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CONTINUOUS AND INVERSE SHADOWING FOR FLOWS

BY P1oTR KOSCIELNIAK

Abstract. We define continuous and inverse shadowing for flows and prove
some properties. In particular, we will prove that an expansive flow with-
out fixed points on a compact metric space which is a shadowing is also
a continuous shadowing and hence an inverse shadowing (on a compact
manifold without boundary).

1. Introduction. In the early 1990s it was realized that computer-simu-
lated dynamical systems should have a property which would guarantee that
resulting dynamics corresponds to the true one. Such a property was estab-
lished and studied for discrete dynamical systems in a series of papers by Di-
amond and al. [3, 4] and it combined the classical shadowing with a property
which was single out later in [5] and [6] and called inverse shadowing.

Generally speaking, inverse shadowing means that given a class of approx-
imating methods, one can trace any (true) orbit with an arbitrary accuracy by
an orbit generated with a precise enough method.

It has turned out that the inverse shadowing is a consequence of the shad-
owing if we assume some continuity condition which is satisfied under the
assumption of hyperbolicity.

The aim of this paper is to introduce the concept of inverse shadowing for
flows. As for some other notions, there are not straightforward relationships
here between the discrete and continuous cases. Still, there are some similari-
ties. In particular, we will prove that an expansive flow without fixed points on
a compact metric space which is a shadowing is also a continuous shadowing,
Theorem and hence an inverse shadowing (on a compact manifold without

boundary), Corollary

2. Definitions and basic properties. We will denote by X a compact
metric space with a distance d and by ¢ a flow on X (i.e ¢ : X xR —
X is continuous and for all x € X and s,t € R ¢p(p(x,s),t) = ¢(x,s + 1),
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o(z,0) = z). We shall write ¢,z instead of ¢(x,t). The pair of sequences
T = ({xi}2_ o {ti}2_ ) is said to be a (4, a)-pseudo orbit ((d, a,b)-pseudo

orbit) of ¢ if d(¢t,zi, xiv1) < dand t; >a >0 (b >t > a > 0) for all i.
For a given pseudo orbit we shall denote by T xt the point

IR T 5= h when Y= <t < S0t fort >0
= . -
Ple4yi==1 ¢,y %n  When — Yoic, ti<t< =Y 1t fort<O0

Here 0 () = 0if n < m. It is easy to see that the function R > ¢t — zxt € X
is right continuous.
Two (6,a) pseudo orbits Z and g are equivalent (Z ~ ¢) if Zxt = gt for
all t € R. Define
(7] ={y: 7~ 7},
and then define [z] xt = T xt. We will also consider
Rep(R) = {a: R — R : « is an increasing homeomorphism, «(0) =0 }

and
PO, () ={[z] :  is a (J,a) pseudo orbit},
PO%(8) = {[z] : T is a (6,a,b) pseudo orbit}.
We will often refer to an equivalence class as a pseudo orbit.

A pseudo orbit [z] € PO,(0) is e—traced by a point z € X (or orbit of
x € X is e-traced by [z] € PO,(9) ) if there exists & € Rep(R) such that we
have d(pq )T, T xt) < ¢ for all t € R.

The flow has the pseudo orbit tracing property (POTP) if for any ¢ > 0
there exists § > 0 such that any [Z] € PO,(¢) is e-traced by some z € X.
Thomas proved ([8]) that this definition does not depend on a > 0.

For [z], [y] € PO4(6) we define the function

plal. ) = [ e dta gty

PROPOSITION 2.1. For alla,§ > 0 (POgy(9), p) is a metric space. Moreover,
o([Zn],[7]) = 0 (n — 00) iff Tpxt — g*t (n — o0) for allt € R.

Proor. Fix a,d > 0.

It's obvious that p([z), [7]) = (17, [2]), p(3], [7)) < p([2), [2]) + p([2], 3])
and p([z],[z]) = 0 for all [z], [y], [2] € PO4(9).

If p([Z], [g]) = O then d(Z«t, gxt) = 0 almost everywhere. The function R >
t — d(Z *t,y*t) is piecewise continuous and right continuous, so T xt = g+t
for all t € R.

Now, let us assume that Z, xt — g%t (n — oo) for all £ € R. Then
d(z xt,y*t) — 0 for all ¢ € R. The Lebesgue Dominated Convergence
Theorem implies that p([Z,], [y]) — 0.



