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EXISTENCE OF A SOLUTION FOR THE INITIAL
BOUNDARY VALUE PROBLEM FOR A HIGH ORDER
PARABOLIC EQUATION IN AN UNBOUNDED DOMAIN

BY LECH ZAREBA

Abstract. In this paper we consider the initial boundary value problem
for the equation w4+ A1u+ Asus+g(ut) = f(x,t) in an unbounded domain,
where A; is a linear elliptic operator of the fourth order and As is a linear
elliptic operator of the second order. We obtain the conditions of the
existence of a weak solution for this problem.

Many authors have considered initial boundary value problems in un-
bounded domains for parabolic equations of a high order with the first de-
rivative with respect to time. There are much fewer papers concerning the
problems for parabolic equations with the second derivative with respect to
time. In particular, in [123123123] and [5656], the authors have consid-
ered the Cauchy problem and initial boundary value problem for a parabolic
equation of a high order and the properties of its solutions. In [7], the au-
thors obtained some conditions for the uniqueness of the solution of the initial
boundary value problem for the general linear parabolic systems in unbounded
domains. By introducing a parameter, they have shown the uniqueness of a
weak solution in the class of functions which do not grow faster than the func-
tion e** for |x| — oo. In [11], the author proved with this method that the
solution of problem f is unique. The main goal of this paper is to obtain
some conditions for the existence of a weak solution for a parabolic equation
of the fourth order with the second derivative with respect to time and with
Dirichlet boundary conditions on some weighted Sobolev space.

Let Q C R™ be an unbounded domain and 9Q € C', QN B = QF
be a regular domain for all R > 0, where B = {z € R",|z| < R} and

QT =Qx (OvT)’ Q% = QR X (OaT)a QT = QT N {t = 7—}, Q’ro,ﬁ =Qx (7—077—1)-
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We shall consider the equation of the form

A(u) = uy(x,t) + Z (7, ) Uayz; (T,)) ey —Z (aij(z, t)ug, (7,1))z,
M § T ij=1
— Z (bij (@, t)uge, (2,1))e; + alz, t)u(x) + g(o,u) = f(,1)

i,j=1

in the domain Q7.
For this equation, we put the following boundary and initial conditions

ou
(2) U|ST =0, $|ST =0,
(3) uli—o = uop(x), wt=o0 = w1(z),

where S = 09 x (0,7") and v is the normal vector for St.
We define the function ¥ € C?(R), ¥ : [0, +00) — (0, +00) such that ¥ > 0
in [0, 4+00), ¥/(&) <0 or () >0 in [0,+00) and

B(lal) |= ’ T (j2])

Let us introduce the weighted spaces

@

’S\Ifo, i,j=1,...,n, ¥y < o0.

Ly(Q) = qu : | |u(@)P¥(|z|)dz <oop, pe(1,00),
o/ |

ak—l
Hg,k( { /Z |D%u(x)|?¥(|z|)dz < oo, ulsgn =0, k= 1|8Q—0}

|| <k

Hlal
where k = 1,2; D% = F TR || = aj + -+ + oy, and v is the normal
... 0xy
vector for Of2.

For equation , we adopt the following system of assumptions:

(A) azja( kjl)a:w:za (af})tt € L>(Qr); af}(az,t) - akl(x t), i,k l=1....n
for almost all (x,t) € Qr;

o afl(w, )&éu > ag 5 20 igkl=1,...n
0,5,k l=1 ,j71

> (a¥ (:z t)eCijén < ay Z &% for almost all (z,t) € Qr and for
i:j7k7l 1 ,] 1

all ¢ € R® (n=1)/2 " where ag > 0 is a constant;
aija(aij)rjv(a‘ij)t ELOO(QT)? Za] = 17"'777’; a, at ELOO(QT)7
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(B) szy(bm)z]a(bw)t € LOO(QT)? 27] = 17"'7”5

n
S bij(z, 0)&& > by Y &2 for almost all (z,t) € Qr and for all £ € R™,
ij=1 i=1
where by > 0 is a constant;
(G) The functions x — g(z,§), * — g¢(x,§) are continuous for every £ € R
and the functions £ — g(z,§), £ — ge(x,§) are measurable for almost
all z € Q and satisfy the following inequalities:

(9(2,8) —g(@,1))(§ — 1) = gol§ — p|?
for almost all x € Q and for all £, u € R, gg = const > 0;
lg(x,€)] < g1/£]97! for almost all z € Q and for all £ € R, q € (2, +00).

