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Abstract In this paper we consider two connected closed Haken manifolds
denoted by M? and N2, with the same Gromov simplicial volume. We give
a simple homological criterion to decide when a given map f: M3 — N3
between M? and N3 can be changed by a homotopy to a homeomorphism.
We then give a convenient process for constructing maps between M?> and
N? satisfying the homological hypothesis of the map f.
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1 Introduction

1.1 The main result

Let N3 be an orientable connected, compact three-manifold without bound-
ary. We denote by || N3|| the Gromov simplicial volume (or Gromov Invariant)
of N3, see Gromov [7, paragraph 0.2] and Thurston [23, paragraph 6.1] for
definitions. Then, our main result is stated as follows.

Theorem 1.1 Let M? and N3 be two closed Haken manifolds with the same
Gromov simplicial volume. Let f: M3 — N3 bea map such that for any finite
covering N of N3 (regular or not) the induced map f: M — N is a homology
equivalence (with coefficients Z). Then f is homotopic to a homeomorphism.

Note that the homological hypothesis on the map f required by the Theorem
1.1 is usually not easy to check. The following result, [17, Proposition 0.2 and
Lemma 0.6], gives a convenient process which allows us to construct such a map
between M3 and N3.
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336 Pierre Derbez

Proposition 1.2 Let M3, N3 be two closed Haken manifolds and assume
that there is a cobordism W* between M3 and N?® such that:

(i) the map m(N3) — w1 (W*?) is an epimorphism,
(ii) W* is obtained from N3 adding handles of index < 2,
(iii) the inclusions M3 — W* and N3 < W* are Z-homological equivalences.

Then there exists a map f: M?® — N3 satisfying the homological hypothesis of
Theorem 1.1 and thus if | M|| = | N|| then f is homotopic to a homeomorphism.

1.2 The motivation

The aim of Theorem 1.1 is to extend a main result of B. Perron and P. Shalen
which gives a homological criterion for deciding when a given map between two
closed, irreducible, graph manifolds, with infinite fundamental group, can be
homotoped to a homeomorphism (see [17, Proposition 0.1]). Thus, in this paper
we want to find a larger class of three-manifolds for which Proposition 0.1 of B.
Perron and P. Shalen holds. Obviously their result does not hold for any closed
three-manifold. Consider for example a (closed) Z-homology sphere M?3 such
that [|[M|| = 0 and M3 % S3. Then it is easy to construct a map f: M3 —
S? which satisfies the hypothesis of Theorem 1.1. In order to generalize the
result of B. Perron and P. Shalen, a “good” class of closed three-manifolds
seems to be the Haken manifolds. This class allows us to avoid the above
type of obvious conter-example and strictly contains the class of irreducible
graph manifolds with infinite fundamental group considered by B. Perron and
P. Shalen. Indeed, it follows from Thurston [23] and [11, paragraph IV.11]
that irreducible graph manifolds with infinite fundamental group correspond
exactly to Haken manifolds with zero Gromov Invariant. Thus when the given
manifolds M3 and N3 have their Gromov Invariant equal to zero (i.e. if || M?3|| =
|N3|| = 0) then Theorem 1.1 is equivalent to [17, Proposition 0.1]. Therefore,
the result of [17] allows us, from now on, to assume that the given manifolds
satisfy [|M3]] = V¥ # 0.

Finally note that the hypothesis on the Gromov Invariant of the given manifolds
is necessary in Theorem 1.1. Indeed in [2], M. Boileau and S. Wang construct
two closed Haken manifolds M3 and N3 satisfying ||M]| > ||N|| and a map
f+ M — N satisfying the homological hypothesis of Theorem 1.1.
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1.3 Preliminaries and notations

We first state the following terminology which will be convenient. Let 7 be a
2-manifold whose components are all tori and let m be a positive integer. A
covering space 7 of 7 will be termed m xm—characteristic if each component
of 7 is equivalent to the covering space of some component T' of 7 associated
to the characteristic subgroup H,, of index m? in 71(T) (if we identify (T
with Z x Z, we have Hy,, = mZ x mZ).

Recall that for a closed Haken manifold M3, the torus decomposition of Jaco-
Shalen and Johannson ([12] and [13]) together with the uniformization Theorem
of Thurston ([22]) say that there is a collection of incompressible tori Wy, C M,
unique up to ambiant isotopy, which cuts M into Seifert fibered manifolds and
hyperbolic manifolds of finite volume. Denote the regular neighborhood of Wj,
by Wiy x[—1,1] with Wy x{0} = Wy,. We write M\Wjyyx(—1,1) = HyUSys,
where Hjs is the union of the finite volume hyperbolic manifold components
and Sy is the union of the Seifert fibered manifold components. Note that
since we assume that [|M| # 0 we always have Hys # (.

The hypothesis on the Gromov simplicial volume of the given manifolds allows
us to apply the following rigidity Theorem of Soma:

Theorem 1.3 [20, Theorem 1] Let f: M — N be a proper, continuous
map of strictly positive degree between two Haken manifolds with (possibly
empty) toral boundary. Then f is properly homotopic to a map g such that
g(Hpy) C Hy and g|Hp: Hy — Hy is a deg(f)-fold covering if and and only
if [ M = deg(f)|N .

In our case this result implies that the map f: M — N is homotopic to a map
g which induces a homeomorphism between Hj; and Hpy. But this result does
not say anything about the behavior of f on the Seifert components Sys of
M. Even if we knew that f(Sy;) C Sy we can not have a reduction to the
Perron-Shalen case “with boundaries” (which is not anyway treated in their
article). This comes from the fact that one does not know how to extend
a given finite covering of Sy to the whole manifold N, see [9, Lemma 4.1].
More precisely, in [9], J. Hempel shows that if S is a 3-manifold with non-
empty boundary which admits either a Seifert fibration or a complete hyperbolic
structure of finite volume then for all but finitely many primes ¢ there is a
finite covering p: S — S such that for each component T of 8S and for
each component T of p~Y(T) the induced map p|f: T — T is the q X g-
characteristic covering of T'. In particular, we can show that Hempel’s Lemma
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is true for any prime ¢ in the case of Seifert fibered spaces without exceptional
fiber and with orientable base whose boundary contains at least two boundary
components (i.e. S ~ F x S! where F is an orientable compact surface with
at least two boundary components). This fact is crucially used in [17] (see
proofs of Propositions 0.3 and 0.4) to construct their finite coverings. But in
the hyperbolic manifolds case we must exclude a finite collection of primes, thus
we cannot extend the coverings of [17] in our case. So we have to develop some
other techniques to avoid these main difficulties.

1.4 Main steps in the proof of Theorem 1.1 and statement of
the intermediate results

It follows from Waldhausen, see [24, Corollary 6.5], that to prove Theorem 1.1
it is sufficient to show that the map f induces an isomorphism f,: m (M) —
m1(N). Note that since f is a Z-homology equivalence then it is a degree one
map so it is sufficient to see that f.: w1 (M) — 71 (N) is injective. On the other
hand it follows from the hypothesis of Theorem 1.1 that to prove Theorem 1.1
it is sufficient to find a finite covering N of N such that the induced map
f M — N is homotopic to a homeomorphlsm (i.e. is mp-injective). Hence, we
can replace M, N and f by M N and f (for an appropriate choice of the
finite sheeted covering of N).

First step: Simplification of N 3 The first step consists in finding some
finite covering N of N which is more “convenient” than N. More precisely,
the first step is to show the following result whose proof will occupy Section 2.

Proposition 1.4 Let N3 be a non geometric closed Haken manifold. Then
there is a finite covering N of N satistying the following property: N N3 has
large first Betti number (3,(N) > 3), each component of N \ W5 contains at

least two components in its boundary and each Seifert fibered space of N is
homeomorphic to a product of type F x S' where F is an orientable surface
of genus > 3.

Remark 1 In view of the above paragraph we assume now that N3 always
satisfies the conclusion of Proposition 1.4.

Second step: The obstruction This step will show that to prove Theorem
1.1 it is sufficient to see that the canonical tori of M do not degenerate (i.e.
the map f|Wy: Wy — N is m-injective). More precisely we state here the
following result which will be proved in Section 3.
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A criterion for homeomorphism between closed Haken manifolds 339

Theorem 1.5 Let f: M? — N3 be a map between two closed Haken mani-
folds with the same Gromov Invariant and such that for any finite covering N of
N the induced map f: M — N is a Z-homology equivalence. Then f is homo-
topic to a homeomorphism if and only if the induced map f|Wy;: Wy — N3
is m-injective.

Third step: A factorization theorem It follows from Theorem 1.5 that
to show our homeomorphism criterion it is sufficient to see that the canonical
tori do not degenerate under the map f. So in the following we will suppose
the contrary. The purpose of this step is to understand the behavior (up to
homotopy) of the map f in the case of degenerate tori. To do this we recall
the definition of degenerate maps of Jaco-Shalen.

Definition 1.6 Let S be a Seifert fibered space and let N be a closed Haken
manifold. A map f: S — N is said to be degenerate if either:

(1) the group Im(fi: m(S) — m (V) = {1}, or

(2) the group Im(f.: m(S) — m(IV)) is cyclic, or

(3) the map f|vy is homotopic in N to a constant map for some fiber v of S.

So we first state the following result which explains how certain submanifolds
of M3 can degenerate.

Theorem 1.7 Let f: M — N be a map between two closed Haken manifolds
satisfying hypothesis of Theorem 1.1 and suppose that N satisfies the conclusion
of Proposition 1.4. Let T' be a canonical torus in M which degenerates under
the map f. Then T separates M in two submanifolds A, B, one and only one
(say A) satisfies the followings properties:

(i) Hi(A,Z) = Z and each Seifert component of A\ Wy admits a Seifert
fibration whose orbit space is a surface of genus 0,

(ii) each Seifert component of A\ W), degenerates under the map f, A is a
graph manifold and the group f.(m1(A)) is either trivial or infinite cyclic.

With this result we may write the following definitions.

Definition 1.8 Let M3 and N2 be two closed, connected, Haken manifolds
and let f: M3 — N3 be a map satisfying hypothesis of Theorem 1.1. We say
that a codimesion 0 submanifold A of M is a maximal end of M if A satisfies
the following three properties:
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(i) OA is a single incompressible torus, Hi(A,Z) = Z and f.(m(A)) =7Z,

(ii) if p: M — M is any finite covering induced by f from some finite covering
N of N then each component of p~1(A) satisfies (i),

(iii) if C is a submanifold of M which contains A and satisfying (i) and (ii)
then A= C.

To describe precisely the behavior of the map f (up to homotopy) we still need
the following definition:

Definition 1.9 Let M be a closed, connected, compact 3-manifold and let A
be a compact, connected codimension 0 submanifold of M whose boundary is a
torus in M. We say that M collapses along A if there exists a homeomorphism
p: O(D? x S1) - 9A =9(M \ A) and a map 7: M — (M \ A) U, D? x S!
such that 7|M \ A = id and 7(A) = D? x S!.

So using Theorem 1.5 and Theorem 1.7 we obtain the following factorization
Theorem which will be used to get a good decription of the behavior of the map

f-

Theorem 1.10 Let M3 and N3 be two closed, connected, Haken manifolds
satisfying hypothesis of Theorem 1.1 and assume that N satisfies the conclusion
of Proposition 1.4. Then there exists a finite family {Ai, ..., An,,} (eventually
empty) of disjoint maximal ends of M, a Haken manifold M; obtained from
M by collapsing M along the family {Aj,...,Ay,,} and a homeomorphism
fi: My — N such that f is homotopic to the map f;om, where m denotes the
collapsing map ©: M — Mj.

Note that Theorems 1.7 and 1.10 remain true if we simply assume that the
given manifolds M3, N3 and the map f: M3 — N? satisfies hypothesis of
Theorem 1.1. But it is more convenient for our purpose to suppose that N3
satisfies the conclusion of Proposition 1.4.

Fourth step The purpose of this step is to show that the hypothesis which
says that certain canonical tori degenerate is finally absurd. To do this, we
will show that if A is a maximal end of M then we can construct a finite
covering p: M — M induced by f from some finite covering of N, such that
the connected components of p~!(A) are not maximal ends, which contradicts
Definition 1.8. But to construct such a covering, it is first necessary to have
good informations about the behavior of the induced map f|A: A — N up
to homotopy. To do this we state the following result whose proof depends
crucially on Theorem 1.10 (see Section 5.2):
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Proposition 1.11 Let f: M — N be a map between two closed Haken
manifolds with the same Gromov Invariant satisfying the hypothesis of Theorem
1.1 and assume that N satisfies the conclusion of Proposition 1.4. If A denotes
a maximal end of M then there exists a Seifert piece S in A, whose orbit space
is a disk such that f.(m1(S)) # {1}, a Seifert piece B = F x S! in N such that
f(S) C f(A) € B and f.(m1(S)) C (t), where t denotes the homotopy class of
the fiber in B.

