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CONDITIONALLY MINIMAL PROJECTIONS

BY JOANNA KOWYNIA

Abstract. Sets of projections which do not contain the orthogonal projec-
tion are considered. In such sets, projections of minimal norm are found.
The research presented in this paper has been motivated by earlier results
concerning oblique projections (see [14]).

1. Introduction. Let (X,| - ||) denote a normed space and let S be a
linear subspace of X. A linear bounded operator P : X — S is called a
projection if P(s) = s for any s € S. Projections play an important role in
approximation, optimization, spectral theory and orthogonal decomposition.

Recently, applications of projections to signal processing [4], [7], [18], sam-
pling [5], [30], information theory [30], wavelets [1] and least square approxi-
mation [16], [17], [31] have been found.

Results connected with projections can be found in papers [8], [9], [28],
129], [33].

Survey of some results concerning so called oblique projections can be found
in [14].

Among all projections P : X — S, we will distinguish a minimal projec-
tion. A projection Py : X — S is called minimal if

[Poll = inf{l|P|| : P € L(X,S) : Pls = ids}.

Numerous papers have been devoted to minimal projections. Let us men-
tion the following [2], [3], [6], [10], [11], [12], [13], [15], [19], [20], [21], [22],
123, [24], [25), [26], [32]

If X is a Hilbert space, then the orthogonal projection is minimal. So
seeking minimal projection, we will focus our attention on sets of projections
which do not contain the orthogonal projection.

In this paper we will assume that X = R"™.
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Let us consider the space R™ with the standard inner product given by the
following formula

(r,y) = 2191 + T2y2 + - . . + TnYn,

where z = (l’l,l’g, s a:En)) Yy = (ylay27 s ayn) € R"

By L(R"™) we will denote a set of all bounded linear operators from R" to R".
Let S C R™ be a closed linear subspace of R". By P(S) we will denote the set
of all projections on R™ with the range S:

P(S) ={Q € LR : Q*=Q, Q(R") = S}.

Let Ps denote the orthogonal projection on R™. Of course Pg € P(S5).
For a given operator A € L(R™) and a subspace S C R", set

P(A,S)={Q e P(S): AQ = Q*A}.

If we take under consideration non-emptiness of the set P(A,S) only, we
find that the operator A need not be symmetric. In this paper we will assume
that in the bases of subspaces S, ST the operator A has such matrix represen-
tation that:

A= [aij]?,jzl’ where a;; = aj;, 1 =1,2,...,k, j=1,2,...,n, and k = dimS.
This is a much more general situation when compared with that considered
in [14].

2. Preliminary results. In this paper we present three types of results:

for a fixed S C R", establish the set of bounded operators on R™ such
that, for any operator A from this set, P(A,S) # () holds;

describe nonempty sets P(A, S) for which Pg ¢ P(A,S);

for some special P(A,S) such that Ps ¢ P(A,S) and for some norms
on R", we will find Qy € P(A,S) such that

1Qoll = _inf Q]

QEP(A,S)

These results have their origin in earlier research concerning oblique projections
(see [14]).
For a closed k-dimensional subspace S C R™ we consider

St={yeR": (z,y) =0, z € S}.

Let v1,v9,..., v, be a basis of the subspace S and vgi1,Vg+2,. .., v, a basis of
S+, For any Q € P(S), we obtain the following matrix representation in these
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bases:
1 0 ... 0 T1k+1 Tik+2 --- Tln-
01 ... 0 T2k+1 T2k4+2 ... T2n
(1) Q=10 0 ... 1 7Tkgs1 Tkkaio --- Tikn|,
0 0 0 0 0 0
0 0 ... 0 0 0 oo 0]
where 715,725,...,7 €R, j =k+1,k+2,...,n. Let us consider a sequence of
variables 7 = (F1ga1, -« s Tkt T1kt2s -« - s Thkt2y -« - s T1ny - - - Tk ) and let A =

