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Abstract. This paper was inspired by the work of B. Beauzamy and
S. Guerre [3], who gave a new version of the strong law of large numbers tak-
ing a generalization of Cesaro averages and then considering independent
random variables with values in L, spaces. We first investigate analogues
of this theorem with Cesaro-type averages given by Orlicz functions and
then we modify the random variables so as to place ourselves in a modular
space.

1. Introduction. In [3] B. Beauzamy and S. Guerre introduced a summa-
tion process generalizing the Cesaro averages, which permitted them to obtain
new versions of the strong law of large numbers, also for random variables with
values in L,, spaces.

Our aim is to investigate under what kind of hypothesis one can obtain
a strong law of large numbers with Cesaro-type averages given by an Orlicz
function or a sequence of Orlicz functions. Then we turn to considering random
variables defining functions in a uniformly convex Banach space of measurable
functions. Finally, with reference to [9], we consider the problem in modular
spaces.

For more information about geometrical properties of Musielak—Orlicz spa-
ces see e.g. [], [5], [7], [8]. One may found notions related to probability
theory in Banach spaces in [11].
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Key words and phrases. Strong law of large numbers, Orlicz functions, Luxemburg norm,
modular spaces, Musielak—Orlicz spaces.
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Throughout this paper (€2, A, P) denotes a probability space and X;(w),
Xo(w), ... are independent and identically distributed (iid, for short) random
variables. Unless stated otherwise, they are supposed to take values in R.

Any function ®: Ry — Ry which is strictly convex, differentiable and
such that ®(0) = 0 will be called an Orlicz function.

Given such a function, for t € R and w € (), we can define a Cesaro-type
average of the form

pultsw) = -3 @(| = Xy (w) )
k=1

Most of the time, we omit the variable w and write simply ¢, (t) instead of
on(t,w) as long as it does not lead to confusion. This function ¢, (t) may be
regarded as a kind of distance from the point (X;(w), ..., Xp(w)) € R™ to the
diagonal.

Observe that whenever w is fixed, ¢, (t) is a strictly convex function such
that there is the unique point S, (w) in which ¢, (¢) attains its minimum. This
obviously defines a new random variable. It has analogous properties to these
described in [3].

Remark now that if we assume that the expectation
E(®'(] Xi(w) |) sgn(Xk(w))) = 0,

then
() gronltie)lg = #l0.0) = 5 (1 X)) sen(Xiw) ~0,
k=1

applyirllg the standard (Khintchine’s) strong law of large numbers (here the ar-
row —— denotes convergence with probability 1, i.e. almost surely). Indeed,
in the strong law of large numbers there is % —L .0 for iid random vari-
ables P, such that E(P,) = 0. It is clear that ®'(]X,,(w)|)sgn(X,(w)) satisfy
these assumptions.

On the other hand, from the convexity of ¢, (t) we obtain

(%) 0 < ¢n(0,w) = on(Sn(w),w) <[ Sn(w) | - | ¢, (0,w) |,
(since the graph of a convex function is contained in the upper half plane
delimited by any of its supporting lines).

We finally define

5M(€) = 1nf{1_ ) ; :E7y€R+7 xayéMa |a:—y|2 5}-
Yy
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)
, and so I FIO)
Thus, dpr(e) > 0, since the infimum is taken on a compact set.

xQﬁ) < <I>(x)§<b(y)

Since @ is strictly convex, there is ®( < 1.

o4y
The inequality 1 — % > 0y (e) is obvious and it is equivalent to
T+y 1
(r25) o(THY) < 40 - (o)) + 2(0)

for z,y € Ry such that x,y < M and |x — y| > e.

2. Strong law of large numbers for Orlicz functions and for mod-
ulars. We maintain the notations introduced in the first section and we begin
with the following easy lemma:

LEMMA 2.1. let ®: Ry — R4 be a convex function such that ®(0) = 0.
Then for allt >0 and A > 1 there is (At) > AD(t).

PROOF. By the convexity of &,

1 1 1
= — < —_ —
D(t) <I><)\(>\t)> < (1 )\)(I)(O) + )\@(At),
which gives the result. O

Now we turn to proving the following lemma.

LEMMA 2.2. Suppose that the variables Xi(w), Xo(w),... are pointwise
bounded. Then

20u1(1 8, ) (| 242)) <900 = 90(50) <1 10) [ 5,00)1,

for a well-chosen M = M(w) > 0.

