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DIFFERENCE METHOD FOR AN ELLIPTIC SYSTEM OF
NON-LINEAR DIFFERENTIAL-FUNCTIONAL EQUATIONS

BY RYSZARD MOSURSKI

Abstract. We consider a weakly coupled system of second order differen-
tial-functional equations of elliptic type with boundary conditions of the
Dirichlet type. The system is in the general nonlinear form

fl(mvu (x) ) (ul)r (:E) ) (ul)r'r (x) 7”) =0,
where [ = 1,...,p. We propose an implicite difference scheme for this
problem and under certain assumptions we show the convergence, stabil-
ity, existence and uniqueness of the solution for this scheme. An error
estimations are also given.

1. Introduction. Let D = [0,X]" C R", X < +oo. We consider the
system of second order differential-functional equations of elliptic type

(1.1)  fi(z,u(z),(w), (x), (W), (),u) =0 forzeintD (I=1,...,p)
with boundary conditions of the Dirichlet type

(1.2) u (x) = (z) forx e 0D (I=1,...,p),
where = = (x1,...,2,), u = (ul,...,up), (w), = (%""’%)’ (W) pp =
92y,

[m]i,jzl,...,n ((=1,....p).

The general form of admits strong nonlinearity in all arguments of
fi 1 =1,...,p). It is known that assumptions under which we can obtain
convergence theorems for nonlinear equations of form depend mostly on
the second order difference expressions used. In [1], [6]-[10], a seven-point
scheme is used, in [3] — the nine-point scheme and the other one is used in
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[4]-[5]. Each time the scheme forces different assumptions about left side
of differential equation(s). More discussion on the subject can be found for
example in [5].

In our paper we use difference expressions from [4]-[5] and generalize
the results of J. Kaczmarczyk in [5], where one elliptic differential equation
was considered, to nonlinear system of elliptic differential equations which
may contain functional parts. We define an implicit difference scheme for
problem , and under certain assumptions concerning the functions
fi, wp (I=1,...,p) and the mesh size h we show the stability, uniqueness and
convergence of the solution to this scheme.

We use the well-known notation introduced in papers [I]-[10] and numer-
ous others.

2. Assumptions A. We assume that
(A1) Scalar functions f; : E 5 (z,y,q,w,2) — fi(x,y,q,w,z) € R
(I=1,...,p), where E := D x R? x R" x R x B(D), z = (21,...,an),
y= (y --,yp) q=(q1;-qn); w = [Wijli j=1.n,

=iz = ;3 4 D ..UDr, =D
BD) =tz = (21,22, ) kEND:,...Dy 1. Ubg ’

D; N D; = & for i # j and restriction z|p, € C(D;)
(l=1,....,p; 4,5 =1,...,k)}

(all functions piecewise continuous on D), are such that

(21&) fl (:U7y7q7waz) fl( g q,w, )
p n
> (Y — Z Z Vi (Wij — Wij)
p=1 i=1 4,j=1
(21b) ’fl(xﬂy7q7w7z)_fl(wvyvqawvz)‘SXIHZ_EH (lzlvap)
forany z € D, y,y € RP, ¢q,q € R", w,w € R”Q, z,zZ € B(D).
Functions ayy,, 81, 1i; are defined in E, x; are constants (I,u = 1,...,p;
i,j=1,...,n) and
(2.2) ||| :=  max {sup |zi(z)|} for z € B(D).
[XER) xeD

(A2) There exist constants I', L such that functions oy, B, v (Lp =1,...,p;
i,7 =1,...,n) satisfy in F following conditions

p
(2.3) 0 <y (I # p), all+Xl+Zalp§_L<0 (I=1,....p),

p=1
u#l

(2.4) |G| < T.
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There exist bounded in E and symmetric matrices [G;j(x)]i j=1.n (I =
1,...,p) and constant g such that

(2.5) Viii (%, Y, ¢, w, 2) Z Giij(z) 2 9> 0, || < Guij (i # j),
1,j=1
i#]

(A3) There exists a solution u(z) of problem (1.1)), (1.2)) such that u € C%(D).

