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HARMONIC BERGMAN KERNEL FOR SOME BALLS

BY KEIKO FuJjita

Abstract. We treat the complex harmonic function on the Np—ball which
is defined by the Np—norm related to the Lie norm. As a subspace, we treat
Hardy spaces and consider the Bergman kernel on those spaces. Then, we
try to construct the Bergman kernel in a concrete form in 2—dimensional
Euclidean space.

Introduction. In [2], [4], [6] and [7], we studied holomorphic functions
and analytic functionals on the N,-ball in the complex Euclidean space crtl
n > 2, and in [2], we expressed the Bergman kernel for a Hardy space on
the N,-ball by a double series by using of homogeneous harmonic extended
Legendre polynomials. The closed form is known only for p = 2 and co. In the
2—dimensional case, we can calculate the coefficients of the double series expan-
sion ([3]). However, even if we restrict our consideration to the 2-dimensional
case, it is hard to express the Bergman kernel in a closed form.

In this paper, we mainly treat complex harmonic functions on the N,-balls
and determine the “harmonic” Bergman kernel by an infinite sum (Theorem
3.1). Then we represent the harmonic Bergman kernel more explicitly for the
2-dimensional N,-ball (Theorem 3.2) and represent it in a concrete form for
p=1,2 and oc.

The author would like to express her thanks to Professor Jozef Siciak for
his useful advice.

1. N,—ball.
1.1. Np—norm.

First we review the definition of the N,-balls in C"*1 n =0,1,2,---.
For z = (21,22, , Zn+1), let

L(z) = 12 + VAT = 22
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be the Lie norm on C"™! where z-w = zjwy + 20wz ++ -+ + 2p41Wnt1, 22 = 2+ 2
and ||z]|?> = z - 2. For p € R, consider the function

1

1/p
M) = (5 Eer+ (2ynem)

If p > 1, then N,(z) is a norm on C™™ (see [1] or [8]). Note that No(z) = ||z||
is the complex Euclidean norm, N1(z) = /(||2]|2 + |22|)/2 = L*(2) is the dual
Lie norm and L(z) = limp_.oc Np(2).

In C, Ny(z) = || for all p € R. In C?, L(z) and M(z) = |2?|/L(2) are
reduced to
(1) L(z) = max{|z1 £iz|}, M(z)=min{|z; +iz|},

and we have

’21 + Z'Zg‘p + ‘2’1 — ’i22|p 1/p
Ny(z) = ( 5 .
Thus the N,—norm is equivalent to the L, norm || -||,, and the Lie norm L(z)
to the supremum norm || - ||o in C?: Noting that

lwllpy = (jwil? + [walP + -+ + [wns1 )/, p > 1,
[w]loe = sup{lwj|;j =1,---,n+1},
the N,—norm (resp., the Lie norm) is another generalization of the 2-dimen-
sional L, norm (resp., the supremum norm).
1.2. A relation between the Np—norms and the Tchebycheff polynomials.
The Tchebycheff polynomial T (x) of degree k is defined by

(z +ivV1 — 22)F 4+ (x —ivV/1 — 22)F
5 .
We define the homogeneous extended Tchebycheff polynomial of degree 2k in
Cn+1 by
- z w
Thn(z,w) = @kaQka(- )
n(z,w) = (V22)" (Vw?) Tz Vo
(z-w+iy/2202 — (z-w)2)* + (2w —iy/22w? — (2 - w)2)F
N 2
Further extend the parameter k to a € R and consider the function

Ti(z) =

N z-w i/ 22w? — (2 w))* + (2w —iy/22w? — (2 - w)?)*
i oy & G Py

Then Tam(z,z) = (2%), Tan(z,w) =(z-w)® if 22=0 orw?=0,

)

=3 107+ (555))
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Thus the function N,(z) is represented by

1

Np(z) = (Tp/gm(z,?)) " ozeCmtL

Therefore, if p = 2k is a positive even natural number, the last formula ex-

presses the norm NN, in terms of the Tchebycheff polynomial T}, of degree p.

Hence N2F is a homogenous polynomial of 2(n + 1) real variables of degree 2k.
1.3. Hardy space on the Ny-ball.