The aim of this result is to replace the Mapping Theorem (see [12, Chapter I11])
which says that if a map between a Seifert fibered space and a Haken manifold
satisfies certains good properties of non-degeneration then it can be changed
by a homotopy in such a way that its whole image is contained in a Seifert
fibered space. But when such a map degenerates (which is the case for f|A)
its behavior can be very complicated a priori.

The above result shows that the map f|A is homotopically very simple. We next
construct a finite covering p: M— M , induced by f from some finite covering
of N such that the component of p~!(S) admits a Seifert fibration whose orbit
space is a surface of genus > 0. Then using [17, Lemma 3.2] we show that
the components of p~!(A) are not maximal ends which gives a contradiction.
The construction of our finite covering depends crucially on the following result
which completes the proof of the fourth step and whose proof is based on the
Thurston Deformation Theory of complete finite volume hyperbolic structures
and will be proved in Section 6.3.

Proposition 1.12 Let N3 be a closed Haken manifold with non-trivial Gro-
mov simplicial volume. Then there exists a finite covering N of N satisfying
the following property: for every integer no > 0 there exists an integer o > 0
and a finite covering p: N — N such that for each Seifert plece S of N \ Wx
and for each component S of p~ 1(S) the map p|S. S — S is fiber preserving
and induces the ang-index covering on the fibers of S.

Note that this result plays a Key Role in the proof of Theorem 1.1. Indeed,
this Proposition 1.12 allows us to avoid the main difficulty stated in paragraph
1.3.

2  Preliminary results on Haken manifolds

In this section we state some general results on Haken manifolds and their
finite coverings which will be useful in the following of this article. On the
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other hand we will always suppose in the following that the given manifold N
has non trivial Gromov simplicial volume which implies in particular that N
has no finite cover which is fibered over the circle by tori.

2.1 Outline of proof of Proposition 1.4

In this section we outline the proof of Proposition 1.4 which extends in the
Haken manifolds case the result of [15] which concerns graph manifolds. For a
complete proof of this result see [4, Proposition 1.2.1].

First note that since IV is a non geometric Haken manifold then N is not a
Seifert fibered space (in particular N has a non empty torus decomposition)
and has no finite cover that fibers as a torus bundle over the circle. By [14,
Theorem 2.6] we may assume, after passing possibly to a finite cover, that
each component of N \ Wy either has hyperbolic interior or is Seifert fibered
over an orientable surface whose base 2-orbifold has strictly negative Euler
characteristic.

By applying either [14, Theorem 2.4] or [14, Theorem 3.2] to each piece @ of
N\ Wy (according to whether the piece is Seifert fibered or hyperbolic, resp.)
there is a prime ¢, such that for every @ in N\ Wy there is a finite, connected,
regular cover pg: CNQ — @ where, if T is a component of 9Q, then (pg)~*(T)
consists of more than one component; furthermore, if T is a component of
(pg)~Y(T), then pQ@: CNQ — @ is the ¢ x g-characteristic covering. This allows
us to glue the covers of the pieces of N \ Wy together to get a covering N of
N in which each piece of N \ W has at least two boundary components. By
repeating this process, we may assume, after passing to a finite cover, that each
component of N \ Wy has at least three boundary components.

Let S be a Seifert piece of N and let F' be the orbit space of S. Let T7,...,T),
(p > 3) be the components of 0S, Dy, ..., D, those of 0F and set d; = [D;] €
m1(F) (for a choice of base point). With these notations we have: m(7;) =
(di,h) where h denotes the regular fiber in S. Since S has at least three
boundary components then using the presentation of 71(S) one can show that
for all but finitely many primes ¢ there exists an epimorphism ¢: m1(S) —
Z/qZ x Z/qZ such that:

(i) @(dj) & (p(h)) for j =1,...,p,
(i) ker(p|mi(T})) is the g x g-characteristic subgroup of m(7}) for j =1,...,p.

Let m: S — S be the finite covering of S corresponding to ¢ and let 7p: F—
F be the finite (branched) covering induced by 7 between the orbit spaces of
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S and S. Then using (i) and (ii) combined with the Riemann-Hurwitz formula
[18, pp. 133] one can show that g > g where g (resp. g) denotes the genus of
F (resp. of F ). Thus, by applying this result combined with [14, Theorem 3.2]
to each piece @ of N\ Wy (according to whether the piece is Seifert fibered or
hyperbolic, resp.) there is a prime ¢, such that for every @ in N \ Wy there
is a finite, connected, regular cover pg: @ — () where, if T is a component of
dQ and if T is a component of (pg)~'(T), then pQ\f: T — T is the ¢ X ¢-
characteristic covering. This allows us to glue the covers of the pieces of N\ Wy
together to get a covering N of N. Furthermore, if @ is a Seifert piece of N
whose orbit space is a surface of genus g then @ is a Seifert piece of N whose
orbit space is a surface of genus g > g.

It remains to see that N is finitely covered by a Haken manifold in which each
Seifert piece is a trivial circle bundle. Since the Euler characteristic of the orbit
space of the Seifert pieces of N is non-positive then by Selberg Lemma each
orbit space is finitely covered by an orientable surface. This covering induces a
finite covering (trivial when restricted on the boundary) of the Seifert piece by
a circle bundle over an orientable surface, which is trivial because the boundary
is not empty. Now we can (trivially) glue these coverings together to get the
desired covering of V.

2.2 A technical result for Haken manifolds

Proposition 2.1 Let N3 be a closed Haken manifold satisfying the conclusion
of Proposition 1.4 and let B be a Seifert piece of N. Let g and h be elements of
m1(B) C m1(N) such that either [g, h] # 1 or the group (g, h) is the free abelian
group of rank two. Then there exists a finite group H and a homomorphism
¢: m(N) — H such that ¢(g) & (¢(h)).

The proof of this result depends on the following lemma which allows to extend
to the whole manifolds N certain “good” coverings of a given Seifert piece in
N.

Lemma 2.2 Let N be a closed Haken manifold such that each Seifert piece is
a product and has more than one boundary component and let By be a Seifert
piece in N. Then there exists a prime qo satistying the following property: for
every finite covering By of By which induces the q" x ¢"-characteristic covering
on the bounbary components of By with q > qo prime and r € Z, there exists
a finite covering m: N — N such that
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(i) the covering N induces the q" x q"-characteristic covering on each of the
canonical tori of N,

(ii) each component of the covering of By induces by N is equivalent to EO,

The proof of this result depends of the following Lemma which is a slight gen-
eralization of Hempel’s Lemma, [9, Lemma 4.2] and whose proof may be found
in [4, Lemma 1.2.3].

Lemma 2.3 Let G be a finitely generated group and let 7: G — SL(2,C) be
a discret and faithful representation of G. Let A1, ..., A\, be elements of G such
that \; # 1¢ and tr(r()\;)) = £2. Then for all but finitely many primes q and
for all integers r there exists a finite ring Ay over Z/q"Z and a representation
740 G — SL(2,Ayr) such that for each element g € G satisfying tr(7(g)) = £2
the element 71,(g) is of order ¢"¢, with ry < r in SL(2,Ay) and the elements
74(N;) are of order ¢" in SL(2,Aqr).

Outline of proof of Lemma 2.2 We show that if B denotes a component
of N\ Wy such that B # By then for each r € Z and for ag but finitely
many primes ¢ there exists a connected regular finite covering B of B which
induces the ¢" x ¢"-characteristic covering on each of the boundary component
of B. Next we use similar arguments as in [14] using Lemma 2.3 (see [4, Lemma
1.2.2]). O

Proof of Proposition 2.1 Recall that B can be identified to a product F' x
S1 where F is an orientable surface of genus > 1 with at least two boundary
components. Let Dy, ..., D,, denote the components of 9F and set d; = [D,],
for i = 1,...,n (for a choice of base point).

Case 1 If [g,h] # 1, then since m(N) is a residually finite group (see [8,
Theorem 1.1]) there is a finite group H and an epimorphism ¢: m(N) — H

such that ¢([g, h]) # 1 and so ¢(g) & ((h)).

Case 2 If [g,h] = 1 then we may write g = (u”,t*) and h = (u%,t*") with
u € m(F) and where t is a generator of m1(S!) = Z. Since (g, h) is the free
abelian group of rank 2 then o/ — 'a =~ # 0 and u # 1. We first show the
following assertion:

For all but finitely many primes p there exists an integer rog such that for each
integer r > ro there is a finite group K and a homomorphism 1: 71(B) — K
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inducing the p” x p"-characteristic homomorphism on m1(0B) and such that
P(g) & (b(h)).

To prove this assertion we consider two cases.

Case 2.1 Assume first that o/ # 0. Choose a prime p such that (p,o’) =1
and (p,7) = 1. Then using Bezout’s Lemma we may find an integer ng such
that 3 — ng’ € pZ. Then using the Key Lemma on surfaces of B. Perron
and P. Shalen, [17, Key Lemma 6.2], by taking g = u we get a homomorphism
p: m(F) — Hp, where Hp is a p-group and satisfying p(u) # 1 and p(d;) has
order p" in Hp. Let \: Z — Z/p"Z denote the canonical epimorphism and
consider the following homomorphism:

Y=px A m(F)xZ— Hp xZ/p"Z

It follows now easily from the above construction that ¢(g) ¢ (¥ (h)) and
ker(¢[(d;, 1)) = (d] ,h"").

Case 2.2 We now suppose that o/ = 0. Thus we have g = (u%,t*) and h =
(u? 1) with #'a # 0. Recall that 71 (F) = (dy)*...% (d,_1) * L, with d; = [D;],
where D1, ..., D, denote the components of JF and where L, is a free group.
Let py: 7 (F) — Z be an epimorphism such that ps(d;) = ...p2(d,—1) = 1 and
p2(Lg) = 0. This implies that ps(d,) = —(n —1). Choose a prime p satisfying
(p,a) =1, (p,n—1)=1andlet e: Z — Z/p"Z be the canonical epimorphism.
So consider the following homomorphism.

v=(copg) xe: m(B)=m(F)XZ—Z/p"ZxZ/p"Z

We now check easily that 1(g) & ((h)) and ker(v|(d;,t)) = (dfr,hpr> which
completes the proof of the above assertion.

Let #: B — B be the covering corresponding to the above homomorphism
1. Since this covering induces the p" x p"-covering on each component of
OB then using Lemma 2.2 there is a finite covering = : N — N of N such
that each component of 7—1(B) is equivalent to #. We identify 71(N) as a
subgroup of finite index of 71(N). Let A be a subgroup of 71 (N) such that A
is a finite index regular subgroup of 71 (/N). Then the canonical epimorphism
@ :m(N) — 71 (N)/A satisfies the conclusion of Proposition 2.1. O

3 Proof of Theorem 1.5

In this section we always assume that the manifold N3 has non-trivial Gromov
Invariant and satisfies the conclusion of Proposition 1.4.
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3.1 Main ideas of the proof of Theorem 1.5

It follows from the Rigidity Theorem of Soma (see Theorem 1.3) that f is
properly homotopic to a map, still denoted by f, such that f|(Hy,0Hpy) :
(Hpyr,0Hy) — (Hy,0Hpy) is a homeomorphism. Then we will prove (see
Lemma 3.5) that we may arrange f by a homotopy fixing f|Hjys such that
f(Sy) € Sy: this is the Mapping Theorem of W. Jaco and P. Shalen with
some care. So our main purpose here is to find a finite covering N of N such
that for each component B of S & there exists exactly one Seifert piece A
of S37 such that f (;{, 3;[) C (E,@E) We next prove that the induced map
f|(A,A) is homotopic to a homeomorphism. To do this the key step consists,
for technical reasons, in finding a covering Mo of M, induced by f, such that
for each Seifert piece A; of S3; the induced covering A; over A; is a Seifert
fibered space whose orbit space is a surface of f genus > 3. This step depends on
Proposition 2.1. Indeed the construction of My will be splitted in two steps:

First step The first step is to prove that there exists a finite covering ]\70 of
M induced by f from some finite covering No of N in which each Seifert piece
is either based on a surface of genus > 3 (type I) or based on an annulus (type
II) (see Lemma 3.1). More precisely the result of Lemma 3.1 is the “best” that
we may obtain using Proposition 2.1.

Second step The main purpose of this step is to prove, using specific argu-
ments, that My contains no Seifert piece of type II. More precisely, if A; denotes
a Seifert piece of type II in My then using [12, Characteristic Pair Theorem)]
we know that there is a Seifert piece B; in N such that f(A;) C int(B;) (up
to homotopy). Then we construct a vertical torus U in B; such that if 7" is a
component of JA; then f may be changed by a homotopy fixing MO \ 4; so
that f|T: T'— U is a homeomorphism. We next use the structure of 7 (B;) to
show that this implies that A; has no exceptional fiber (i.e. 4; = S! x St x I)
which contradicts the minimality of the Torus Decomposition of MO.

