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CONSERVATION LAWS FOR NON-GLOBAL LAGRANGIANS

BY A. BorowIEC*, M. FERRARIS, M. FRANCAVIGLIAT AND M. PALESE!

Abstract. In the Lagrangian framework for symmetries and conserva-
tion laws of field theories, we investigate globality properties of conserved
currents associated with non—global Lagrangians admitting global Euler—
Lagrange morphisms. Our approach is based on the recent geometric for-
mulation of the calculus of variations on finite order jets of fibered manifolds
in terms of variational sequences.

1. Introduction. In the Lagrangian framework for symmetries and con-
servation laws of field theories, we investigate globality properties of conserved
currents associated with non—global Lagrangians which admit global Euler—
Lagrange morphisms (see also [18]). Our approach is based on the geometric
formulation of the calculus of variations on finite order jets of fibered man-
ifolds in terms of variational sequences [16]. It was shown in [I3] that the
Lie derivative operator with respect to fiber—preserving vector fields passes to
the quotient, thus yielding a new operator on the sheaves of the variational
sequence, which was called the variational Lie derivative. Making use of a rep-
resentation given in [22] for the quotient sheaves of the variational sequence as
concrete sheaves of forms, some abstract versions of Noether’s theorems have
been provided, which can be interpreted in terms of conserved currents for
Lagrangians and Euler—Lagrange morphisms.

Non-global Lagrangians are here defined as Cech cochains valued into the
sheaf of generalized Lagrangians. We relate globality properties to the topology
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of the relevant manifold in terms of the Cech cohomology of the manifold
with values in the sheaves of the variational sequence (see also [5]). To this
aim we provide a slightly modified version of some well known results due
to [3] (Theorems and [3.2). We shall in particular investigate the case of
Cech cochains of Lagrangians admitting global Euler-Lagrange morphisms but
having non—trivial cohomology class. In this case globality properties still hold
true for the conserved quantities associated with the cochain of Lagrangians
itself. For analogous results obtained in a different framework we refer the
reader to the interesting paper by Aldrovandi [1].

In Section [2] we state the main notation and recall some basic facts about
sheaves of forms on finite order jets of fibered manifolds, together with some
standard results about Cech cohomology. In Subsection we recall general
results concerning symmetries in variational sequences. Section [3]is concerned
with the main results of the paper. We prove the existence of global conserved
quantities associated with Lagrangian symmetries and generalized Lagrangian
symmetries of Cech cochains of Lagrangians.

2. Preliminaries and notation.

2.1. Sheaves of forms on jets of fibered manifolds. Let us consider a fibered
manifold 7 : Y — X, with dimX = n and dimY = n +m. For r > 0 we
are concerned with the r—jet space J,.Y of jet prolongations of sections of the
fibered manifold ; in particular, we set JoY = Y. We recall the natural
fiberings 7l : J,Y — JY,r > s, and 7" : J,Y — X; among these the
fiberings 7, _; are affine bundles.

Greek indices A, u, ... run from 1 to n and they label basis coordinates,
while Latin indices 4, j,... run from 1 to m and label fibre coordinates, unless
otherwise specified. We denote multi-indices of dimension n by boldface Greek
letters such as a = (aq,...,ap), with 0 < a,, p = 1,...,n; by an abuse of

notation, we denote with A the multi-index such that a, = 0, if p # X\, oy = 1,
if uw = A. We also set |a]:=a; + -+ + a;,. The charts induced on J, Y are
denoted by (2,y%,), with 0 < |a| < 7; in particular, we set y§ = y*. They are
fibered charts, so that the choice of different letters (x for the basis and y for the
fibers) stresses different transformation laws: in fact, fibered transformation
laws of the kind 2/ = 2/(z) and v’ = y/(x,y). The local bases of vector fields
and 1-forms on J, Y induced by the above coordinates are denoted by (9y, 0%)
and (d*,d.)), respectively.

