion convention). Since v € H3 () is an arbitrary function and {v}* € H;(S) , it

follows that relation (2.5) correctly defines the generalized trace {Tu}t € H, *(S)
for an arbitrary weak solution u of equation (2.1).

Equation (2.5) is called Green’s generalized identity implying the well known
uniqueness theorem.

Theorem 2.1: The mized boundary value problem (2.1)-(2.3) possesses at most
one solution.

Proof: It suffices to show that the homogeneous mixed BVP possesses only the
trivial solution which immediately follows from Green’s formula (2.5) by separating
the real and imaginary parts.

([

Remark 2: The exterior mixed boundary value problem for the anisotropic
Helmholtz equation in the domain Q™ is formulated analogously: Find a function
u € H}, (€27), which satisfies the following conditions:

arjOpO5u(z) — T2u(r) =0 in Q, (2.6)
{u}"=f on Sp, (2.7)
{T(0y,n)u}” =F on Sn, (2.8)

lim wu(z) =0, (2.9)

|| —o0

where f and F satisfy inclusions (2.4).

It is well known that due to the decaying asymptotic behaviour (2.9), this exterior
mixed BVP possesses at most one solution as well.

It can be shown that a solution u € H217l 0e(27) of equation (2.6) satisfying condi-

tion (2.9) actually decays exponentially at infinity and consequently u € Hi(Q7).
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3. Properties of potentials

To investigate the existence of a solution to the formulated mixed boundary value
problem, we introduce the single and double layers potentials associated with the
anisotropic Helmholtz type pseudo-oscillation operator (cf. [14])

Vo(o)(a) = / Iz —y,7) p(y) dS,, =€ O,
S

W, (6)(x) = / T(0yn(y))T(x — 4, 7) () dS,. € O,
S

where ¢ and 1 are densities and I' is the fundamental solution of the anisotropic
Helmholtz equation (2.1),

Cexpir(al@—y) (x—-y))}

Iz —y,7)= dra~tz —y)- (v —y)

Here a—! stands for the inverse to the matrix a and the central dot denotes the
scalar product. One can easily check the following relations for sufficiently small

|z —yl:

D(a—y,7) = D —y) = = + Ole — y)). (3.1)
(@~ y,7) = L (w — y) = O(1), (3:2)
Ol (w = y,7) = KT (@ —y) = O]z = I ™), (3.3)

where

1
Ara~tz —y)-(z—y)

MNe—y)=T(zr—y,0)=— (3.4)

For these potentials, the following jump relations for smooth densities are well
known (see, e.g., [14, Ch. 2]):

Va(@) (@} = (V@) (@)}~ = / I(z —y.7)o(y)dS,. €8,
S

(T n@)Vo (@) @)} = F 5 9(@) + [ T(Onn(@)T(a = .7) 1) S, € 5,
S
1

(W)@ =+ 5 0(0) + [ T(0pn)F —.7) 6(w)dS,. w€ 5,
S

{T (O, (@)W () (@)} = {T(0r, n(2)) W () ()}
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= im0 @) 70, n()E G ) 6(0) S,
S

= w70 (@) T, 0T — 1) 6w dS,. 3 € S
S

Let us introduce the boundary integral operators generated by the above single
layer and double layer potentials:

Hop(z) = / P(z —y.7) o(y)dS,, €8,
S

ICTTgo(ac) = /T(ax,n(a:))l“(x -y, 7)p(y)dSy, z €S,
S

Kp() = / T(9y, n(y))T(@ — y,7) () dS,. = € S,
S

Lrp(z) =  lim

QE>52—z€S

T(0,,n(x))T(0y,n(y))I'(z —y,7)Y(y)dSy, =€ S.

n—_

Throughout the paper, the potentials and boundary operators constructed by the
fundamental solution I'(z — y) are equipped with the subscript 0 and they corre-
spond to the case 7 = 0.

The following mapping properties for the single and double layer potentials and
the corresponding boundary operators are also well known (see, e.g., [3], [4], [15],
[17] for general elliptic systems).

Theorem 3.1: Letse€R,1<p<oo, and 1 < g < oo.
(i) The following potential operators are continuous

VeHR(S)— HYQ), Wi Hf(S)— HY(QY),
s 5+1+i s S+i
VB, ,(S) — Hp oh, W, B, ,(S) — Hp (1),
s+1+ s+

V.. B;’q(S) — Bp g Qh),

VT : HQE(S) - H21,loc(Qi)7

s+1+2
V:r : BZSLP(S) - Hp,loc !

