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A NOTE ON PLURIPOLAR EXTENSIONS OF UNIVALENT
FUNCTIONS

BY JOZEF SICIAK

Abstract. In this note we present a detailed proof of a recent result due
to Edlund and Joricke (see Corollary 2 in [I]) saying that there exists a
univalent function f in the unit disc D := {|z| < 1} smooth up to the
boundary such that f does not have analytic continuation across any point
of the unit circle while the pluripolar hull of its graph over D contains the
graph of the function f.(z) := 1/f(1/z) univalent in D. := {|z]| > 1}.

1. Introduction. Given a pluripolar subset of CV, its (global) pluripolar
hull E* is defined by the formula

(1) E* = () {U(z) = —o0},
UeFg

where Fg := {U € PSH(CY);U(z) = —oc0 on E}. A pluripolar set E
is called complete pluripolar if there exists U € PSH(CN) such that £ =
{U(z) = —o0}.

We say that a function f; € O(Ds;) holomorphic in a domain Dy ¢ CV is
a pluripolar continuation of a function f; € O(D;1) holomorphic on a domain
Dy c OV if I} (D1) D Ty, (D2), ie. if for for every function U € PSH(CN*h
such that U(z, f1(z)) = —oo on D; we have U(z, fa(z)) = —oo on Ds.

If f € O(D) is a holomorphic function in a domain D in C" then its graph
I't(D) is a pluripolar subset of CN*tl. Given f € (9(1?), let f be the complete
multivalued analytic function defined on a domain D O D such that f is its
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holomorphic branch on D. One can easily check that the pluripolar hull of
I't(D) contains

T#(D):={(z,w) e CY x C;z € D, w e f(2)},

!
the graph of f over D, i.e. IH(D) > Pf(b)'

The aim of this note is to prove the following slight improvement of Corol-
lary 2 in [1].

THEOREM 1.1. Let E be a non-empty nowhere dense compact subset of the
unit circle. There exists a conformal C*°-diffeomorphism

f: D—G, f(0)=0,

of the closure of the unit disk D onto the closure of a domain G C D, strictly
starlike with respect to 0, such that the following conditions are satisfied:

(a) f does not have analytic continuation across any point of the unit circle;

(b) the set Ey := G N OD has positive Lebesque measure, E C Ey and the
function fo(2) := 1/f(1/2), z € D, == {1; |2| < 1}, is a pseudo-continuation
of f across the set f_l(E’l);H

(c) T3(D) = I'} (De \ {oc}) D Li(f~YE)), i.e. the functions f and f.
are pluripolar continuations of each other across the graph of f over the set
f~YE). In other words: if P € PSH(C?) and P(z, f(z)) = —oc on D (resp.,
P(z, fo(2)) = —00 on D \{oc}) then P(z, fo(2)) = —o0 on (D \{ocoHUf~1(E)
(resp., P(z, f(z)) = —00 on DU f~1(E)).

2. Proof of Theorem First we shall prove the following

LEMMA 2.1. Given a non-empty compact nowhere dense subset E of the
unit circle, one can find a domain G C D, strictly starlike with respect to 0,
such that the following conditions are satisfied:

(a) OG is a C*-smooth Jordan curve which is real analytic at no of its
points;

(b) EC Ey := GNID, \(Ey) >0 (\ — the Lebesgue measure on 0D );

(c) There exists a positive constant my such that

Vu(z) =Vi(2) 2mi, z€E,

Tt is clear that fe maps conformally the closure of D. onto the closure of Ge :=

1w e G}, and f(z) = fe(z) for all z € f~'(E1), which implies that f and fe are pseudo-

continuations of each other across f~'(FE;). More information on pseudo-continuation may
be found in [3] .



where U = C\ (GUG,), Ge = {1/z; 2z € G}, Vi is the global extremal
function of U (for the definition see [2] or []), and U = J;Z, Uj, where the
union is taken over all connected components of the open set UE|

ProOF oF LEMMA [2.1l First we shall prove

CrLAM 1. Let E be a non-empty nowhere dense closed subset of the unit
circle. There exists a sequence of open arcs {I;} of the unit circle with the
following properties:

(1) ;N1 =0(j # k);

(2) the set S := |J7° I, is dense on the unit circle;

(3) the set S := |J° I; does not intersect E, and there exists my > 0 such
that Vs(z) = Vg(2) > ma, 2 € E. In particular, the set S is thin at each point
of E;

(4) N(Er) > 0, where Ey := 0D\ S.