257

To prove the other implication assume that p([Z,],[y]) — 0 (n — o0).
Now to show that Z, xt — gxt (n — o) for all t € R assume this is not so.
Then there exist ty € R, g9 > 0 and subsequence k(n) — 0o as n — oo such
that d(i:k(n) * tog,J * tg) > €9. Because of the compactness of X there exists
a > 3 > 0 such that for all z,y € X if d(z,y) > €, then d(¢iz, pry) > €0/2
for all t € [—3, 5]. There exist subsequence k(s(n)) and 0 < X\ < 3 such that
the functions Zj,(s(n)) x t are continuous in [tg,to + A] or in [tg — A, #o]. Hence

P([Zn(son)s [9]) 2 / e d(Tp(sny) * £ T > )t
[to,to+A]

> / e_t250/2dt >M >0
[to,to+A]
or

P([Zn(son)s [9]) 2 / e d(Fy(suy) * £ T > )t
[to—/\,to}

> / e*t2€0/2dt >N >0,
[to—A,to]

which is a contradiction completing the proof. ]

DEFINITION 2.2. A continuous map ® : X — PO, (d) is a (d, a)-method of
pif ®(x)x0 =z for all z € X.

DEFINITION 2.3. The flow ¢ has the continuous shadowing property if for
all @ > 0 and € > 0 there exist § > 0 and continuous map W : PO,(d) — X
such that every [z] € PO,(6) is e-traced by W ([z]).

DEFINITION 2.4. The flow ¢ has the inverse shadowing property (ISP) if
for any € > 0 there exists § > 0 such that for any ® being a (4, 1)-method of
¢ and any y € X there exists © € X such that ®(z) is e-traced by the orbit of

.
Now we prove that definition of the ISP does not depend on a > 0.

PROPOSITION 2.5.

a) The flow ¢ has the ISP iff for all € > 0 there exists § > 0 such that for
every ® being a (6,1,2)-method of ¢ and everyy € X there exists v € X
such that ®(x) is e—traced by the orbit of y.

b) For all a > 0, the flow ¢ has the ISP iff for every e > 0 there exists § > 0
such that for any ® being a (6,a)—method of ¢ and every y € X there
exists © € X such that ®(x) is e—traced by the orbit of y.

c) Foralla > 0, the flow ¢ has the ISP iff for every e > 0 there ezists 6 > 0
such that for any ® being a (0, a,a)-method of ¢ and every y € X there
exists v € X such that ®(x) is e—traced by the orbit of y.
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PROOF. a) It is sufficient to prove that PO,(§) = P0O2%(5), for all a >
0. It is obvious that PO2%(5) C PO,(5). Now take [#] € PO4(d). Then
T = ({zi}2_ o, {ti}2_ ), where t; > a for all i € Z. For each i there exist
m; € N and 2a > r; > a such that t; = m;a + r;. Define

y= ({ -y Pm_1aL—-1,L0, PaZ0s - - -y Pmoal0, L1, - - '}’
{...,a,r_1,a,...,a,r9,a,...})

We see that [j] € PO2%(§) and 7 xt = g« t for all t € R. Hence 7 € [7].

b) Let assume that ¢ has the ISP and fix a > 0. There are two cases:
a > 1 or a < 1. The first one is obvious, because PO, () C PO1(6). So let’s
consider ¢ < 1 and the smallest number m € N such that am > 1.

For a given ¢ > 0 there exist dg,d1,...,0,,, > 0 satisfying the following
conditions:

i) for any ¥ being a (dp,1)-method of ¢ and y € X there exists © € X
such that WU(z) e/2-traces the orbit of y;

ii) dp < €/2 and d(zx,y) < do implies d(prz, pry) < /2 for all t € [0, 1];

i) §; < 6;-1/2 and d(x,y) < ¢; implies d(pix, pry) < d;—1/2 for t € [0,1]
fori=1,...,m—1.

Fix ® : X — POy (d,—1) method of ¢ and y € X and define

U(z) = ({...,(z) % (~1), 2, B(x) * 1, B(x) +2,...}, {t: = 1}).