3. Discretization. We introduce the uniform net in the cube D. If a

sequence of indices M = (my,...,my), m; = 0,1,....N (i=1,...,n) is

given, then by ™ we denote the nodal point with the coordinates z™ =

(1", ..., ap), where 2" =m;h (i =1,...,n),0 <h=X/N and N > 2.
Let

Z:={M:0<m; <N,i=1,...,n},
(3.1) Z1={M:1<m; <N, i=1,...,n},
Zy={M:0<m; <N-—-1,i=1,...,n},

—i(M) = (ma,...,mi—1,m; — L, miq1,...,my) (M € Zy),
i(M) = (my,....mi—1,m; +1,miq1,...,my) (M € Zs)
(i=1,...,n).

For any net function a; : Z 5 M — al €ER (I=1,...,p), define the
following operators:

(3.2) aft = 05071 () = o0,
(3.3)
i _ ) (ag(M) 20t + o " for i = j,
L 0.25h2 (a;(J(M)) . al—Z(J(M)) o a;( —j(M)) + al—Z( —J(M))) for i # j,
(M € ZiNZy; i,j=1,...,n).
Z GI0.25h72 - (VD) 4 ¢ iAD) | i ~3(D)
(3.4) ij=1

i#]
IO g giOD) _ g =) gy,
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Every function b = (b1, ...,b,) € B(D) is approximated by b* = ( Tyee- ,b;) €
B(D), where

(3.5) b () ==Y Oy (x)b),

MeZ
(3.6) O () = {0 for x ¢ Iy,

1 for x € Iy,
Inf:={zeD:mh<z;<(mi+1)h, i=1,...,n},
(3.7) bfy =b, (M) (u=1,....p; M€ 2Z).

In the same way, for every net function c: Z > M — ¢M € RP, we define

c* as

(3.8) ¢ (x) = Ou(z)ch’ (n=1,...,p).
MeZ

For differential-functional system (T.1]), (1.2)), let v™ (M € Z) be a solution
of the system of difference equations

(3.9 fi (a:M,UM,vy],vl]\“J,v*) —i—le+ =0,  MeZinZy l=1,...,p)

with the boundary conditions

(310) Ul]w = SDIJW = Sol(xM)7 (M €Z N (Zl N Z2)7 l= 17' .. 7p)7
where vM = (U/]l\/[)uzlup, leI = (lei)izlnn, leU = [le”]i,j:l“n, l=1,...,p).

The operators Ul]V”,UMij,UMJr(l =1,
tion v* are defined by (3.2))—(3.8).
System (3.9) and the boundary conditions (3.10)) are generated by system

(1.1) with the boundary conditions ([1.2) with the terms le tl=1,...,p)
added. Consider also a “perturbed” difference system

fi (@M M w M w*) + wMt =M (h),
MeZinZyl=1,...,p)

with the boundary conditions

(3.10") wM =M, (M e Z~(Z1N2Zy); 1=1,...,p).

Let v and w be the solutions of problems (3.9)—(3.10) and (3.9°)—(3.10’), re-
spectively. Define

(3.11) T = (r!]y)uzl._p (M e Z).
Then

..yp; 4,5 = 1,...,n) and the func-

(3.9)

Mi _, Mi _  Mi Mij _ , Mij _ , Mij ok ok
(3.12) Ty =W, v, Ty =wy v,y =w, -y,

(w=1,....p; 4,j=1,....,n; M € Z1 N Z3).
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4. Stability theorem.

THEOREM 1 (Stability). If the mesh size h satisfies the inequality
(4.1) —0.5'h+g >0
and assumptions (f(A@ hold then the following estimation is true:

(4.2) ]rlMgg(Lh) (MeZ; 1l=1,...,p),
where
._ M
(4.3) “(h) 1= s, [ )]
=1,...,p

That means that difference scheme (3.9)), (3.10)) is stable.