Proor oF CrLAmM [Il Let W = {w,} be a countable dense subset of 9D \
E. We shall choose arcs of the sequence {/;} inductively.

Let I1 be an open arc with center w; such that no of its endpoints belongs
to W, and Iy N E = (). The number 2m; := min{V;,(2); z € E N {0}} is
positiveE|

Fix k > 1. Suppose arcs I1,..., I, with centers wy,,...,wy, (N1 =1 <
ng < -+ < ny) are already chosen in such a way that the following conditions
are satisfied: I, NI, =0 (j #1, j,l <k), no endpoint of I; lies in W, W, is
the element of W\ (/3 U--- U I;) with the smallest index, and

1 1 ,
V11u~-qu(Z) 2m1(2_§__27)7 ZGEQ{O}, ]:177k
Let wy, ,, be the element of W\ (I;U---UI}) with the smallest index. Let
Ix41 be an open arc with center wp, ,, whose endpoints do not belong to W
and which is so short that
1 1

Vvl (2) 2 ma(2 - 5T W)a z€ En{0}.

It is clear that the sequence {Ij} satisfies (1) and (2).
To show (3) it is sufficient to observe that

Vs(z) = Vi(2) = nh—>Holo Viueurn,(z), z€C,

is a subharmonic fu~nction with 10ga~rithmic pole at co, harmonic on C \ S,
continuous on DU S, Vs(z) =0 on S, and Vs(z) > my for all z € E.

2It is clear that for every j > 1 the component Uj is a simple connected Jordan domain
symmetric with respect to the unit circle. One may assume that I; C Uj.
3Recall that Vi, is identical with the Green function of C \ I with pole at oco.
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To show (4) observe that

1 2m 1— 2 ) 1 1— 2
Vs(2) / L2l yeeityae = L !
0

T on leit — 2|2 2 Jp, et — z|?

Vs(et)dt, ze€ D,

which implies A(E;) > 0.
The proof of our claim is completed. ]

Now we pass to the proof of Lemma

Let {I;} be a sequence of arcs satisfying the conditions of Claim 1. Let
p € C*°(R) be a positive real-valued function of class C*° on the real line
such that 0 < p(t) < 1 on R, and p is nowhere R-analytic, e.g. we can take

p(t) = W, t € R, where

o0
hz) =Y 272722 <L
1

Without loss of generality we may assume 1 € E. Let e®, e% be endpoints
of I;, where 0 < a;; < B < 2m. Put

1
Tj(t) = p(t) €xXp | — 2(tfaj) 9 ) aj S t S ﬁ]a
1= (G — 1)

ri(t) =0, te[0,27]\ (ag,5).

One can check that r; € C([0, 2a]) and " () = 0 for all k > 1 and for all
t € [0,27] \ (¢, 055), i.e. the function r; is flat at every point of the last set.
Moreover, r; is positive at every point of the open interval (o, , ;) and not
R-analytic at any point of the closed interval [, 8;]. It is clear that r; can
be extended to R as a C* periodic function with period 2.

