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Abstract. A local structure theorem for conformally flat manifolds of di-
mension n > 4 with condition of recurrent type imposed on Riemann cur-
vature tensor is proved. It appears that the condition describes almost
exactly the subprojective manifolds.

1. Introduction. Recently M. Prvanovi¢ ([6]) introduced a type of man-
ifold (M, g) whose (0,4) curvature tensor R satisfies

VzR(X,Y,U,V)
. = A(Z)[R(X,Y,U,V) + (B —=¢)G(X,Y,U,V)]
(1) +2IAX)G(Z,Y,U,V) + AY)G(X, Z,U,V)
+A(G(X,Y, Z, V) + A(V)G(X,Y,U, Z)],

where (3, 1 are functions on M, A is a closed form satisfying ﬁA(%) = %

and G(X,Y,U, V) = g(Y,U)g(X,V) — g(Y,V)g(X,U). She proved that in a
neighbourhood of a generic point the associated 1-form A is concircular, i. e.

(VA) (X,Y) = Fg(X,Y) + HAX)A(Y)

holds for some functions F, H, and found the local form of the metric ([6]). The
condition can be considered as a generalisation of the well known notion of
a recurrent manifold (VzR = a(Z)R, ([8])) as well as of a generalised recurrent
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manifold introduced by Dubey ([2])

On the other hand, M.C. Chaki ([1I]) introduced and studied a type of manifolds
satisfying

VZR(X,Y,U,V)
=2a(Z)R(X,Y,U,V) + a(X)R(Z,Y,U,V)
+a(Y)R(X,Z,U, V) +a(U)R(X,Y, Z, V) + a(V)R(X,Y,U, Z)

known as pseudo-symmetric (in the sense of Chaki) or quasi-recurrent.

In the paper, we consider manifolds satisfying a condition including the
above ones. For such manifolds being simultaneously conformally flat and of
dimension n > 4 we prove the local structure theorem. It appears that the
condition describes almost exactly the subprojective manifolds.

All manifolds under consideration are connected, smooth, Hausdorff and
their metrics need not to be definite.

2. Preliminaries. Using the symmetries of the curvature tensor R as well
as the Bianchi’s identities the condition yields

VzR(X,Y,U,V)
C2a(Z)R(X,Y.U,V)
B)  oN)G(X, YU, V) + b(X)C(Z,Y,U,V)
FONG(X, Z,U, V) + b(UG(X. Y, Z,V) + b(V)G(X, .U, Z)

for some covectors a and b (c.f. [4]). By the same method, one can prove even
a more general statement.

Lemma 1. If
Vx, R(X2, X3, X4, X5) = Z% g’(Xa(l))R(XU(Q)aXU(3)7XU(4)7XU(5))
gEdSs
+ Z b(XO'(I))G(XU(2)7XJ(3)7X0(4)7XU(5))

o€ESs

for some covectors a and Z, o being a permutation, then there exist covectors
a and b such that
VZR(X, Ya U7 V)
=2a(Z)R(X,Y,U,V)+a(X)R(Z,Y,U,V)
(4) +a(Y)R(X,Z,U,V)+a(U)R(X,Y, Z, V) 4+ a(V)R(X,Y,U, Z)
+2b(2)G(X,Y,U, V) +b(X)G(Z,Y,U, V)
+(Y)G(X,Z,U,V)+bU)G(X,Y,Z,V)+b(V)G(X,Y,U, Z)

holds.
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Moreover, applying the second Bianchi identity to we get

a(X)R(Y,Z) + a(Y)R(Z,X) + a(Z)R(X,Y) = 0.

Making use of the last equality we are in a position to transform into .
A similar result holds for .

Any manifold satisfying (3]) is conformally recurrent (VzC = a(Z)C). The
converse statement is not true in general: a conformally recurrent manifold
with recurrent Ricci tensor need not to satisfy .

For a given (0, 2) tensor A and a generalised curvature tensor R define the
tensor P (A, R) with components

P(AaR)mjkzm =

2 (A Rnijk + AniRjrim + AjiRimni) +

ApmRiiji — AniBmije + AimRrije — AaBRumje + AjmBrik — AjiRpimi+

ApmBrijt — AriRuijm + Aji Rpkim — AjpRikim + AkiBjhim — Akn Rjitm.-

LEMMA 2. (3| p. 194-195]) If Ayn = —Apy and P (A, R)piipgm = 0, then
either Ay, = 0 for all I, m or Ry = 0 for all h, i, j, k.