Under these assumptions, we will obtain the existence of a weak solution
of problem f.
DEFINITION 1. We call a function u a weak solution of problem f if

we 1 ((0,7); Hy* (@) n ¢ (10,71 HE' (@)

up € L2 ((o, T); Hfl),’l(Q)) NLT((0,7); L)) N C ([0, T]; L3 (2))

and u satisfies the following integral equality

/ut(a:,T)w(x,T)d:c + / [—utwt + Z aff(m,t)umixijkzl
Qp " Qr N
(5) + Z aij(z, t)ug,we; + a(x, t)uw + Z bij(z, ) Uz twe,
i,j=1 6j=1
—|—g(:c,ut)w] dxdt = /f(x,t)wdmdt—{— /ul(m)w(:n,O)d:v
Qr Q

vw € CH([0,T]; Cg°(Q)) and u(z,0) = up(z).
We consider the following equation
(6) Alu) = fH(a,1)
in the domain QF = Qf x (0,7), R > 1, where

R
fi(a,t) = {(])c,(m)? g Eig i g;\ QR R=234,...
For this equation, we put the following boundary and initial conditions
(7) uli=o = uf (), uelimo = uf'(2),

ou
(8) ulpgr = %|8QR =0,
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where ulf(z) = uo(x) - (F(z), uf(z) = wi(x)¢F(z) for 0 < ¢(F(z) < 1, ¢ €

1, for|z|]<R-1
02 R™ d R — ) — ’
(R") and ¢¥(x) {0, for |z| > R.

Let H%2(QR) = {u:u e H*(QF);u|sor =0, %bgR =0}.
DEFINITION 2. We call a function uf* a weak solution of problem @7(@ if
uft € L ((0,7); H**(Q%)), wuff € L* ((0,T7); L*(Q%)) ,
uit € L2 ((0,7); H*H () 0 LA(Q7)

and u®t satisfies the following integral equality

/[uttw—i— Z (x,t)u zzz]wwsz + Z a;j(x t)u Wy, + a(w, tyult

QE ,]kl 1 7] 1
(9)
+ Z bij(x,t)u thj +g(z,u )w} dxdt = /fR(x,t)wdmdt
b=t QF
vr € (0,7, Yw € L* ((0,T); H**(Q%))NLY(QE) and the initial conditions (@)

THEOREM 1. Suppose that conditions |(A), |(B)y [(G)| hold and
ug € HO2(QF) n HY(QR), vy € HOL(QF) N L272(Q%), B 7 e L2(QF).
Then problem f@ has a weak solution.

PrOOF. Consider the space H%2(Q%)n H*(Q®) N L9(QF) and the basis of
this space {®y(z)}.
Next, consider the sequence of functions of the form

N
=> CN(t)®y(x
s=1

for N = 1,2,..., where the functions C{V,...,C]]\\,/ are the solution of the
following Cauchy problem

n

/ [uﬁNu,t)@s(m S 0, O (1, 1) By (1)

QOR i7j7k7l:1

1) Tt > aij(@, )ulN (@, 6) @, (2) + > bij(z, thugs) (2,8) Dy, ()

i,j=1 hj=1
+a(w, ul™N (2,0)84(2) + gz, u N )@y () — R (2, 0)4(x) | do =0,
te0,T]
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with the conditions
R,N
(11) ey =ulY, e ) =utY, s=1,...,N,

R,N R
- ul HHO LQR)NL2a—2(QR) — 0,

Whereu0 Nz) = Zu ()andu Nz) = Zu O (x).

