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ULTRAINCREASING DISTRIBUTIONS
OF EXPONENTIAL TYPE

BY KATARZYNA GRASELA

Abstract. In this paper Fourier transform images of Gevrey ultradistri-
bution spaces are described. It is proved that such spaces with the strong
topology in regard to natural duality are of the M™ type in the sense of
Silva. It is also proved that the space of test functions of such images is a
locally convex convolution algebra of the LN™ type. The received results
complete one known statement of Hormander.

1. Introduction. The objective of this paper is to study some locally
convex topological vector spaces. Namely, we will consider the space which is
the image under the Fourier transform of the space of functions defined on R"
which have compact supports and are ultradifferentiable in the sense of Gevrey.
This Fourier transform image is the subspace of the vector space of all entire
functions of exponential type. Therefore, our research completes Hormander’s
known statement [2, V.2, Lemma 12.7.4], which is essentially used in the proof
of existence of the solution of a Cauchy problem for the hyperbolic equation
(see, [2, V.2, 12.7.5]).

The dual space of the considered Fourier transform image is larger than
the known space of all analytic functionals on R™ |2, V.1,9.1]. On the other
hand, this dual space does not belong to the class of spaces considered in [6].

We shall prove that the considered spaces of entire functions of exponential
type have the structure of the inductive limit of a sequence of Banach spaces,
such that inclusions mappings are compact. It means that the space of entire
functions of exponential type belongs to the known class LN* of the locally
convex topological vector spaces investigated by S. di Silva [4]. Therefore, its
dual space, called the space of ultraincreasing distributions of exponential type
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belongs to the known class M* (cf. [4]), so it has the structure of the projective
limit of a sequence of Banach spaces with compact projections.

We shall also prove that the space of entire functions of exponential type
is a topological algebra with respect to convolution.

2. Main results. For given real number R such that 1 < N < e, arbitrarily
chosen vector v = (v1,...,1,) € int R} and vectors a = (a1,...,a,), b =
(b1,...,bn) € R™ such that b > a (i.e. bj > ajforj € {1,...n}), we define the
space of entire functions of exponential type

Byjup = {®: C"5Cr— @) €C, |05, , <o}

with the norm

where ( = {+1in = (C1y.--,¢) € CY, £ = (&1,...,&) and n = (M1,..., My
are in R", Ck:Cfl ko pk = kR RN = R ReR g
(k1,...,kp) € Z1 and

)

Hiay)(n) = sup (t,n), 2}%
t€la,b]
is the supporting function of n—dimensional cube [a,b] := {t = (t1,...,t,) €

R"™: t; € [a;,b], Vj=1,...,n}.
We also define the space of ultradifferentiable functions in the sense of
Gevrey

Gojosy = {0(1) € C(R) s supp o € [0,8], 6]l < )

with the norm

|D*¢(t)]
18] = SUp SUp —
Crfast kEL™ t€(a,b) Z
. Ok
where D¥ = D’“1 .. Dkn, D;?J = (_i)kf 50 One can prove that G, [, is a
j J

Banach space.
Now let us consider the inductive limit of spaces E,, |4 ; we will denote it
by E(C™)

U UE [a,b] —hmlndE (@b
v>=0b~a a.b]



247

where all injections E, 4] = Ey (o] (V' > v; [a,b] C [/, V]) are continuous.
In the same way we define

U UG [ab] —hmln]d Gu[ab]

v>=0b-a

For such spaces we can write the Fourier transform

FiGRY) 50— 30 = [olt)e Oar

It will be shown later that F(G(R™)) = E(C"). Therefore, we can also consider
the dual Fourier transform

F': B'(C") — G'(R"),

where G'(R™) and E’(C™) denote spaces of linear continuous functionals on
G(R™) and E(C"), respectively. In the dual spaces G'(R™) and E'(C"), we
consider the strong topology. We shall prove the following statement.

THEOREM 1.  The following topological isomorphisms
F(G(R™)) ~ E(C"), F'(E'(C") =~ G'(R™)

are valid. Moreover, E(C™) is an LN*~space and E'(C™) is an M*space in the
sense of Silva.

First we shall prove the following auxiliary statement. Let us construct the
locally convex inductive limits of Banach spaces

b] = Vyo By fap) = lim ind E, o4,
where injections E, [, ) < E,/ (45 are continuous and
G[CL, b] = U Gu,[a,b] = hlgigd Gu,[a,b}
v>=0

with continuous injections G, 45 — G,/ [4p) for any ordered pair Vo= .
From the Denjoy-Carleman theorem [2, Theorem 1.3.8] it follows that the
space G|a, b] is not trivial.

