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ON TORSION POINTS ON AN ELLIPTIC CURVES VIA
DIVISION POLYNOMIALS

BY MACIEJ ULAS

Abstract. In this note we propose a new way to prove Nagel’s classical
theorem [3] about torsion points on an elliptic curve over Q . In order to
prove it, we use basic properties of division polynomials only

1. Introduction. Let a, b € Z and let us consider the plane curve E
given by

(1) E:y* =2+ azx +0.

Such a curve is called elliptic if 4a® 4 27b? # 0. This condition states that the
polynomial 2 + ax + b has simple roots only, or equivalently, that curve is
non-singular.

A point (z, y) on E is called a rational (integral) point if its coordinates
x and y are in Q (in Z).

As we know, the set E(Q) of all rational points on E plus the so-called point
at infinity {O} may be considered as an abelian group with neutral element
O. Points of finite order in this group form the subgroup Tors E(Q) called the
torsion part of the curve E.

The famous Mordell Theorem states that the group F(Q) is finitely gen-
erated. Therefore, there exists an » € N such that

(2) E(Q)=Z" x Tors E(Q).

Nagell in 1935 and Lutz two years later proved that torsion points on curve
have integer coordinates. Nagell’s argument is based on the observation
that if the denominator p of the z-coordinate of an elliptic curve’s point P is
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greater then 1, then the denominator ¢ of the z-coordinate of 2P is greater
then p. Our proof is based on a different idea.

Now let us inductively define the so-called division polynomials ¥, €
Z[z,y], which are used to express coordinates of the point mP in terms of
coordinates of a point P:

Y1 =1, 12 =2y,

V3 = 3z + 6ax? + 12bx — o,

Yy = 4y(28 + 5azt + 2002 — 5a2x? — dabr — 8b? — a3),
Vomi1 = Umyathm — Ymo1¥p 41, m > 2,
2ytbam = Ym(Umi2¥im—1 = Ym-2¥imir), M >3,

It is easy to observe that s, are polynomials indeed. Now we define polyno-
mials ¢, and wy,, in the following way

Om = imﬁfn — Vm—1Ym+1,
Aywm = Umi2Pm_1 — Um—2Um i1

Most useful properties of division polynomials are summarized in the fol-
lowing theorem.

THEOREM 1.1. Let m € Np. Then

L. Ym, m, vy 'wm for m odd and (2y)  m, ém, wm for m even are
polynomials in Z]x,y?]. Substituting y> = x3 + ax + b, we may consider
them as polynomials in Z[x].

2. Considering vy, and ¢, as polynomials in x there is

Om(x) = 2™ + lower degree terms,
(@)
3. If P € E(Q), then

2
m2x™ ! + lower degree terms.

_ S (P)  wm(P)
mP = (@) v

We here omit a proof of this theorem. Assertions 1 and 2 are easy to
prove by induction, but involve rather long calculations. It is possible to prove
assertion 3 in an elementary way; however, it involves extensive computer

calculations. Other proofs, using more advanced methods, can be found in [1]
and [2].
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2. Points of finite order are integral. Before proving that points of
finite and positive orders on an elliptic curve are integral, we will prove two
useful lemmas. If p is a prime, we write p?||s if p®|s and p**! 1 s.

LEMMA 2.1. If (x9, yo) is a rational point on an elliptic curve E : y*> =
23+ ax + b, then mg = u/t? i yo = v/t3 for some integers u, v, t with
GCD(uw, t) = 1.

PrOOF. We write 29 = u/s and yo = v/r with GCD(u, s) = 1 and
GCD(v, r) = 1. Inserting this into y? = 23 + ax + b we get

s3v? = r?(u® + aus® + bs?).

If p© || s then p3¢ | s3v2. Since p{u and p | aus?® + bs?, it follows that p3¢ | r2.
No higher power of p can divide r2; otherwise p | v, contrary to the assumption
that GCD(v, 7) = 1. Hence, p*¢ || r2. If p/ || r, then it follows that 3e = 2f,
so f = 3g and e = 2g for some integer g. Thus, p*? || r and p?9 || s. Since
this holds for each prime p, we conclude that s = ¢> and r = t> for some
integer t. O

LEMMA 2.2. Let E be an elliptic curve. If P = (x, y) € E(Q) and mP is
an integral point for some m € Z then the point P is integral.