LEMMA 3. ([8]). The curvature tensor of an arbitrary manifold (M, g)
satisfies the equation

Rpijr tm) + Rjkim,[pi] + Bimni[j) = 0.
LEmMMA 4. ([7]) If ¢; , pj and Bp;ji are numbers satisfying
¢ Bhiji + prBiijk + piBrijk + PjBrik + Pk Briji = 0,
Bhijik = —Binjk = Bjkhi, Bhijk + Bhjki + Bhikij = 0,
then either c; + 2b; = 0 for all j or By = 0 for all h,1,j, k.
Differentiating covariantly and making use of Lemma [3| we obtain
P(A,R) + P(B,G) = 0,

where A = da and B = db. In virtue of Lemma [2]it is clear that if (M, g) is not
of constant curvature, then the forms a and b either both are gradients or both
are not. On the other hand, if holds on a manifold of constant curvature,
then a and b are proportional by virtue of Lemma

A space of affine connection is said to be subprojective ([5], p. 164]) if both:

e under a mapping onto pseudo-euclidean space the image of each geodesic

is contained in two-dimensional plane;
e all such planes have either a common point or are parallel to each other.

LEMMA 5. ([B, p. 184]) A Riemannian manifold (M, g), dimM > 3, is
subprojective if and only if it is conformally flat and its (0,2) Ricci tensor S
satisfies
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TrS
2(n—1)

for some non-constant function v.

(5) S(X,Y) - 9(X,Y) = P(v)g(X,Y) + Q(v) X (v)Y (v)

LEMMA 6. ([B, p. 176])) If (M,g) is a subprojective Riemannian mani-

fold, then in a neighbourhood of each point there exists a coordinate system

xb, ..., 2" such that the metric takes the form either

(6) ds® = (dz')® + p*(a)dst,

where ds? = fupdx®dx® is a metric of an (n— 1)-dimensional space of constant
curvature, or

(7) ds? = 2dz*dz® + p?*(z')ds3,

where ds3 is a metric of (n — 2)-dimensional pseudoeuclidean space.

3. Conformally flat manifolds. Let M, dimM > 3, be a conformally
flat manifold. Then on M the following well-known relations hold:

Rhijk = w5 (9ij Ruk — ginBij + gneRij — gnjRk) +

8 r
(8) m(gijghk - gikghj)7

1
(9) Rijie = Ry = 50—y (90 = guvra) = 0,

where R;; = S(0;,0;), r =1TrS.
Following the considerations made in the proof of [3, Theorem 2] we obtain

THEOREM 7. Let M, dimM > 3, be a conformally flat manifold whose cur-
vature tensor satisfies and the fundamental forms a, b are locally gradients.
If aj(x) # 0, x € M, then there exists a neighbourhood of x such that

(10) R;j = Fg;; + Ha,aj,
F, H being functions and

) Riji = 2F (a;gij + ajgu) + 4Hasaja
+557 (295500 — gijai — guag) + 2ngiibe + (0 — 2)(g150i + gubj).

REMARK 1. Manifolds satisfying are called quasi-Einstein.
We also have

THEOREM 8. Let M be a manifold with vanishing Weyl conformal cur-
vature tensor and suppose that the Ricci tensor and its covariant derivative

satisfy (@) and . Then:
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(a) 1 r
Rpiji = ——3 KQF - n_1> (9ij9nk — GikInj)

+ H (gijanar, — gikana; + ghkaia; — grjaiar)]

1.e. M is of almost constant curvature;

(b) relation holds on M.

PROPOSITION 9. Let M be a conformally flat manifold, dimM > 4, whose
curvature satisfy and the fundamental form a is locally a gradient. If
a(x) #0, R(z) # 0, x € M, then there exist a neighbourhood U and a function
a defined on U satisfying a; = a, such that F = F(a), H = H(a), B = a,a” =
B(a), where F, H are defined by (10)).

PRrooFr. Differentiating covariantly and substituting into @ we get
(12)

0= Fkgij + Hkaiaj + Hai,kaj — Fjgik — Hjaiak — Hamak—

ﬁ [gij (an + HkB + QHCLT’kCLr) — Oik (nFJ + HJB + QHGT’]'GT)] s

where Fy, = Fj,, H, = H ;. Contracting with ¢% we obtain
n—2

2
whence, multiplying by a; and alternating in (i, k), we find
(14) (n —2) (Fra; — Fjag) = —B (Hya; — H;ay,) .
Moreover, transvecting with a' and applying we get
(15) B (Hyaj — Hjay) = —H (aja, pa” — apa,ja”) .

On the other hand, substituting into the left hand side of , we
have

-1
(13) F, = THkB + H,.a"ap, + Haf}ak =0,

Fignk + Hijapay +~ Hapgap, + Hapag
(16) = 2F (angik + argn) + 4Hapaga; + =25 (290601 — gikan — gniak)
+2ngneby + (1 — 2) (qikbn + gribr) »

whence, by contraction with g™*,

nFy + HB + 2Hay 0" = [(2n + 4)F + 6HB] a; + 2(n + 2)(n — 1)b;.
Multiplying by a; and alternating in (4, 1), in virtue of and (14)), we obtain
(17) a;Fy — aq F; = (n+ 2) (a;b; — a;b;) .