We prove that U is a (dg, 1)-method of ¢ and d(®(z) xt, ¥(x) xt) < &/2
for all x € X and ¢t € R. This will finish the proof, because by (i) there exists
r € X and o € Rep(R) such that d(¢q )y, ¥(v) xt) < /2. Then we will have

d(Paw)y, P(z) *t) < d(Payy, Y(z) xt) + d(P(z) xt, ¥U(7) x t) < &.

Fix k € Z. There are at most m numbers A1,..., A, € [0, 1] such that the
function [k, k + 1] 5t — ®(z) xt € X is not continuous at the points k + \;
fori=1,...,m. By (iii) we have

d(pxr, (P(z) *x k), P(x) * (K + A1) < Om—1
and
d(px, ((x) * k), D(2) x (K + A2)
< d(Prg—x, o0 (P(x) x k), () * (K + A1+ (A2 — A1)
< Om—2/24 Om—1 < dm—2.
After repeating this procedure m — 2 times we obtain
d(p1(D(x) x k), ®(x) * (k+ 1)) < do.

Hence ¥(z) € PO;(d) for all z € X. By using this procedure and (ii) we have
d(®(x) xt,U(x)*t) <e/2forallz € X and t € R.
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Now we show that ¥ is continuous. Choose a sequence x,, — x, as n — 00,
and ¢t € R. There exists k € Z such that ¢ € [k, k + 1]. Then

U(zp)*xt =V(xp*(k+t—k) = p(V(zpxk)) = or_p(P(xy * k)).

By the continuoity of ® , ¢y (®(x, *x k) — @1—k(P(x * k) = VU(x) *t.
This completes the proof of (b).

)

LEMMA 2.6. For all €,6 > 0 there exist 8’ > 0 and a continuous map
P : PO (") — PO3%(6), such that d(zxt, P([Z])xt) < € and P([z])*0 = [Z]%0,
for allt € R and [z] € PO2*(¥).

PROOF. The idea of this proof is the same as before. There exists ¢’ > 0
such that d(z,y) < ¢ implies d(¢iz, pry) < min(e,d) for t € [0,2a]. Now we
define

P([z]) = ({...,[z] ¥ (—2a), [Z] ¥ 0, [Z] * 2a, [Z] x4a, ...}, {t; = 2a}).
Proof of the continuity of P follows as in (b). O

Now let us assume that for every € > 0 there exists § > 0 such that for any
® being a (9, a,a)-method of ¢ and every y € X there exists x € X such that
®(x) is e-traced by the orbit of y. We want to prove that then ¢ has the ISP
with respect to (9, a,2a)-methods. So fix ¢ > 0 and take § > 0 such that for
any ® being a (0, a, a)-method of ¢ and every y € X there exists x € X such
that ®(x) is e/2—-traced by the orbit of y. Fix ®, a (J, a, 2a)—method of ¢, and
take &' > 0 from Lemma for €/2. Let us consider P o ®, a (4, a,a)-method
of . Fix y € X. There exists z € X such that ®(z) e/2-traces the orbit of .
Therefore P(®(xz)) e-traces orbit of x.

This finishes the proof of Proposition [2.5 O

Now we remind the definition of inverse shadowing property for homeo-
morphisms ([2]).

Let f: X — X be a homeomorphism. A sequence {z;}icz is a d—pseudo
orbit of f if d(fzi,xi+1) < 6. Let PO(J) be a set of d—pseudo orbits of f. A
map ¥ : X 5z — {U(x);}icz € PO(0) is continuous if z, — = (n — o0)
implies that for every i € Z ¥(x,); — ¥Y(z); (n — o0). If ¥(z)p = x for any
x € X then VU is called a (§)—method of f. Finally we say that f has the
inverse shadowing property if for any € > 0 there exists § > 0 such that for
every 6—method ¥ and y € X there exists € X such that ¥(x) e-traces the
orbit of y (i.e. d(¥(z);, fly) < € for all i € Z).

For a given flow ¢, we shall denote by ¢, a homeomorphism ¢, : X 5 x —
wex € X. Now we will prove the following:
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PROPOSITION 2.7. If there exists a > 0 such that @, has ISP then ¢ has
the ISP.

PROOF. In view of Proposition [2.5] it is sufficient to prove that ¢ has the
ISP with respect to (a,a,d)-methods.