LEMMA 1. F(Gap) = Efa)-
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PROOF. Let ¢ € G oy and ¢ = @. Hence DF(C) = ¢F®(¢) and for all
(, k there is

ICFB(Q)] < eHieti / DFo(t)] dt
(2.1) [a.t] n

< kakNeH[a,b](ﬁ)”(ZSHGV,[{I,M H(bj —aj).
7=1

Hence the inclusion F (G%[a,b]) C E, [q) follows.
Now we take ® € E,, [, . We will prove that £'®(¢) is summable on R™ for
all [ € Z%. In R™ we consider the following sets

Qo= {€: ve ¢},
Q) = {¢&: [&1] > vie, [&f <we, ..., [6] < vnel,
Oy = {§ ‘{1‘ < e, ‘52‘ > 1/267...,|§n| > Vne},

QQn:{§: §>ue},

where ve = £ means that vje > &; for each j € {1, . ,n}. It is obvious that
R"=QoUQU...UQom. For £ € () and all n € R™, there is

’(I)(C)’ S Vk’kk:N’&-‘—k‘eH[a,b](n) ”QHEV,[a,b]’ for all & S Zi

Therefore, for k = (0,...,0) we obtain

| G |
@O < Coe =17el eun® gy,
1
n 5j R
where Cy = maxe Hriel U If € € Q, there exists k = (k1,0,...,0) € Z7
€llp
such that
&\ &\ ¥ Y1
1%
(1> —1<k < <1> in particular L
vie vie 1] €

and for all n € R™ the following estimation holds:

(O] < [€ Ry eHen® @)

vie

1
N
< e FeMaa )@l o) = e G L fa.0)

N
Hig by (m)
€ [a.t] Hq)‘|El,7[a7b]7

&

e
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n| & IR
where C1 = e |§r1‘1<ax ...|£n|1<ax e~ ?1"°l . Similarly, for any £ € Qs the fol-
2|xV2€ n|Svneé
lowing inequality holds:
_yn| b X
liv,e H
Q) < Cae 1B Hen® af

€ |®

S1
for all p € R” and Cy = e ! ‘ gr}&x elviel . Now we proceed by induction. For

1<

§ € Qon there exists k = (k1,...,k,) € Z'} such that

) e R 1
<|§]’> -1<k; < (|€j) (in particular Yiti o 7)

vje Vj [ €

for all j € {1, .. ,n}. Thence, for all n € R™, there is

[2(Q)] < [¢* AR Men @)y

N

¢
n=31|v%

k
< ekl gHiap (n ||<I>||E . <e eHia,n) (0 ||<I>||E o’

where |k| = >_7 kj. Thus, combining the inequalities received above and taking
C= max{e", .. .,02,01,00}, we obtain

3
—Z?Tje

(2.2) vee " |o(Q)<Ce Han 00 || .

ab]

If we take n = 1 then from the de I’'Hospital formula, for each number m € N
there is

,(i)% —( & )%
(2.3) lim (14¢&;)™e ‘vFie’ = lim mIN"(ev;)™e ¢ .
§j——+o0 §j——+o0
Therefore, for &; (j = 1,...,n) sufficiently large and for each m € N, there
1
: £ |8 j
exists constant C},, such that e 1"7°l < % Since H( +1&)) > 1+
n
> |&;] there is
1
& R ~ ~ n
_Z? u-]e Cmu Cmu -~
2.4 e J < d < ’ = cJ
24 T+ &)™ = (e LI
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Therefore, for each m € N, there exists constant Cy, , = C- 6m,l, such that the
following inequality

C H
‘ n < __Ymv  Higp(n)
(2 5) VC eC ) ’(I)(C)’ = (1 + |£Dm € ”(I)HEV,[a,b]

is valid. If we take n = 0 and m = [+ n + 1, than for some constant C;, we
get

€' Con
(141D (L + lgh™

l
le/
o) < FLOm el -

IN%

< —W——= .
= @iy e

As a consequence of this inequality, the function &®(¢) is summable on R™.
There exists F~!® = ¢ and

k _ 1 k i(t,€) n
(2.6) DFp(t) = ok /g (€)M g, kelZl.
Rn

From inequality (2.5)) for m = n + 1 there follows that the following integral

@;n/¢@wmﬂda cecr
R’ﬂ

converges and, since i(¢,() = i(¢,€) — (¢,n) and inequality (2.5)) holds for m =
n + 1 the following inequality holds:

@7 16O] < Crap oxp [ — (L) + Hoy(m)] /

R

¢(t) =

dg
(1+[eh™

for all n € R" and constant Cyqp = Cim ([Pl g, s’ By replacing n with rn,

where r — oo in inequality , we imply that ¢(t) # 0, provided (t,n) <
Hi,4(n) for all n € R", hence ¢ € [a,b] (see [2, Theorem 4.3.2]). It means that

supp ¢ C [a, b].
From ([2.6) and (2.2) we obtain the following estimate

e LN
(28) D801 < Cus [1651e 7 g, wem
RTL
By calculating the previous integral we obtain:

IR
/|£k|e il d¢ = 2(ev)" IR T (R(ky + 1)) -+ T (R(ky, + 1))
Rn
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for all k € Z} . Using the following asymptotic equality

(2.9) T (R(kj + 1)) = (k; + 1)""
we obtain
(2.10) ID*¢(t)] < 2C, 5, X" (en)" ™ (K + 1), ke zn,
and
k ~ 1.k
(2.11) ii)fgi < C(k;r ) -

Since supp ¢ C [a, b] and inequality holds, there is ¢ € Gy (4. Hence
the inclusion E,, 5 C F (G6V7[a7b}) follows.