We define the N),~ball B+ (r) by

B;“(r) ={z e C""iNy(z) <r}, p>1,

B (r) = Bpt'(r) = {z € C"* L(z) < r}.
p=1
Note that B! (r) is the dual Lie ball, By*!(r) is the complex Euclidean ball,
and B"!(r) is the Lie ball of radius r in C"*1.

We denote by O(B}}H(r)) the space of holomorphic functions on Eg“(ﬂ
equipped with the topology of uniform convergence on compact sets. Put

HO(B, (1)) = {f € O(B T (r)); /B - |f (w) PV (w) < oo} :

where dV}, »(w) is the normalized Lebesgue measure on Eg“(ﬂ.
Let A be the complex Laplacian:

A, =0%/02 +0°)025 + -+ 07/0z 4.
Put
HOA(B(r) = { f € HO(B*'(r)s A.f(2) = 0} .
When a function f satisfies A, f(z) =0, f is called a complex ha{monic func-
tion. In the following, we call the Bergman kernel on H(’)A(B;”rl(r)) the
“harmonic” Bergman kernel.

Note that for the complex plane, every IN,-ball of radius 7 is equal to the
disk D(r) = {z;]z| < r}, and the Bergman kernel B}(z,w) for HO(D(r)) is

given by
00 k(W k ra
Bl(z,w) = D2 (2) = ——5
r(20) kzz(](k+ )<r> (7’) (r? — zw)?
Since HOA(D(r)) ={a+bz}, the Bergman kernel B;,A(% w) for HOA(D(r))
is given by

AT
B! =1422—.
T,A(z7w) + rr
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For n > 1, in general, the exsistance of the Bergman kernel BJ'(z,w)
on HO(B;H(T)) is known, but it is difficult to express it in a concrete form.
However for HO(By™(r)) and for HO(B"'(r)), the following are known:

1 r2n+4

1

By (20) = Ga— e 720

P B (2, w) = B (2, W) = rint? >0
( ) r (Z,U})_ oo,r(zaw)_ n=u.

(rt —2r2z - w + 22w?)n

For a proof of for n > 2, see e.g. [5].
Put

Z1 =21+ 129, 29 = 21 — 122, DQ(T’) = {(Zl,ZQ); ’Zl‘ <r, ’Zg‘ < r}.

Since B2(r) 2 Dy(r), we can find the Bergman kernels B?(z, w) and B%A(z, w)
by using the results in 1-dimensional case. Let us check them here.

Since the volume of Do(r) is V(Da(r)) = n%r%, the Bergman kernel for
HO(D3(r)) is as follows:

5 W,

2y 1y 4 1) (2 Wy

BX(zZ,W) = Z(klﬂ)(7
k1,k2

r

7“4 7“4

(7‘2 — Zlm)g (7’2 — ZQWQ)Z.

Note that this is equivalent to

7n8

3 B} = :
) r(zw) (rt —2r2z - w + 22w?)?

Therefore, since we have (1)) and B2(r) = Dy(r), is the Bergman kernel for
HO(B%(r)).

Since A, = 4 %;ZQ, we have HOA(Do(r)) = {a + Y0128 + 3 cp Z5}.
Thus the Bergman kernel BﬁA(Z, W) for HOA(D2(r)) is as follows:

= Wy > ZoWo
2 _ Wiy 2Wa i
BIAZW) = 143 (4 DO 3 (k#1202
k1=1 ko=1
- <1 _ ZZ\W1ZoWo _ Wy

ZoWs
2 )(2 -

2 BZW)

(2

4

T T T
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Therefore, we have

22 — 29
2 o 27w 2w Z7W 2 2
Boa(z,w) = <1 ~ (4— 477“2 - )) Bi(z,w), z,weC
(4) _ 8 — 22ﬁ2(47‘4 —4r2z W+ 22@2)7 swe c?

(r* —2r2z - w + 22w?)?

Since B%(r) = Do(r), (@) is the harmonic Bergman kernel for HOa (B2(r)). Af-
ter we review some results on spherical harmonic functions, we treat harmonic
Bergman kernel again in the last section.