Fix € > 0. There is ¢’ > 0 such that for all z,y € X d(x,y) < &' implies
d(prx, pry) < € for t € [0,a]. Now take ¢ > 0 from the definition of ISP for ¢,
with respect to ¢’. Fix & : X — PO%(0) a d—method of f, and y € X. Then
U(z) = {P(x)*(ia) }icz is a d—method of ¢, and, moreover, ®(x)*(ia) = ¥(x);
for every x € X and ¢ € Z. Since ¢, has the ISP, there exists x € X such that
d(ply, ¥(x);) < & for all i € Z. Hence

d(piay, ®(x) * (ia)) < €
for i € Z. Now from the choice of ¢’ we have
Ay, P(x) xt) < e
for t € R. This finishes the proof of Proposition O

3. Continuous shadowing. In this section we prove that an expansive
flow without fixed points on a compact metric space , which has POTP has
the continuous shadowing property, and, as a corollary, that such flow on a
compact manifold without boundary has the ISP.

The flow ¢ is expansive if for all € > 0 there exists § > 0 such that if
d(prr, psryy) < 6 for all t € R for z,y € X and a continuous map s : R — R
with s(0) = 0, then y = p,x, where [t]| < e.

DEFINITION 3.1. The flow ¢ has pseudo orbit tracing property (POTP) if
for all € > 0 there exists 6 > 0 such that each [z] € PO;(J) is e-traced by an
orbit of ¢.

Thomas proved in [8] that ¢ has the POTP iff for all @ > 0 and € > 0
there exists § > 0 such that each [Z] € PO,(0) is e-traced by an orbit of ¢.
We recall the following

LeMMA 3.2. ([1]) Let ¢ be a continuous flow on X without fized points.
Then ¢ is expansive if and only if for all € > O there exsists r > 0 such that if
t = (t;)icz and u = (u;);ez are doubly infinite sequences of real numbers with
to=ug=20 , 0<ti+1—ti <r, ]u¢+1—ui| <r,t;j — 00, t_; — —00, asz'—>oo,
and if z,y € X satisfy d(pe,x, pu,x) < r for all i € Z, then there exists t such
that |t| < e and y = @iz.

LeEMmMA 3.3. ([I]) If a flow ¢ has no fized points, then there is Ty > 0 such
that for every T satisfying 0 < T < Ty there exists v > 0 with d(prx,z) > 7
forallx € X.
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LEMMA 3.4. ([8]) Let (ov;)ien be a family of continuous increasing functions
from [0,b] into R with «;(0) = 0 for all i, and assume «;(b) — oo as i — oo.
Then for every A, 3 > 0 there are j and t1,ta € [0,0] such that 0 < ta —t; < A
and aj(ta) — oj(t1) = B, where [0,b] is a closed interval in R.

LEMMA 3.5.

a) For all a,d,e > 0 there is A > 0 such that for all [z] € PO,(d) and
ti,ta € R, |t1 — tg‘ < X implies d([i}] *x11, [Zﬂ *tg) <d+e¢;

b) For all a,0 > 0 and ([yn])nenN, a sequence in POZ(J), such that [yn] —
[g] € PO%(0) and for all n,T > 0, there exists a sequence (k(n))nen in
N such that d([Jpm)] *t,[y] xt) <n for allt € [-T,T] and n € N;

c) Let [z] € PO%(5). Then for anyn,T > 0 there exist U a neighborhood of
[Z] such that for every [Z]' € U and t € |[=T,T] d([z] xt, [z] xt) < n.

PROOF. a) For a given £ > 0 there is A > 0 such that d(ypz, z) < /2 for
all z € X and t € [-XN, N]. Now take A = min{)\,a} and fix ¢1,t2 € R such
that |t; —ta| < A. There is only one tg € [t1, t2] such that the function [Z] xt is
not continuous at t = tg. Hence d([Z] xt1, [Z] xt2) < d([Z] *t1, [Z] xto) + d([Z] *
to, [:E] *tg) <e+6.

b) Let assume that it is not so. Then there exist a, d,n, T > 0 and sequences
([gn])nen € POL(0) , (tn)nen C [=T,T] and (k(n))nen C N such that [g,] —
[g] S POZ((S),tn —tp € [_T7 T] and d([gk(n)] *tn, [g] *tn) > 1.