(€7),

. SHEL
VB, (S) — B ),

p,q,loc

W:: B, (S) — Bpg" (7).

WT : HQE (S) - H21,loc<Qi)7
. o
W, BS(S) — Ho 2 (0),

p,loc

s o
W, BM(S) — BMJOC(Q ).
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(ii) The following boundary operators are continuous

H.: H5(S) — H3P(S), H-: B (S) — B3i(S),
Ko K7 H(S) — H3(S), Kr K7 2 By () = By o(S), (3:5)
Lr: H5(S) — Hy'(9), Lr:Bj,(5) — B H(S),

(iii) Moreover, the following jump relations

{Va(@) (@)} ={Vz(9)(@)}” = Hro(z), €8,

{T(8z,n(2))Vr(p) (@)} = F % pla) + Klp(x), z €8,

(W () (@))* = £ 5 0(@) + Koi(a), 2 €S,

{T(0, n(x))W- () (2)} " = {T (0, n())W:($)(2)} ™ = Lsdb(z), = €S,

1

hold in the sense of appropriate function spaces for arbitrary ¢ € B;; (S) and
1-1
Y € Bpg” (9).

Remark 1: (Cf. [5], [20]) It is evident that in the case of a smooth surface
S € C?, the operators K, and K = K! = IC?T are mutually adjoint weakly

singular integral operators and for functions v € H3(S) and ¢ € H, *(S) the
following relation holds

<’C:90) ¢>S = <907 K:Tl/}>5' (36)

Actually, due to the weak singularity of the kernel functions of the integral opera-
tors K, and IC] we have the following smoothing mapping properties:

Kr, K] 2 Hy(S) — Hyt'(S) € Hy(S), p>1,

Ko K52 By y(S) = ByiH(S) C Byy(8), p>1,¢>1,

which imply that operators (3.5) are compact thanks to the compact embedding
theorems for the Bessel potential and Besov spaces.

Remark 2: (Cf. [7], [8], [9], [11], [12], [20]) The operators Hp and Ly are strongly
elliptic self-adjoint pseudodifferential operators of order —1 and +1 respectively,

and for complex valued functions ¢1,p2 € Hy 2(S) and 91,12 € H3(S) the fol-
lowing relations hold

(Hop, ¢2) g = (@1, Hopz)g, (Lo, ) g = (¥1, Loa) -

Moreover, there are positive constants d; and do such that the following inequalities
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hold

< — Hop, <p>S >0 Hg0||§{;%(5) for arbitrary ¢ € H;%(S), (3.7)

(Lo, ) g, >0 \|¢\|2%(SO) for arbitrary ¢ € H (Sp), (3.8)

where Sy is a non-empty open proper part of S, So # S.

In our analysis we essentially use the following assertion (for details see, e.g., [1],
2], [6], [10], [16], [19]).

Lemma 3.2: Let S1 € C™ be a bounded, 2-dimensional, non—self-intersecting,
two—sided surface with the boundary 051 € C°, ands € R, 1 <p < 00,1 < q < o0.
Further, let A be a strongly elliptic pseudodifferential operator of order o € R on
Sy having a uniformly positive principal homogeneous symbol, &(A;x,£) > ¢y =
const > 0 for x € Sy, € € R? with |£] = 1.

Then the operators

A H3(S1) — H37*(Sh) (3.9)
A: B (S1) — B3 ~(S1) (3.10)

are Fredholm operators of index zero if

1 « 1
——l<s— =< —. 3.11
’ 5 <5 (3.11)

Moreover, the null-spaces of operators (3.9) and (3.10) are the same for all values
of the parameter s, p, and 1 < q < oo, provided s and p satisfy inequality (3.11).

This lemma and Remark 2 lead to the following theorem for the boundary op-
erators H, and L, generated by the single and double layer potentials.

Theorem 3.3: Let S € {Sp, Sn}, s € R, 1 <p < 400, 1 < ¢q < 400 and

—% <s—1c< %
Then the pseudodifferential operators

ro, He s H37H(S1) — H3(S1), 1o, Hr: B3 (S1) — B3, (S1),

ro L H3(S1) — H3TY(S1), 1y Ly BS,(S1) — Big'(Sh),

are tnvertible.
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4. Existence results

We look for a solution to the mixed boundary value problem in the form of the
linear combination of single and double layer potentials

u(z) = = Vr(o)(x) + Wr(¥)(2) (4.1)

— [Ty e ds, + [ TO @I - 37 v) S, s e
S S

with unknown densities
p€H,*(Sp), € H;(Sy) (4.2)

Evidently, by Theorem 3.1 we have u € C*(Q) N Hj(f2) and equation (2.1) is
automatically satisfied in the classical sense in €.