The contact maps on jet spaces induce the natural complementary fibered
morphisms over the affine fiber bundle J,.Y — J,_1Y

I : Y xTX — TJ 1Y
X

(1) Y Y x TJ1Y -VJ. 1Y, r>1,
Jr1Y
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with coordinate expressions, for 0 < |a| <7 — 1, given by
I = d*@ 11 = d*@ (0r + v 107
Oy = 93,008 = (di, — 2, \d") RO,
and the natural fibered splitting [16]

(3) LY x T'J_ Y =LY x T°X)®imv".
Jr—1Y J,

(2)

r—1

The above splitting induces also a decomposition of the exterior differential
on Y in the horizontal and vertical differential, (77 1)*od = dy + dy .

A projectable vector fieldon'Y is defined to be a pair (2, £), where the vector
field =:Y — TY is a fibered morphism over the vector field £ : X — TX.
By (j-Z, &) we denote the jet prolongation of (£,¢), and by j,Z5 and j,.ZEy,
respectively, the horizontal and the vertical part of j.Z with respect to the
splitting (3)).

p
i. For r > 0, we consider the standard sheaves A, of p—forms on J,.Y .
p P
ii. For 0 < s <, we consider the sheaves H, ;) and H, of horizontal forms,

i.e. of local fibered morphisms over 7, and 7" of the type o : J, Y — KT*JSY
and §6: J,.Y — KT*X, respectively.

iii. For 0 < s < r, we consider the subsheaf g(ns) C 'ﬁ((m) of contact forms,
i.e. of sections o € 71-){(,«75) with values into A im ¥;_,. There is a distinguished
subsheaf a C g(rﬂ,r) of local fibered morphisms o € g(MM) such that a =

p D
A7, o, where & is a section of the fibration J.11Y x AV*JLY — J. 1Y
Y

T

which projects down onto J,Y .

According to [22], the fibered splitting naturally yields the sheaf split-
P p—t 13 j4
ting Hipq1,) = @, C (r+1,7) NHr41, which restricts to the inclusion A, C

p—t ¢ p p
@, C T/\Hffﬂ, where Hff_H :=h(A,) for 0 < p < n and h is defined to be the

P
restriction to A, of the projection of the above splitting onto the non—trivial

summand with the highest value of ¢.
1 n
Let a € Cr A Hf? +1- Then there is a unique pair of sheaf morphisms

1 n h 1 n h
(4) Eo € Ciaro) N Hapya Fo € Ciar ) NHopgr s

such that (wff{l)*a = E,— F,, and F, is locally of the form F, = dgpa, with
n—1

1
Pa € Cior—1,—1y N H 2, (see e.g. [22]).
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1 1 n ~
Recall (see [22]) that if 3 € Cs A C50) A Hs, then, there is a unique Hg €
1 1 n ~
C(25,5) ®C(25,0) AN H2s such that, forall=: Y — VY, By = C1(j2s=®Hp), where

B:=js= 13, J denotes the inner product and C stands for tensor contraction.
Then there is a unique pair of sheaf morphisms

1 1 n 2 n
(5) Hﬁ € C(Qs,s) A C(QS,O) A Has Gﬁ € C(2$,s) A Has

such that 72*"3 = Hg — Gg and Hz = %A(ﬁ[g), where A stands for an-
tisymmetrisation. Moreover, G is locally of the type Gg = dpqg, where

2 n—1
qs € Cas—1 N H 25_1, hence [§] = [Hg]. Coordinate expressions of the mor-
phisms E, and Hg can be found in [22]. The morphism H is called the
Helmhotz—Sonin morphism associated with an Euler-Lagrange type morphism.
It is a global morphism the kernel of which expresses the Helmholtz condi-
tions for a given Euler-Lagrange type morphism to be locally variational, i.e.
n = Eq, [22].

2.2. Cech cohomology. Suppose $ is a (paracompact Hausdorff) topolog-
ical space. In the following we shall call graded sheaf over $) any countable
family of sheaves F*:={F'};cz over . A resolution of a given sheaf S is an
exact sequence of sheaves of the form 0 — § — F*.