Sp(w)
2

ProOOF. Fix w € Q, n € N and put (mq,...,my,) = (X1(w),..., Xp(w)) €
R". Let s denote the minimum point of ¢, (t) = & > j=1 ®([t—my;|) and suppose
that

M > max{|s —mi|,...,|s — mpl|,|mi],..., |ma|}.

Then by the following holds for all ¢ small enough:

@<H% >S;u—muvwm@w—mM+¢W—Wm'

Since the latter is equal to

S (@1 —ml) + ®(1t — ms])) — 2o £ = s [(@(ls — my]) + 21t — my]),

)

by the convexity of ® we obtain

c1>< ST o, > < ¢(|5_mj);q>(|t_mj|) —5M(|t—8|)<1><‘t;8

9 J
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Thence (remember that s is the minimum point)

o msgol0)

<ZCI) m]‘ Z m]’ (5M(|t—$‘)§)<‘t;8

3+t

m;

Dividing by n we get

3n(6) < gon) o0 - Do (|5

whence

on(t) — pn(s) > 200(| t — s )(D('t ; s

Since s = Sy, (w), for t := 0 there is

0(0) = (510)) 2 2r(] 1) Do (|42 ),

which combined with ends the proof. O

This lemma yields the following counterpart of one of the Beauzamy-—
Guerre results:

THEOREM 2.3. If ® : R, — Ry is an Orlicz function and

E(®'(| Xi(w) |)sgn(Xp(w))) =0
fork=1,2,..., and if the iid variables X1 (w), X2(w), ... are pointwise bounded,
then for the minimum point Sy (w) of on(t,w) = 1370 (| t — Xi(w) |), there
is Sp(w) 0.
PrROOF. The statement follows directly from the inequalities which we have
just obtained:

26110 $0) D (|22} < 000) = pu(5200) <1 10 1 510011
Indeed,
o ST(CSU,E(BT,(‘S"&)D <16, (0,0) | -0,
in view of ().

Suppose Sy, (w) does not converge to 0 with probability one and set
D :={weQ; S,(w) A 0}.
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Then D is of a positive measure and for each w € D we can find d = d(w) > 0
and a subsequence {Sy, (w)} (with k£ = k(w)) such that | Sy, (w) |[> d > 0.
Then by the convexity of ® (cf. Lemma

5ar(] S (o) [ (156
‘%(O’wﬂ_zM(Skén)(ﬁ'( )

263 (] Sy () (e dy
- [ S (@) |

2501 (| Sy (w) ) 2 g (4)
= | S (@) |
_ 200(] Sy (@) (S

d
_ 2 (d)($)
- d
Hence ¢, (0,w) /4 0 on D, which leads to a contradiction. O

> 0.

If we drop the boundedness condition in the last theorem, we have to
assume that the numbers

e 20(5Y)
o(e) == 1nf{1 B(2) + B ()

are strictly positive for all € small enough (hence for all €), which is true for
uniformly convex functions. Then the following theorem holds.

sl —y[>e, w7y€R+}

THEOREM 2.4. Let ® be an Orlicz function and Xi(w), X2(w),... a se-
quence of 1id random variables such that

E(®'(] Xi(w) |) sgn(Xg(w))) = 0.

If 6(g) > 0 holds for any € > 0 and S, (w) are the minimum points of the
function

onltw) = = S 0( ¢~ Xi(w) ),
k=1

then Sp(w) Lo
PROOF. It is analogous to the previous one and so we omit it here. O

ExaMpPLE 2.5. For some kind of Orlicz functions the boundedness of the
random variables is not a necessary condition and we are automatically in the
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setting of the first theorem. Consider ®(t) = t* for t € Ry, p > 1. We compute

2(307‘1‘11)}7 _q_ (Qécj—%))p —1— 2(2(:{5,—7;) + Q(Iiy))p'
ey ()" + G)" )"+ ()"

So there is

. 20(5Y)
mf{l (@) + B(y)’
cty)

2 (Z1Y
= inf 1—7; z,y € Ry Il‘—ylze,azﬁl,yél}.
{ ®(z) + 0(y)

ZC,yER+ |x_y|>€}

EXAMPLE 2.6. Among Orlicz functions such that

i f{l Qq)(%ﬁ) eR, | | > } 0
n - T, r—yl=zep =0,
B(x)+o(y) YT

there are functions ® having an oblique asymptote, e.g.

ax™

@(II;) ::m, a#O,nGN

Indeed, if one takes x = 0, y > 0, then

20(75Y)  _ 20(8) _ 2a(§)"[by" ' + ]

y
2 R
O(x) + O(y) D (y) o [b(%)n TY dJay® =1.