The mixed boundary conditions (2.2) and (2.3) lead to the following integral
equations:

1
—HT(P+§w+ICTw:f on SD,

1
igo—lCTTgo—i—ETz/J:F on Sy.

In view of inclusions (4.2), these equation can be rewritten as follows

—H,o+Kp=f on Sp, (4.3)
—Klo+Lp=F on Sy. (4.4)

Let us introduce the notation:

xofg) o[ e

A= [rSN<—/cI )7 (£0) y

2x2

where 7, and 7, are the restriction operators onto Sp and Sy respectively.
Then the system of equations (4.3)-(4.4) can be rewritten in the vector-matrix
form,

A, X =G. (4.6)
Further, let
Ho := H, 2(Sp) x HZ(Sx), Ho:= H;(Sp) x H, *(Sn).

Obviously, Ho and Ho are mutually adjoint spaces. The norms in these spaces are



62 Bulletin of TICMI

determined as follows:

X|% = llol 2 for X=1|"]en
15005, = llell- o, FIVI5 or o| €H2

1
HZ(
H;

/
IGIE, = 112y o +IFIE | for G = [F € Hy.

25 (Sp) (Sw)

We will analyze solvability of equation (4.6) in the space Ho for arbitrary right
hand side vector function G € Hg. By Theorem 3.1(ii), the operator A, has the
following mapping property:

AT : ﬂQ — [HQ. (47)

Let us show that (4.7) is isomorphism. To this end, first of all, let us note that
in view of relations (3.1)-(3.3) and the Relich-Kondrashov compact embedding
theorems, the operator

AT_A-O . [ﬁg—>[Hg

is compact. Here, the operator A is defined by (4.5) with 7 = 0.
Further, we show that the operator

AO . ﬂf:|2 — [H2 (48)

/

generates a bounded and coercive bilinear form. Indeed, let X' := [90 /] and X" :=

/!
[z/,} be arbitrary elements of the space Hy . Then AgX’ € Hy and the following
duality is well-defined

(AoX', X"y 5y = (= o &), + (Kot &),

— (Ko g's ") g+ (Lo, ¢")g . (4.9)

Here the symbol < denotes the duality between the mutually adjoint

) (b, )
spaces Ho and |H2.

Note that due to inclusions (4.2), the duality brackets in equality (4.9) over Sp
and over Sy can be replaced by the duality brackets over S. In view of relation (3.6)
and since the kernels of the integral operators for 7 = 0 are real valued functions,
we have

<’C0¢/7 ()0//> <¢ ) IC* //> = <w/7 IC(—)F()D”>51

which due to inclusions (4.2) can be rewritten as

<KO¢/, s0//>S <1/} /CT //> — <ICE)I—SOH7 ¢,>SN' (4.10)



Vol. 26, No. 2, 2022 63

By Theorem 3.1(ii) the operators Hy , Ko , KJ , and Lo are bounded. Therefore
we deduce

/ " . /! . / N /! N / L
[(AoX, X7) o | < Co (107 s g 19058 g + 10 ) 19

12N b5y 19t g+ 19 sy 19 )

< Co [ X Iy, 11X I, »

implying the boundedness of the bilinear form (A¢X’, X”>(|H2m2) on Hy x Hy.

Now, let us consider the quadratic form <A0X, X>([H2 )2 where X = [z] €

ﬁg, and show that it is coercive on ﬁg X ﬂ:2.
Using (4.10) we get

(Kov, 9)g, = (Kg @ ),
and equation (4.9) takes the form
<A0X7 X>([Hz,®2) = < — Hop, ‘P>SD + <’C01/’7 ‘P>SD - <ICJ¢’¢>SN + <£0¢7w>sN7
ie.
Re (AoX, X>(|Hz,|ﬂ2) = (—Hop, ), + (Lot ¥)g, -

In view of inequalities (3.7) and (3.8) in Remark 2, we deduce the following coer-
civity property for the operator Ag

(AoX, X)) 2 53| X3, forall X €Hy,

where 03 = min{d;, d2} > 0. Consequently, the operator Ay is coercive on Ho X Ho.
Therefore, by the well-known Lax-Milgram theorem it follows that for an arbi-
trary Gy € Ho the equation

(A0X, Y) . 50 =(Go. V) . forall Y eHy

is uniquely solvable in the space D:Q, which yields that the operator (4.8) is invert-
ible.