Finally we show that the results obtained in the above steps allows us to use
arguments similar to those of [17, paragraphs 4.3.15 and 4.3.16] to complete
the proof (see paragraph 3.5).

3.2 Proof of the first step

This section is devoted to the outline of proof of the following result (for a
complete proof see [4, Lemma 3.2.1]).
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Lemma 3.1 There exists a finite covering Mo of M induced by f from some
finite covering NO of N in which each Seifert piece A is either based on a
surface of genus > 3 (Type I) or satisfies the following properties (Type II):

(i) the orbit space of A is an annulus,
(ii) the group f*(m(;[)) is isomorphic to Z ® Z,

(iii) for each finite covering m: M — M, _induced by f from some finite
covering of Ny then each component of m~'(A) satisfies points (i) and (ii).

The proof of this result depends on the following lemma.

Lemma 3.2 Let S be a Seifert piece in M whose orbit space is a surface
of genus (. Suppose that S contains at least three non-degenerate boundary
components. Then there exists a finite covering S of S satisfying the two
followings properties:

(i) S admits a Seifert fibration whose orbit space is a surface of genus > 1,

(ii) S is equivalent to a component of the covering induced from some finite
covering of N by f.

Proof Denote by F' the orbit space of the Seifert piece S. Let T1,...,Tj,
j > 3, be the non-degenerate tori in 0S5 and m(7;) = (d;,h), 1 < 1 < j,
the corresponding fundamental groups. Since Rk((f.(d;), f«(h))) = 2 for [ <
7, it follows from Proposition 1.4, that there exists a finite group H and a
homomorphism ¢: 71 (N) — H such that @ o f.(d;) & (pfs(h)) for 1 <1< j.

Let K be the group ¢fi(m1(S)) and denote by m: S — S the finite covering
corresponding to o fi: m(S) — K. Then S inherits a Seifert fibration with
some base F'. We denote by 7 the order of K, by ¢ the order of ¢f.(h) in
K and by 3; the order of ¢f.(c;) where cy,...,c, denote the exceptional fibers
of S with index py1, ..., . The map 7 induces a covering 7p: F' — F on the
orbit spaces of S and S with degree o = 7/t, ramified at the points ¢; € F
corresponding to the exceptional fiber ¢; of S. Let ¢;, [ = 1,...,p, denote the
boundary components of F' corresponding to d; and let 51,...,51” denote the
components of ﬂ}l(él). Then we have rn; = o for each [, where n; is the
index of the subgroup generated by ¢f.(d;) and ¢f.(h) in K. Then by the
Riemann-Hurwitz formula ([18, pp. 133], see also [17, Section 4.2.12]) we get:

1 1
2g—2+0(29+p+r—2—2—— m ﬁ))
1y M1
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where g (resp. g) denotes the genus of F (resp. of F', here g = 0), p denotes
the number of boundary components of F' and (u;, ;) denotes the greatest
common divisor of u; and ;. Remark that n; > 2 for [ < j. Indeed if
n= 1 then |K : (pfu(h), ofu(d))] = 1 = 0 = 7/t = |K, (of.(h))]. Hence
(. (B), oFo(d1)) = (o f.(h)) which is impossible since of. (d) & (pfo(h)). In
particular we have o > 2.

Casel Ifj>4thenn; >2forl=1,..,7 andso 29 > 24+0(p—p+4—2-2) =
2. Thus § > 1.

Case 2 If j =3 we have 25 > 2 +o(1 — 2 — L — L) with ny,n9,ng > 2.

ni ng n3

If 0 =2 then n; = ny =ng =2 and thus g > 1.

If o > 2 then either n; > 2 for [ = 1,...3, and thus g > 1 or there is an element
[ in {1,...3} such that n; = 2. Since ¢ = nyr; we have r; > 2 and thus S
contains at least four boundary components which are non-degenerate and we
have a reduction to Case 1. This proves the Lemma. O

Outline of proof of Lemma 3.1 Let A be a Seifert piece of M whose orbit
space is a surface of genus g = 2 (resp. g = 1). We prove here that such a Seifert
piece is neccessarily of type L. It follows from the hypothesis of Theorem 1.5 that
flA: A — N is a non-degenerate map thus using [12, Mapping Theorem| we
can change f in such a way that f(A) is contained in a (product) Seifert piece
B of N. Then combining the fact that f|0A is non-degenerate and Proposition
2.1 we may easily construct a finite (regular) covering of M induced by f from
a finite covering of N in which each component of the pre-image of A is a
Seifert piece whose orbit space is a surface of genus g > 3 (resp. g > 2).

Suppose now that the orbit space F' of A is a surface of genus 0. It is easily
checked that F' has at least two boundary components. If A has at least three
boundary components then it follows easly from Lemma 3.2 that there is a finite
covering of M induces by f from a finite covering of N in which the lifting
of A is a Seifert piece of type I. Thus we may assume that A has exactly two
boundary components (and then F ~ S! x I).

If fi(m1(A)) is non-abelian then we check that A has at least three boundary
components and thus we have a reduction to the “T'ype I” case. So suppose now
that f.(m1(A)) is abelian. Since f is a non-degenerate map and since f.(m1(A))
is a subgroup of a torsion free three-manifold group it is a free abelian group of
rank 2 or 3 (see [12, Theorem V.I and paragraph V.II1)). If f.(71(A)) = ZXZXZ
then A has at least three boundary components and we have a reduction to
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the type I case. So we may assume that f.(m1(A)) =Z x Z. If there is a finite
covering p of M induced by f from some finite covering of N such that some
component of p~1(A) does not satisfy (i) or (ii) of Lemma 3.1 then using the
above argument we show that A is a component of type I, up to finite covering.
If (i) and (ii) of Lemma 3.1 are always checked for any finite covering then A
is a component of type II. |

3.3 Preliminaries for the proof of the second step
3.3.1 Introduction

In the following we set {4;, i =1,...,8(M)} (resp. {Bqs, o =1,...,8(N)}) the
Seifert pieces of a minimal torus decomposition of M (resp. N). On the other
hand we will denote by W3, (resp. W5 ) the canonical tori of M (resp. of N)
which are adjacent on both sides to Seifert pieces of M (resp. of N). We set
Al = A; \ Wi x [-1,1], for i = 1,...,s(M). Using hypothesis of Theorem 1.5
and applying the Characteristic Pair Theorem of [12] we may assume that for
each i there is an «; such that f(A}) C int(B,,). Thus if Xp (resp. Xn)
denotes the union of the components of Sy (resp. Sy ) with the components
T; x [—1,1] of Wi x [—1,1] (resp. Wy x [—1,1]) such that T; x {£1} C 0Hpy
(resp. T; x {£1} C OHN) then f(Xy) C int(Xy). Moreover, by identifying a
regular neighborhood of W]\% with W]\% x I we may suppose, up to homotopy,
that f~1(Wy) is a collection of incompressible tori in W3, x I. Indeed since
for each i =1, ..., s(M) we have f(A]) C int(B,,) then using standard cut and
paste arguments we may suppose, after modifying f by a homotopy which is
constant on UA, U H)s that f *1(Wj\q,) is a collection of incompressible surfaces
in W]\% x I. Since each component T} of WA% is an incompressible torus then
f~H(WR) is a collection of tori parallel to the T;. In the following the main
purpose (in the second step) is to prove the following key result.

Lemma 3.3 Let {A;,i = 1,...,s(M)} (resp. {Ba,a = 1,...,5(No)}) be the
Seifert pieces of SME (resp. of Sﬁo)' Then f is homotopic to a map g such
that:

(i) g’(HﬁgaaHﬁg) : (Hm,aHﬁg) — (Hm,aHm) is a homeomorphism,

(ii) for each o € {1,...,s(No)} there is a single i € {1,...,s(Mg)} such that
f(A;,04;) C (By,0B,). Moreover the induced maps f; = f|A;: A; — By are
Z-homology equivalences and f|0A;: 0A; — 0B, is a homeomorphism.
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The proof of this result will be given in paragraph 3.4 using Lemma 3.4 below.
In the remainder of Section 3 we will always assume that (M, N, f) is equal to
(MO,NO, ﬁ)) given by Lemma 3.1. The goal of this paragraph 3.3 is to prove
the following Lemma which simplifies by a homotopy the given map f.

Lemma 3.4 There is a subfamily of canonical tori {Tj,j € J} in M which
cuts M \ Hys into graph manifolds {V;, i =1,...,t(M) < s(M)} such that:

(i) for each a; € {1,...,8(N)} there is a single i € {1,...,t(M)} such that f is
homotopic to a map g with g(V;,0V;) C (By,,0By,). Moreover we have:

(ii) (V;,0V;) contains at least one Seifert piece of type I,
(i) g¢|OV; : OV; — 0B, is a homeomorphism,
(iv) gi=g|(Vi,0V;) : (Vi,0V;) — (Ba,,0Ba,;) is a Z-homology equivalence.

3.3.2 Some useful lemmas

The proof of Lemma 3.4 depends on the following results. In particular Lemma
3.9 describes precisely the subfamily of canonical tori {T},j € J}. Here hy-
pothesis and notations are the same as in the above paragraph. The following
result is a consequence of [20, Main Theorem| and [19, Lemma 2.11].

Lemma 3.5 There is a homotopy (fi)o<t<1 such that fo = f: M — N,
fi|X2n = fIXam and such that fi|(Hpy,OHpyr): (Hy, OHy) — (Hy,0Hy) is a
homeomorphism.

Proof Let T be a component of 0Hpy. We first prove that, up to homotopy
fixing f|X)s, we may assume that each component of f~1(T') is a torus which is
parallel to a component of Wj;. Indeed since f(Xy) C int(Xy) then f~1(T)N
Yy = 0. On the other hand since %) is incompressile, then using standard
cut and paste arguments (see [24]) we may suppose that, up to homotopy fixing
fIXa, f is transversal to T and that f~!(T) is a collection of incompressible
surfaces in M \ Xj7. The hypothesis of Theorem 1.5 together with Theorem
1.3 imply that Hps ~ Hpy. Hence we may use similar arguments as those of
[19, Proof of Lemma 2.11] to show that each component of f~1(T) is a torus.
Thus f~Y(T) is a collection of incompresible tori in Hys|JU;(T; x [—1,1]).
Since each incompressible torus in Hjs is J-parallel then we may change f
by a homotopy on a regular neighborhood of Hj; to push these tori in OH ;.
Finally f~1(0Hy) is made of tori parallel to some components of Wj;. Each
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component FE; of f~!(Hy) is a component of M cutted along f~'(0Hy).
Since f(EM)ﬂHN = () then fﬁl(HN) C M\EM = I’I]\/[ULJT’Z x I. Then each
component [; is either a component of Hy; or a component Tj x [—1,1]. For

each component H of Hy we have deg{f~(H) A H} = deg(f) =1. Since a
map T x [-1,1] — H has degree zero then f~!(H) must contain a component
of Hys. Since Hyy ~ Hy then f~'(H) contains exactly one component H' of
Hys which is sent by f with degree equal to 1. So it follows from [22, Lemma
1.6] that after modifying f by a homotopy on a regular neighborhood of H’
then f sends H’' homeomorphically on H. We do this for each component of
Hy . This finishs the proof of Lemma 3.5. O

We next prove the following result.

Lemma 3.6 Let A be a Type II Seifert piece in M given by Lemma 3.1 (recall
that we have replaced My by M ). Then we have the following properties:

(i) A is not adjacent to a hyperbolic piece in M ,

(ii) let S be a Seifert piece adjacent to A and let B be the Seifert piece in N
such that f(S") C int(B) then necessarily f(A) C int(B).

The proof of this lemma depends on the following result whose proof is straight-
foward.

Lemma 3.7 Let A be a codimension 0 graph submanifold of M whose bound-
ary is made of a single canonical torus T' C M and such that Rk(H,(A,Z)) = 1.
If each canonical torus in A separates M then A contains a component which
admits a Seifert fibration whose orbit space is the disk D?.