PROOF. Since sets Z and {1,..,p} are finite, there exist A € Z and k €
{1,..,p} such that
(4.4) ritl = max |rM],

MeZz
lzl:"'7p

where 7 is the function defined by (3.11)).
If A € Z~(Z1NZ3), then i = 0, because of the boundary conditions (3.10)
and (3.107). In this case, (4.2)) follows. Thus, we may assume A € Z; N Zs.
From (3.9), (3.97), (2.14), (2.1b)) and formulas (3.12)) we derive
(4.5)
eM(h) =f; (2™, w wM! w7 w*) + wMt

)

:fl( M7 M l]V[I ZI\JIJ )_fl( M7 M ZJWI l]\/[IJ )+T

—fl( M’ M le\/[] ’U)l]WIJ, *) fl( M’ M vl]\/[I U;VI]J,IU*)

+fl( M M MI , MIJ ) fl( M M MI | MIJ )+T

YU U, 1 , W YU, U, 1 U
—Z% h +ZBW“+ RN
1,j=1
+fl< MM, lML o w*) = fule™ oM o oM o) = €6 (h)
and
p
M,  Mi M M

Zalu Ty +Zlﬁlz T L+ Z Vi T ]+r _Xl”T*H gEl (h)7
k=1 t,j=1

+Zﬁfy7“zMz+ Z i+ alletl) = ) ().
- 7] 1

IPﬂ“3
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By (2.2)) there is

(4.6)  [["[] = max {Supl > (@)} = max {maX|7“z 1} =1rils
17 P xeD MeZ l—lv P

which leads to inequalities

p n
> agirit +Zﬂ£”nM’+ g™ M k< 6 (w),

p=1 t,j=1
(4.7 P M, Mij | M+
OéluT,u + Zﬂlz Ly t4 Z Viig" +r +X1|Tlc | > € (h)
pn=1 4,j=1

(MeZinZy l=1,...,p).

For M = A and | = k, from (4.7) and definition (4.2]), we obtain the
following two inequalities:

p n
A
(48) Z a?,ur;? + Zﬁlﬁrﬁl + Z ’Ykzy Zj - Xk’rk: ’ < 6( )
p=1 i=1 i,j=1
p
(49) ak Tu + ﬁ,?ﬂ"]‘?l + 7]%] o + Tk+ + Xk|r;§4| > _E(h)'
i
p=1 =1 5,j=1

i) Assume 74 > 0. Then
(4.10) rd =7 and M <rf (I=1.p; M € 2).

Now we shall prove that

n n
i
(4.11) E ﬂ,ﬁr,‘?l + E ’yﬁ»jrk Y4 r,‘;H <0.
' =1



We proceed as follows:

n n
A Al A Aij At

Zﬂkzrk + Z ViijTr ~ T

i=1

+Z’yku Tk,

—i(j(A
_Tk(J( ))_k -

1,7=1

= Zn: BA0.5h71(r)

- Z 7i,0.25h2

7] l
7

( (4))
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Tl

)

pi=IA) r—z’(—j(A)))

+ Z G{h,0.25h ( SGAD G | IS i)

7‘? 1
]

i=1

- _o, i(A
+ Z,y]?“h Q(Tk( )

+ Z 7ik;0.25h 2 (ri )
7j 1
i

+ 3 ,0.25072(rf)
1,7=1
i

+ 3 G0.25072(r) i(3(
i,j=1
i)

+ Y Gi0.25n7 2 (W)
i,j=1
i

+ Y Gt -

27‘7:1
i#]

_Tk

=" B20.5h7 Y — )+ 37 p0sh T i — ')

- — —i(A
7TI?)+Z’Y)?¢Z~h Z(Tk ( )fr]?)