From the Caratheodory theorem, there ex1sts the solution of problem .,
, where O are continuous and C%Y, s = 1,..., N are absolutely continuous
on the interval [0, hg]. Taking into account the estimations obtained below, we
can state that hg = T.
Multiplying by the functions CY(t)e™, n > 0, respectively, then
summing over s from 1 to N and integrating with respect to ¢ from 0 to 7,
€ (0,T], we obtain

RN RN RN RN
/[Utt + E s Utz

n
N N RN
(12) + Z aij(x,t)u RNuﬁ: + Z bij(x,t ufv UEB
i,j=1 ,j=1

+ ale, NN 1 gz, uf Nyl fR<x,t>uﬁN] et = 0.

RN
and [up™" — U()R”H“ QR)mH4(QR) — 0, [luy

If we consider the respective components of the last equality we will obtain

/uﬁN AN o=t qgdt = /]uRN e dx

Q~
—/|u 2dz + 2 /mf“ “tddt,
QR

where QF = Q& N {t = 7}. Next from |(A)| n there follows:

n

Z akl(a: HultN BN o=t grdt

z Tj utxkxl

QR Biki=1
RN 2,—n7 kl RN RN
/ Z ]umz% dr — / Z (z,0)ug,. ; Uy, 7, AT
QR i,5=1 ol 1,5,k,l=1
1 RN |2,—nt
+ 2(17@2 —a}) Z w7 [“e” T dadt.

ij=1
QF Y
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It is easy to prove that

(13) / (ufoN () 2dadt < 2T / (ufoN (,0))2dz + 2772 / (N (z,1))?dxdt,

QF QR QF

/(ug‘i’N(m, t))2e " dxdt

R

(14) Q7
<of [l (@, 0)Pds +27° [ @l (@, 0)e " dat,
QR QF
and
M

/Z RNYZe=ntdadt < = / Z Ze M dxdt + — /(uR’N)2e_"tdxdt,
QF i=1 QF 3,j=1 QF

where M does not depend on N.
Hence from assumption [(A)] and the initial condition, we obtain

Za” (z,t) RNui, e Mdxdt

Qp M
< 2 /Z utm )2 _”tdazdt+/ Z 2o dydt
QF i=1 QR i,5=1
AnT? AynT
+ 1272 /(uf’N)ze_”tdxdt—i- ;7; (ué%’N)Qdac,
QF QF

and
A
/ (I(ZE, t)uR,Nuvae_ntdﬁCdt S ?0 / |:(uR)N)2 + (uf,N)2:| e—ntdxdt
QF QF
< AT / (N )2z + (T? + 1) Ao / (BN dt,
Qr QF
where A; = esssup Z ( t), Ag = esssup |a(x,t)| and § > 0.
Qr

Qr i,j=1
Next, from the assumption |(B)| there follows:

n
Z bij(z,t) Jugs NUgN M dxdt > bo/ Z \ug’fv|2e_"tdxdt.

tx

ij=1 ij=1
QF Qn
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Moreover, by virtue of condition [(G)| we get

/(g(az uf M, uf’N)e_”tdxdt > 90 / |uf’N|qe_"td:L‘dt
QF QF
and it is evident that
1 1
/(fR,uf’N)e”tdxdt < 5 / |fR1Ze M dadt + 3 / |uf’N|267”tdazdt.
QF QF QF

Taking into account the above estimates, from @ we obtain the following
inequality