EXAMPLE 2.7. There exist Orlicz functions without oblique asymptotes but
for which d(g) = 0. One can easily construct an example of such a function
starting from the function ¢t with p > 1. The idea is first to take a sequence
of disjoint intervals. Then to cut out the graph of ¥ above such an interval,
replacing it by a curve ‘close’ to a segment, doing this in such a way that the
obtained function @ is still differentiable. Then, obviously, d(¢) = 0.

ExAMPLE 2.8. Any Orlicz function ® which is uniformly convex gives
d(e) > 0 directly from the definition of uniform convexity, which precisely
says that for each € > 0 there exists a § > 0 such that for any two points
satisfying [z — y| > ¢, there is

o(250) < 1o 202),
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We now turn to considering Musielak—Orlicz modulars.

Let now ® := {®;}?°, be a Musielak-Orlicz function (i.e. all ®; are Orlicz

functions) and put
)i=> @] @)
i=1

for a finite sequence x = {z;}"; of real numbers.
Set

ig -— in _ 2(1)1(%) .
) = f{l (@) + Bi()’

and ‘
6%(e) :=inf{6'(e), i = 1,2,... }.
Analogously, for any M > 0, we define 6%, (e).
Finally, if

r,yeRy |z —yl|>¢, z':l,...,n},

on(t,w) = %pg((t, oot = (Xi(w)y .. X (w)),

then it is a strictly convex function with a (unique) minimum point (it follows
from the fact, that a strictly convex non-decreasing function composed with a
convex one is still strictly convex; and if f1, fo are strictly convex functions both
having a minimum point, then f; 4+ fo is strictly convex and has a minimum
point, automatically unique).

Obviously

¢ (0,w) = Z@ (1X; (w)]) sgn(Xi(w)).

Hence, if the considered Varlables are independent and such that the variables
/(1 X;(w)|)sgn(X;(w)) are identically dlstrlbuted and have expectation zero,
then by the strong law of large numbers ¢/, (0) L0 (compare with (j . Thus
the following theorem is true.

THEOREM 2.9. Let {®;}7°, be a sequence of Orlicz functions and let Sy, (w)
denote the minimum point of the strictly convex function

= LS (- X))
1=1

where the random variables X;(w) are independent and such that the variables
P! (1X;(w)|)sgn(X;(w)) are identically distributed. Assume that

E(®(1X:(w))sgn(Xi(w)) =0, i=1,2,....

If moreover one of the following conditions is fulfilled:
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(i) 6%(e) > 0 for any ¢ > 0 and the function ®(z) := inf{®;(x); i =
1,2,...} is strictly positive for all x > 0;

(ii) the random variables Xi(w), X2(w), ... have a common pointwise bound
and 63;() > 0 (which is automatically verified if ® consists of a finite
number of different functions ®; ),

then Sp(w) L.

PRrROOF. Fix w € ). By the convexity of ¢, as earlier we obtain
0 < ©n(0) = @n(Sn(w)) <[, (0) || Sn(w) |-
Executing similar computations as in Lemma we get

25% (| Sulw) )20, ®i(|2))
S EADY <| ¢,,(0) | .

Put D :={w € Q; S,(w) 4 0} and suppose that P(D) > 0. Then for each
w € D we can find d = d(w) > 0 and a subsequence Sy, (w) >d, k=1,2,...
Thus, by Lemma [2.1] for w € D, there is

n ny, (W [Sny (W)] n d(w
26 (| Sy () 1) oty @1 (| 2252 )) 20701 S e0) D X (%57
Mk | Sy (W) | - k| Sy (@) |
26% (d(w))ny® (142) .

- nrd(w)

Hence for w € D we have found a subsequence | ¢, (0,w) [> ¢(w) > 0. That
means that | ¢/, (0,w) |4 0 for all w € D, which, D being of a positive measure,
leads to a contradiction. O

3. Minimum points in uniformly convex Banach space. Consider
a uniformly convex Banach space (X, ||-||), where X is a subspace of Ly([a, b)),
the space of measurable functions, and suppose that X contains the constants,
which we shall denote by f; =t.

The following theorem is true.