Set H1($),S) :=ker(C4(S)g — CITH(S)g) / im(CTH(S)g — CU(S)g), for
each q € Z, with C™1(8)g:=0. Here C4(S)g is the sheaf naturally induced by
the sheaf of discontinuous sections of S [9]. The Abelian group HY(9,S) is
called the cohomology group of §) of degree g with coefficients in the sheaf S.

We say H*(9,S):=®iczH'(9,S) to be the cohomology of $ with values
in S. It is clear that H($),S) = Sg. We say S to be acyclic if H1($,S) =0
for all g € Z, ¢ > 0.

We remark that a resolution 0 — & — F* naturally induces a cochain
complex 0 — &g — F¢ via the global section functor. Hence, we can define
the derived groups HI(F§) :=ker(F{ — .7-“%“)/ im(f%_l — FQ), for all ¢ € Z,
with F ' =S,

Let 0 = & — F* be a resolution of §. Then for each ¢ € Z there is a
natural morphism HY(Fg) — H($,S). If the sheaves of F* are acyclic then
the above morphism is an isomorphism (Abstract de Rham Theorem) [9].

We also recall that a cochain complex is a sequence of morphisms of Abelian

groups of the form 0 — /OX —do /1\ —h ./2\ —d2 . such that diy10dy = 0. This
last condition is equivalent to imdy C kerdg.1. A cochain complex is said to
be an ezact sequence if imdy = kerdy 1.

Suppose now that S is a sheaf of Abelian groups over §). Let U :={U,};cr,
with I C Z, be a countable open covering of ). We set C?(4, S) to be the set of
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q-cochains with coefficients in S. Let o = (Ui, ...,U;, ;) C U be a g-simplex
and f € C4(4,S). The coboundary operator 0 : C4(U,S) — CITL(4U, S) is the

map defined by

q+1 o
0f(0):= Z( 1)'r |Z|Z f(oi),
i=0
where o :=(Usy, -, Ui; 1, Uiy - - - Uigyy ), for 0 < j < g+1, 7 is the restriction

mapping of S and |o;| denotes the lenght of o; (see [8]).

For all ¢ € Z the set C1(4,S) can be endowed with an Abelian group struc-
ture in a natural way. It is rather easy to verify that 0 is a group morphism,
such that 9% = 0. Hence we have the cochain complex C°(4,S) — C*(U,S) —
C?*(U,S) —

DEFINITION 2.1. We say the derived groups H* (4, S) of the above cochain
complex to be the Cech cohomology of the covering il with coefficients in S.

The above cohomology is a combinatorial object and it depends on the
choice of a covering U. Let $:={U;}icr, V:={V;}jes, with I,J C Z, be two
countable coverings of ). Then we say that U is a refinement of 4 if there
exists a map f:J — I such that V; C Uy(;). Then there is a group morphism
H*(U4,S) — H*(,S), so that we can define the Cech cohomology of $ with
coefficients in S to be the direct limit H*(9,S) ::liirlnH*(il, S).

2.3. Cohomology of the variational sequence. We recall now the theory of
variational sequences on finite order jet spaces, as it was developed by Krupka
[16]. By an abuse of notation, we denote by dker h the sheaf generated by the

presheaf dker h. Set ©, = ker b + dker h.

DEFINITION 2.2. The quotient sequence
n+l n+l g . nt+2 nt2 g,
0— Ry — ... 5070, 580, 8",/ 6, 7% 4
is called the r—th order variational sequence associated with the fibered mani-
fold Y — X. It turns out that it is an exact resolution of the constant sheaf
Ry over Y [16].