" - —i(§(A
)+ Y 025K 2t U))
ij=1
i#
Z ’ym]O 25h ( AN _ 7"]’3)
7] 1
i#j
— i)+ Z G;0.2502(r O — iy
i,j=1
i#]‘
Z lejo 250~ ( AN _ T,?)
i,j=1
i#]
—i(A
Z szg - T ( ))
7‘7 1
i#]
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n

- - i(A
= > [05h7 B+ h P — i)
i=1

20T B+ Rl )

* Z Gk” Tk 77“]‘3 Z le] i(A))
i,j=1 ij—1
w7 i#i
+ 37 025072 (GH + A (I —
z,ggjl
+ 37 0250 2(GH — i) (O )
z,ggjl
+ 3 0.25072(G; — AT
z,ggjl
+ 3 0250 2(G; + i)y T — )

(A AN —i(A
=h Z[O 5 + i Y — ) + Y [F05R60 + Al g Y — 1)
=1 i=1

Z Giih™ Z G2 — )

tj=1 ij=1
w7 i

+ 3 0250 2(G; + A1 ()

£ 22 025026 = i)y O = i)
z,Zgjl

+ 3 0250 2(G; — AT
z%;

+ 3 02507 2(GH + A I — )

1,j=1
]
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- - z A
(412) =h 2Z[O5hﬁlﬁ +’7kn Z lej ( ) - T]?)
=1 J=1
@
- - zA
th 22[0~5h573+7k“ Z G Ay
=1 J=1
g
A
b3 02 2GR, + A0 - i)
4,j=1
7
+ Z O25h Gk‘zy ’ykz]]( 710( 2 *T]?)
=1
i

+ 3 0.2502(GH; — AT — )
1,7=1
%éj

+ Z 0.25h2[G{, + Ak, I — ).

1,j=1
i#]

4.1)) and terms in the parentheses are nonpositive (due to (| . Thus
4.11 follows

From and (| - we derive

Each term in the square brackets is nonnegative (due t ,
-i

(4.13)
< Zaku’ru + Xk;?“k = akkrk + Z akuru +Xk;’l"k
p=1
M#k »
A
< apyri + Z Q?J?‘FXM"]? = (af), + Xk + Z Oé?u )rit < —Lry,
p=1 p=1
u#k u#k

due to and (2.3). Hence, —e(h) < —Lr{! and

(4.14) ) = < S
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ii) Assume 7{ < 0. Then |r{| = —rff and rM > 7 (I=1,...,p; M € 2).
Inequality (4.11]) now takes the form

n n
. i
(4.15) Zﬂ,ﬁ-r,‘?l + Z ’y,ﬁjrk Y+ 7’,’3+ > 0.
i—1 ij—=1

We can see that calculations which were used to prove (4.11)) may be
repeated and in (4.12)) each term in the square brackets and parentheses

is nonnegative. Thus (4.15)) follows. By (4.8|) there is

p p
e(h) 2 Zafurﬁ — xk(=ri) = agyrit + Z aﬁurﬁ_‘_Xkrl?
p=1 p=1

p#k
P P
> ajrit + Z Q£MT?+XIJ;? = (o + Xk + Z oz,‘?u yrit > — L.
p=1 p=1
pFk uFk
Hence e(h) > —L?"/,‘;1 and
h
(4.16) it = =i < E(L)

From (4.14]), (4.16)), there always follows (4.2]), which completes the proof
of Theorem [1I O