2. Spherical harmonic functions.

From now on, we consider n > 1.

Let Py (t) be the orthogonal polynomial of degree k whose highest coeffi-
cient is positive and determined by

1
o\(=2)/2.5, _ VTl(n/2)

where N(k,n) is the dimension of the space of homogeneous harmonic poly-
nomials of degree k in C"*! :

(2k+n—1)(k+n—2)!
kEl(n —1)!

We call Py, (t) the Legendre polynomial of degree k and of dimension n+1. We

N(0,n)=1, N(k,n)= , k=1,2,--

define the homogeneous harmonic extended Legendre polynomial Zslm(z, w) of
degree k and of dimension n + 1 by

Pyn(z,w) = N?)’f(\/@’fpk,nw% : w%"

Note that ]-:’kyn(z, w) = Pk,n(w, z) and Azpkm(z, w) = 0.

When n =1, Phl(z,w) = Tk,l(z, w) and we denote it by Tj,(z, w).

For the Bergman kernel for H O(B;}‘H (r)), we proved the following theorem
for n > 2 in [2] and for n =1 in [3]:

THEOREM 2.1. The Bergman kernel Bi:f'(z,w) for HO(BI(r)) is given
as follows:

oo [k/2]
B”Jr1 Z Z ]Zﬁp (@) Pr_ain(2,), z,w € Bg“(r)
k=0 1=0

where

B = [ O PGP (), e
D T
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and dV,,(¢) denotes the normalized Lebesque measure on Bg“(r) and S™ is
the real unit sphere in R*+1.

For the Bergman kernel B"*!(z w), the following formula is known:

ForMmuLA 2.2. We have

A4 oo [k/2]
.
(r* — 272z - w + 22w?)ntl :Zzakk (2% /%) (w? /r?) Pr—opn(2/r,w/T)
k=0 1=0

where
201+ 3 (k+n — 1+ 1)N(k — 2l,n)

az,k—zz = n
(n+ DD (k + 2 — 1)

Further in the 2—-dimensional case, we calculated the coefficients ﬂz’f , in
[3], and Theorem [2.1] is restated as follows:

THEOREM 2.3. The Bergman kernel Bi (z,w) for HO(BZQ,(T)) is as fol-
lows:

oo K2 Nk — 21, 1)T(2)2D (24 4+ 1)

B2 (z,w) = }:}: I P () @) Ty (2, @)
p,r\"7 2k ) )
0 1=0 F( + 1)F(2k—p#)p(2lp%2)2 » 2k
= & PO + 1)

(4 [ (2k=2142 (2142 2k gk( )T (X))
k=01=0 I(;; + DI(Z="2)0(5=5)2 0 r
where

X1 =z -w+iy/220% — (2 -W)2, Xy = 2 - W — i/ 22w — (2 -W)2.

Note that
P (R B G L I
lim 3, = lim 3 2 Py
poo Kbt p—oo N(k—21,1)I'(2)?  T(%H 4+1)
2k

Nk—20)k—-1+1)(1I+1)

For convenience, we introduce the following notation:

(5) Xi=z-w+i\/ 220 - (z-W)2, Xg = 2 W — i/ 22W0% — (2 - W)2.

Then we have

(6) X1+ Xo=2z-w, X1Xy=2"w, (1-X1)(1—Xo)=1-2z-w+ 2°w°,

~ 1
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3. Harmonic Bergman kernel.
Any harmonic function f in a neighborhood of 0 can be expanded into the
homogenoeus harmonic polynomials:

2) =Y fiulz)
k=0

for a sufficiently small z, where f; is the homonenoeous harmonic polynomial
of degree k defined by

l2) = Nkn) [ ) Puneo )i
for a sufficiently small p and dw is the normalized invariant measure on S".
By Proposition 2.1 in [2], for f € HOA(B)"(r)), we have
oo [k/2]

/B”‘H ZZ Pk 2ln(Cv )dv}?r( )7 CGB;—H(T)

[]ko k=0 1=0

B Z/n+1 w) P (€, @)dVpr (w).