THEOREM 3.1. In the setting introduced, suppose that the norm is of class
Ct and X', X2, ... are X-valued independent random variables such that
[X"(W)|| <M =M(w), n=1,2,... Let Sp(w) = fs,(w) denote the minimum
point of the strictly convex function

on: R thbn(t,W) = Hft_Xn(w)H eR

and suppose that ¢!, (0) Lo

If for alll t € R liminf,, 1o ||ft — X™(w)|| > 0 for almost all w, then also
Sp(w) —0.
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PROOF. By the uniform convexity of X, for all x;,z9 € X with ||z1]| =
l|za|| = 1, if ||z — 22|| > €, then

T+ X2

< (1-4(e)).

For all x,y € X such that ||z|| = ||y|| =d > 0 put x1 = ﬁ ixg = ﬁ Then
we obtain the following characterization of the uniform convexity

e 52 o)) (),

which follows from straightforward computation.
Now take x,y € X and suppose that ||y|| > ||z|| > 0. There exists a € (0, 1]
such that ||z|| = ||ay||. By the uniform convexity condition we get

o+ asll < (1= 5( o) )i+l

Consequently,

2 +yll < [lz + ayl[ + (1 = )|yl

< (1=a(" ) ) el + el + = el
(- o
< (1= aa (=t )i+

Now take x, = Sp(w) — X™(w) and y, = —X"(w). Since S, (w) is the
element of best approximation among constants for X" (w), there holds ||z, || <
||yn|| and we can find ay, € (0, 1] such that the norms of z,, and «a,y, are equal.
By the above inequality we obtain

1S (w) = 2X™ (W)

s (180@) = (1= an) X" @) TN
< (1= au (12 =2 ) ) 500 - X + XD,

Since 25, (w) is the element of best approximation among constants for 2X™(w),
there also is

2|[Sn(w) = X" ()| < [[Sn(w) = 2X"(W)]]
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On the other hand ||S, (w) — X™(w)||+ || = X™(w)|| > ||Sn(w) —2X™(w)]||. Thus
we finally obtain
X" (@) = [[Sn(w) = X™ (W)
|50 (w) — (1 — an) X" (w)]] o™
> ot (P a8 - 23l

Observe that on the left-hand side we have in fact ¢,(0,w) — ¢, (Sp(w),w),
which is obviously not greater than |¢), (0,w)||Sn(w)| (by the strict convexity
of ¢p(-,w)). Thus

6,08, = (120 = L= s, 0) - (@)l

Set Dg = {w € Q; Sp(w) 4 0}, Dy = {w € Q; ¢,,(0,w) 4 0} and
D :={w e Q; Ing — 4o0: ||, (w) — X™(w)|| — 0}. By the assumptions,
there is P(D) = P(Dg) = 0. Thus P(Dg) = P(Ds \ (Dg U D)).

Suppose that P(Dg) > 0 and take w € Dg \ (Dg U D). Then there exists
d = d(w) > 0 and a sequence nj — o0 such that Sy, (w)| > d. By the choice
of w, there is a constant ¢ = ¢(w) > 0 such that |5y, (w) — X" (w)|| > c.

Since || X™(w)]| > 0, then a,, = W, and thus a;, > ﬁw) > 0.

Observe also that

1S ()] < [[Sn(w) = X" (W) + [[X"(w)]]
[1Sn(w) = X" (W)]|

n

= [[Sn(w) = X" (W) +
< ASnlw) = XMWl

Qn

whence finally
Qn Ol
1Sn(w) = X" ()| 2 S I1Su(@)]] = [ Al - [Sa(w)].

Besides, d(¢) is decreasing with ; thus, since ||.S, (w)—X"™(w)|| < || X™(w)]| <
M (w), then

1Sn() = (1 - @) X"(w)] 15n() = (1 — @) X"(@)]
5( 150(@) — X7(@)]] ) = 5( M(w) )

Therefore, we obtain

w)—(1—ay "k (w c?
60, 0,615, ()] 2 5 (1P =020 ZRON) 2y o)

Since ay,, € (0, 1], we may assume (possibly extracting a subsequence) that
Ay, — a. Obviously, a € [0, 1], but we already know that « # 0.
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If there were av = 1, then for any sufficiently large k& we would obtain

100) — (1~ o) X7 ) = 15w Wl )
> HJ;IHd =: N(w).

On the other hand, if a < 1, then in view of the fact that
[1Sn (@) < [[Sn(w) = X™ ()] + [| X" (w)]] < 2M (),

we may assume (possibly extracting subsequences from Sy, (w) and from X"*(w))
that Sy, (w) and X™ (w) are convergent. Let S(w), X(w) denote the corre-
sponding limits.