5. Existence and uniqueness of difference solution.

REMARK 5.1. Notice that (4.12) is true not only at certain nodal points

as in the proof of Theorem 1. Let M = (let\/[)u:L.p (M € Z) be an arbitrary

net function. Then, for I = 1,...,p; M € Z1 N Zs, equality (4.12)) holds true
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in the set E :
Zﬂljfyzlyl‘FZW% G M
=1 7] 1
=123 (0588 + A - Z GMI(=M — M)
i=1
J#z
+ R [0.5R8 + A - Z G ("M = 2y
i=1
J#z
M
+ Z 0.25h~ [Gh] +’Yl1]](zl( 7(00) - lew)
,j=1
i#]
— —i(j(M
+ 37 02502 (G — Az VD) M)
ij=1
B
- M
+ Z 0.25h Z[Glm ’le]]( = ))_zlj\/[)
ij=1
i#]j
- —i(—j(M
+ 0 02507 2[GHE 4 A (2 T My
ij=1
5
= h72 2[05}1,3[];/[ + lem Z Glz]
i=1
3752
- —i(M
+h72 Y (0508 + Al - Z GM]5 D
=1 j=1
J#
M —i(j(M
+h? Z 0.25[G + i)V 4 Z 0.25[GI — ]z OD)
a.] 1 ,] 1
#ﬂ' i
i(—j(M _ i i(M
+h? Z 0.25] Gh] 'y%]zl( i ))-|-h 2 Z 0_25[0% +71%]Zl (—=3(M))
,j=1 ij=1
# i#i
_4h 2 Z 025GZ’L] 2h 2205}16[2 +’YZZZ Z Glz] Zl .

t,j=1
7 J#z
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Let

SM = 0.5h8M + M — ZG%, o => "o o= G

5.1 pat et
(51) = =
(I=1,...,pi=1,...,n).
Then
(5.2)
ZW%+Z% iy M
=1 ij=1
— =
isﬁj
+h20.25 Z (G — M1, 7GOD) 20 95 Z (G — A H00)
t,j=1 ig=1
7 i)
+ h™ 20 25 Z G11J+7lz]] —i(—j(M)) — 4k~ 20 25p —2h 22511 zl .
t,j=1
i#J

THEOREM 2. Let assumptions (f(A@ are satisfied, there exist con-
stants L1, K such that inequalities

(5.3) —Li<ay, M<K (I=1,...,p; i=1,...,n)
hold true in the set E and h > 0 is so small that
(5.4) —0.5Th+g > 0.
Then there exists exactly one solution of differential problem —.
PROOF. Let ¢ be the cardinality of Z, R"*P := {V|V = (UlM)ziV{eZp} and
h satisfy . Notice that from ([2.3] . ) there follows
(5.5) - L1 <-L<0, K2>0.
Define
F:RP3V — F(V):=C € R"*P,

5.6
(5.6) C:(c{w), MeZl=1,...,p,
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where

(57) cM — fl (xM’UM’UlJ‘/[I7UZJWIJ)U*) + Ui]\/[Jr for M € Z1N ZZ,
l —Lv} for M € Z~ Zy N Zs

(l:17"'7p)7
(58) H:=1-h°L

and constant s is such that
(5.9) 1 —h*(Ly + h2(hnT + 2nK)) > 0.

Let ® : RP 5V — &(V) := h*F(V) + V € R?P. We shall show that

(5.10) |®(V) — ®(W)||s < H||V — W||; for all V, W € RI*P,
where [|[V||1 := max [o}M|, (V € RT*P).
ez

There is H < 1 and

H:=1-hL>1—h°Ly >1—h*Ly +h 2(hnl + 2nK)) > 0.

So
(5.11) H e (0,1).
Let us take two arbitrary elements V,W € RT*P, W = (wlM)ziV{,e,,,Z,p’ V=
(vM) aez and let
I=1,..p
D:=o(V)—-o(W) = (dy)lgffp,
Yi=W-V=u") vez =" =) mez .
I=1,...p I=1,.p
Then, for M € Z ~\ Z1 N Zy, there is
4" = [h*(—=Lwi") + w] = [ (= Lo + ]
= [n*(=Ly") + '] = [-p°L + 1]y = Hy" < H||Y]]1,
hence
(5.12) aM = HyM < H||Y].