Proof of Lemma 3.6 We first prove (i). Let 71 and 75 be the boundary
components of A. Suppose that there is a hyperbolic piece H in M which is
adjacent to A along T;. Up to homotopy we know that f(A") C int(B) where B
is a Seifert piece in N, f(H,0H) C (H;,0H;) where H; is a hyperbolic piece in
N and that f|(H,0H): (H,0H) — (H;,0H;) is a homeomorphism. Denote by
W (T1) aregular neighborhood of 77 in M. Then f(W(T})) contains necessarily
one component of 9B N 0H; and so f induces a map fi: (4,T1) — (B,0B).
Since f|(H,0H): (H,0H) — (H;,0H;) is a homeomorphism we have found a
canonical torus U in 0B such that f|T}: T1 — U is a homeomorphism. Recall
that m1(A) has a presentation:

<d1,d2,Q1, '-'QTah : [haqz] = [hv d]] = 17 qu = h’Yia d1d2q1-'-q7‘ = hb>
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and m1(B):

=9
<a1,b1, ...ag,bg,dl, ...5p,t . [t,(;k] = [t,ai] = [t, b]] == 1,H[ai,bi]51...5p = 1>
i=1

with 1 (U) = (61,t). So we get f.(h) = (6¢,t%), with (a, ) = 1. Let ¢; be the
homotopy class of an exceptional fiber in A which exists, otherwise A would be
homeomorphic to S* x S! x I, which is excluded. So ¢/ = h for some p; > 1.
Since f.(m1(A)) is isomorphic to Z x Z, we get: fi(c;) = (6{,¢%). So we have
wi|(a, B). This is a contradiction which proves (i). O

Before continuing the proof of Lemma 3.6 we state the following result.

Lemma 3.8 Let M, N be two Haken manifolds and let f : M — N be
a Z-homology equivalence. Moreover we assume that M and N satisfy the
conclusions of Lemma 3.1. If T is a separating canonical torus which is a
boundary of a type II Seifert piece in M then there exists a finite covering p
of M induced by f from a finite covering of N such that some component of
p~Y(T) is non-separating.

Proof Let T be aseparating torus in M and let X; and X5 be the components
of M\ T. We first prove that Hy(X1,Z) # Z and H,(X2,Z) # Z. Suppose
the contrary. Thus we may assume that H;(X1,Z) ~ Z. It follows from (i)
of Lemma 3.6, from Lemma 3.1 and from [17, Lemma 3.2] that X; is made of
Seifert pieces of Type II. Since T' = 0X; is a separating torus in M then each
canonical torus in X separates M. Indeed to see this it is sufficient to prove
that if A is a Seifert piece of X (of type II) whose a boundary component, say
Ty is separating in M then so is the second component of dA, say To. This
fact follows easily from the homological exact sequence of the pair (A,0A).
Thus we may apply Lemma 3.7 to X; which gives a contradiction with the
fact that M contains no Seifert piece whose orbit space is a disk. Hence we
get Hi(X1,Z) #¢ Z. The same argument shows that H(X2,Z) # Z. So
to complete the proof it is sufficient to apply arguments of [17] in paragraph
4.1.4. O

End of proof of Lemma 3.6 We now prove (ii) of Lemma 3.6. Let S be a
Seifert piece adjacent to A along T7. Let Bg and Ba be the Seifert pieces
in N such that f(A") C int(Ba), f(S") C int(Bg) and let Ty, T be the 0-
components of A. If By # Bg, then by identifying a regular neighborhood
W(Ty) of Ty with Ty x [—1,1] in such a way that f(71 x {—1}) C int(Bj)
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and f(Ty x {+1}) C int(Bg) we see, using paragraph 3.3.1, that f(W(71))
must contain a component U of dB4. Thus, modifying f by a homotopy
supported on a regular neighborhood of 77, we may assume that f induces a
map f: (A,T1) — (Ba,U).

Case 1 Suppose first that T} is non-separating in M. We may choose a
simple closed curve v in M such that v cuts T in a single point. Since f is a
Z-homology equivalence it must preserve intersection number and then we get:

[T1].[v] = deg(f|Th : Ty — U) x [UL.[fs(7)] =1

Hence deg(f|Ty : Ty — U) = 1 and then f|T : Ty — U induces an isomorphism
falmi(T1) : mi(T1) — m(U). Thus we get a contradiction as in the proof of (i)
using the fact that f.(m(A)) is abelian.

Case 2 Suppose now that 77 separates M and denote by Xg the component
of M\ T} which contains S and by X 4 the component of M \T; which contains
A. Let p: M — M be the finite covering of M given by Lemma 3.8 with 7.
There is a component T of p~1(T1) which is non-separating in M. Let A, S

be the Seifert components of M adjacent to both sides of T. Recall that A is
necessarily a Seifert piece of type Il such that f.(m1(A)) is abelian (see Lemma
3.1). Let By (resp. Bg) be the Seifert pieces of N such that

F(A") Cint(B5) £() C int(Bg).

Since Ba # Bg then Bz # Bg, and thus there is a component U in OB 1 such
that f induces a map f : (g, T) — (Bjy, U ). Since T is non-separating we have
a reduction to case 1. This proves Lemma 3.6. m|

Lemma 3.9 There is a homotopy (ft)o<t<1 with fo = f and fi|(Hpy, OHy) =
fI(H,OHyr) and a collection of canonical tori {Tj,j € J} C Wy, such that:
(i) f1 is transversal to W§,

(i) fr'(WR) = Ujes 15

(iii) the family {T;,j € J} corresponds exactly to tori of Wy, which are
adjacent on both sides to Seifert pieces of type L.

Proof The proof of (i) and (ii) are similar to paragraphs 4.3.3 and 4.3.6 of
[17]. Thus we only prove (iii). Let 7' be a component of W}, which is adjacent
to Seifert pieces of type I denoted by A;, Ay in M. Using the same arguments
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as in paragraph 4.3.7 of [17] we prove that T x [—1,1] contains exactly one
component of f~H(Wx).

On the other hand if T is the boundary component of a Seifert piece of type 11
denoted by A; we denote by A; the other Seifert piece adjacent to T'. It follows
from Lemma 3.6 that Ba, = Ba,;. Thus we get f(4; U (T x [-1,1]) U A}) C
int(B,,), and hence T x [~1,1] contains no component of f~*(Wg). This
completes the proof of Lemma 3.9. O

3.3.3 End of proof of lemma 3.4

Let Vi,..., Vyar) be the components of (M \ Hyr) \ (UjesT;) where {T},j € J}
is the family of canonical tori given by Lemma 3.9. It follows from Lemma 3.9
that f induces a map f; : (V;,0V;) — (Ba,,0B,,). Since deg(f) = 1, then the
correspondance: {1,....,t(M)} 2i— a; € {1,...,s(N)} is surjective.

(a) The fact that the graph manifolds V1, ..., Vi) contain some Seifert piece of
type I comes from the construction of the V; and from Lemma 3.6. Remark that
the construction implies that if A is a Seifert piece in V; such that OV;NIA # ()
then A is of Type I (necessarily).

(b) We next show that the correspondence i +— «; is bijective. Since f is a
degree one map then to see this it is sufficient to prove that this map is injective.
Suppose the contrary. Hence we may choose two pieces Vi and Vo which are
sent in the same Seifert piece B, in N. If Vi and V5 are adjacent we denote
by T a common boundary component and by A; C V4 and As C V5 the Seifert
pieces (necessarily of type I) adajacent to 7. Thus by [17, Lemma 4.3.4] we have
a contradiction. Thus we may assume that V; and V5 are non-adjacent. Since
deg(f) =1 we may assume, after re-indexing, that fi : (V1,0V1) — (B, 0B4)
has non-zero degree and that fo : (V2,0Ve) — (Bg,0B,) with Vi and V3
non-adjacent. Moreover, if A (resp. V;*) denotes the space obtained from A;
(resp. V;) by identifying each component of 0A; (resp. dV;) to a point, we have:
Rk(H1(A;,Q)) < Rk(H:1(V;*,Q)). Since A; is of Type I, using [17, Lemma
3.2], we get Rk(H1(A},Q)) > 4 and thus Rk(H:(V;*,Q)) > 4. Thus to obtain
a contradiction we apply the same arguments as in the proof of Lemma 4.3.9
of [17] to Vi and V4. This proves point (i) of Lemma 3.4.

We now show that we can arrange f so that f;|0V; : 0V, — 0B,, is a
homeomorphism for all ¢. The above paragraph implies that f induces maps
fi: (Vi,0V;) — (Ba,,0B,,) such that deg(f;) = deg(f) =1 for all i. Thus we
need only to show that f; induces a one-to-one map from the set of components
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of OV; to the set of components of 0B,,. To see this we apply arguments of
paragraph 4.3.12 of [17].

Since f is a Z-homology equivalence and since f; is a degree one map and
restricts to a homeomorphism on the boundary, by a Mayer-Vietoris argument
we see that f; is a Z-homology equivalence for every ¢. This achieves the proof
of Lemma 3.4.

3.4 Proof of Lemma 3.3

It follows from Lemma 3.4 that to prove Lemma 3.3 it is sufficient to show
that any graph manifold V' = V; of {Vi,...,Vy3)} contains exactly one Seifert
piece (necessarily of Type I). In fact it is sufficient to prove that V' does not
contains type II components. Indeed, in this case, if there were two adjacent
pieces of type I, they could not be sent into the same Seifert piece in NV, by an
argument made in paragraph 3.3.3. So we suppose that V contains pieces of
type II. Then we can find a finite chain (Ay,..., 4;,,) of Seifert pieces of type II
in V such that:

(i) A; C int(V) for i € {1,...,n},

(ii) A; is adjacent in V to a Seifert piece of type I, denoted by Si, along
a canonical torus 17 of Wy and A, is adjacent to a Seifert piece of type I,
denoted by S, in V along a canonical torus 7T,

(iii) for each i € {1,...,n — 1} the space A; is adjacent to A;+1 along a single
canonical torus in M.

This means that each Seifert piece of type Il in M can be included in a maximal
chain of Seifert pieces of type II. In the following we will denote by X the
connected space | J;;<,, Ai corresponding to a maximal chain of Seifert pieces
of type ITin V and by B = F x S! the Seifert piece of N such that f(V,0V) =
(B,0B).

Remark 2 In the following we can always assume, using Lemma 3.8, up to
finite covering, that M \ X is connected (i.e. T3 is non-separating in M ).

In the proof of lemma 3.3 it will be convenient to separate the two following
(exclusive) situations:

Case 1 We assume that 73 is a non-separating torus in V (i.e. V' \ X is
connected),
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Case 2 We assume that 77 is a separating torus in V' (i.e. V' \ X is discon-
nected).

We first prove that Case 1 is impossible (see section 3.4.1). We next show (see
section 3.4.2) that in Case 2 there is a finite covering p : M — M induced by f
from some finite covering of N such that for each component V of p~H(V) the
component X of p~Y(X) which is included in V is non-separating in V', which
gives a reduction to Case 1. This will imply that the family X of components
of type Il in V is empty and then the proof of Lemma 3.3 will be complete.
Before the beginning of the proof we state the following result (notations and

hypothesis are the same as in the above paragraph).

Lemma 3.10 Let V be a graph piece in M correponding to the decomposition
given by Lemma 3.4 and let X be a maximal chain of Seifert pieces of type 11
in V. Then the homomorphism (ix )« : H1(0X,Z) — H(X,Z), induced by
the inclusion 0X — X is surjective.

Proof Let G be the space M \ X (connected by Remark 2). Since G con-
tains at least one Seifert piece of type I, then using [17, Lemma 3.2], we get
Rk(H1(G,Z)) > 6. Thus the homomorphism (ig). : H1(0G,Z) — Hi(G,Z)
induced by the inclusion ig : 0G — G is not surjective. Thus there exists a
non-trivial torsion group Lg and a surjective homomorphism:

pc: Hi(G,Z) — Lg

such that (pg)« o (ig)« = 0. On the other hand if we assume that (ix). :
H,(0X,Z) — Hi(X,Z) is not surjective, then there is a non-trivial torsion
group Lx and a surjective homomorhism:

px  Hi(X,Z) — Lx

such that (px)«o (ix)« = 0, where ix is the inclusion X — X. Thus using
the Mayer-Vietoris exact sequence of the decomposition M = X U G, we get:
H(M,Z) = H\(G,Z)® H1(X,Z) ®Z which allows us to construct a surjective
homomorphism

p: Hi(M,Z) — Ly ® L¢

such that p(Hi(G,Z)) # 0, p(H1(X,Z)) # 0 and p(H1(0X,Z)) = 0. Let
p: M — M be the finite covering corresponding to p. Then p~1(0X) has |Lx®
Lg| components and each component of p~1(G) (resp. of p~(X)) contains
2|Lx| > 2 (resp. 2|Lg| > 2) boundary components. This implies that for each
component of p~1(X) the number of boundary components over T} is |Lg| > 1,
which implies the each component of p~!(X) contains some Seifert piece which
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are not of type II. Moreover since p is an abelian covering and since f is a
Z-homology equivalence then M is induced by f from a finite covering of N.
Since X is made of Seifert pieces of type II this contradicts Lemma 3.1 and
proves Lemma 3.10. O

3.4.1 The “non-separating” case

In this section we prove that if V'\ X is connected then we get a contradiction.
This result depends on the following Lemma:

Lemma 3.11 Let W(T1) be a regular neighborhood of Ty. Then there exists
an incompressible vertical torus U =T x S' in B~ F x S' where ' C F is a
simple closed curve and a homotopy (fi)o<t<1 such that:

(i) fo = f, the homotopy (fi)o<t<1 is equal to f when restricted to M\ W (1)
and fl(Tl) = U,

(ii) m(U,z) = (u,tp) with x € fi(11), u is represented by the curve I' in F
and tp Is represented by the fiber of m (B, x).