Put

o
(2) r(t) ==Y ery(t), teR,
1
where €; > 0 is chosen so small that
k 1 L

It is clear that 0 < r(t) < 1,t € R, r € C*°(R), r is periodic with period
27, and nowhere R-analytic. Observe that if s is a boundary point of I, then
r(s) = erg(s) = 0. Each point ¢t of E is a limit point of such points s. Hence

{(r(t) = 0} = D\ S =: Ey.
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The domain G containing 0 in its interior and bounded by the curve v with
the parametric representation

z=~t)=1—r(t)e", 0<t<2m,

is strictly starlike with respect to 0. Moreover, E C E1 := GNdD = 0D\ S,
and 0G is a C*°-smooth Jordan curve nowhere R-analytic.

We shall show that, given 0 < m < mj, the coefficients ¢; in the formula
can be chosen so small that

VU(Z) = VC\(éUée)(Z) >m, z €& E.

The function Vg, given by Claim 1, is non-negative in C, continuous at each
point of S, and Vs(z) = 0 on S. Tt follows that, given 0 < § < my, the set
Us := {2; Vs(2) < 6} is an open neighborhood of S. In particular, I; C Us for
every j > 1.

Hence one can choose coefficients €; so small that both (3f) and the following
condition are satisfied

ezt

1 —ejrj(t)
It is clear that U = U‘l’on C Us, where Uj is the connected component of U

such that I; C U;. Hence Viy(2) > Vi, =Vs—d>m := m1—9§ > 0, z€E.
This ends the proof of Lemma [2.1 O

(4) {(1—¢jrj(t))e”,

}CUs, a; <t<p, j>1

We shall need the following

LEMMA 2.2. Given 0 < p <1 < R and a closed subset E of the unit circle,
assume that U is an open subset of {p < |z| < R} such that Viy(z) > m =
const > 0 on E. Then for every 0 < 8 < 1 there exists 0 < rog < p such that

VD(O,T’Q)UU(Z) > 0m, ze€Fk.
PrOOF. Put M := sup{Vy(z); |z2| < R}. Given 0 < € < 1,

©0e(z) := (1 —¢)log ]ZJ + eV (z)

is a subharmonic function of the class £ such that
0, zeU,
906(2) < r
(1—e)log i +eM, |z| <,

R
T

. . . log
where 0 < r < p. Hence’ if (1 —G)lOg% +eM <0 (1.e. if0<e < M—&-log%)

then ¢.(z) < Vporyur(z) on C. Fix 0 < 6 < 1. Then pc(2) > 0m on E, if
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€ > Imtlog R~y oo ro = r with 0 < r < p so small that

= m+logR *
9m+logR< logg .
m+logR ~ M +logZ
R
Then Vp(o,ryuu(2) = @e(2) > 0m on E for € € <9$$L°ggg, Mlii;R> which
ends the proof of Lemma [2.2 O

We shall also need the following Theorem due to Vitushkin [5].

Let K be a compact subset of C. Then C \ K is a (at most) countable
union of open sets {U;}. The set &'K = U;0U; is called exterior boundary of
K. Remaining part of the boundary 0K is denoted by 0y K and called interior
boundary of K.

THEOREM 2.1. (Vitushkin [5]). If the interior boundary of a compact set
K is located on a countable union of Lyapunov’s arcs then A(K) = R(K),
where A(K) := C(K) N O(intK) and R(K) = {f € C(K); [ is a uniform
limit of a sequence of rational functions}.

Now we pass to the proof of Theorem Let g : G — D, g¢(0) =0,
be the C*°-smooth conformal mapping of the closure of the domain G given
by Lemma onto the closure of the unit disk. The function g.(z) =
1/9(1/z), =z € D.,is C*®-smooth and maps G conformally onto D, g.(00) =
00. Moreover, g(z) = ge(z) on Ej.

The function F := g U g, is continuous on G U G, and holomorphic in
GUG..