For M € Z; N Zy there follows
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d" = 1o fi(a™ w™ M w w) = fi(@M oM oM oM o) oy M 4 M
= B[ fi(x™ M M M w*) = fi(@™ oM oM oM w4y
+hs[fl( M 'UM UIJMI 'UZJMIJ, *) fl( M’ M Ul]WI UIJM]J, *)]_I_yl]\J
p
M M1 M Mij M
Z%yu +Zﬁzz y't+ Z%ijyl Uy
P =1

—I-hs[f( M M l]\dL ZJWIJ7 )_fl($M,UM,U[MI7UlJWIJ7U*)]+le\/1,

and
(5.13a)
n n
. .
R B vy M +hszai‘,f — mxally*l] + it < M,
; i1
(5.13b)
n n p
. )
RO B+ v w0 gl + poallytl + = d
; =1
where [|y*|| = max {SUP | Z O (2)yl |} = max [yM] < ||Y]]1.
;U' = l
I=1,...p zeD I=1,....p

MeZz

By (5.2), from ([5.13b]) there follows:

n p
.
di! < h?| Zﬁh D A g R el + pxally |+ v
=1 =1

S— ZM S— = 7’LM
=h 22[6%1‘ e S[y
=1 =1

+ 7572025 Y [GM 4+ Ay YY) 4 e 2025 Y (G — ]y VD)

i,j=1 i,j=1
1#] i#]
n n
_ i(—F (M _ —i(—j(M
4 h520.25 Z [G%_'Y%]y;( J( ))_|_hs 20.95 Z [G%+7%]yz i(—=j(M))
i,j=1 4,j=1
i#j #]

4h*720.25[0" yM — 20" QZ% yM + b Z%nyrh‘Slely*llerzM-
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From (A[2)) there follows that each term in the square brackets is nonneg-
ative, hence

dM < {2072 oM + 72025 ) [GHE AR+ h20.25 Y (GRS — ]

i=1 i,j=1 ,j=1
127 i#£]j
n n
+h72025 Y [GM =M+ h 72025 Y [GY +ARIY L
i,j=1 i,j=1
i#] 17

n
— {4h* 7202500 421572 3 6 MYy + ey

i=1

p
+ 02 altyh Y+ y
pn=1

HAl

n n
< {2h*7%5M + 172025 > G+ RTT20.25 Y GRE

i,j=1 i,5=1

i#j i#j
n n

+h7720.25 Y G+ RT%0.25 Y GREMIYY
i,j=1 B,j=1
i#£j i#]

p
— {0 2pM 1225 Yy - hoadfy 1Y eyt + Bl Y]+ g

p=1
u#l

< (20572601 b 2o Y|y — (B 2pl 2k =260 by + By

p
+ R ay +x)llY [+

p=1
p#l

< {20020+ 12 YV ]y — {2 p+2he 20 M+ By + g

p
+R O+ > alDIY I

p=1
p#l

< (2026 4 W2 Y[V + (=R 20 207250 4+ hoal 4+ 1)y

p
+h 0+ Y a1V

p=1
p#l
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< {20260+ b 2o Y|y + | — B2 —2he 26

p
+ R + Y|+ R Oa + D alDIY I
p=1
H#l
P
<2020 R R (a+ Y )

p=1
uAl

1+ htay —h 2 pl =2h 2 ][V
From (j5.4) and ( there follows p/ > 0, and by (5.3) there is

1+ h*a — h*~2pM —2n° 726
> 1+ had — 20572 pM —2h5726M > 1 — h5Ly — 2052 (pM + 6M)
n n n
=1-h"Ly —20°72( ) G+ Y (0588 + 401 — Y G
ij=1 i=1 j=1
i#£j JF

=1-h°Ly —20°"2> [0.5h8} + ] =1 = h°Ly — 2h°"2) "(0.5hT + K)
=1 i=1
=1—h°Ly — 2h°2(0.5hnT + nK) =1 — h*(Ly + h™2(hnl + 2nK)) > 0

because of (5.9). So, from ({2.3]) there follows:

p
A < S 1 b Y of)

p=1
p#l

T Ay s L A [

P P
=00+ Y ajy) + 1+ Ry [Vl = 1+ h*(aq +xa+ Y a)lIY [k
p=1 p=1
u#l p#l
< [L=reL][[Y ][ = H[[Y ]
We conclude that
(5.14) dM <H||Y|y for M€ Z, 1=1,...,p.
Similarly one can show that
(5.15) dM > —H||Y||for M e Z, 1=1,...,p.
So |[dM| < H||Y||y for M € Z, 1=1,...,p. That means (5.10) is true.
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From (5.11)) and the Banach theorem follows existence and uniqueness of
solution to differential problem (3.9)—(3.10]). This ends our proof. O

