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EXISTENCE AND UNIQUENESS OF SOLUTIONS CAUCHY
PROBLEM FOR NONLINEAR INFINITE SYSTEMS OF
PARABOLIC DIFFERENTIAL-FUNCTIONAL EQUATIONS

BY ANNA PUDELKO

Abstract. We consider the Cauchy problem for an infinite system of weakly
coupled nonlinear differential-functional equations of parabolic type. The
right-hand sides of the system are functionals of unknown functions and
these system are thus essentially coupled by the functional argument. To
prove the existence and uniqueness of the solution to this problem, we shall
apply the well-known Banach fixed point theorem.

1. Introduction. We consider an infinite system of weakly coupled non-
linear differential-functional equations of the form

(1) Flu'l(t,x) = fi(t,z,u), i €S,
where

Fom A A=Y dta)

(t,z) € Q:={(t,x) : t >0,z € R™}, Q:={(t,z) : t > 0,z € R™}, S is a set
of indices (finite or countable) and u stands for the mapping
w:S x Q3 (i,t,x) — u'(t,z) € R,
composed of unknown functions u’.
Let B(S) be the space of mappings
v:S35i—v eR,
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with the finite norm '
vllB(s) = sup{|v'| : i € S}.

REMARK 1. (B(S), | - HB(S)> is a Banach space.

In the case of finite systems we have B(S) = R" and in case of an infinite
countable S there is B(S) = [*°.

Denote by C'Bg(€2) the space of mappings
w: Q> (tz)— (w(t,x) 1S 3i—wi(tx) e R) € B(9),

where the functions w? are continuous and bounded in Q with the finite norm

|wllo := Sup{|wi(t,x)| (t,x) € Q,ie S}

REMARK 2. (CBS(Q), | - Ho) is a Banach space.

A function w is said to be a classical (or regular) solution of the system

in Qif u e C(Q), % and 892-278“@@ (j,k=1,...,m) exist and are continuous in
Q, and u satisfies in €.
For system we consider the Cauchy problem:

Find a classical solution u of system in Q fulfilling the initial condition
(2) u(0,z) = ¢(x) for z € R™.

Now to prove the existence and uniqueness of the solution to this problem,

we shall apply the Banach fixed point theorem (see [7], [10]). Considering
mainly Banach spaces of continuous and bounded functions, we give some nat-
ural sufficient conditions for the existence and uniqueness.
We notice that finite systems of differential-functional equations with the Hale-
type functional was studied by H.Leszczyniski [9]. Infinite systems of parabolic
differential-functional equations with the Fourier first initial-boundary condi-
tion have been studied by S.Brzychczy [2]-[5].

2. Notations, definitions and assumptions. A fundamental solution
Ti(t, z; 7, €) of the equation Fi[uf] = 0 in Q is a function defined for all (t,z) €
Q, and (1,€) € Q, where t > 7, which satisfies the following conditions (see [7,
p. 3]):

(i) for any fixed (7,&) € Q it satisfies, as a function (t,z) €  for t > 7, the

equation F*[u’] = 0,
(ii) for any continuous function h = h(x) in x € R™ there is

i [ (e, a7, h(E)dE = h(a).
R"L
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We assume that:

(Hy) the coefficients aé-k(t,x) (iesS, jk=1,...,m), a?k(t, x) = a};j(t,x)
satisty the following Holder continuous condition with exponent o (0 <
a<1)inQ:

JH>0VieSVjk=1,....mV (t,2) €eQV (¥,2") € Q:
|l (t,2) — @y (¢, 7)) < H(o = 2'||* + [t = ¢'|7)
~ We also assume that the operators Fi (i € 8) are uniformly parabolic in
Q (the operators A’ are uniformly elliptic in Q), i.e.