Taking into account the randomness of the vector v and the properties of
inductive limit, we receive: Ejqy = F (G[a,b}).

Now let us explain relation |

Since I'(z) = It ze T exp(75-), = >0, 0 < 6 < 1[5, 12.33], then for a

sufficiently large x the following relation I'(x) ~ 273~ is true. Let us take
x = Rk; we obtain I'(Nk) ~ (Nk)Nk_%e*Nk. Now, we should only prove that

(V Nk:)_lNm“fz*m’“kN is bounded for each k € Z.. Since N is a fixed real number
and N < e, then

xT

k,NNNk kNekN(lnN—l)

2.12 =
(2.12) VEkRekR VER
kNekN(lanl)
and InN — 1 < 0, hence W tends to zero when & — +oo. Thus we
obtain I'(Nk) ~ k*~DX and relation (2.9) is proved. O

COROLLARY 1. The image of G(R™) under mapping F is equal to E(C™).

PRroOOF. This corollary is a straightforward consequence of Lemma [1| and
the properties of inductive limit (cf. [1). O

Now we come back to Theorem [il

PROOF. From inequality (2.1) there follows that
n
[2()l < 16l ., TT®; —a)
j=1
forall ¢ € G, |4 and v € int R’}. Hence, the mapping G, 2 ¢ —— @ € Ejqy
is continuous. By Lemma 1 this mapping is surjective. Therefore we can apply
the Banach theorem about open map in the Grothendieck version [1, Theo-
rem 6.7.2], according to which the topological isomorphism F (G [mb]) ~ Elqp 18
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fair. Because of the arbitrary nature of cubes [a, b] and by standard properties
of the inductive limits, further topological isomorphisms follow F (G(R")) ~
E(C") and F'(E'(C")) ~ G'(R™).

As proved by Lions and Magenes [3, Chap.7, Proposition 1.1}, for more
general spaces all inclusions

GV,[a,b} - G,u,[a,b}’ where u = v,

GV,[a,b] — Gu,[c,d]a where [aa b] - [Ca d]
are compact. Hence, the inductive limit G(R"™) = lim[ irbl}d G,ja,p belongs to

the class of LN*—spaces in the sense of Silva [4]. In view of the topological
isomorphism established above, the space E(C™) also belongs to the class of
LN*-spaces. Therefore the strong dual space E'(C") belongs to the class of
M*—spaces in the sense of Silva [4]. O

Now we consider E’[a,b], the topological dual space of the space Ela,b].
Using analogy to the theory of analytical functionals, we shall call the n—
dimensional cube [a,b] the determining set for E’[a,b]. From Theorem 1 the
following important property of determining sets follows directly.

COROLLARY 2. Let [a,b] and [c,d] be determining sets for E'la,b] and
E'[e,d] respectively, and [a,b] N [c,d] # 0. Let T € E'[a,b] N E'[¢,d]. Then
T € E'([a,b] N e, d]).

PRrROOF. Actually, according to Theorem 1 it is sufficient to prove the fol-
lowing property:
T € G'la,b)NG'[c,d] = T € G'([a,b] N [c,d)),
where G'[a, b] is the topological dual space of linear continuous functionals on

the space Gla,b]. It is easy to observe that supp T' C [a,b] N [c,d]. Therefore
T € G'(Ja,b] N [e, d]). O

3. An application. We would also like to present the following theorem.

THEOREM 2. E(C") is a convolution algebra.

PROOF. First we will prove that G(R"™) is an algebra with respect to mul-
tiplication. For fixed v and [a, b], [@/,V/] such that [a,b] C [d/, V] there is

166, .y = 19llc, o @€ o

Further for any vectors v > p > 0 and fixed [a, b], there is

1606, o < 18l e &€ Crufatt
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Let us take ¢ € G, (43, ¥ € Gy o), Where [a,b] C [a',0], v = p = 0, we
observe that for all ¢ € supp (¢1)) C [a, b] the following inequalities hold:

Do) < lolls, ,, Il
y i Vmﬂ(k—m)mm}t((k _ m))(k—m)Nk|

X
]

m,la b!

Ik — |
=0 m!(k —m)!
b ymy(k=m) )
vp KL o (k—m)x
< 100, 106,y 3 e R
|m|=0

N
< H(bHGV,[a,b]Hw”GH,[a,’b/](V+N) KR,

(Note: k! =Fki!... k)
Hence there is

H¢1/}HGU+}J"[G‘117] S H¢||GU,[a,b] |’¢”Gp,[a/,b/] N
Therefore, we in particular conclude that Gla,b] = |J G, 4 is a locally con-
v>-0

vex algebra with respect to multiplication. Hence G(R"™) as an inductive limit
is also an algebra with respect to multiplication (cf. [1]).

If we now use the known fact that ¢ - ¢ = &5*{5 and Theorem 1, we conclude
that E(C") is a convolution algebra. O
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