We can assume that there exist k € Z such that t,, € [ka, (k + 1)a] for all
n € N. Then [Jpm)] * tn = @1, —ka([Jrm)] * (ka)) for all n € N. Therefore

A pto—ka[Grm)] * (Ka)), Pro—ra([g] % (ka))) = .
It is a contradiction, because [Jj(n)] * (ka) — [y] x (ka).
c¢) Proof is very similar to the above proof of (b).
This finishes the proof of Lemma [3.5 O

The idea of the proof of Theorem to some extent follows the proof of
Theorem 3 in [8], stating that the expansiveness and POTP imply topological
stability.

THEOREM 3.6. For every expansive flow ¢ on X without fixed points, if it
has the POTP, then it has the continuous shadowing property.

PRrROOF. Firstly we prove that for all ¢ > 0 and € > 0 there exist § > 0
and continuous map W’ : PO%(§) — X such that every [Z] € POy is e-traced
by W’([z]). (Then we will use Lemma [2.6] ).

Let us fix @ > 0. Suppose € > 0 is given. We can assume that ¢ < Tp/2
(with Ty as in Lemma . Using Lemma take 0 < r < e. By Lemma
there is v > 0 such that d(¢(,/9)z,7) > v for all z € X. In the definition of
expansiveness, take ¢’ < v, ¢’ < r such that if d(py¢)z, ) < € for z,y € X
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and a continuous map with s(0) = 0, then y = ¢z, where |t| < r. Also choose
e’'/24 > ¢ > 0 such that every [Z] € PO%(9) is £’ /6-traced by an orbit of .

For a given [z] € PO%(J), there are z € X and a € Rep(R) such that
d([Z] * t,a@)2) < €'/6. Assume that 2z’ € X also ¢'/6-traces [z]. Then
d(Pa)? Part)?') < €'/3 for all t € R. By the expansiveness and our choice
of & imply that 2/ = ¢z with [t| < e. Hence every [Z] € PO%() is uniquely
traced by an orbit of ¢, say (¢¢2)ier. Now for [z] define:

Az ={z € X : Y150 Jacrep®) Vic[-1,1) A([T] *t, 0amy®) < €'/6 +n}.
This set is not empty, because z € Ajz.

LEMMA 3.7.

a) Az C (¢r2)ier and the time diameter of Az is less than ¢;
b) Az is closed in X.

PROOF. a) Fix z € A;. We will show that z = ¢,z with some || < e.

Let (n;)ien and (T;);er be sequences of positive real numbers such that
n; < €/6,m; — 0and T; — oo as i — oo. We know that x € Az, so there is
a; € Rep(R) such that

d([f] * 1, goai(t)x) < 6//6 +mn; forall te [—TZ,Tl]
Using the fact that [Z] is ¢’/6-traced by z with a € Rep(R), we get
d(Pa(t)? Pa;0)T) < e'/3+mn; forall te[-T;T;.

Let T/ = min{|a(T})|, |a(=T;)|} and 7; = a; o o™t It is clear that 7] — oo
and v; € Rep(R). Now we have

d(puz, Pyyyt) <€ /34 m; forall we [-T;,T;].

1771

By the continuity of v; we choose 0 < s; < r such that |u —u'| < s; implies
1vi(u) — i (u)] < /2. Now

d(SD'Yi-&-l(u)_"/i (u)<p’7i (u)x’ g0%‘(“)x) = d(c’o%-&-l(u)m’ S0%‘(u)x)
S d(@’yprl(u)x? SOUZ) + d(SO’LLZ7 go’yz(u)x)
< 2 / ) /
e +2n <€,

3
for all u € [T}, T}].

1 7
Since 7;, Vi1 are continuous, v;(0) = v;4+1(0) = 0 and &’ < =, it follows that
|Vit1(u) — vi(u)| < r/2. Hence |u — /| < sj+1 implies |y;+1(u') — ~vi(u)| < 7.
Fix ¢ € Z. We can choose a strictly increasing sequence of real numbers
(tj)jez with tg = 0 such that if u; € [0,7]], then tj;1 — t; < sj41 for j > 0. If
Uuj; € [_Ti,?O]’ then t; 11 —t; < s;41 for j < 0. For ¢; € [—TZ»/,TZ-,], let u; = "}/i(tj)

and for t; € [T}, —T]) U (T}, T{, ] let uj = vi;1(t;). So |ujy1 —uy| <r and
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d(pu;x,0,2) <& < r. Using Lemmawe have x = ¢z with [t| < &, which
proves (a).

b) Because of (a) we only need to show that Az is closed in the orbit
(¢12)ter with respect to the relative topology. Let (z;);en C Az be a sequence
such that z; — 2’ € (p12)ier. We will show that 2/ € Az. So fix n, T > 0.
There are a; € Rep(R) such that for all ¢ and ¢t € [T, T]

d([.f] * L, Spai(t)zi) < 6//6 + 77/2.