Fput, e >0V E=(&,...,6m) ERTVY (t,2) €QVieS:

m m m
Y 8> ()l > Y &
j=1 Gk=1 J=1

and the functions
fr:QxCBs(Q) > (t,x,s) — fi(t,z,s) ER, i €8,
are continuous and satisfy:

(L) the Lipschitz condition in s uniformly with respect to (¢, x), i.e.
VieSIL>0V (t,r) € QVs,5€ CBg(Q):

|fz(t7x78) - f’(t,x’§)| < LHS - §||0
(V) the Volterra condition, i.e. for arbitrary (¢t,x) € £ and arbitrary n,n €
CBs(Q) such that 7/ (t,x) = 7 (t,z), j € S for 0 <t <tis f'(t,z,n) =
fi(t,x,n) (i €S).

Let n € CBg(£2). We define the nonlinear Nemytskii operator

F=(F,F2%.)
F:n—F[n,
setting
Fi[n)(t, ) := fi(t,x,n), i€S.

Using Nemytskii operator we can rewrite the Cauchy problem , in
the form
(3) { Filull(t,z) = F'lul(t,z), (t,x) €Q, i€ S,

u(0,z) = ¢(x), r € R™.

LEMMA 1. If the continuous function f = (f', f?,...) generating the Ne-
mytskii operator ¥ satisfies the Lipschitz condition (L) and
(B) IMy>0Vie SV (t,x) € Q|fi(tz,0)] <M

then B B
F: CBs(Q2) — CBg(9).
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PROOF. For any z € CBg(Q), there is
[F[2](t 2)| < [F'[2](t,2) — FU(0)(t, z)| + [F*[0)(t, )| < L]|2llo + Mo.
U

LEMMA 2. (A.Friedman [7, Theorem 10, p. 23] or O.A.Ladyzhenskaya,
V.A.Solonnikov, N.N.Uraltseva [8, p. 405]) B
If the operators F* (i € S) are uniformly parabolic in Q2 and the coefficients
a}kg,x) (1 €8, j,k=1,...,m) satisfy the con.ditz'on (Hy) and are bounded
in Q, then there exists a fundamental solution I''(t,z;T,£) of the equation

F'lu')(t, ) = 0.

U

~ Using fundamental solutions T(t,z;7,§) (i € S) for the equation

F'lu'](t,x) = 0, we consider the following infinite system of nonlinear inte-
gral equations

t
@) wta) = [ Ta0.908@ds+ [dr [Tt Pl d
R o R (i €9).

We define a C-solution of differential problem , in Q as a function
from the space C'Bg(Q2) which satisfies the system of integral equations
in Q.

In this sense the system of integral equations is equivalent to differential
problem , in Q.

3. Theorem on the existence and uniqueness.

THEOREM 1. Let all the above assumptions hold, f' (i € S) satisfy the
(B)-condition and ¢ € CBg(R™). Then there exists a C-solution u of problem

. mQ

PROOF. For arbitrary function z € C'Bg(Q) we define a mapping T setting
u = TIz],

where
(5) ui(t,x):/lﬂ(ta:0§ df+/d7’/ thgF’[ (7, €)d¢
R (i € S).

Owing to Lemma [I] it is easily seen that the mapping T maps the space
C'Bgs(12) into itself.
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Now, we show that this mapping T is a contraction. To this end in the
space C'Bg(f2) we introduce the following Bielecki’s norm (see A.Bielecki [1]
or J.Dugundji, A.Granas [6], p. 25])

i(t _
lwllo,y == SHP{M C(tz) Qi€ S},

P(t)
where

Lt
and we remark that the norms || - [|o and || - ||o, are equivalent in the space
CBs(Q).