[aijmj:r The equation AQ = Q* A leads to a system of linear equations which

can be written as follows:
(2) Cr=b,
where

T
b= (alk‘+17--~7a1n7a2k+17"-7a2’na"'7akk+17"'7akn707"'70)
n(n—1)—k(k—1)
- x1

and
(3) ct = [Cf c3 ... Cf Cg+1 Cl?+2 C;%F—l] ’
where
_au 0 . . 07 'a12 0 . . 07
a1 0 . . 0 ago 0 . . 0
a,. O . . 0 as, O . . 0
0 ail 0 0 0 a19 0 . 0
0 a19 0 0 0 a9 0 0
Cl = 0 a1k 0 0 y CQ = 0 Aok 0 0 y ey
0 0 0 0 0 0
. 0 . 0
0 0 0 0 0 0
0 0 . .oan 0 0 ai2
0 0 . . 19 0 0 a9
0 0 0 0
L 0 0 . . a1k L 0 0 . . a9k
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Crp1=

[—a1g+2 —Q1g+3 -

—0kk+2 —Okk+3 -

A1k+1 0
ak;I;—&-l 0
0 A1k41
6 akl;:—&-l
0
0

0 .

0 .

'alk 0
asj 0
QAL 0

0 a1k 0
0 agj 0
0 Akl 0
0 0

0 0

0 0

0 0

0 0
L 0 0
—a1n ]
—0Qkn

0

0

0

0 ) Ck+2:

- 0 app
. 0 agpqqd

)

o O O O -

aik
azgk

(7R

0
0
0

A1k4-2

Akk+2
0

0

0
0
A1k4-2

Afk4-2

—Q1k+3 —OAlk+4 - -
—Qgk+3 —OAkk4+4 - -
0 .

0.

—Q1n

7

- Q142

- Qkk42]
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G =1

—Q1n

—AQkn
Ain—1

LOkn—11

There is C, Ca, ..., Cy € RF=R)x(n=k) - e RE(=k)x(n=m) 1 c (k41
k+2,...,n—1}. C e R™Fxk0-0) where k = dimS and k(n — k) is

the number of variables.

ExXAMPLE 1. Let n = 3, k = dimS = 1. Let v1 and wvs, v3 be base of the
subspaces S and S+, respectively. Suppose that the matrix representations of
the projection () and an operator A are as follows:

1 rm2 73 ail a2 Qi3
Q=10 0 0|, A= |ai2 ax asx
0 0 O a13 Qg2 as3

Then in the equation there is

all 0
C = 0 all and T = (T12,T‘13)T, b = (a12,a13,0)T.

—a13 12
3. Non-emptiness of the set P(4,S).
i =1,2,...,n,

THEOREM 1. Let A = [aij]zizl, QAij = Qji, 1=1,2,...,k, j
and let S C R™ be a subspace of dimension k. Then

P(A,S) #0 if and only if r(C) =r(Cy),
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where
— C%" Al -
CQT As
T
C, = Ck, Ay
Ciyr Opr|’
O]?.f.Q ©k+2
_Cz; 1 @n—l_
and
A1k+1 a2k+1 Akk+1
Al = : ) A2 = ) O] Ak‘ = : )
Aln aon Qfn
0
Op = |:| eRO™X e {k4+1,...,n—1}.
0

PROOF. It is an obvious consequence of the theory of linear equations. [

COROLLARY. Let the matriz representation of an operator A be such that
ai; =0, 1=1,2,...k, j=k+1LEk+2,...,n and let dim$S = k.
Then P(A,S) # 0.

Note that each operator A considered in this paper has a representation

@) a=5 Y.

Cc

where a € L(S), a = a*, b€ L(S+,9), c€ L(S*), S CR™, dimS = k.