Fix R > 1 so large that {|z|] = R} C G, and put U := C \ (G U
G.). By Lemma given my with 0 < m; < m, there exists ro > 0 such
that % > R, D(0,m0) C G and Vyup(o,re)(2) = m1 on E. It is clear that

Voup(o0)(2) < logt ‘%' on C. Since U = {1; 2z € U}, the function v(z) =
VUuD(Omo)(%)/log % is subharmonic on C' \ {0}, v(z) = 0 on U U D(0,1/rg),

v(z) < lfor|z| > 1/R,v(z) > bg“% >0on E,and v(z) >0forall z € G.UFE

with |z| < 1/rg. Hence
v(2) < h(z) = h(z, U UD(00,~), D(0o, %)), |2 > =,
ro R R
where h denotes the (0-1)-extremal function for the domain D(c0,1/R) and
its subset U U D(oo0, 1/7“0) Here D(c0,p) = {z € C; |z| > p}, p > 0.

“Recall that if E is a subset of a domain D, we put h(z, E,D) := sup{u(z); u €
SH(D),u<0 on E,u<1 on D}, z€ D.
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Put K := (GUG:)N{|z] < %} By the Vitushkin Theorem there exists

a sequence of rational functions {F,} with poles in U U D(o0, %) uniformly
convergent to F on K.

Fix a function P € PSH(C?) such that P(z,g(z)) = —oo on G. Let a be
a fixed point of G, U E with |a| < 1/rg. It remains to show that P(a,g.(a)) =
—00.

Observe that f,(z) := Fn(z) + F(a) — Fn(a) — g(z) uniformly on {|z|] =
%}. The sequence { f,, } is uniformly bounded on the set D(0,1/r¢)\U. There-
fore the sequence v,(z) := P(z, fn(2)) is uniformly upper bounded on this
set.

Put Q, = U?glUj, where k,, is so large that all poles of the function f,,
lying in U, are located in €2,,. By the maximum principle

sup{|fu(2)[; 2 € D(0,1/r0) \ Qn} = sup{[fu(2)];¢ € D(0,1/r0) \ U}
for all n > 1. The function v, is subharmonic on an open neighborhood of
the set D(0,1/rg) \ Q. Put C := sup,,>1 sup{v,(2); z € D(0,1/rg) \ U}, and
M, := max{v,(2); |z| = £}. Then C is finite and M,, — —o0 as n — oo.
The function h(z, D(00, 1/r9) Uy, D(c0,1/R)) is harmonic in the domain
{% <zl < %} \ ©,, and continuous in its closure, vanishes on {|z| = 1/r¢}U
08y, and is equal to 1 on {|z| = 1/R}. Hence, by two constant theorem
1 1
vn(z) < C+ (M, — C)h(z, D(o0, T—) U Qy,, D(o0, E))
0
for all z in {f < |2| < %} \ Q.
One can check that h(z, D(o0,1/rg) U, D(co,1/R)) > h(z, D(co,1/ro)U
U,D(c0,1/R)) > v(z), n > 1,|z| > 1/R. Therefore

P(a,gc(a)) = P(a, fo(a)) < C+ (M, — C)v(a), n>ni(a),

where ni(a) is so large that M, — C < 0 for n > ni(a). It follows that
P(a,ge(a)) = —oc0.

By the same method one can show that if P(z,g.(z)) = —oo on G, then
P(z,9(2)) = —ooon GUE. Namely, it is sufficient to observe that the function
(2) = Vuup(o,r0)(2)/ log E is subharmonic in C, harmonic on C'\ D(0, r¢)UU,
v(z) =0 on U U D(0,79), ( ) <1lon{|z| <R}, v(z) > ml/log% on E, and
v(z) > 0 for all z € GU E with |z| > rg. Hence

v(z) < h(z, UND(0,ry),D(0,R)), |2] <R.

Put K := (GUG.)N{|z| < R}. By Vitushkin Theorem there exists a sequence
of rational functions {F,} with poles in U U D(oco, R) uniformly convergent to
F on K. Now, we can repeat the reasoning of the last part of the proof of the
former case.

<



14

COROLLARY. Put f := g7, f. :== g-!. Then
f:Dw— G, fe: Dw— G,
are conformal diffeomorphisms satisfying all the assertions of Theorem [1.1]
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