Let us now consider the cochain complex

Sn—l n n gn
6
n+l n+l En En

i( A6 )y (N )y
and denote by H(“,S(Y) its k—th cohomology group. The variational sequence
is a soft resolution of the constant sheaf IRy over Y, hence the cohomology of

the sheaf IR is naturally isomorphic to the cohomology of the cochain complex
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above. Also, the de Rham sequence gives rise to a cochain complex of global
sections, the cohomology of which is naturally isomorphic to the cohomology
of the sheaf IRy on Y, as an application of the Abstract de Rham Theo-
rem. Then, by a composition of isomorphisms, for all £ > 0 we get a natural
isomorphism H{«(Y) ~ HY. Y [16].

The quotient sheaves in the variational sequence can be conveniently rep-
resented [22]. The sheaf morphism A yields the natural isomorphisms

kok ko k
I A JOr — H = V0t [o] = h(a), E<mn,

k kK k—n n k
Iy : (A)©y) = (C o AHE ) /h(dkerh) ==V, i [a] — [h(@)],  k>n.
Let s < r. Then we have the injective sheaf morphism (see [16]) X} :

kEk k kK
(As/Os) — (A/Oy) : [a] — [rl*a], where [a] denotes the equivalence class of
a form « on J,Y.

3. Cech cochains valued in the sheaves of the variational se-
quence. We are interested in the case in which the topology of Y is non—
trivial; in particular we shall be concerned with an application of Cech coho-
mology to the cases Hgle # 0 and HIRY # 0.

The following results hold true (see e.g. [3], and [4] Chap. II).

THEOREM 3.1. Let us consider the variational sequence @ and let
K, :=Ker &, and H (Y ,K,) be the first Cech cohomology group of Y with
values in K,. Then the long exact sequence obtained from the short exvact
sequence

0K,V 256,(1,) —0

gives Tise to the exact sequence

0—=T(Y,K,) —T(Y,V,) =T(Y,E.00,) % H (Y, K,) —0.

THEOREM 3.2. Let us consider the variational sequence @ and let
T, = Kerdy and HY (Y ,T,) be the first Cech cohomology group of Y with
values in T'.. Then the long exact sequence obtained from the short exact
sequence

n—1 dy n—1

0—-T,— V,—=dg(V,) —0

gives rise to the exact sequence

n—1

n—1 7
0= T(Y,T,) —=T(Y, V,) > T(Y,dy(V,) 5 H(Y,T,) —0.
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Here and above we have used the standard notation denoting by I'(Y, )
the corresponding modules of global sections.
Furthermore we have ([3], Lemma 4.1, Theorem 4.2, [16], [22]) for s <r:

HN (YY)~ HpE (Y)~HY(Y,K,) ~ H (Y X" K,),
and

Hin(Y) ~ Hio(Y) ~ HY(Y,T,) ~ H(Y,x"*T,).

S

REMARK 3.3. As a straightforward application of the Abstract de Rham
Theorem, we have the following.

n+1
Let n € (V )y be a global section such that &£,41(n) = 0. Suppose,
n

moreover, that H';f Y 5 67 = 0. Then, there exists a global section A € (V,)y
such that £,(X\) =7 (see e.g. [2]).
n

Analogously, let A € (V,)y be a global section such that &,(\) =0, i.e. A
is variationally trivial. Suppose, moreover, that HzY > ¢’ = 0. Then, there

exists a global section 3 € ( V ,)y such that £,_1(8) = A, where &,_1 = dg
(see e.g. [16), 22]). O

If the topology of Y is trivial, so that, in particular, Hgle = 0 and
HIRY = 0 hold true, then each global Euler-Lagrange morphism 7 is globally
variational and each global variationally trivial Lagrangian A is the horizontal
differential of a form (.