Proof Denote by X; the space f(77). Since T} is a non-separating torus in
V' we can choose a simple closed curve v in int (V') such that:

(i) v cuts each component of 0A;, i = 1,...,n transversally in a single point
and the other canonical tori of int (V') transversally,

(ii) -~y representes a generator of Hi(M,Z)/T (M) where T'(M) is the torsion
submodule of Hy(M,Z).

\ Ay (\ Ay (\

(@)

Figure 1
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Let * be a base point in 77 such that y N7} = {x} and set x = f(x). Let
h be the homotopy class of the regular fiber of A; and let d; be an ele-
ment in m(Ay,*) such that (dy,h) = m(T1,*). We now choose a basis of
H(M,Z)/T(M) of type {[7], e2,...,en}. Since f is a Z-homology equivalence
then the family {f.([7]), f«(e2),..., fx(en)} is a basis of H{(N,Z)/T(N). We
want to construct an epimorphism py : H1(N,Z) — Z such that pi(f.([7])) is
a generator of Z and such that p;(f.(([d1],[R]))) = 0.

To do this we choose a basis {[y], ez, ..., en } of Hi(M,Z)/T(M) so that [T1]-e; =
0 for ¢ = 2,...,n. Denote by i the inclusion 77 — M. Since [T1] - i.(h) =
[T1]-14(d1) = 0 then i.(h) and i.(d;) are in the subspace K of Hy(M,Z)/T(M)
generated by {es,...,e,}. So it is sufficient to choose p; equal to the projection
of Hi(N,Z) on Zf.(]y]) with respect to f.(K). Denote by & the following
homomorphism:

m(N,z) 2 H(N,Z2) 2 Z

Thus we get an epimorphism ¢ : m(N,z) — Z such that ¢([f(v)]) = z*!
where z is a generator of Z and z = f(%). Since m(B,z) is a subgroup
of m(N,z) and since [f(y)] is represented by f(y) in B then ¢ induces an
epimorphism p, = e|m (B, ) : 71(B,z) — Z = m(S') with p.([f(7)]) = 2z
and p4(m1(X1,7)) =0 in Z. Since B and S! are both K (7, 1), it follows from
Obstruction theory (see [8]) that there is a continuous map p : (B,z) — (S1,7)
which induces the above homomorphism and such that y = p(z).

The end of proof of Lemma 3.11 depends on the following result. Notations
and hypothesis are the same as in the above paragraph.

Lemma 3.12 There is a homotopy (pt)o<t<1 with po = p such that:

(i) pi(X1) = pa(f(Th)) =,

(ii) py*(y) is a collection of incompressible surfaces in B.

Proof Since p.(m1(X1,2)) =0 in 71(S',y) then the homomorphism (p|X7). :
71 (X1,2) — 7 (SY,y) factors through 7(z) where z is a O-simplexe. Then
there exist two maps oy : m(X1,2) — m(2) and B : m(2) — 7 (St y)
such that (p|X1)s = B« 0 ax. Since z and S! are both K(m,1) then the
homomorphisms on 7 are induced by maps a : (X1,2) — 2, 8 : 2z — (S1,9)
and p|X; is homotopic to o a. Thus we extend this homotopy to B and
we denote by p’ the resulting map. Then the map p' : (B,z) — (S',y) is
homotopic to p and p’(X7) = y. This proves point (i) of the Lemma.
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Using [8, Lemma 6.4], we may suppose that each component of p _l(y) is a
surface in B. To complete the proof of the lemma it is sufficient to show that
after changing p’ by a homotopy fixing p/| X1, then each component of p'~!(y)
is incompressible in B. In [8, pp. 60-61], J. Hempel proves this point using
chirurgical arguments on the map p’ to get a simplical map p; homotopic to
p' such that p; is “simpler” than p’, (this means that c(p;) < c¢(p’) where
¢(p) is the complexity of p) and inducts on the complexity of p’. But these
chirurgical arguments can a priori modify the behavior of p'|X;. So we will
use some other arguments. Let U be the component of p 71(y) which contains
f(T1) = X;. Thensince f|T7 : Ty — N is non-degenerate the map f : (11,*) —
(U, x) induces an injective homomorphism (f|7}).: m1(Th,*) — 71 (U, z). Since
m1(U, x) is a surface group then 71 (U, x) has one of the following forms:

(i) a free abelian group of rank < 2 or,
(ii) a non-abelian free group (when OU # () or,
(iii) a free product with amalgamation of two non-abelian free groups.

Since 71 (U, x) contains a subgroup isomorphic to Z @& Z then 7 (U, x) ~ Z © Z
and hence U is an incompressible torus in B. Note that we necessarily have
f(T1) = U. Indeed if there were a point x € U such that f(71) C U — {x} then
the two generators free group 71 (U —{*}) would contain the group f.(m(11)) =
Z x Z, which is impossible. m]

End of proof of Lemma 3.11 We show here that U satisfies the conclusion
of Lemma 3.11. Since (p')«(f«(7)) = %! then the intersection number (counted
with sign) of f(y) with U is an odd number and then U is a non-separating
incompressible torus in B. Let tg, be an element of m(Si,*) represented
by a regular fiber in S; and let tp € 7 (B,z) be represented by the fiber in
B. Since S; is a Seifert piece of Type I, we get f.(ts,) = t%. Indeed, the
image of tg, in m1(S1,*) is central, hence the centralizer of f.(ts,) in m1(B,x)
contains (f]S1).(m1(S1,%)) and since S; is of type I, by the second assertion
of [17, Lemma 4.2.1] the latter group is non abelian, which implies, using [12,
addendum to Theorem VI.1.6] that f.(ts,) € (tp). Thus m(U,x) O (t%)
i.e. m(U,x) contains an infinite subgroup which is central in m;(B,z) and
m(U,z) D Z&Z = fo(m(T1,*)). Then using [11, Theorem VI.3.4] we know
that U is a satured torus in B, then m (U, z) = (u,tp) where u is represented
by a simple closed curve in F'. This ends the proof of Lemma 3.11. m|

End of proof of case 1 It follows from the above paragraph that [T3].[y] =
[U].[f«(v)] = 1 and thus f|Ty : T1 — U is a degree one map. So f :
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(A1,T1,%) — (B,U,z) induces an isomorphism f,: 71 (T1,*) — m1(U,z). Re-
call that 71 (A1, *) has a presentation:

<d17d27QI7 -'-qrah : [hadz] = [h7QJ] = 17q5j = h'YjadldQ = C]l---thb>

where d; is chosen in such a way that m1(71,%) = (di,h). Hence there are two
integers a and (3 such that f.(h) = (ua,t%) and (a, 8) = 1. Since f.(m1(A1,%))
is an abelian group we have f.(¢;) = (uai,t%) where ¢; denotes the homotopy
class of an exceptional fiber in Ay. Since /" = h then p;|(o,8). This is a
contradiction. O

3.4.2 The “separating” case

We suppose here that 7' is a separating torus in V. We set X = (J;;-,, 4i.
Moreover it follows from Remark 2, that the space M \ X is connected. Let G
denote the space M \ X and let T7, T,, be the canonical tori of M such that
T[] T, = 0X = 0G. Consider the following commutative diagram:

Tx

H1(9G, Z) Hi(S1USn,Z) —2 = H\(G, Z)

IIl IIJ( IIl

Hy(T1,Z) ® Hi(T},, Z) — H1(51,Z) ® H1(S,,Z) — H1(G,Z)

Since S and S,, are Seifert pieces of type I then Rk (H;(S1,Z) — H1(G,Z)) > 6
and Rk(H1(Sy,,Z) — H1(G,Z)) > 6 (see [17, Lemma 3.2]).

o OO s

So there exists a non-trivial torsion group Lg and an epimorphism:

pe: Hi(G,Z) — Lg
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such that pg o (ig). = 0, Rk(pa(H1(51,Z)) # 0 and Rk(pa(H1(S1,Z)) # 0,
where ig denotes the inclusion of G in G ((ig)x = (j)« © (i)«). It follows
from Lemma 3.10 that the homomorphism (ix). : H1(0X,Z) — Hi(X,Z) is
surjective. Then by the Mayer-Vietoris exact sequence of M = X UG we get
an epimorphism:

p: Hl(M, Z) — Lg.

such that poI, =0 and po (ix). =0 where I : 90X — M and ix : X — M
denote the inclusion and Rk(pa(H1(S1,Z))) # 0, Rk(pc(H1(S1,7Z))) # 0.

Let p : M — M be the finite covering induced by p. Since it is an abelian
covering and since f is a homology equivalence this covering is induced from
a finite covering N of N. Moreover it follows from the above contruction that
p~Y(X) (resp. p~}(G)) has |Lg| > 1 (resp. 1) components and if Sy (resp.
S,,) denotes a component of p~1(S;) (resp. of p~1(S,)) then 85 (resp. dS,)
contains at least two components of p~*(T}) (resp. of p~(T,)). Let V be a
component of p~1(V) in M and let S},..., 5" (resp. S},...,55") denote the
components of p~1(S7) (resp. p~1(S,)) which are in V.

It follows from the construction of p that each component of gf (for i = 1,n
and j € {1,...,p;}) has at least two boundary components and the components
X1,..., X, of p71(X)NV are all homeomorphic to X (i.e. the covering is trivial
over X because of the surjectivity of Hi(0X,Z) — H,(X,Z)). Let A denote
the submanifold V equal to (U;57) U (U;X;) U (U;5%) where we have glued
the boundary components of the dX; with the boundary components of the
correponding spaces gf .

Hence it follows from the construction that there is a submanifold )N(Z with a
boundary component, say T;, which is non-separating in A (and thus in 17)
Let B be the Seifert piece of N such that f(V) C B. So we can choose a
simple closed curve « in A such that v cuts transversally the canonical tori of
A in at most one point, such that f('y) C B. Thus we have a reduction to the
non-separating case. This completes the proof of Lemma 3.3.

3.5 Proof of the third step

We complete here the proof of Theorem 1.5. Let B,, be a Seifert piece of the
decomposition of N given by Lemma 3.3 and let A; be the Seifert piece in
M such that f(A;,0A;) C (Ba,,0Bs;). On the other hand, it follows from
Lemma 3.3 that the induced map f; = f|(A;,04;) : (Ai, 0A;) — (Ba,,0Ba;)
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Figure 3

is a Z-homology equivalence and the map f;|0A; : 0A; — 0B,, is a homeo-
morphism. So to complete the proof it is sufficient to show that we can change
fi by a homotopy (rel. 0A;) to a homeomorphism. To see this we first prove
that f; induces an isomorphism on fundamental groups and we next use [24,
Corollary 6.5] to conclude. To prove that maps f; induce an isomorphism
(fi)x: m(Ai) — m1(Ba,) we apply arguments of [17, Paragraphs 4.3.15 and
4.3.16]. This completes the proof of Theorem 1.5.

4 Study of the degenerate canonical tori

This section is devoted to the proof of Theorem 1.7. Recall that the Haken
manifold N3 has large first Betti number (51(N3) > 3) and that each Seifert
piece in N3 is homeomorphic to a product F' x S! where F is an orientable
surface with at least two boundary components.

4.1 A key lemma for Theorem 1.7

This section is devoted to the proof of the following result.
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Lemma 4.1 Let f: M — N be a map satisfying hypothesis of Theorem 1.7.
If T denotes a degenerate canonical torus in M then T separates M into two
submanifolds and there is a component (and only one), say A, of M \ T, such
that:

(i) H1(AZ)=17Z

(ii) for any finite covering p of M induced by f from some finite covering of
N the components of p~*(A) have connected boundary,

(iii) for any finite covering p of M induced by f from some finite covering of
N then each component A of p~t(A) satisfies H1(A,Z) = Z.

Proof It follows from [17, paragraph 4.1.3] that if T is a degenerate canonical
torus in M then T separates M into two submanifolds A and B such that
Hy(A,Z) or Hi(B,Z) is isomorphic to Z. Fix notations in such a way that
H1(A,Z) = Z. Note that since 3;(N?) > 3 then it follows from the Mayer-
Vietoris exact sequence of the decomposition M = AUr B that 1(B) > 3. So
to complete the proof of Lemma 4.1 it is sufficient to prove (ii) and (iii).

We first prove (ii) for regular coverings. Let N be a regular finite covering of
N and denote by M the induced finite covering over M . Since p : M — M is
regular we can denote by k (resp. k') the number of connected components of
p~Y(A) (resp. p~1(B)) and by p (resp. p’) the number of boundary components
of each component of p~!(A) (resp. of p~1(B)).