(15)
n
/[( N +as Y (u RN)} e dx
QR L=l
AinT?
+/[<n—2A0(T2+1)—1—1Z>( BNy L golufoN e
QF
A n n 3
+ <77a2 - 2—; — a%) Z (uig)2 + (bg — 9) Z(uﬁN) Je " dxdt
ij=1 i=1

n
AnT
R,N RN RN 1 RN
< /[(ul )2—|— Z af}( T)Uog 2, Wog e, T <2A0T—i— 5 >(u0 )2] dx
ol i3k =1
+ /(fR(x,t))2e_’7tdxdt <.
QE
Then from (|15)), choosing

b A1 +D
§=2 772maux{1+(ﬂ2 2+ 240(T* + 1) +

2A1’I’LT2
a2b0

bo
we get the estimate

/ [ +Z uft }e_mdx

OR ig=1

(16) '
+ / [ 7+ Z utx ]e”tdxdt < pa,

QF
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7 € [0,7] and the constant po does not depend on N. Moreover, assumption
(G) implies the estimate

(17) /|g(x,t7uR,N)|q/dxdt <us ¢ = %
Qf

Due to the assumptions of Theorem we can differentiate system with
respect to ¢ :

(18)
n
/[uﬁtN(x t)ps(x) + Z a (x,t uﬁ];[ (, 1) sapz, ()
QR 7‘7.]7 7l 1
+ Z aij(z,t) um (a: t) sz, (@ Z bij(z,t) uttx (a: t)psa; ()
,5=1 i,j=1

+ala, N (2, 1)6s(2) + gg(a, qu>uﬁN<x )¢s(x) — folw,t)ds()
+ Z afty(z, )l (2,) foaym, () + Zaiﬁ 2, )N (2, 8)psa, ()

4,5,k 1=1 i,j=1

+ ag(z, ) ul>N (z, 1) ps(x Z bije(z,t) utm N2, ) g, (x )} =0.

t,j=1
Hence, multiplying (18)) by the functions Cf,(t)e=*, a > 0, respectively, then

summing over s from 1 to N and integrating with respect to ¢ from 0 to 7,
€ (0,7, we obtain

n
RN N RN RN RN_ RN
/[uttt Uy + Z (@, D)Wz, Uty T E i (2, gy, g

OR i,k l=1 ij=1

RN RN RN RN
+ § :bw (z,1) uttx Ugpr, +a(@, hu" gy

5,j=1
(19) + g, uf ™M) (™2 — fila, t)uf}N] e drdt
n n
kl R N RN R,N
+ /|: Z a’ijt(x?t) aclacjuttmkrl + Z CLijt(ZE,t)U ’Nuttzj
0,4,k l=1 i,5=1

+ Z bije(x, 1) ugNung + a(z, t)uR’Nug’N] e dzdt = 0.
ij=1
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where ¢ :=: ultN, By analogy with , the following estimate for the first

Ut
integral can be obtained

n

RN N RN R,N RN RN
/|:uttt U + Z (, t)uyy, i Utz T Z aij (T, t)uyy, Utz
OF 0.k, 1=1 i,j=1

RN RN RN RN RN\, R,N\2
+ Z bij(z,1) Utta; Utz +a(z, t)u," uy T + ge(w,ug ) (uyy )
t,j=1

— fi(z, t)uﬁ’N] e~ dxdt

(20) 2

QF B =t QF
+(aay —a3) D (uph )? + (2b0 — 01) > (ugn )? ] e~ dgdt
ij=1 i=1

1 RNy | A1 R,N\2 ~, RN\2

~3 ()% + mn Z(Um )7+ (2b0 — 61) Z(uttz )?
Qf” i=1 i=1
—a 1 N
+ (ftR(afat)»Q}e ‘dadt — B /[ utt 2+ Z “1 zlxj ]
oft ni=1

n
where Az =esssup (af}(x,O))% because g¢(z,£) > 0
Q ijgkl=1

Taking into account [(A)l we get

n

kl RN, RN —at
Z Q5 (:L'vt) a:la;]uttmkzl dxdt

19t
QR i:jzkzl:]-
1[4 ¢ ar
> 15 S ake+a S (s e
QR - Z'vjzl 7.] 1

—1/ \ﬁzum% +\qu1zz] }

QR 3,j=1 2,7=1
0

n

21/{( 0+ az Zw“ﬂ —ade+;/[<aAol><ui§N

)’