Now if there were (for these subsequences) ||Sy, (w)—(1—ap, ) X™ (w)|| — 0,
then

15(w) = (1 = ) X" (W) <||S(w) = Sy (W] + [[Sny (W) = (1 = 0, )X (W)
(1 =y ) XM (W) = (1 = ) X" ()]

would lead to

i x|

S(w)

T—¢ s a constant.

which contradicts our assumptions, since
Thus there exists N(w) > 0 such that

19 (@) = (1 = an ) X" (W)[| = N(w).
This finally yields

w 02
6, 0,0, 2 (375 ) 7 yalSoe()

whence

w 62
6,000 2 6( 315 ) 51

But that implies |¢;, (0,w)| # 0 for w € Dg \ (Dg U D) and since this set is of
a positive measure we get a contradiction. O

4. Strong law of large numbers in Orlicz spaces. In this section,
we will consider independent random variables X,,(w) with values in an Orlicz
space defined as follows:

Consider the measure space ([0, 1], u) with some Borel finite measure p. If
® is an Orlicz function, then by Lg we will denote the space of all y-measurable
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functions f : [0, 1] — R such that limy_,g+ pa(Af) = 0, where pg is the modular
defined by

pa(f) = /0 (| £()])du(r).

This obviously means that for some A\ > 0 there is fol (A f(T)|)du(T) < +o0.
Under some assumptions on ® this will be satisfied for all A > 0. All the
previously introduced definitions have their respectives analogues in this case
too. The space Lo with the norm || - |[¢ defined as earlier is a Banach space.
Moreover, since ® is convex and tends to infinity when t — +o0, Le C L.
Actually, if ®(t) = t? for some p > 1, then Ly = L,,.

We now consider a function

on(t,w) = %ZP@)(‘ft — Xi(w)|) forteR,w e Q,
k=1

where f; = t is a constant function (constants obviously belong to Lg). As
earlier, by S,(w) € L¢ we denote the point at which the convex function
¢n (-, w) attains its minimum. Note that S,(w) is a constant function.

From now on, assume that ® is of class C'. If we calculate the derivative
of t — ¢p(t,w) (with w fixed), we obviously get
lim Pn(s;w) — pnlt,w)

4 ()
— w)=1
a7\ ! s—+¢

1 n
- /0 % Z (|t — Xp(w)(7))sgn(t — Xp(w)(7))dpu(T).
=1

To be able to apply usual versions of the strong law of large numbers, we
have to recall the following definitions (cf. [6]):

DEFINITION 4.1. Let {X,,} be a sequence of X-valued random variables
satisfying EX,, = 0. {X,,} is said to satisfy the strong law of large numbers if

1 n
fZXj ;0.
n

To be able to show that ¢/, (0) L0 (which is crucial for our purposes), it
would be enough to know that the variables X, (w) := ®'(| X (w)|)sgn(Xg(w))
satisfy the strong law of large numbers. The first problem we meet is, however,
the fact that X} (w) have their values in a function space. Then the problem
is: under what kind of assumptions X} will satisfy the strong law of large
numbers.

Observe that for L, spaces, X} (w) € Ly for ¢ = ]% (cf. [3]). We will need
more preparatory work.
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Recall that a Rademacher sequence is a sequence {r;} of independent ran-
dom variables taking the values 1 and —1 with probability 1/2. We take r; on
[0, 1].

DEFINITION 4.2. A Banach space X is said to be of (Rademacher) type
p for some 1 < p < +oo if there is a constant C' > 0 such that for all finite
sequences {x;}7 C X,

n

§ TiZg

=1

(%) E

P n
<CY il
i=1

It is clear (by the triangle inequality) that every Banach space is of type 1.
Besides, Khintchine’s classic inequalities imply that the definition makes sense
only for p < 2.

Equivalently, X is of type p with 1 < p < 2 if for any sequence {x;} in X
such that {||z;||} € I, the series )7 rx; converges a.e. (i.e. with probability
1) on [0, 1]. The equivalence follows from a closed graph argument (namely the
inclusion of [,(X) C C(X) = {{x:}; >, rix; converges in probability} has a
closed graph whenever X is of type p).

Moreover, by the Kahane inequality, condition (ED is equivalent to

n 1
< const. (Z ||xi|p> "

=1

n

§ TiZyg

=1

E

Let us finally note that a Banach space of type p is also of type p’ < p and
that every Hilbert space is of type 2.
Then the following is true.