Let /Tl,...,gk (resp. El,...,ék/) denote the components of p~!(A) (resp.
p~!(B)). For each i = 1,...,k (j = 1,...,k') choose a base point a; (resp.
b;) in the interior of each space A; (resp E ) and choose a base point @); in
each component of p~!(T) (for | = 1,...,Card(p—!(T))). For each A; (resp.
E) and cach component T; C A, (resp T; C 0B; ) we choose an embedded
path ol in A joining a; to @ (resp. a path B7 in B joining b; to Qp); w
choose these path in such a way that they don t meet in their interior. Thelr
union is a connected graph denoted by I'.

Then the fundamental group 71(I") is a free group with 1 - x(I') generators.
In particular H;(I',Z) is the free abelian group of rank 1 - x(I') where x(I")
denotes the Euler characteristic of I'. Thus we have :

x(T) =pk+k+ Kk with pk=p'k
So suppose that p and p’ > 2. Then we get :
x@T) <k—Fk and x(T) <k —k.
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Thus we get x(I') < 0 and Rk(Hi(I',Z)) > 1. Then there exists at least
one 1-cycle in T', and thus we can find a component of p~!(T) which is a non-
separating torus in_ M. So it follows fromil], paragraph 4.1.3] that there exists
a canonical torus 7" in p~(T') such that f|T : T — N is a non-degenerate map.
Since f|T:T — N is a degenerate map, we have a contradiction.

So we can suppose that p or p’ is equal to 1. So suppose that p > 1. Hence
we have p' =1, p~! (A) is connected with p boundary components and p~Y(B)
has p components Bj, ..., B, and each of them have connected boundary. Note
that since 1(B) > 3 then it follows from [17, Lemma 3.4] that ﬁl(gilz 3 for
i=1,...,p. Set T; = 0B; and Ap,1 = p_l(A) Uﬁ By UTQ Uj:‘pfl Bpfl. It
follows easily by a Mayer-Vietoris argument that 3;(A4,-1) > 2. So we get a
contradiction with the first step of the lemma since M = Kp_l U Ep and since
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B1(Ap—1) > 2 and (1(Bp) > 3. This proves that p = 1.

To complete the proof of (ii) it is sufficient to consider the case of a finite
covering (not necessarily regular) q: N — N. Then there exists a finite cov-
ering ¢1: N — N such that 7y = goq: N — N is regular. Denote by
p (resp. pi, resp. mpr) the covering induced by f which comes from ¢ (resp.
q1, resp. mn). It follows from the above paragraph that each component of
7y (A) = q; ' (g7 (A)) has connected boundary. So each component of p~1(A)
has connected boundary too, which completes the proof of (ii).

We now prove (iii). So suppose that there is a finite covering p : M — M,
induced by f from some finite covering of N such that a component A of p~H(A)
satisfies Hy(A,Z) # Z. Then as in [17, paragraph 4.1.4] we can construct a
finite abelian covering ¢ : M — M insuch a way that the components of qil(;lv)
have at least two boundary components which contradicts (ii). This completes
the proof of Lemma 4.1. D

4.2 Proof of Theorem 1.7

In the following we denote by T a canonical torus in M which degenerates
under the map f: M — N, by A the component of M \ T (given by Lemma
4.1) satistying H1(A,Z) = Z and we set B = M \ A with §;(B) > 2. We will
show that the piece A satisfies the conclusion of Theorem 1.7.

4.2.1 Characterization of the non-degenerate components of A

To prove Theorem 1.7 we will show that each Seifert piece in A degenerates un-
der the map f. Suppose the contrary. The purpose of this section is to prove the

following result which describes the (eventually) non-degenerate Seifert pieces
of A.

Lemma 4.2 Let T be a degenerate canonical torus in M and let A be the
component of M \ T such that Hi(A,Z) is isomophic to Z. Let S be a Seifert
piece in A (using [17, Lemma 3.2] we know that S admits a base of genus 0)
such that f|S : S — N is non-degenerate. Then we get the following properties:

(i) there exist exactly two components T1,T» of S such that the map f|T; :
T; — N is non-degenerate,

(ii) fu(m(S)) =Z®Z,

(iii) ifp: M — M denotes a finite covering of M induced by f from some
finite covering of N then each component of p~1(S) satisfies (i) and (ii).
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This result will be used in the paragraph 4.2.2 to get a contradiction. The proof
of Lemma 4.2 depends on the following result.

Lemma 4.3 Let S be a Seifert piece in M whose orbit space is surface of
genus 0. Suppose that f|S : S — N is a non-degenerate map. Then there
exist at least two components Ty and Ty in 0S such that f|T; : T, — N is
non-degenerate.

Proof Let us recall that the group m1(S) has a presentation (a):
(diyeesdy, By qry ey @ 2 (R qi) = [R5 dj] = 1,6 = W7, dy...dpqr...qr = BP)

Since f|S : S — N is a non-degenerate map, then using [12, Mapping Theorem]
we may suppose, after modifying f by a homotopy, that f(S) is contained in
a Seifert piece B~ F x S' in N.

1. We first show that if the map f|S : S — N is non-degenerate then S contains
at least one boundary component which is non-degenerate under f. To see this,
we suppose the contrary: we will show that if each boundary component of S
degenerates under f then: f.(m1(S)) ~ Z which gives a contradiction with the
definition of non-degenerate maps (see [12]).

Since f|S : S — N is non-degenerate, we have f.(h) # 1 and then f.((d;, h)) ~
Z. Thus there exist two integers a; and (; such that

Yi(di) = f2i(h) and fL4(q;) = f(R) (%)

Case 1.1 We suppose that the group f.(71(9)) is abelian (remember that the
group f.(m1(S)) is torsion free). Thus it follows from equalities (x) and from
the presentation (a) above that f.(m1(S)) is necessarily isomorphic to the free
abelian group of rank 1.

Case 1.2 We suppose that the group f.(m1(S)) is non-abelian. Since h is
central in 71(S), the centralizer (f|S).(h) in 71(B) contains f.(m1(S)). Since
the latter group is non-abelian, it follows from [12, addendum to Theorem VI
1.6] that f.(h) € (t) where ¢t denotes the homotopy class of the regular fiber in
B. Then equality (x) implies that f.(d;) and f.(g;) are in (t). Thus using the
presentation (a) we get fi.(m1(S)) ~ Z which is a contradiction.

2. We show now that if f|S: S — N is a non-degenerate map then S contains
at least two boundary components which are non-degenerate under f. To do
this we suppose the contrary. This means that we can assume that fi|(dy,h)
is an injective map and that f,|(d2, h),..., fi|(dp,h) are degenerate.
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Case 2.1 We suppose that the group f.(71(5)) is abelian. Thus since
dy..dpqr...qr = hP (5%)
we get Rk((f.(d1), fx(h)) = 1. This is a contradiction.

Case 2.2 We suppose that the group f.(m1(5)) is non-abelian. Since h is
central in m1(S), then by the same argument as in Case 1.2 we get f.(h) €
(t) where t the homotopy class of the regular fiber in B. Thus f.(¢;) € (t)
for i = 1,...,r and f.(d;) € (t) for j = 2,...,p. Then using (%) we get
Rk((f«(d1), f«(h))) = 1. This is contradiction. This completes the proof of
Lemma 4.3. O

Proof of Lemma 4.2 Since S is non-degenerate, we denote by B ~ F x S!
the Seifert piece of N such that f(S) C B and by ¢ the (regular) fiber in B.
Suppose that S contains at least three injective tori in 95. Denote by N the
finite covering of NN given by Lemma 3.2. N admits a finite covering (N ,D)
which is regular over N. Then each component of the covering over S induced
from N by f admits a Seifert fibration whose orbit space is a surface of genus
> 1 and then, by regularity, each component of p~!(A) contains a Seifert piece

whose orbit space is a surface of genus > 1.

Let Aj,...A, be the components of p~'(A) and set B = p~'(B). It follows
from Lemma 4.1 that B is connected and each component A;, i = 1,...,p has
a connected boundary. Since (;(4;) > 2 using [17, Lemma 3.2] and $;(B) >
B1(B) > 3, we get a contradiction with Lemma 4.1. This proves (i).

Suppose now that the group f.(m1(5)) is non-abelian. Since S admits a Seifert
fibration over a surface of genus 0 then 71(S) admits a presentation as in (a)
(see the proof of Lemma 4.3). Using (i) of Lemma 4.2 we may assume that
(dy,h),(d2,h) are injective tori and that (d;,h), i = 3,...,p are degenerate.
Then we know that the elements f.(d;) and f.(¢;) are in (t), (for ¢ > 3 and
j=1,..,7), and then it follows from (%) that:

feld1) fu(da) € (B). (1)

Since B is a product, we may write : fi(d1) = (u,t*') and fi(d2) = (v,t*?).
Thus it follows from (1) that v = u~!, and then f,(71(S)) is an abelian group.
This is a contradiction. So f.(m1(S)) is abelian. Since f|S: S — N is a non-
degenerate map and since 71 (V) is a torsion free group, f«(71(5)) is a finitely
generated abelian free subgroup of m1(/N). Using [11, Theorem V.6] we know
that there exists a compact 3-manifold V' and an immersion g : V' — N such
that g : m1 (V) — 71 (N) is an isomorphism onto f.(71(5)). Finally f.(71(5))
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is a free abelian group of rank at least two which is the fundamental group
of a 3-manifold. Then using [11, exemple V.8] we get that f.(m1(S)) is a free
abelian group of rank 2 or 3.

Then we prove here that we necessarily have f.(m1(S)) ~ Z®Z. We know that
Rk ((fi(gj); f«(h))) = 1 for j = 1,...,r and by (i) Rk({f«(d:), fx(h))) = 1 for
i = 3,..,p and RK((f,(d), £.(0))) = RK((£.(d2), fo(h))) = 2. Then using ()
and the fact that f.(m1(S5)) is an abelian group, we can find two integers «, (3
such that f,(dy)®fi(do)® = f.(h)?. This implies that f.(do)® € (fi(d1), f«(R))
and then f.(m1(S)) ~ Z @ Z. This proves (ii). The proof of (iii) is a direct
consequence of (i) and (ii). D

4.2.2 End of proof of Theorem 1.7

To complete the proof of Theorem 1.7 it is sufficient to prove (ii). So we first
prove that each Seifert piece of A degenerates and that A is a graph manifold.
Denote by Sy the component of A which is adjacent to T = 90A. It follows
from [20, Lemma 2] that Sy is necessarily a Seifert piece of A. We prove that
f1So0 : So — N is a degenerate map. Suppose the contrary. Thus Sy satisfies the
conclusion of Lemma 4.2. Let 17,715 be the non-degenerate components of 95y
and w1 (T1) = (dy,h),m1(T2) = (d2,h) the corresponding fundamental groups.
Let ¢ : m1(N) — H be the correponding epimorphism given by Proposition 2.1,
where H is a finite group such that ¢f.(d1), ¢f«(d2) € (¢ f«(h)). Denote by N
the (finite) covering given by ¢, M (resp. go) the covering of M (resp. of Sy)
induced by f. Then formula of paragraph 3.2 applied to Sy and §0 becomes:

2§+ﬁ_2+a<p+r—zwlﬁ)—2> (1)

i=1

where p =30 1 =0 ( i n_1]> (resp. p) is the number of boundary com-

ponents of the finite covering So of Sy (resp. of Sp) and where g denotes the
genus of the orbit space of Sg. We can write: p = 2 + p;, where p; denotes
the number of degenerate boundary components of Sy and p = 2 + p1 (where

p1 denotes the number of degenerate boundary components of Sp). It follows
from Lemma 4.2 that we may assume that g = 0. Thus using (1), we get:

N =7 1
p1=U<P1+T—Zm>

i=1
Since (ui, ;) > 1, we have p; > op; and then p; = op;. This implies that
for each degenerate torus U in 0Sj there are at least two (degenerate) tori
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in go which project onto U. Let us denote by P: M — M the finite regular
covering of M correponding to o f,. Then each component of P~!(A) contains
at least two components in its boundary. This contradicts Lemma 4.1 and so
flSo: So — N is a degenerate map. This proves, using [20, Lemma 2] that
each component of A adjacent to Sy is a Seifert manifold which allows to apply
the above arguments to each of them and prove that they degenerate. Then
we apply these arguments successively to each Seifert piece of A, which proves
that A is a graph manifold whose all Seifert pieces degenerate.

We now prove that the group fi(m1(A)) is either trivial or infinite cyclic by
induction on the number of Seifert components ¢(A) of A. If ¢(A) = 1 then
A admits a Seifert fibration over the disk D?. Then the group m(A) has a
presentation:

(di, by quy e gt [hydi] = [hyq5) = 1,457 = BV, dy = qu...q0h")

We know that f|A: A — N is a degenerate map. Thus either f.(h) =1 or
f«(m1(A)) is isomorphic to {1} or Z. So it is sufficient to consider the case
f«(h) = 1. Since 7 (N) is a torsion free group then f.(q1) = ... = fu(g,) =1
and thus f.(d1) = f(q1).-f+(qr) f«(h)? = 1. So we have f.(m(A4)) = {1}.