If the topology of Y is non—trivial, i.e. H{’§' (Y) ~ H (Y, K,) # 0, then
the inverse problem for a given global Euler-Lagrange morphism 7 can be
solved only locally, so that in general we can write n = &,(\) only locally
(provided, of course, that the corresponding cohomology class of 1 is non—
trivial). More precisely this means that around each point a Lagrangian Ay is
defined only on an open subset U C Y, so that n|y = &,(Au). We are then
naturally faced with the following situation which is in fact often encountered
in physical applications: there exists a countable open covering {U;};cz in
Y together with a family of local Lagrangians \; over each subset U; C Y
(which, a priori, do not glue together into a global Lagrangian \). Let then
W:={U,;};er, with I C Z, be any countable open covering of Y and A = {\; }ier

n

a 0—cochain of Lagrangians in Cech cohomology with values in the sheaf V,, i.e.

A e Co4y, 1?;,,) By an abuse of notation we shall denote by 7, the 0—cochain
formed by the restrictions n; = &,(\;).

REMARK 3.4. Let 0A = {\j;} = (\i — Aj)|vinu;- We stress that oA = 0 if

n+1
and only if \ is globally defined on Y. Analogously, if n € C°(4, V ), then
on = 0 if and only if 5 is global.
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REMARK 3.5. Let A\ € CO(4, 17},“) and let 7y :=&,(\) € CO(4, nﬁlr) be as
above. Then 0A = 0 implies 07, = 0, but the converse is not true, in general.
This is due to the IR-linearity of all the operations involved in the variational
sequence. Therefore 91y = 15, = 0 implies only 0\ € C!(U, K,.).

We shall in fact be concerned with the case
(7) =0, OA#£0.

DEFINITION 3.6. We shall call a Cech cochain X\ of Lagrangians satisfying
condition (|7)) a non—global Lagrangian.

DEFINITION 3.7. A non-global Lagrangian is said to be topologically non-
trivial if the cohomology class of 1, in the first Cech cohomology group is
non—trivial, i.e. dny # 0.

It is clear that a non—global Lagrangian is defined modulo a refinement of
1. In particular, 4 can be chosen to be a good covering of Y (on a differentiable
manifold there exists always a good covering, see e.g. [8]), on which all (local)
de Rham cohomologies are trivial. Then Remark can be reformulated as
follows.

PROPOSITION 3.8. (A) Let A\ € {jr be a global variationally trivial La-

n—1
grangian. Then for any good cover i there exists a O—cochain 3 € CO(Y, V ,.)
such that X\ = dg . Thus 93 € CY(U,T,) defines a unique cohomology class
[08]¢ =8 € HYY,T,) ~ H},Y. If, moreover, this cohomology class

n—2
is trivial, then there ewists a O—cochain v € CO(U, V ) such that dgoy =
03 with 8 = [ — dgy a global morphism and X\ = dyf'. (B) Let A €

n
CU,V,) be a non-global Lagrangian. Then 0\ defines a unique cohomol-
ogy class PN =6ény € HY(Y,K,) ~ Hgle. If, moreover, this cohomology

n—1
class is trivial then there exists a 0—cochain v € C°(U, V ) such that
0N =dyov and d(A\—dgv)=0.
Thus X' = X — dgv is a global Lagrangian and E,(N') = E,(N).

PROOF. It follows from the application of the Poincaré Lemma, the stan-
dard Cech cohomology arguments [9] and the Abstract de Rham Theorem (see

n—1
also [3]; in [17] was shown that, even more, 3 € CO(Y, V ,_1)). O

EXAMPLE 3.9. (Einstein theory) From the above Proposition it follows
that a topologically trivial non—global Lagrangian is always equivalent to a
global one. This is e.g. the case of the Hilbert—Einstein Lagrangian, which is
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a second order global Lagrangian in the bundle Y = Lor(X) of Lorentzian
metrics over X. The Hilbert—Einstein Lagrangian is equivalent to a sheaf of
non-global first order Einstein’s Lagrangians. In this case, the cohomology
class corresponding to the Euler-Lagrange morphism is trivial and this fact
does not depend on the topology of the space-time manifold (see also [12]).