Therefore, operator (4.7) is Fredholm with zero index. Let us show that the
null space of the operator (4.7) is trivial. Indeed, let the pair (p, ) € Hy be a
solution to the homogeneous system (4.3)-(4.4), which implies that the function
u represented by formula (4.1) solves the homogeneous mixed BVP (2.1)-(2.3).
Due to the uniqueness Theorem 2.1, we have u(x) = 0 for x € . Applying the
properties of the layer potentials, it is easy to show that

{u}t —{u} =+, {Tu}™ —{Tu} " =—p on S, (4.11)
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{u}" =0 on Sp, {Tu}” =0 on Sn.

Consequently, the same function u solves the homogeneous exterior mixed BVP

(2.6)-(2.9) and u(z) = 0 for z € 2~ (see Remark 2). Therefore by (4.11) we find

1 = 0 and ¢ = 0, which proves that the null space of operator (4.7) is trivial.
Thus, we have proved the following assertions.

Lemma 4.1:  Operator (4.7) is invertible.

Lemma 4.2: Let f and F be arbitrary functions satisfying conditions (2.4). The
system of pseudodifferential equations (4.3)-(4.4) possesses a unique solution

(¢, ) € Hy *(Sp) x HZ (S).

This lemma and Theorem 2.1 imply the following existence result.

Theorem 4.3: Let f and F be arbitrary functions satisfying conditions (2.4).
Then the mized boundary value problem (2.1)-(2.3) is uniquely solvable in the space
H1(Q) and the solution can be represented as a linear combination of smgle and

double layer potentials by formula (4.1), where the densities ¢ € H 2(Sp) and

P € Eff(SN) are unique solutions of the system of pseudodifferential equations
(4.3)-(4.4).

Remark 1: Tt is evident that using the representation (4.1), the exterior mixed
BVP (2.6)-(2.9) is reduced to the same system of pseudodifferential equations (4.3)-
(4.4). Therefore, in view of Lemma 4.2, we conclude that the functlon u defined by

formula (4.1), where the densities ¢ € H2 (S p) and ¢ € H2 (Sn) are unique so-
lutions of the system of pseudodifferential equations (4.3)-(4.4), solves the exterior
mixed BVP (2.6)-(2.9).

With the help of Lemma 3.2 and embedding properties of the Besov spaces,
using the word for word arguments employed in [18, Section 5] one can prove the
following regularity results for solutions to the mixed BVP under consideration.

Theorem 4.4: Let the data of the mized boundary value problem (2.1)-(2.3)
satisfy the conditions

1

1
<s<=-+4+- and p>4.
2 p

f € B} 5(Sp) C B3o(Sp) = H3 (Sp), F € By, (Sn) C By 3 (Sy) = Hy * (Sn)
. 1
with 5

(i) The system of pseudodifferential equations (4.3)-(4.4) is uniquely solvable and
for the solution pair (p,1)) we have the inclusions

€ E;;l(sp) C B,

l\)\»—t

3 (Sp) = H, *(Sp),

W€ Bio(Sy) € Biy(Sp) = §<sN> (4.12)
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Moreover,

+l
(ii) The unique solution u to the mized BVP belongs to the class Hi(€2) ﬂB;Q‘“ (Q)
and it can be represented as the linear combination of the single and double layer
potentials

u(z) = =V(e)(x) + W(¥)(z), =€,
with densities @ and v being solutions to the system of pseudodifferential equations

(4.3)-(4.4) belonging to the spaces (4.12).
Moreover, the solution u possesses the following smoothness property

— 1 1
ue CHQ)  with 577>t: -—=>

Corollary 4.5: Let the data of the mized boundary value problem satisfy the
relations

TN

fEB;72(SD), FEBC; Q(SN)~

Then the items (i) and (ii) of Theorem 4.4 hold for all p > 4 and the density
function ¥ and solution u to the mixed BVP have the following Hélder continuity
properties

e [)Cls), ue [) P

1 L
ﬁ<§ 5<§
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