Moreover, multiplying by @y, alternating in (I,m) and applying (17), we
obtain

(n —2) (ham — bmar) gk = anUkim + akUnim — b Viim — bk Viim
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for some tensors Uy, and Vi, Suppose that bja,, —b,a; # 0 at a point x € M.
Then we can choose at  two vectors v!, w! such that (bja,, —bma;)v'w™ () # 0.
Transvecting the last equation with v'w™ we get

Ghk = anly + aktn — bpug — brup,

whence rank [gri] < 4 results, a contradiction. Therefore bja,, —bna; = 0 and,

in virtue of ,
aiﬂ - alFi =0

holds. Hence F' = F(a), b = b(a) follow, where a is a function such that
a; = aj.
Now we shall prove H = H(a). Multiplying by a, and alternating in
(h,m), by the use of F; = F'a; and b; = V'a;, we get
(F’ -2 2nb’) ai(@mGnk — angmr) + Har(ani0m — aman)
= <2F -5+ (n— 2)5') ag(amgnl — angmi)-

Symmetrizing in (k, 1), we find

(18)

H(ap kam — am ran)

(19) = <2F —F'+ 5+ (3n— 2)b’) (@mGnk — Ahgmk)-
Substituting into we easily find
2r
2 F' — —2nb ) a; =
(20) ( — nb) a; =10

and, consequently,

r
1) Hlansan —ampan) = (2F = —L+ (0= 20 ) (0ngne = angine).
Now, multiplying by a,, and alternating in (I,m) we obtain

apap(Hiam — Hpap) + Hap(amag,; — ajag,m) + Hag(aman; — ajanm)
=(2F - S5+ (n— 2)b/> (ahamguk + ak@mgn — na1gmk — Aka1Ghm)

which, by substituting , yields ax(Hjanm, — Hipap) = 0. This proves H =
H(a).

Finally, since r = nF' 4+ HDB, using , we obtain B = B(a). This com-
pletes the proof. O

THEOREM 10. (a) Let M, dimM > 4, be a conformally flat manifold whose
curvature satisfies but is not recurrent and the fundamental form a is locally
a gradient. If a(z) # 0, R(z) # 0, x € M, then there exists a coordinate
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neighbourhood (U, (27)) such that the metric of M takes the form @ where
p = p(z!) is a function in x' variable only such that

(22) E+p (x)?#0 or p'(z)#0
and
(23) pp// 7£p/2 +E

(b) Let U be an open subset of R™, n > 4, endowed with a metric g of the form
(@ such that is satisfied. Then (U,g) is a non-recurrent conformally flat

manifold satisfying .

PROOF. (a) In virtue of Theorem[7] Proposition [§]and Lemmas|5| and [6] we
state that in some neighbourhood of x the manifold must be subprojective and
the metric is of the form either or (@ In the first case a straightforward
computations show us that the curvature tensor is recurrent.

On the other hand, for the metric @ the only components of the Christoffel
symbols and the curvature tensor which may not vanish are

re, =Ty, TL=—pp'fw, T = %faln

Rabed = 0* (B +0?) fabeds  River = pp” foe,
where a,b,¢,... = 2,...,n, E = [(n—1) (n—2)]"'7 the dash denotes objects
in the metric ds? = fupdz®dx® and fapeq = foefad — fodfac-

Computing the components of the covariant derivative of R and making
use of we obtain pairs of equations:

(24> Rabcd,l = 2pp/ (pp” - pIQ - E) fabcd7

Rapea,1 = 2a1 Rapea + 261G gped;

Rabcd,e = 07
(25) Rabcd,e = 2aeRabcd + aaRebcd + CLbRaecd + acRabed + adRabce
+2beGabcd + baGebcd + bbGaecd + chabed + bdGabce;
(26) Rlbcd,l = 07
Riped1 = acRip1a + agRiper + bcGip1a + baGiper;

(27) Rivea,e =0’ (pp" — p* = E) febed;

Rlbcd,e = alRebcd + blGebcd;
(28) Rlbcl,l = (pp,” - p,p/,) be7

Riper1 = 4a1Riper + 401G 1pen;

(29) Rlbcl,e = 07

Rlbcl,e = aleecl + achbel + bbGlecl + chlbel;
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Pair is equivalent to and to . Then and yield

/7

be = %ae and ac (pp” — p? — E) = 0. If pp” # p'* + E, then a. = b, = 0 and
the system f has a unique solution with respect to a1, b;. Otherwise
we get p'p” (1 —p?) = 0.

(b) Straightforward calculation. O

COROLLARY 11. It can be easily seen that a manifold M endowed with
metric @ is locally symmetric and non-flat if and only if pp” = p> + E on
M. Thus, if M is a subprojective and non-recurren manifold then the condition
holds on M and conversely.
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