7

1 _a2A2 + Ay " RN e
) / ———— > W)+ (01 +200) Y (ughy )€ M dadt,

o
b= irj=1
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n

R,N R,N_ R,N
Z aijt(z,t) RNuttx + Z biji(z,1) U’tz Ugta;
QF 1,j=1 i,j=1
+ ar(z, t)u RNuﬁN] e tdxdt
A n
5 R,N\2
2[5 20 S Yl
on L i—1

+ (ufN)? + A3 (uF )2} e “dxdt,

n n
where Ay = esssup > (a fjlt( )2, Ay = esssup > (a%tt(x,t))z, As =
QT i,5,k,l=1 Qr 4,5,k l=1

n
esssup Y. (a;e(w,t))?, By = esssup Z (bije(z,t))2.
Qr ij=1 Qr ij=1
Hence

OR ij=1
1 Ao — 9 (N2 3 5 "~ RN 2
+§ (@ — Ag — )(Utt )° + (aaz — 3ag — d1) Z (utxlx])
QR 1,7=1

QR =t Bi=1
Ar & -
+ 223 @B 4+ AL W) + (ff t)))ﬂ e~ ddt

# [t Z_+rz 2, )+ (V4 /) D,

R 4,j=1 1,j=1
QO

ﬁ - R.N\2,—ar g
- > (i) z.
OR ij=1
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Observe that for ¢t = 0, multiplying by Csu(0), by analogy with (19),
we obtain

/ [(uﬁ%,o»% > (M 0ulY @,0) (w0

OR ijike =1 o
0
- Z aij(z, 0)ul™ (z, 0))90 uﬁN(:L‘,O)
(22) 1,7=1
— Z ( i.i(z,0) uth) uﬁN(x,O) + a(z, 0)uN (z, O)Utt (z,0)
Zg
i,5=1

+ g(a, u™™ (@,0))upy ™ (2, 0)ufp ™ (x,0) — f(nO)uﬁ’N(an,oﬂ dz = 0.

By conditions of Theorem [I}

2

n
ki, R,N R,N
/|: Z <azju0x z; + Z (aZJqu )
Gp i,k 1=1 wsz i,j=1
n
+ Z (b (w)uﬁN) + Jaul™? + gz, u) )]2} dr < K;.
x

i=1
Then from it follows that

(23) / 2w < M,

where M, does not depend on N.
Choosing

1
61 = min a2,b—0, o = min A0—|—2;3(127+51
23 az

and using , , we obtain
R,N
(24) "M 20,02 @y < May - [wg™ Nl p2omymoz@mynpaeny < Mo,
R,N R,N

(25)  [luy HLQ((O,T);HOJ(QR)) <M, |g(,u ”Lq’(Q¥) < My,
where M, does not depend on N.

Then due to (24), . and |4} p. 70] there exists such subsequence {uf*"r} C
{uf*N} that ufM — u® weakly in L?((0, T) HY2(QF)), u RN’“ — uf weakly
in L((0,T); HO2(2) N LAQE), uy™ — uff weakly in L2((0,T); HYH (25)),

g(',uf’N’“) — X weakly in L7 (Q%), u fN’“ — uft strongly in L?(Q%) when

Ni — oo. Hence X = g(-, ul?).
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Taking into account (7)), (8) it is easy to show that the function uf? is a

weak solution of problem (4)), @:

n
R kl R
/ |:uttw + Z a’ij (a:, t)uxixj Wy

QR 0.5,k l=1
(26) + Z aij(x,t)ufiwxj + a(z, t)ulv + Z bij(m,t)uithj
i,j=1 i,j=1
+g(;v,uR)w} dxdt = /fR(:E,t)wd:Udt
Q7
vw € L? ((0,T); H**(QF)) N L(Q%) and initial conditions (7). Moreover,
uft € C([0,T); HM(QF)). O