EXAMPLE 3.10. (Chern—Simons theory) Let P = P(X,G) be a principal
bundle over an odd dimensional manifold X with a structure group G (e.g.
any simple Lie group). To any connection one—form w we can associate the
Chern-Simons form [10] from which by pull-back along any (local) section one
gets a (local) Lagrangian on X. Since the Chern-Simons form is not tensorial
the local Lagrangians are not gauge-invariant. In spite of this fact, the corre-
sponding Euler-Lagrange equations (i.e. the vanishing curvature equations for
w) are invariant and global. Moreover, in this case, an invariant Lagrangian
does not exist at all. The existence of global Lagrangians relies on the choice
of a global section on P (see e.g. [6), [7] and references quoted therein).

3.1. Symmetries and conservation laws. Making use of the sheaf isomor-
phisms and of the decomposition formulae and , in [13] it was proved
that the Lie derivative operator with respect to the r-th order prolongation j,.=
of a projectable vector field (2, &) can be conveniently represented on the quo-
tient sheaves of the variational sequence in terms of an operator, the variational
Lie derivative L; =, as follows:

n

if p=mnand A € V,, then

(8) Lj,zA =ZEyv 1E(A) +du(jrEv Jpayr +£1A);
n+1

fp=n+landne V ,, then

9) Ljzn = En(Ev In) + Hay(jor+1Zv) -

n
DEFINITION 3.11. Let (E,&) be a projectable vector field on Y. Let A € V),
n+1
be a Lagrangian and n € V , an Euler-Lagrange morphism. Then = is called
a symmetry of A (respectively, a generalized or Bessel-Hagen symmetry, of n)
if £;, .= A =0 (respectively, if £;, . ,=zn=0).

Jr4+1=

n+1
Let now n € V , be an Euler-Lagrange morphism and let ¢ : X — Y be

a section. We recall that ¢ is said to be critical if no jo,r10 =0, i.e. if it is a
solution of the Euler-Lagrange equations (jay4+10)*En(N) = 0.

n
Let A € V, be a Lagrangian and (=2, £) a symmetry of \. Then, by Equation
, i.e. the first Noether’s theorem, we have

0=C2y &) +da(Gr2v Jpayr +EJN) .
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Suppose that the section o : X — Y fulfils (jo,+10)*(Ey 1&,(A)) = 0, then
we have the conservation law d((j2,0)*(jrZv Jpayr +€J1A)) = 0.
The above implies that §'(L;,zA) = ¢'(Ey 1ny) = 0.

n
DEFINITION 3.12. Let A € V, be a Lagrangian and Z a global symmetry

n—1
of X\. Then a sheaf morphism of the type €(\,E) = (j,Ev Ipagyr+EIN) € Vo,
is said to be a canonical or Noether current.

REMARK 3.13. Notice that if A is globally defined, then for any global
symmetry = of A the morphism €(\, =) can be globally defined too (see e.g.
[1s]). If Hg;:lY % 0, i.e. the topology of Y is not trivial, then given a
globally defined Euler—Lagrange morphism with non—trivial cohomology class,
we cannot find a corresponding globally defined Lagrangian via the inverse
problem, so that in this case the corresponding Noether conserved current e is
not global.

REMARK 3.14. Let n € nltlr and let = be a generalized symmetry of 7.
Then, by Equation @D, we have 0 = &,(Ey In) + E[dn(jngEv). Suppose
that n is locally variational, i.e. lfl'd,7 = 0; then we have &,(ZEy 1n) = 0. This
implies that =y |7 is variationally trivial. Therefore =y |7 is locally of the

n—1
type Zy In = dy B, where 8 € C°(U, V ,41) (in [14}, 17] was shown that, even

n—1
more, 3 € CO(LU, V ,_1)).
Suppose that the section o : X — Y fulfils (jo,+10)*(Ey 1n) = 0. Then
we have d((jor0)*3) = 0 so that, as in the case of Lagrangians, if o is critical,
then 3 is conserved along o.

n+1
DEFINITION 3.15. Let n € V , be an Euler-Lagrange morphism and = a
symmetry of 7. Then a sheaf morphism of the type § fulfilling the conditions
of the above Remark is called a generalized conserved current.