Let us suppose now that ¢(A) > 1. Denote by Sy the Seifert piece adja-
cent to T in A and by T, ..., T} its boundary components in int(A). It fol-
lows from Lemma 4.1 that A\ Sy is composed of k submanifolds Ay, ..., A
such that 04; = T; for ¢« = 1,...,k. Furthermore, again by Lemma 4.1,
Hi(A1,Z) ~ ... ~ Hy{(Ag,Z) ~ Z. Thus the induction hypothesis applies
and implies that f.(7m1(A;)) = {1} or fiu(m1(A;)) = Z for i = 1,...,k. Let hg
denote the homotopy class of the regular fiber of Sp.

Case 1 Suppose first that f.(hg) # 0. Since the map f|Sy : Sp — N is
degenerate, it follows from the definition that the group f.(m1(Sp)) is abelian.
Denote by x1,...,x; base points in 77,...,Ty. Since f.(m1(4;)) is an abelian
group, we get the following commutative diagram:

T

(f1A)«
m1(0A;, x;) (A, ) | T (N, yi)

. g

Hl(aAZ,Z) —Z*>H1(AZ,Z) ~7Z —>7T1(N,yi)

Since H1(A;,Z) ~ Z and since 0A; = T; is connected, then [17, Lemma 3.3. ()]
implies that the homomorphism H;(0A;,Z) — Hi(A;,Z) is surjective and then

fe(mi(Ais i) = fiulmi (T, 24)) (o)
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Let (A;, i) be a base of m1 (T}, x;) C m1(A;, ;). Recall that the group 1 (So, z;)
has a presentation:

(dl,...dk,d, ho,ql, gyt [ho,q]'] = [ho,dz] = [ho,d] = 1,
¢ =hi,dy...dpd = q1...qrhg>

where the element d; is chosen in such a way that m(T;,z;) = (di,ho) C
7T1(SQ,CCZ') for i = 1,...,k. Set Al = So Un, Ay and Al = A1 UTj Aj for
j = 2,..,k (with this notation we have A*¥ = A). Applying the the Van-
Kampen Theorem to these decompositions we get:

7T1(A1,.’/U1) = 7T1(So,x1) *7T1(T17£U1) 7T1(A1,£1?1)

SO we get

fe(mi(AY, 21)) = fu(m1(S0, 1)) * £, oy (11,00)) S (T2 (A1, 71))

On the other hand it follows from (e) that the injection fi(m(T1,21)) —
f«(m1(A1,21)) is an epimorphism, which implies that the canonical injection
Je(m1(S0)) = fie(m1(S0, 1)) %, (m1 (74 21)) f+(m1 (A1, 21)) is an epimorphism. Thus
fe(m1 (AL 21)) is a quotient of the free abelian group of rank 1 f,(m1(So, 1))
which implies that f.(m(A',21)) = {1} or Z. Applying the same argument
with the spaces A', Ay with base point x5 we obtain that f.(m1(42, 1)) is
a quotient of f.(m1(Al, z2)), which implies that f.(m(A?)) = {1} or Z. By
repeating this method a finite number of times we get: fi(m1(A4)) = {1} or Z.

Case 2 We suppose that f,(hg) = 0. Since ¢/” = hy (where ¢; is any ex-
ceptional fiber of Sy) and since 71(/N) is a torion free group, we conclude that
f«(y) = 1 for every fibers v of Sy. Let Fy denote the orbit space (of genus
0) of the Seifert fibered manifold Sy. Then the map f.: m1(Sy) — 71 (N) fac-
tors through 71(Sp)/(all fibers) ~ 71 (Fp). Let Dy, ..., D, denote the boundary
components of Fy in such a way that [D;] = d; € m1(Fp). Then there exist
two homomorphisms a : m1(Sp) — m1(Fo) and Sy : 71 (Fp) — w1 (V) such that
(f|SO)* = B* O Oty .

We may suppose, after re-indexing, that there exists an integer ng € {1,...,k}
such that fu(d1) = ... = fu(dy,) = 1 and fi(d;) # 1 for j = ng + 1,..., k.
If ng = k then fi(m1(Sp)) = {1} and we have a reduction to Case 1. Thus
we may assume that ng < n. Let ﬁb be the 2-manifold obtained from Fy by
gluing a disk D? along D; for i = 1,...,ng. The homomorphism S, : m (Fp) —
m1 (V) factors through the group m A(Fo). Finally we get two homomorphisms
e+ m(Sp) — m1(Fo) and By mi(Fp) — mi(IN) satisfying (f[So)« = Bi 0 &
where @&, : m(Sp) — mi(Fp) is an epimorphism. It follows from (e) that
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fe(mi(A;)) = {1} for i = 1,...,n9 and fi(m1(4;)) = Z for j = no+1,...,k.
Thus the homomorphism (f|4;)« : 71(A;) — 71 (N) factors through 71 (D2),
where D? denotes a disk, for i = 1,...,n9 and the homomorphism (f|4;). :
m1(A4;) — m(N) factors through 7r1(S]1), where S} denotes the circle, for
j =mno+1,...k. So we can find two homomorphisms 7 : m(A4) — 1 (Fp)
and g : 71 (Fy) — w1 (N) such that (f]A), = gon where 7 : m(A) — w1 (Fp) is
an epimorphism. Then consider the following commutative diagram:

m(A) —"— 1 (Fp)

| l

Hi(A,Z) "> H,(Fy, Z)

Since 7 : m1(A) — w1 (Fp) is an epimorphism, then so is Hy(A, Z) — H(Fy,Z).
Moreover we know that Hy(A,Z) ~ Z. Thus we get: Hy(Fy,Z) ~ H,(A,Z) ~
Z. Recall that m(Fp) = (dpgy1) * ... * (dx_1). Thus Hy(Fy,Z) is an abelian
free group of rank k£ — 1 — ng and thus we have: ng = n — 2. Finally we have
proved that m(Fy) ~ (dj_1) ~ Z which implies that g,(m;(Fp)) is isomorphic
to Z and thus f.(m1(A)) ~ Z. The proof of Theorem 1.7 is now complete.

5 Proof of the Factorization Theorem and some con-
sequences

This section splits in two parts. The first one (paragraph 5.1) is devoted to the
proof of Theorem 1.10 and the second one gives a consequence of this result
(see Proposition 1.11) which will be useful in the remainder of this paper.

5.1 Proof of Theorem 1.10

The first step is to prove that there exists a finite collection {71,...,T,,,} of
degenerate canonical tori satisfying f.(m1(7;)) = Z in M which define a finite
family A = {A,...,Ap,,} of maximal ends of M such that 0A4; = T; and
FI(M\UA;) is a non-degenerate map. We next show that the map f: M3 — N3
factors through M;, where M is a collapse of M along Ay, ..., A,,, and we
will see that the map f1: M; — N3, induced by f, satisfies the hypothesis of
Theorem 1.5. Then the conclusion of Theorem 1.5 will complete the proof of

Theorem 1.10.
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5.1.1 First step

Let {T7,...,T) } = W§; C Wi be the canonical tori in M which degenerate
under f: M — N. If Wi, =0, by setting 4; =0, 7= f = f; and M = M;
then Theorem 1.10 is obvious by Theorem 1.5. So we may assume that W& £ 0.
It follows from [20, Lemma 2.1.2] that for each component 7' of 0H)s, the
induced map f|T': T — N is m-injective and thus WJ(\)/[ % Whs. Then we can
choose a degenerate canonical torus 77 such that 7T; is a boundary component
of a Seifert piece C'y in M which does not degenerate under f. It follows from
Theorem 1.7 that T} is a separating torus in M. Using Theorem 1.7 there is a
component A; of M \ 77 such that:

(a) Aj is a graph manifold, Hy(A1,Z) = Z and the group f.(m1(41)) is either
trivial or infinite cyclic,

(b) each Seifert piece of A; degenerates under the map f,
(c) A satisfies the hypothesis of a maximal end of M (see Definition 1.8).

This implies that int(A;)N int(Cy) = 0 and fi(m1 (A1) = Z (if fu(mi(41)) =
{1}, C1 would degenerate under f). Set By = M\A;. Ift W5 = {T},...,T; } C
WP, denotes the family of degenerate canonical tori in int(B;) then ny < ng. If
ny = 0 we take A = {A;}. So suppose that n; > 1; we may choose a canonical
torus 73 in ng in the same way as above. Let C5 denote the non-degenerate
Seifert piece in M such that 75 C dC5 and let Ay be the component of M \ T
which does not meet int(C5). It follows from Theorem 1.7 that:

(1) A1 NAy = @,
(2) Ay satisfies the above properties (a), (b) and (c).
Thus by repeating these arguments a finite number of times we get a finite

collection {Ay,..., A,,, } of pairwise disjoint maximal ends of M such that each
canonical torus of M\ U;<,;<,,, 4i is non-degenerate.

5.1.2 Second step

We next show that the map f: M — N factors through a manifold M; which
is obtained from M by collapsing M along Aj,..., A,,, (see Definition 1.9).
To see this it is sufficient to consider the case of a single maximal end (i.e.
A = {A;}). Let T1 be the canonical torus 0A; and let C; be the (non-
degenerate) Seifert piece in M adjacent to A; along 7). Since fi(m1(A1)) =
Z, the homomorphism f,: m (A1) — m1(N) factors through Z. Then there
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are two homomorphisms (7). @ m (A1) — 71 (V1), (fo)s : m (V1) — m (V)
such that (f|A1)« = (fo)« © (7o)« (where V; denotes a solid torus) and where
(m0)x: m1(A1) — m (V1) is an epimorphism. Since Vi and N are K(w,1),
it follows from Obstruction Theory [8] that these homomorphisms on m; are
induced by two maps my: A1 — V4 and fy: V4 — N. Moreover we can assume
that fy is an embedding. We show that we can choose 7 in its homotopy class
in such a way that its behavior is sufficiently “nice”. This means that we want
that my satisfies the following two conditions:

(i) o - (Al, 8A1) — (Vl, 8V1),
(ii) mp induces a homeomorphism mp|0A;: 0A; — OV;.

Indeed since fi(m1(71)) = Z, then there is a basis (A, u) of 71 (T1) such that
(m0)«(A) = 1 in 7w (V4) and ((m0)«(p)) = m1(V1). So we may suppose that
mo(p) = ly; (resp. mo(A) = m) where [y, is a parallel (resp. m is a meridian) of
V1. So we have defined a map mg: 0A; — 0V; which induces an isomorphism
(mol0AL)« @ m1(0A1) — m1(0V1). So we may assume that condition (ii) is
checked. Thus it is sufficient to show that the map my|0Ay can be extended to
a map mg: A1 — Vi. For this consider a handle presentation of A; from 77:

TyU(efU...ef...Uep ) U (e?U 632 UeZ)U(efU..ep...Uel))

where {eF} are k-cells (k = 1,2,3). Since (m)«(m1(41)) = (m0)«(m1(041)),
we can extend the map my defined on 0A; to the 1-skeletton. Since Vi is a
K(m, 1) space, we can extend 7y to A;. Thus, up to homotopy, we can suppose
that the map f: M — N is such that f|A; = fy o mp, where my|0A; is a
homeomorphism.

Set By = M\ A;. Attach a solid torus Vj to By along T in such a way that
the meridian of V; is identified to A and the parallel [y, of V; is identified to
. Let ¢ denote the corresponding gluing homeomorphism ¢ : 0V; — dB; and
denote by Bl the resulting manifold. Let m,: By — él \ Vi be the identity
map. We define a map 7 : M = Ay U By — M; such that m|A; = 7y and
m|B1 = my and M; = él. Thus it follows from the above construction that
m : M — M is a well defined continuous map. Since the map m1|B; \ 11 :
Bi\T) — By \ V1 is equal to the identity, we can define the map f1|§1 \ V1 by
setting fl\él \Vi1=fo (ﬂl)*l\BAl \ Vi and f;: Vi — N as fy. Thus we get a
map f1: My — N such that f = f; om.

We now check that M; is still a Haken manifold of finite volume. Let C’l be
the space Cy U, Vi. Since M \ (A1 U C4) is a Haken manifold, it is sufficient
to prove that C’l admits a Seifert fibration. Since f|C; : C; — N is a non-
degenerate map, then f,(h1) # 1, where hy denotes the homotopy class of the
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regular fiber in C7. Therefore the curve A is not a fiber in C;. Thus the Seifert
fibration of C; extends to a Seifert fibration in ;. On the other hand, since
f is homotopic to fi o, we have deg(f1) = deg(m ) = deg(f) = 1 and since
NI = IM] then [[N|[ = [[M]| = [|M].