THEOREM 2. Suppose that conditions [(A) [(B)| and [(G)] hold and vy €
H%Q(Q),ul € L%(Q); f e L? (O,T);L%(Q)). Then there ezists a weak solu-
tion of problem 7, and this solution satisfies the following inequality
@) [ [Pl 3 el 3 P (et < g

i=1

ij=1

Qr
where i is the constant which depends on f,ug,u1 and coefficients of equation

(1)

PROOF. We consider the sequence of domains Qf for R = 2,3,... Observe
that the assumptions of Theorem [I] guarantee the existence of a weak solution
u® of problem f in the domain @°, where s = 2,3,..., in the sense of
Definition Every function u® satisfies Definition [1| and equality . We
extend all of these solutions by 0 on Q7. We obtain the sequence {u®}. For
this sequence, by analogy to @[), we can obtain the following equality

n

[ [tewel) + 3> ae 00, (070

Or 0,4,k l=1
+ ) (i, gy, (U (2))a; + Y aij(e, t)ul, (@ U(2]))z,
(28) ij=1 ij=1
+a(x, utu U (|z]) + g(z, uf)ufllf(|a:|)] e Pdwdt

= /fS(x,t)ugxp(|x|)eﬁtdxdt, B > 0.
Qr



Now we transform and estimate every term of . Obviously,

[ / u;ufq/(uy)e—ﬂtdxdt:g / ()2 () Pdadt

Qr Qr
by [@Peehe e = 5 [ i) Pw(ialis
Qr Qo

From assumption |(A)| there follows
n

I := Z af}(x, HUg,a, (Ui (|2])) gy e Pldadt > I3 + 13 + I,

QT 7’v7j7k7l:1

where

2% [ 3 s Pt i

QT 1,)= 1
1 n
kl
O Bkil=1
1
5 (Bas = a}) / Z!ux,%\ U (|])e P dedt,

Q 7.] 1

Azn¥U -
< 3; O ST (w02 U (2] )e Pt dudt

Ti g
3 S
Qr W=t

+53\IJO/Z um,c U(|z))e Pldadt,

and
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Agn?W
I3 < el O/Z U(|z|)e ﬁtdxdt—i—/ut (Jz|)e Ptdxdt.

L)= 1 QT

Next from assumption |(B)| we obtain:

Z bz-j(x,t)ufxi(uf\I/(|x]))$je*5tda;dt > I§ + I§,
Qr =1

where

13 = / Z bz] x,t) Utz Utx (‘x|) —Btardt > bo/z ut:r ]x‘ ﬁtdwdt,

1,j=1
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) - ]
12 < Bontods / St 2wl Pdedr + o2 [ (@ (al)e " dadt,
2 — t 2(53

where By = esssup z b? (1), Next,

Qr i,7=1
n
Iy = [Z aij(w, )ul, (w3 (|2))a, + a(at)u&ufwxr)} e Pldudt > I} + I,
Qp W=t
where
5 n
3 —
I < oo /Z us, ) (|z))e ﬂtdmdt+2/zl(u§;it)2\11(|m|)e Ptdzt,
Qr =

+”+2A0 / (R ﬂtddeéO/ (w20 (fo] )&~ dadt.

QT QT
From |(G)| there follows
Iy = /g(:l: w2 5tdmdt>gg/]uth\ﬂ )ePldadt.
QT Qr

It is evident that

Is ::/fs(x,t)uf\I/(]x\) Bt gyt < - /[(fs) (u )]\II(]x\)e_Btd:rdt.
Q

T

Using the property of U, it is easy to prove the following inequality:

/ Z W (|al)do < / S (w0, ()

(29) M
R / (40 (ol
Q
Moreover,
/(uS(a;,t))Q\y(yx\)eﬁtdxdt < 2T/(u5(0,t))2\11(]a:\)da:
(30) Qr Qo

+212 u?) 20 (|z]) e Ptdadt.
t
QT
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Using the estimates for the integers I1—Ig, from , , we get