6. Convergence theorem.

THEOREM 3 (Convergence). Let u be a solution of system f, u €
C*(D),
(6.1)
nM () = fi (aM M M ) M (M e Zin Zos 1 =1, .., p),

h) = Mp, M. M MecZl=1,...
n(h) A{énz?;gblm (h)], w(z™) (M € Z; oo s D),
=1,..., P

v be a solution of the system (3.9)—(3.10)) and assumptions (A|1)) f(A@ and
(4.1) hold. Then

n(h)
(6.2) max " — o] < I
=1,..., p
and
(6.3) limn(h) = 0.
h—0

This means that difference solution v of (3.9)—(3.10|) converges to the dif-

ferential solution u of (1.1)—(1.2)).

Proor. For rM = oM — oM = (rﬁ/[)uzl._,p and eM(h) = nM(h)
(M € Z1 N Zy), from Theorem [1| inequality follows.

The proof of is similar to that in [5]. We only show that ulM t—
0 when h — 0 (M € Z1 N Zy; 1 =1,...,p). Using Taylor polynomials for u;
(for simplicity we omit lower index [ in u) we obtain:

» 1 1
w IO = M g b ul o+ SUazh? i DY+ Sugeh? + 65 (@),
7 J

- 1 1

WD) — M M4+ 2uggh2 —u, h?+ 2u Bn? 46t @MR?,
o 1

(=3 (D) :uM—l—u%h—u%h+§u%h2 ul, Mop2 2 i”h2+5+ ()2,

ufz(*J(M)) — UM _ uMh—uMh+ 2u£4h2 —|—'LLM h2 + 2u 2h2 51-;_(517M)h2,
WM = M 4 u%h + —uﬂ/z[hZ + 54+-(:1:M)h2,

u_i(M):uM—uMh—l- Uz h2+5( Myp2,
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M

where v = u(zM), ul! = u,, (M) and so on, and for all M (M € Z1 N Zs)

and i,7 = 1,...,n there exists function §(h) such that
++ (.M M Y Y
0557 (@ )| < 6(h), (05T (@) < a(h), 165 (™) < 8(h), |65 (&™) < 6(h),
+ (M M
|65 ()] < 6(h), |6;;(=z™)| < 8(h)

M)

and 6(h) — 0 as h — 0. Now we return to lower index I:

ul]W-l—: Z Glz]025h ( i(J (M ))+U i(j(M))
ij—=1
i#]

1 yiI00)

i(—j(M)) _ 4ul(M) _ 4 —i(M) + 4“1 )

+ !

= > Gi0.25h7 2 [4uM + 2(u) 507 + 2(up) 230 — 8u
i J
i,j=1
i
- 4(ul)§§h2 +4uM + 55 (@M + 65 (2M)R + 65 (M)

—— 7/ M\1.2 +/ My\1.2 —(MN12
+ 0, (x7)h” — 485 (x)h” — 46, (™ )R]

n
= > 025G -2 + 2(u) ] + Z 0.25G ;185 ()
i,5=1 ’ 4,5=1
i#j i#]

(M (M —— (M +(.M —M
+ 05 (@M) + 05 (M) + 05 (@) — 457 (2M) — 4o (M),

Matrices Gj(z) are bounded and symmetric (I = 1,...,p), so the second
sum tends to 0 while A — 0 and the first sum is equal O:

n

> 025G [—2(w)}s 2 + 2(u;)M]

ij—1 !

i#]

= Z 0.5G 5 [(ur) ™ Z 0.5G % (w) ]
7.7 1 ,j 1
i#] i#]
This ends our proof. O
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