Then, for A € L(R") with a matrix representation A = [a;;]}';_,, there is
ai ... Qi a1k+1  --- Qln
a= , b= : ,
(5) aig ... Qgk akk+1  --- Qkn
Ak+1k+1 --- Gk41n
c= : :
Ank+1 <o Qnp

THEOREM 2. Let an operator A has the matrix representation given by
formula , where operators a,b,c are given by . Let S C R™ be a k-
dimensional subspace.
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Then
P(A,S) # 0 if and only if R(b) C R(a).

PROOF. Let vy, v, ...,v; be a basis of the subspace S and let vgy1, vgio,
..., U, be a basis of the subspace S*.
Let us assume that R(b) C R(a). Hence,

bvky1, bk ya, ..., bv, € R(a),
which means that there exist 41, 2g42,...,Tn € S such that
bugyr1 = axke1, bvgrs = axgio, ..., bu, = axy,.

From the matrix representation of the operator b, (see (b)) we conclude

1k41 A1k+2 ain
A2k+1 A2k+2 Q2n
bugy1 = : , bugre = : seee, Uy =
Ak+1 Akk+2 Akn
Let zi41, 242, - - - , Tn, have the following representations in the given basis of S
Th+1 = (J;Ik—i-l, ey xkk+l)7 N o (:L’ln, Ce ,l’kn).
Then
AU T1k+1 T - - - T A1ETEk41 a11%1p + .-« + Q1ETkn
aTpi1 = : ey ATy = :
A1kT1k41 + - oo+ ARk TRk+1 A1kT1n + ..o+ ApkTin

Hence, we obtain

A11T1k+1 + - - T O1kTkk4+1 = G1k41,

G1,T1k+1 + - - -+ QpkThi+1 = Qkk+1,

a11T1p + - - - + Q1 Tkp = A1n,

A1xL1n + - .- + QpkThn = Qkn-

Consequently, the system of linear equations given by the matrix C' (see formula
(3)) has a solution. This means that P(4,S) # 0.

Now, let us assume that P(A4,S) # 0.
Hence, there exist g1, Zgt2,...,Ty € S such that

bugr1 = axke1, bvgyrs = axgio, ..., bu, = axy,.
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This means that bvgiq,...,bv, € R(a). Since R(a) is a linear space,

Vit 100k 11 + - by = b(Ye1Vk1 + - -+ Tnvn) € R(a)

for any vg41,...,7 € R.
From this we conclude that b(S+) = R(b) C R(a). The proof is complete.
O

REMARK. Note that, for the space R", Theorem [2| is a generalization of
the result obtained in [14].
In [14], a positive operator A has been considered, whereas an operator A
considered in Theorem [2| need not even be symmetric.

COROLLARY. Let the assumptions of Theorem[d hold.
If b=0 then P(A,S) # 0.

4. The orthogonal projection. In what follows, we will assume that
P(A,S) # 0. If the orthogonal projection Ps belongs to P(A4,S), then Py is
an element of the minimum norm.

The theorem below characterizes operators A € L(R™) such that Ps € P(A,S).

THEOREM 3. Let an operator A have the matriz representation A=[a;;]
a;; =aji, 1=1,2,...,k, j=1,2,...,n and let dimS = k. Then

Ps € P(A,S) if and only if
aij:ajizo, 2‘:1,2,...,]{, j:k+1,k+277n

n
i,j=11

PROOF. It suffices to use the results of the theory of linear homogenous
equations. O

THEOREM 4. Let the assumptions of Theorem[3 hold. Let P(A,S) # 0.
Then Ps ¢ P(A,S) if and only if there exist 1 € {1,2,...,k} and m € {k + 1,
k+2,...,n} such that aj, # 0.

Additionally:

if r(C) = k(n — k) then #P(A,S) =1;

if r(C) < k(n — k) then P(A,S) is a non-trivial affine subspace of L(R™),
where the matrixz C is given by and r(C) denotes the range of C.