THEOREM 4.3. ([6] Thm 2.1) Let 1 < p < 2, then the strong law of large
numbers holds for all sequences { X, } of independent X -valued Radon variables
satisfying

+oo
EX,, =0 and M < 00
n=1 nr
iff the space X is of type p.

Recall that a Radon variable £ is by definition a variable regular with
respect to compact sets, i.e., for each € > 0 there is a compact K such that
P(¢ € K) > 1—¢. Equivalently, one may assume that the space X is separable.

Before we turn to proving the main theorem of this section we give an
example to illustrate it.

EXAMPLE 4.4. Consider the following Orlicz function: ®4(t) = !’ — 1, for
q > 1. For f € Lo, it is clear that pg, (Af) < oo iff fol PO du(t) < oo. Since
|£]7 < el/l”) then f € L.
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We compute @ (|f|)sgn(f) = q|f]9 el/l"sgn(f) and so it is clear that it
suffices to consider |f |‘1*16‘f I only. This obviously belongs to L, for p = qfql.
Thus, ¥(t) := t¥ is the Orlicz function sought for, if ¢ > 1.

THEOREM 4.5. If X;(w), X2(w), ... are independent random variables with
values in Le such that pg(Xi(w)) < M = M(w) for all k and if, moreover,

(1) E(P(IXk(w)(7))sgn(Xi(w)(7))) = 0,

(i) there is a Banach function space X of type p such that
(X (w))sen(Xi(w)) € X

and

i B (| Xk (w))Ix

p < 400,

k=1
then pg(Sp(w)) #0, where oy, (t,w) is the function introduced at the begin-
ning of this section and Sy (w) is its minimum point.

PROOF. Suppose that for some w there is a sequence n; — 400 such that
S (w) # 0. Then there exists d > 0 such that |S,, (w)| > d for all k. Fix such
a > 0 that ad > 1. Then by Lemma

’ (‘S"’“ w“;) > S, ()| <;>

pq)(’Snk

whence

!Snk )dp(T)

| \/
/\

||
/_\
Ql— Q|+~ Q|

N~ N~
=3 Q
§’3 c\
?S“
?
O
)

| \/
/\

since Sy, is a constant function on [0,1].

Thus Sy, (w) # 0 implies pg (]S, (w)|) 7 0. On the other hand, if S, (w) — 0,
then ®(|S,(w)|) — 0 (by continuity), and so

1
/0 B(Sn (@) )dp(r) — O,
1

that is pa(|Sn(w)|) — 0. In other words S, (w) L0 iff pa(|Sn(w)|) — 0.
Hence we only need to show that Sy, (w) —L0.
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Applying a standard argument, in view of the convexity of ¢, and compu-
tations similar to those of Lemma [2.2], we obtain

200152 )on(1Sa()) _ |,
So if w € Q is such that S,(w) /4 0, there is a subsequence ny — 400 and a
constant d = d(w) > 0 such that |5, (w)| > d.
Now

e L T
wld) [ (150 )
S @) > gty ), o)

since the integrand is a constant.
Choose now « > 0 such that %d > 1. Then

@(W) _ ¢<;a\5n2(w)!) . arsng(wnq)(;)

by Lemma [2.1
Finally we obtain

b, 0228 B e (1) o, 1) =du(@ae (2 )utio. 1) > o

whence ip;((),w) +# 0. But as ¢}, (0,w) 150 (cf. our assumptions), we get
Sp(w) —0. O

To get a full counterpart of Proposition 2 from [3], we now consider the
convex function

Yn(f,w) == %Zpé(f — Xk(w)), forf € Lp,w e Q.
k=1

It is (when we fix w) the distance (computed in the sum of modulars) from
the point (X;(w),...,Xn(w)) € (La)™ to the diagonal. Thus there exists the
unique Sy, (w) € Lo realizing the minimum of ¢, (-,w) (in this case it may be
non-constant).

It is clear that if by S,,(w)(7) we denote the minimum point of the strictly
convex function

In(rw)i R 3t =308t~ Xule)()]) € R
k=1

then S, (w) = S, (w) p-almost everywhere on [0, 1].
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Therefore, if we apply the previous ideas to these functions, we easily get

an extension of the last theorem:

THEOREM 4.6. Under the assumptions of the previous theorem, for S,(w) €

Lo being the minimum point of vy, there is pg(Sp(w)) 1.
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