Thus by Theorem we have the following theorem:

THEOREM 3.1. Letn=1,2,.... The harmonic Bergman kernel Bg;flA(z, w)
on H(’)A(Bg“(r)) is given as follows:

n n+1,p\—1 15 — Y0
Bria(zw) =Y (Broy?)  Prn(z @), 2w e Byt(r).
k=0
Similary, by Theorem we have the following theorem:

THEOREM 3.2. The harmonic Bergman kernel B A(z w) on H(’)A(B2( )

s given as follows:
© N(k,1)D(3)D (2 4 1)
Bf),r,A(va) = Z L

2k Tk(z,w),

(G0 + (x2))

= Fp(Xl/(QQ/pT ) +Fp(X2/(22/p7“2)) -1,
where X, and Xy are given by and F,(X) is the function defined by

= P2)P(E 4 1)
(7) FP(X):ZF(§+1)F(M)Xk‘

k=0
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In order to find a closed form of Bz,r, Az, w) it is sufficient to find a closed
form of Fj(X).

In the following, we set

X1 w2t — (2 w)?
= 52 T 22/p ’
b — Xy  z-w—i/2w? — (2 w)?
P 92/p 22/p

3.1. In case of the Lie ball.
In Section 1, we have already shown Bf’ A (%, w) is given by . Here we derive

it as a corollary of Theorem
Since

S (kDTG + PR 1)
El )kzz:o L(2+ (22 4 1) x5
by , we have
> 1
Foo(X) =D (k+1)X* =0 xe

Therefore, we have

(k+1N(k,1)~

Baw) = S EFUNED G ()
k=0

= Fy aoo/r ) + Foo(boo/77) —

1= EEG4G- D+ EE)
)

S~ N m

=
|

[\)
Rl
3gl
_l_
ﬂN
ww
i

l\?

\_/

3.2. In case of the Euclidean ball.
By Theorem we have

B3, a(z,w) =) wmz,m = Fy(ag/r?) + Fa(by/r?) — 1.

2k 1202k
k=0
Since -
d? z? 2
(k+2)(kE+1)x — =
Z + + " da? <1—x> (1—1x)3’
k=0
1
B(X)="——=.
2(X) (I-X)3
Thus the Bergman kernel B3, A (z,w) for HOA(B3(r)) is given by

1 1
Bara(enw) = Bolaafr) + Baba/r5) = 1 = =y * g s
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Then by @, we have

‘e\
m N

@ (% & 55

_ 3’
(1—2¢%T.\/%r+2r22r2)

n
NM M\m

Bg,r,A(Zv w) =

. W 22 W2 sl e — 2 . W __ az+bo
where Q2 T(ifr 57 329,2) i the polynomial in s = —& - —& 2z € C

and t = 55 % = “222 € C of degree 3 given by
Qor(s,t) = (1=bo/r?)’ + (1 —az/r®)> = (1 — ag/r?)*(1 — ba/r?)?
= 1—9t+ 18ts — 3t> — 12ts? + 6t%s — 13

3.3. In case of the dual Lie ball.
By Theorem we have

> D2k +4)(2k+3)(2k +2) -
24 - 92y 2k Ti(=, @)

= Fl(a1/7“2) + Fl(bl/T2) —

Nl

Berzw

OM

Since

00 1,4 (3)
> (2k +4)(2k + 3)(2k + 2)2”F ! = (1 - x2)
k=0
= 242(1 — 2%) 7 +9623(1 — 22) 72 4+ 12025(1 — 2%) 73 4 4827(1 — 2?) ™4

1+ 22
= 24(]}'7‘%2)4,

(
Fi(X) = i(% +4)(2k + 3)(2k +2) X" /24

Thus we have
1+ ay/r? 1+ by /r?

B? =F HtFb/r})—1= —1.

l,r,A(sz) 1(a1/7“ ) + 1( 1/T ) (1 — al/r2)4 (1 _ bl/T2)4

By@
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where Q1,,(s,t) is a polynomial in two complex variables s,t given by

8.

Q1r(s,t) = 1+ 2s— 24t + 60st + 4t
+18st% — 8052t — 4t3 + 48st® — 245%t% + 4083t — 1.
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