PROOF. It suffices to use the results of the theory of linear equations. [

EXAMPLE 2. Let us consider the situation in Example [[l This situation
leads to the following system of linear equations

a11ri2 = a2,
aiiris = a1s,
—a13r12 + aieriz = 0.
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If we assume that the solution of such linear system exists, we conclude that
there is only one solution if and only if a;; # 0 and then P(A,S) has one
element only. The set P(A,S) is infinite if and only if a1y = a12 = a13 = 0. In
the second situation, 12,713 may be chosen arbitrarily, so Ps € P(A,S).

EXAMPLE 3. Let us consider the following situation: n = 3, dimS = 2,
and

4 2 2 1 0 T13
A=1(2 1 1 5 Q =10 1 723
2 1 5 0 0 O
By (3) there is
4ri3 4 2ro3 = 2,
2713 + 13 = L.
Hence, 193 = 1 — 2r13, r13 € R and thus
10 713
P(A,S):{Q: 0 1 1—2r3 ,T13ER}.
0 0 0

So P(A,S) is not finite and Ps ¢ P(A,S).

5. Projections of minimum norms. Now we focus our attention on
the case where P(A, S) has more than one element and Ps ¢ P(A,S). In such
a case, for the special class of operator A, we will find an element @ € P(A,S)
of minimum norm. We will consider different norms in R".

Let S C R™ be a k-dimensional subspace and let the operator A have the
following matrix representation

ail 0 . . a1k 0 PR Aln

0 a9 0 . 0 0 . 0
A= ag 0 . 0 ap 0 .0 |

0 0 . . 0 agyik+1 - - Gktln

| a1n o . . 0 Ank+1 - - Onpn |

where a1, a1, # 0.
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Any projection ) admits a representation of form .
From the equation AQ = Q*A we obtain

4
Q1171n + G1kTkn = Gln,
a1kT1n + ApkTrn = 0,
2279k 41 = ... = 2272y = 0,
f—1k—1Tk—1k+1 = -+ = Qk—1k—1Tk—1n = 0,
Tkk+1 = -+ = Tkn—1 =0.
Hence
— if there exists [ € {2,3,...,k — 1} such that a;; = 0, then
Tlk+15---5TIn c Rv
— if aga,...,akx—15—1 # 0, then rop1 1 = ... =rg_1, = 0.
Additionally, from the equations
a1171n + G1kTkn = G1n,
a1kT1n + QkkTrn = 0,
we obtain:
Q1nG1k —QkkG1n
Tkn = Tn =

a%k — anagg’ a%k — a0k
So rg, # 0 and r1, = 0 if and only if ax, = 0.
Summarizing the above, we obtain the following description of P(A,S) :

— if there exists [ € {2,3,...,k — 1} such that a;; = 0 then

0 0 . . 0 —yosdin ]

2
a7 —a110kk

Tlk+1 - - - Tin

ras =fo- o0 G e |

6 o a3, —a11akk
(6) o . . . . .o 0

7"1k+17--~,7”m€R},
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- ifaQQ,...,akk;éOthen

0 .00 .. 0 —%kdn
af,—a11agk

o1 . . . . .. 0

0 . . . . ... .

) P(AS):{Q: C 0 }
' 0 . .10 . .0 —4nur
a7y, —a110kk
0

o ... 0 |

In , P(A,S) has one element only, which is not interesting while
looking for an element of minimum norm.

From now on, we focus our attention on the case given by @ In such a
case, the set P(A,S) is not finite.

EXAMPLE 4. Let us assume that an operator () has the matrix represen-
tation Q = [Qij]?,jﬂ and let us consider the following norm

n
Z | dij 2.

ij=1

QI =

For any Q € P(A,S), where P(A,S) is given by (6), there is

2 2 2 —AkEA1n 2 A1nQ1k 2
1QI* =k +7jq + -+ 75+ (5 ) :
a7 — a110kk a7 — 110k
The above expression attains its minimum if rjp4 = ... =7y, = 0.