/[ut +a22 i, ] (jz])ePtdz

Or hi=t
+ / |:(2b() — 2\110(53 - \I/()TLB()(gg - 53) Z(ufzz)Z
Qr =1

+ 2go|uf|q] U(|z|)e Ptdzdt

o
/ [(5 U, — (T; —n—Ag—1—2T%(Ag + U3 + 1))|u]?
(31) Qr

2¥onA Ay
+ <6a2 - a% - (()5: 5 \If1n2A3 - (57 — A1\I/0> Z ]uxzxj ‘2:|
i,j=1

U(|z|)e Ptdxdt
< / [(QTAO + W2+ 2T (ug)? + |uf|?
Qo
+ Z (x,0) uofrlmjuo wsz] (|z|)dz +/ 1£2)2%e —,Bt\ll(\x|)da:dt
3,9,k l1=1 Or
Choosing 3, d3 from the inequalities
2b0 - 2\11053 - \IlonB()53 - 53 Z 1,

o
ﬁ—\IIl—Tg—n—Ao—l—QTQ(AO+\I/3+1)21,

2UanA A
Bas —ab — 28 gp2as - S Ay > 1,
03 03

we get the estimates [[ufl|lpec(or)z2 @) < #1, Hu5||L2((O7T);H$,2(Q)) < i,
' o—Bt
1 20,7y 9 @nLaqo,rsLy, @) S #s [ lg(@, ug|T Ve Ptdzdt < 1, where

Qr
w11 does not depend on s.

Hence we can choose a subsequence {u®*} of the sequence {u®} such that

u*(,T) — w weakly in L%(Q), u®* — u weakly in L? <(O,T);H$’2(Q)),
uf* — uy weakly in L2<<07T>;H\%l<ﬂ>> n LQ(<0,T);L%<Q>>, 9(u*) = X

weakly in L7 <(o, T); L?I,(Q))
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It is easy to prove similarly to |4, p. 24] that

/ut(az,T)w(a:,T)dx—i—/[ upwy + Z (7, ) Uy, Wty

Qp Or 1,5,k,0=1
(32) + Z aij(z, t)ug,we; + alz, t)uw + Z bij (2, t)ug 1wy,
i,j=1 t,j=1
+ Xfw} dxdt = / f(z, t)wdzxdt + /u1 (x)w(z,0)dx
Qr Q

Vw € C([0,T]; C§°(Q)) and u(x,0) = ug(x). Moreover, equality is true
for w(x) = ue P (|z|).
For the function g we obtain

(33)
0< / <g(m,uf) - g(x,v)) (uf — v)U(|z|)e P dxdt
Qr
:/g(x ui)u U (jz|)e ﬁtdwdt—/ [g(w,uf)v + g(z,v)(uj — v)] U(|z))e Pdadt
Qr Qr

-/ [fsuf\lf(lwl) wt(lal) — > aul, (uU(al)) o

QT ,],kl 1
3 (b, () — > g (i ([, —an w0l |
i,j=1 3,j=1
-/ [gm:,uf)v T g, v)(uf v>] W ([af)e M duds
Qr
< / w(, Ty, T)e™ 0 (|2 da
Qp
T / [fut\lf(rxu—ﬁututw.ffcr)— S @t (0 (@) o,
QT ik, l=1
- Z (bijtee, (we¥(|x]))s Z it (U (|2]))z; — auug¥(|z])|e —Bldzdt
7] 1 ,j 1

_ / {xv + gz, v)(ur — v)] U(|z])e Ptdadt + /ul(x)ul(x)\ll(!wl)dw
Q

Qr
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when s — +oo. Hence, summing for w(z) = we P (|z|) and (33), we
obtain

/ <x —g(z, v)) (uy — ) (|z])e Ptdzdt > 0.

Qr

Let v =u; — Aw ,A >0, w € L? ((O,T); H‘%Q(Q)> Then

[ (= gt uuwn(iahe st ~ 0
Qr

for every w, which means that x = g(z, u¢).

From there follows (27). By virtue of Definition[I] the function u is a

weak solution of problem f. ]

10.
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