PrOOF. By Theorem [L.1] there is

om(P)  wn(P) )

mP = (X, Y) = (%(P)Q, Py

Hence,

(3) Xtom(2)? = ¢m(2).
Now let = u/t?, where GCD(u, t) = 1, and define

2

D, (u, t) = u™ t2m272(¢m(m) —z™),
(4) Uy (u, £) 1= 127 24y (2)%.
Since

Om(z) = zm2 + lower order terms,

V2 (2) = m?2™" =1 4 lower order terms,

the functions ®,,(u, t), Up,(u, t) are polynomials in Zu, t].
Combining and , we obtain
2 2

(5) (XU (u, t) — Bp(u, t) +u™) = u™
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and therefore, ¢2 | w™. But GCD(u, t) = 1, hence t = +1, so the point P is
integral. O

Let us remind the formula for doubling a point P = (x, y) on the curve
which says that

© 2= ((F5) -+ () - (55))

Our aim is to give a proof of the following theorem.

THEOREM 2.3. Leta, b€ Z and E : y> = 23 +ax + b be an elliptic curve.
If P = (z, y) € E(Q) is a non-zero torsion point, then P is integral.

PROOF. Note that we may restrict ourselves to torsion points of prime
order.

Indeed, let us assume that the theorem is true for such points. Now if @) is
a point of a finite order n where n is not prime, then n = ¢r where ¢ is prime
and r is an integer > 1. Therefore, ¢(rQ) = n@Q = O. From the assumption
we conclude that the point rQ is integral. Thus the point @) is integral due to
Lemma

Let us suppose that the point P is of prime order gq.

(i) If ¢ = 2, then 2P = O, i.e., P = —P. Hence z° + ax + b = 0. We know
from Lemma that o = u/t? for some u, t € Z and GCD(u, t) = 1, so we
obtain

ud = —t*(au + bt?).
Therefore, t* | u? and GCD(u, t) = 1, hence t = +1 and P is integral.

(ii) Now let ¢ > 2. Again, from Lemma [2.1| follows that x = u/t? for some
u, t € Z and GCD(u, t) = 1. Since ¢P = O, then (¢ — 1)P = —P. Therefore,

(7) t2¢q-1(2) = uwpg1(2)?,

where polynomials ¢4_1, ¢3—1 are as in Theorem For a prime ¢ > 2 let us
define polynomials

Wy (u, 1) o= 207 gy (2)7 = (g — 1%,

(8) (I)qfl(u, t) = tQ(q_1)2—2(¢q71($) _ x(q_1)2)‘

Note that, due to Theorem polynomials have integer coefficients and
thus are in Z[u, t].
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Inserting ¢tz = u into , we obtain:

PO (@) = W (u, £) + (g — 1)l

(9) 2D () = 2D, (u, t) 4+ w7V’
Now combining and @ we get

(10) w9V 428, (u, t) = (g — D2V L 20, (u, ),

or
(11) tQ((I)qfl(u, t) - U\Iqul(u, t)) = ((q — 1)2 — 1)u(‘1—1)2‘
Since GCD(u, t) = 1, we conclude that

(*) t2 | q(q — 2).

Note that for ¢ = 3 there is ¢? | 3, which implies that ¢t = 4-1 and the point P
is integral. Therefore, we may assume that ¢ > 3.

Since ¢P = O, so (¢ — 2)P = —2P. From () and Theorem [L.1}

Gpale) _ (atva?
Vg—2(z)2  4(23 + az +b) ’

or, equivalently,
(12) 4gg_o(x) (@ + ax +b) = (2* — 2a2? — 8bx + a?)h,_2(x)*.
Inserting = u/t? and using we get

A2 4 20,y (u, 1) (ud + aut* + bt®) =

(u* — 2au?t* — 8but® + at®)((q — 2)%u D" L 20,y (u, 1)),

or
(13) FH(u, 1) = (¢ - 2)° - 4l
where H(u, t) € Z[u,t]. Since GCD(u, t) = 1, it means that
() t* | q(q —4).

We have shown that t2 | ¢(¢—2) and t? | ¢(¢ — 4), where t is an integer and
q is a prime > 3. Hence, t? | 2, so t = 1. Therefore, the point P is integral
as we claimed. O
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