Now, for a projection @ € P(A,S), we will consider different types of
operator norms. These norms will be given by different norms in the space R".
For an operator ) : R — R", the operator norm is defined by the formula

(8) 1@llop = sup [|Q].

ll==1
Let D be a set in R™. An element d € D will be called an extreme point of
D if for any d;,ds € D, if there exists a € (0, 1) such that d = ad; + (1 — a)ds
then d = d1 = d2.
Let us denote by E C R™ the set of extreme points of the unit sphere. It
is well-known (see, e.g., [27]) that

1Qllop = sup [|Qyll.
yerR
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ExAMPLE 5. Consider R™ with the /;-norm, that is
n
9) ol =3 e ], o= (@1 oo 20) € R
i=1

Then
E={(£1,0,...,0),...,(0,...,0,£1)}, #E =2n.
Because of the definition of || - ||1, it is enough to consider norms |Qe;l|1,
i=1,2,...,n, ¢, =1(0,0,...,1,...,0) (a 1 on i-th position).
Because of the matrix representation of any @ € P(A,S), where P(A,S)
is given by @, we have
Qe1 = (1,0,...,0),...,Qer = (0,...,0,1,0...0), (a 1 on k-th position),
Qepr1 = (T4t Thik+1,0,...,0), ..., Qen = (T1ny - -+, Tkny 0, ..., 0),
where
—QgkQin _ A1nQik
o s Tkn T T
aj, — G110k a1y — G110k
From the above, for any Q € P(A,S), we obtain

Tin =

k k
1Qllop = maz {1, [rigsr oo 3 rincs |y
=1 =1

— kR0 a1n 01k
| —— [+ |+t I |+ |

a7 — G110k a7 — G110k
So, for any @ € P(A,S), there is ||Q]|op > 1 and [|@Q||op = 1 if, in its matrix

representation, () has elements such that

k k
Z‘T’ik—i-l |S 17"'52|Tin—1 |§ ]-7

=1 =1

—Aagkal A1ndik

| ———— |+ ||+ F | Thetn |+ ] 57—/ < 1.
a7y, — a110kk a7 — 0110kk
ExAMPLE 6. Consider R™ with the norm || - ||;p42, Where
(10) lzllmaz = maz{| z1 |, | 2 |,...,| zn |}, = (21,22,...,2,) € R™.

Then
F= {62‘ = (eﬂ,...,em), €l € {1,—1},[ =1,2,...,n, 1= 1,2,..,2”}.
So there is

n n n
1Qllop = maz{| 1+ Y~ vl |14+ D> railies | 14 D i [},

i=k+1 i=k+1 i=k+1
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where
>0, m=1,2...0k l=k+1,....,n.
Thus the minimum norm is attained for such an operator ) whose matrix
representation fulfils the following
"Mk4+1 = - =Tin—-1=7T2%+1 = ... =T2n = ... =Tkk4+1 = -+ = Tkn—-1 = 0.
ExAMPLE 7. Consider
Q: (R [ 1) — R [ [ma),
where || - [l1, || - [lmae are given by (9) and (10]), respectively.
Then
E ={(£1,0,...,0),...,(0,...,0,+1)}, #FE = 2n,
and
HQHOP = ma:c{l, ’ T1k+1 ‘7 ceey ’ Tkk+1 ’7 ceey ‘ Tln |7 ey ’ Tkn ’}
So ||Q >1and ||Q =1if|ry, |[<1,1=1,2,...;k, m=k+1,k+2,...,n.
ExAMPLE 8. We consider
Q: (R [ llmaz) — (R™, || - [l1),
where || - [l1, || - [lmae are given by (9) and (10)), respectively.
Then
E={e;=(ei1,.--,€in), ea €{1,—-1}1=1,2,....n, i =1,2,..,2"},
and

1Qllop = 1+ 7T1hp1 + oo+ 71 [+ [ T Trpg1 + oo+ T |

where
T >0, 1=1,2,....k, m=k+1,k+2,...,n.
So Q € P(A,S) is of minimum norm if its matrix representation satisfies

le_,_l:...:7“1”,1:...:Tkk+1:...zrkn_1:0.
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