Since all z; and 2’ are in the same orbit with time distance e, there exists
(because of the expansiveness) an integer N large enough such that for i > N
andt e R

d(przispe2') < /2.
Hence for t € [T, T
d([Z] % t, 0, 1)2") <€/6+n/2+n/2=¢/6+n.
It follows that 2’ € Az, which finishes the proof of Lemma O
A point 2 € Az is called the largest limit (L.Az ) of Az if x = o’ with ¢ > 0
for all 2/ € Az. Such point is unique. Now we define W’ 5 [z] — L.4; € X.
We will prove that for each compact K C PO%(§) a map W'|k is continuous.

Fix such a K.
For n,T > 0, let us define the following set

Ai,n,T = {IL’ €X: ElozGRep(R) vISG[fT,T} d([j] * 1, Qpa(t)x) < 5//6 + 77}

LEMMA 3.8. For all A > 0 and [Z] € PO%(0) there exist n,T > 0 such that
d(z,Az) < X for all x € Az 1.

PROOF. Let (1;);en and (T;);cr be sequences of positive real numbers such
that 7; < €'/6, n; — 0 and T; — oo as i — oo. Also assume that z; € Az, 7
and z; — z. We will show that then z € Az(i).

There are ; € Rep(R) such that, for i € N and t € [T}, T;],

(1) d(@ai(t)ziv [j] * t) < E//6 + 7.

Since z; — z, we can take ((;);en and (w;);er sequences of positive
real numbers with 3; < ¢'/6, 3; — 0 and w; — oo as i — oo, such that
d(pizi,prz) < B; for all t € [—w;, w;]. Thus for all t € [—ai_l(wi), a;l(wi)] we
have
(2) d(QOai(t)Zia @ai(t)z) < Bi.

Suppose that we have already known that

(%) vi = min{|a; " (wi)], |o; " (—w)|} — oo.



264

Then, because of and we have

d(Pay)%: [T %) < d(Pay(t) 2> Pas(0)%i) + APay 1) %ir [T] ¥ 1)
< [ +€//6+?7i.
for t € [—k;, k;], where k; = min{v;, T;}. So 2z € Az, 45, k- Hence z € Az.

Now we prove (x). Firstly we show that a;'(w;) — co. Assume this is
not so. There are b > 0 and N € N such that o; '(w;) < b for i > N. Then
w; < a;(b), so a;(b) — o0 as i — oo.

Using Lemma [3.4] and Lemma a), we may find j € N and t1,ty € [0, D]
such that d([Z] x t1,[Z] xt2) < d + 0 < &'/12 and «a;(t2) — a;j(t1) = /2. Hence
A(Pa;(t1)%5s Pay(t2)%5) =7 > €

But there is

A(Pa;(t1)%5 Pay(t2)2i) < A(Pay(n) 25, (2] * 1) + d([Z] * b1, [Z] * t2)
+ d([i‘] * 1o, (paj(tQ)Zj) <.

This is a contradiction. We may similarly prove that a;l(wi) — 0.
Now if we assume that d(z;, Az) > A for all i € N, then d(z, Az) > \. This
is a contradiction, which finishes the proof of Lemma [3.8| O

LEMMA 3.9. For all X > 0 there exist n,T > 0 such that for all x € Az, 1
and for all [Z] € K d(x,Az) < X .

PRrROOF. This is a consequence of Lemma [3.8 and the compactness of K.

Indeed, take [z] € K. By Lemma there exist nz, Tz > 0 such that
d(z,Az) < A/2 for x € Azy, .- Now, by Lemma (c) there exists Ug,
a neighborhood of [Z], such that d([Z] = ¢, [Z] xt) < nz/2 for [Z]' € Uz and
te [_Tj7Tj;] So AE/WE/ZTE C ACE,”]E,TE for all [Ii’]/ S Uj

By the compactness of K there are [Z]1, ..., [Z]x with an open cover
Uz,s...,Uz,. Let n = %minlgigk{nfk} and T' = maxj<;<,{T%, }.