Let z, Z € CBs(Q) and u = T[z], u = T[z]. Owing to the definition of
the mapping T and condition (L), there is

/Fi(t,x;O,f)wi(S)der/th / L (t, 257, ) F 2] (7, €)dé~

0 R
- /Fi(t,x;O,«SW(é)dﬁ /dT/mm@ if2)(r, £)de
0

Rm

o / L'(t,257,€) [F'[2](7,€) — F'[2)(7,€)| d€ =
Fm

&
\‘
3

=
B
j
\_/
=
)
f“

— fi(r.&2)] dE <

t
/dT/F”waan—szf—
0 R™

1 ===l Z||0
= [dr | T'(t,x;7,8) L () d§ <
fofrumasii

t
_ _ Lt
< llz ~ Zlo /L v dr = s =3l [ 2 e} ar <
0

0
< 0llz = Zllo,y ¥(1)-



54

Finally
lu =Tlloy <0 [lz = Z[ow
which means that operator T is a contraction.

Therefore, from the Banach contraction principle it follows that there exists
the unique fixed point u € CBg(Q) of the mapping T. This means that the
infinite system of integral equations has the unique solution u € CBg(f),
e.i. there exists the C-solution of the problem , in Q. O

REMARK 3. The C-solution of the problem , in Q has continuous
first order derivatives in €.

Indeed if a function w is a C-solution of the problem , in Q, then u
is bounded in Q and, by virtue of Lemma |1} F[u] is a bounded function too.
Therefore [ %Fi(t,x;T,é)Fi[u](T,ﬁ)dg (j=1,...,m, i € S) are uniformly

R’!‘V‘L

convergent for all ¢, x, 7, where (¢,2) € Q, 7 < t.
Thus by differentiating we obtain

t

a 7 a 7 . 7 _

=50 [ Tem0gs©ic+ 5 [ar [Ttan P g =
Rm™ 0 Rm

/rz (1, 2:0,6) d£+/d7/1“ (t, 7, € F ] (7, €)de

€85, j=1,...,m.
O

Now, under additional assumptions, we prove that a C-solution of the
problem , in € is a classical solution of this problem in €.

THEOREM 2. Apart from the assumption of Theorem[1], let:

(i) the derivatives ijfi and Dsf'(j =1,...,m, i € S) of the functions
ffQxCBs(Q) > (t,z,s) — f'(t,x,s) € R, (i € S) exist and be
contmuous in Q x C’BS(Q)

(i) Vj=1,....mVseCBs(Q) IN >0 |D,,Fs][lo <N,

then the C-solution is a classical solution of the problem , in Q.

PROOF. Let u be the C-solution of the problem , in €, obtained in
Theorem [I] It is easy to see that u satisfies the initial condition.

For x € R™, t > 0 there exist ‘981;, gg, 8225:% (ieS, jk=1,...,m);

furthermore, for all i € S, j = 1,...,m, Tt ;T F 9 Fz[ (7,€) and
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aw Ti(t, z; T, f) Fi[u](7,£) are continuous for all (¢,z, 7, &), where (t,z) € Q,
T < t, & < m as well as the integrals [ I'(t,z;T, &) ae; 9 FZ[ |(1,£)d¢ and
R™

f Doy Ut 257, €) Z_ Filu](7, £)d¢ are uniformly convergent for all ¢, z, 7, where

(t x) € Q,7 < t; moreover, the following estimate (|7, p. 263] or [8]) holds:

0 c ,(z f)Z . .
. < _ - =
\ %jr (t,z;7,6)| n T)m2+1 exp{ C T (iesS, j=1,...,m)

where C, C’ are positive constants.
Therefore, we get
0%t
8xj6xk N

&Ck /a%rltxog d£+/d7/ Ti(t, 27, €)F[u ](T,ﬁ)dﬁl -

0? i . ; ' ; B
8xj8xkr (t,%oaf) d§+ /dT/—I‘ (t,z; 7, )F'[u](7,£)dE =

0¢;
Rm™ 0 Rm

/ 6%8%1”(75 ;0,8 (E)d£+/d7/1“’ (t, z; 7, g)a—ijZ[ ul(r, €)de =

Rm™

v ? . i )
/ax]axkr(t x;0,8)p d§+/dT/F (t, x,T,f)ang[ ul(T, &)dE.

Rm,
Hence the C-solution is a classical solution of the problem , in Q.
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