Notice that, for locally variational Euler-Lagrange morphisms, u.e. n =
mn = En(A) or, equivalently Hgy(j2r+1Zv) = 0. This implies Lj, =n) =
En(Bv Imn) = En(Lyj,=N).

REMARK 3.16. Since (j,0)*dge = d((jr0)*€¢) = 0 any solution o defines
a corresponding cohomology class o(€) = [(j0)*els € Hjp'X. If all these
cohomology classes are trivial then the corresponding current is called triv-
ial (otherwise it is called topological). It is obvious that currents admitting
(global) superpotentials [11] are trivial in the above sense. Non-trivial currents
are more interesting and lead to topological charges (see e.g. [19]). Notice that
if Hjp X =0 then topological charges do not appear.
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Due to £,Lj,= = Lj,, =€, a symmetry of a Lagrangian X is also a sym-
metry of its Euler-Lagrange morphism &, () but the converse is not true. If
(Z,€) is a generalized symmetry of A\ the corresponding current is not longer
a canonical Noether conserved current for A, in general.

Instead we can state the following (see [20}, 21] for the local version).

PROPOSITION 3.17. Let (Z,€) be a generalized symmetry for a (global)
n

Lagrangian A € V,. Thus the canonical Noether current is not conserved in
general. If the cohomology class ' (Zy Jny) € HYRY is trivial then there exists
a global conserved current associated with (Z,€).

Proor. When £ =\ = 0 then we are in the standard Noether case. If

L; =X # 0 then £; =\ is variationally trivial with the trivial cohomology class
8’ (L;,=A) (Remark [3.13). Hence, there exits a global morphism (Proposition

(A)) B = B(A\ E) such that £ =X = dyS(\, E) and

(10) EvJimn = du(e(AE) = (A, ).

Thus é(\, E) :=€(\,E) — B(\, E) is global and conserved. O
As a result it is then possible to get a realization of the corresponding

conservation law associated with this generalized symmetry, in terms of a (non—
canonical) conserved current which is global.

DEFINITION 3.18. We call the above non—canonical conserved current an
improved Noether current.

REMARK 3.19. We stress that if HjRY = 0, the improved Noether cur-
rent €()\,E) is always conserved and globally defined. If HJ,Y # 0 this is
not true, in general. More precisely, for ¢'(Zy Iny) # 0 we have S(\,Z) €

n—1
C%4, V ;) with non-trivial cohomolgy class [08(), )] = §(Ey Iny) and
therefore, €(\, E) is conserved but not global. This is e.g. the case where topo-
logical charges can appear.

n
We are in a similar situation for a non-global Lagrangian A € C°(4,V,.).
In this case both components of €(\,Z), the canonical and the improved one,
are non-global too. However, Equation still holds true for é(\,Z) €

n—1
CO4, V ;) with p€(N,E)]s = &' (Ev Jny) and it provides us the following.
PROPOSITION 3.20. Let (Z,£) be a global generalized symmetry for a non—

n
global Lagrangian A € C°(U,V,). Then the improved Noether current is con-
served and, in gemeral, non—global. It is possible to improve it further to a
global conserved current provided that 6'(Zy Jny) = 0.
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PROOF. Since [0€(\,E)]~ = 0 then, thanks to Proposition (A), it can
be globalized. 0

REMARK 3.21. If 6(ny) # 0, then ¢'(Ey Iny) = 0 is not true, in general.
Therefore, in order to get a global conserved quantity for topologically non—
trivial Lagrangians some of our assumptions need to be relaxed. For example,
one could consider 0—cochains of symmetries instead of global projectable vec-
tor fields. This may cover some physically interesting cases, like translations or
angular momentum, e.g. . This will be the subject of our future investigations.

Acknowledgments. Thanks are due to I. Kolatr, D. Krupka and R. Vitolo
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