Now take x € Az, . There exists 1 < j < k such that Az, r C Az, 5, 15,
thus d(Az, Az;) < A/2. Finally we have

This finishes the proof of Lemma 3.9 O

LEMMA 3.10. Let ([%;]))ien be a sequence in K such that [z;] — [z]. If
zi € Az, and z; — z, then z € Az.

PRrROOF. Let {)\;} be a sequence of positive real numbers such that A; — 0.
By Lemma there are 7;,T; > 0 such that d(z, Az) < \; for z € Az, 1,
Using Lemma|3.5|(b) we see that there is subsequence [Z;,] of [Z;] which satisfies

d([zi] x t, [25] x ) < mi/2
for t € [-T;,T;] and i € N.
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But zj, € Ay, so there are a; € Rep(R) such that

d((pai(t)zjw I:',sz] * t) < 5,/6 + 771'/2
for t € [=T;,T;]. Therefore

d((pai(t)zia [‘/i.]z:l xt) < d((pai(t)ziv (pai(t)zji) + d(@ai(t)zjiv I:j]z} xt) < 5//6 + 1

This means that z;, € Az, 7,. We have d(z;,, Az) < \i, so d(z, Az) = 0. Since
Az is closed, z € Az. This finishes the proof of Lemma, [3.10] O

Now we shall show that W/ : K — X is continuous (where K is a compact
subset of PO4(9)).

Let assume that sequences {[%;]},{z;} are such that z; = L. Az and [z;] —
[z]. Let z = L.Az. We want to show that z; — z. Owing to the compactness
of X and Lemma we may assume that z; — 2’ € Az. Let x be any point
in Az and let {\;} be a sequence of positive real numbers such that A; — 0.
Choose 7;,T; > 0 as in Lemma Now there exists a subsequence {[z;,]}
such that

d([@i] xt,[Z;,] xt) < ni/2
for t € [-T;,T;] and i € N. Since = € Az, there exists o; € Rep(R) such that
d($a, )T, [7] ¥ 1) < €' /6 +m;/2
for t € [-T;,T;]. So we have

A(Pa, ), [T;] x 1) < &'/6 4 ;i

for t € [-T;,T;] and i € N. Therefore, z € Az 7. Lemma implies
that d(z, Az, ) < Ai. Since Az, is closed, we can choose z;, € Az, such that
d(z,xj,) —d(x Az;) = i Thena:j — . Since zj, = L.Ag;, there are wj, > 0
such that z;, = gow] zj,. Hence 2/ = gow:r with w > 0 for every x € Az. So
2/ = L.A;z. By uniqueness of L.Az, z = z’. This proves that every convergent
subsequence of z; has z as a limit. It means that z; — z.

We have proved that W’|K is continuous for every compact K C PO2(6).
So W' : PO%(§) — X is continuous because POZ(§) is a metric space.

Now we will prove that ¢ has the continuous shadowing property. Fix
a,e > 0. There exist § > 0 and continuous map W’ : PO3%(§) — X such
that every [z] € PO3%(9) is €/2-traced by W’([z]). Using Lemma [2.6| we have
8" > 0 and a continuous map P : PO2*(§") — PO3%(5) such that d(P([z])
t,[z] xt) < /2. Now take W = W’ o P. It finishes proof of Theorem
because PO%4(8") = PO, (d"). O
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COROLLARY 3.11. Every expansive flow ¢ on a compact manifold M with-
out boundary, without fixed points, and with the POTP, has the inverse shad-
owing property.

PROOF. There exists ¢ > 0 such that a continuous map H : M — M with
d(H,id) < €' is suriective.

Fix 0 < € < ¢ and § > 0 such that we have a continuous map W :
PO1(8) — M from Theorem Now fix a method ® : M — PO;(d) and
y € M. Let us define H = W o ®. For all x € M, there is

d(H(z),z) = d(W(®(x)), B(z) * 0) < e,

because W (®(x)) e-traces ®(x). Hence H is suriective. So there is x € M
such that H(z) = y. Now it is obvious that ®(x) is e-traced by the orbit of y.
This finishes the proof of Corollary O
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