In the following, if A denotes a Z-module, let T'(A) (resp. F(A)) be the torsion
submodule (resp. the free submodule) of A. To complete the proof of the second
step we show that fi satisfies the homological hypothesis of Theorem 1.1. Let

:N — N bea finite cover of N, p: M — M the finite covering induced from
N by f and p: M, — M; the ﬁnlte covering induced from N by f;. Denote
by f: M — N and f1 M1 — N the induced maps. Fix base points: = € M,
Tepi(z), 11 =m(z), y= f(z), = f(F), and F; such that fi(,) =y. In
the following diagram we first show that there is a map 71 : (M, z) — (Ml, 71)
such that diagrams (I) and (II) are consistent.

(7, 3) f .7
# h
(M, 7,)
p P1 q
(M, 21)
(M, (N,y)

We know that: - B
(p1)=(m1 (M1, 1)) = (f1)5 ' (g=(m1 (N, 7))
and

pu(mi (M, 7)) = ()5 (gu(m1(N, 7))

So we get:

(m)x(pa(m (M, 7)) = (1) () ae(m (N, 5)) = (1) (1) (F1)5 0 (1 (N, )
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and thus finally:
(1) (s (M1 (M, 7)) = (f1)5 @ (1 (N, §)) = (p1)s(m1 (M1, 71))

Thus it follows from the lifting criterion, that there is a map 7 such that the
diagram (I) is consistent. Denote by f the map f; o 7. We easily check that
qo f = [ op and thus we have f: f We next show that the maps w1, fi,
71 and f; induce isomorphisms on H; (with coefficients Z). Since f (resp.
f) is a Z-homology equivalence then (m)y : Hy(M,Z) — Hy(My,Z) (resp.
(1) : Hy(M,Z) — H,(M,,Z)) is injective and (f). : Hy(My,Z) — Hy(N,Z)
(resp. (f1)x : Hq(ﬁl,Z) — Hq(ﬁ, Z)) is surjective (for ¢ = 0,...,3). Since
deg(f) = deg(f) =1 then deg(m) = deg(f1) = deg(m) = deg(f1) =1. Thus
the homomorphism (7). : Hi(M,Z) — Hy(M;,Z) (resp. (1)« : Hi(M,Z) —
Hy(My, 7)) is surjective and therefore is an isomorphism, which implies that
fl and f; induce isomorphisms on Hj .

We now check that the maps fl and m; are Z-homology equivalences. Recall
that M = Ay Up, By and M; = Vi U, By where Vj is a solid torus and
where 71 |(B1,0B1) : (B1,0B1) — (B1,0By) is the identity map. On the other
hand we see directly that the map m|(A41,041) : (41,041) — (V1,0V1) is a
Z-homology equivalence and deg(p) = deg(p;) = deg(q). Set By = p~1(By)
and El,l = (p1)~1(By). Since V; is a solid torus, it follows from Lemma 4.1

that:

(i) E and El,l are connected and have the same number ki of boundary
components,

—~1 —~k —j
(i) p~Y(Ay) is composed of k; connected components A ..., Ay 1; 8A1J is

connected; Hl(;ﬂj, Z) =7Z and (p;)~*(V3) is composed of k; connected com-
~1 —~k —

ponents Vi ...V} " where the Vlj are solid tori,

(iii) the map 7; induces a map %{ : (;1\1],8;1\1]) — (/VI], 8/‘}?).

Thus we get the two following commutative diagram:

~ ~  T1Bi ~ -
(B1,0By) — (B1,1,0B1,1)

pl lpl

(Bl, 831) i> (Bl, 831)

Since deg(p|B1) = deg(p1|§1,1) then deg(%ﬂﬁl) = 1 and so the map %1|E is
homotopic to a homeomorphism and is a Z-homology equivalence. Consider
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the following commutative diagram:

(A7, 04,) == (W, ov,")

pl lpl

(A1, 04;) —— (Vi,0W)

Then we show that we have the following properties:
Hi(A,Z) =2 and Hy(A,Z)=0 for q>2

The first identity comes directly from Lemma 4.1. On the other hand since
8:4:J # 0, and since E] is a 3-manifold, the homology exact sequence of
the pair (le,aIl]) implies that H3(EJ,Z) = 0. Using [21, Corollary 4,
p. 244] and combining this with Poincaré duality, we get: HQ(EIJ,Z) ~
HY(A,",04,",Z) and thus T(Ha(Ay’,Z)) = T(Ho(A;’,9A,",Z)) = 0. More-
over , F(H'(A,",04,",Z)) = F(Hy(A,",0A,",Z)) and since (A", 04,") +
1 = 51(111]) = 1, we have: HQ(A:],Z) = 0. So the map 7 induces an
isomorphism on Hq(;ﬂj, Z) for ¢ = 0, 1\,/2,3. Thus using the Mayer—ViEr\t/oris
exact sequence of the decompositions M = (U;<;<x, A7) U (B1) and My =

(Ur<i<i, ‘N/f) U (ELI) we check that the map 7 and then fl are Z-homology
equivalences. This proves that f; satisfies hypothesis of Theorem 1.1. Then
using Theorem 1.5 the proof of Theorem 1.10 is now complete.

5.2 Some consequences of the Factorization Theorem

We assume here that the manifold M3 contains some canonical tori which
degenerate under the map f. Then we fix a maximal end A of M, whose
existence is given by Theorem 1.10. We state here a result which shows that
the induced map f|A can be homotoped to a very nice map. More precisely
we prove here Proposition 1.11. The proof of this result splits in two lemmas.

Lemma 5.1 If A denotes a maximal end of M then the space A\Ws contains
at least one component, denoted by S, which admits a Seifert fibration whose
orbit space is a disk D? in such a way that f.(m1(S)) # {1}.

Proof The fact that the maximal end A contains at least one Seifert piece
whose orbit space is a disk (called an extremal component of A) comes directly
from Lemma 3.7 since A is a graph submanifold of M whose Seifert pieces are
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based on a surface of genus zero and whose canonical tori are separating in M .
To prove the second part of Lemma 5.1 we suppose the contrary. This means
that we suppose, for each extremal component S of A, that the induced map
f|S is homotopic in N to a constant map. Then we show, arguing inductively
on the number of connected components of A\ Wjs, denoted by ky4, that
this hypothesis implies that f.(m1(A)) = {1} which gives a contradiction with
Definition 1.8.

If k4 = 1, this result is obvious since the component A is a Seifert space whose
orbit space is a 2-disk. Then we now suppose that k4 > 1. The induction
hypothesis is the following:

If Ais a degenerate gralgzh su?manifold of M made of j < kAA Seifert pieces
and if each Seifert piece S of A based on a disk satisfies f.(m1(5)) = {1} then
the group f.(m1(A)) is trivial.

Denote by Sy the Seifert piece of A which contains 0A, 11,...,T} the compo-
nents of 95y \ 04 and Ay, ..., A the connected components of A\ int(Sp) such
that 0A; = T; for i = 1,...,k. So we may apply the induction hypothesis to
the spaces Ay, ..., A; which implies that the groups fi(m1(A1)), ..., fx(m1(A%))
are trivial. Recall that the group m(Sp) has a presentation:

<d17 "'7dk‘7d7 h7 q1,--5qr : [h7 dl] = [h7 QJ] = 17q7j = h’Yjadl"'dkdql"'qT = hb>

where the group (d;,h) is conjugated to m(7;) for i = 1,....,k and where
(d,h) is conjugated to m1(7T"), where T' = 0A. Since h admits a representa-
tive in each component of 0Sy and since fi(m1(7;)) = 1 then f.(h) = 1 and
feld1) = ...f(dg) = 1. This implies that f.(q1) = ... = f«(¢) = 1 and since
dy...dpdq...qr = h® we get f.(d) = 1, which proves that f.(m1(Sp)) = 1. Since
A= SyUA1U...UAg, then applying the Van Kampen Theorem to this decom-
position of A, we get f.(m1(A)) = {1} which completes the proof of Lemma
5.1. O

Lemma 5.2 Let A be a maximal end of M3. Let S be a submanifold
of A which admits a Seifert fibration whose orbit space is a disk such that
f«(m1(S)) # {1}. Then there exists a Seifert piece B of N such that f.(m1(S)) C
(t), where t denotes the homotopy class of the fiber in B.

Proof Applying Theorem 1.10 to the map f : M — N, we know that f is
homotopic to the comopsition f; om where w: M — M; denotes the collapsing
map of M? along its maximal ends and where f; : M; — N is a homeomor-
phism. More precisely, if C' denotes the Seifert piece of M? adjacent to A along
0A then we know, by the proof of Theorem 1.10 that there is a solid torus V
in My and a homeomorphism ¢ : 9V — JA such that:
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(i) the space C; = C U,V is a Seifert piece in M,
(ii) w(A,0A) = (V,0V) C int(B) and the map 7f|]M \ A: M\ A — M \V
is the identity.

Since the map f; is a homeomorphism from M; to N, then by the proof of
Theorem 1.5, we know that there exists a Seifert fibered space of N, denoted
by By, such that f; sends (Cy,0C1) to (By,0By) homeomorphically. Hence
the map f is homotopic to the map fi o still denoted by f, such that f(A4) C
int (Bx) where By is a Seifert piece in N\ Wi . In particular, we have f(S5) C
int(By). On the other hand, since Hi(A,Z) = Z then it follows from [17,
lemma 5.3.1(b)], that the map H;(0A,Z) — H1(A,Z), induced by inclusion,
is surjective and since fi(m1(A)) is an abelian group (in fact isomorphic to Z)
we get fi(m1(A)) = fu(m1(OA)). Since f = fiom, if hy denotes the homotopy
class of the fiber in C' represented in 0A, then f.(h;) = t*' where ¢t denotes
the homotopy class of the fiber in By . Moreover, since fi|m(0A) is a homo-
morphism of rank 1 and since By is homeomophic to a product F}, x S, then
we get fio(m1(A)) = fu(m1(0A)) = (t) C m1(Bn) ~ m1(F),) x (t). Finally, since
m1(S) is a subgroup of 71 (A) we get f.(m1(S)) C (¢) which completes the proof
of Lemma 5.2. The proof of Proposition 1.11 is now complete. O

6 Proof of Theorem 1.1

6.1 Preliminary
6.1.1 Reduction of the general problem

It follows from the form of the hypothesis of Theorem 1.1 that to prove this
result it is sufficient to find a finite cover N of N such that the lifting f: M —

N of f is homotopic to a homeomorphism. So we may always assume without
loss of generality that the manifold N satisfies the conclusions of Proposition
1.4. It follows from Theorem 1.5 that to prove Theorem 1.1 it is sufficient to
show that the canonical tori in M do not degenerate under f. Thus suppose
the contrary: using Theorem 1.10 this means that there is a finite collection
A={A4,...,A,} of codimension-0 submanifolds of M which degenerate under
f (the maximal ends). We denote by M; the Haken manifold obtained from
M by collapsing along the components of A, by m : M — M;j the collapsing
projection and by fi : M7 — N the homeomorphism such that f ~ f;onw. Let
A = Ay be a maximal end in A and let S be a Seifert piece of A whose orbit
space is a disk, given by Proposition 1.11. Then the proof of Theorem 1.1 will
depend on the following result:
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Lemma 6.1 There exists a finite covering p : M — M induced by f from
some finite covering of N such that each component of p~1(S) admits a Seifert
fibration whose orbit space is a surface of genus > 1.

This result implies that the components of p~!(A) are not maximal ends. In-
deed since each component of p~!(A) contains at least one Seifert piece whose
orbit space is a surface of genus > 1 then it follows from [17, Lemma 3.2] that
their first homology group is an abelian group of rank > 2 which contradicts
Definition 1.8. This result gives the desired contradiction.

6.1.2 Proposition 1.12 implies Lemma 6.1.

In this paragraph we show that to prove Lemma 6.1 it is sufficient to prove
Proposition 1.12.

Let f: M — N be a map between two Haken manifolds satisfying hypothesis of
Theorem 1.1. Let A be a maximal end of M and let S be the extremal Seifert
piece of A given by Proposition 1.11 and we denote by By the Seifert piece
of N such that f(A) C By. Let h (resp. t) denote the homotopy class of the
fiber in S (resp. in By). Then Proposition 1.11 implies that f.(71(5)) C (t).
Recall that the group 71(S) has a presentation:

<d17q17°'°7q1“7h : [h7 dl] - [h7ql] =1 qrﬁjll = h% dlql"'(JT - hb>

Let us denote by {a1, ..., . } the integers such that f.(c1) =t ..., fu(c,) =t
where ¢, ...,¢, denote the homotopy class of the exceptional fibers in S (i.e.
d' = h). In particular we have f,(h) = t*% for ¢ = 1,..,7r. Since the
canonical tori in M are incompressible, the manifold S contains at least two
exceptional fibers c¢; and ¢y (otherwise S = D? x S! which is impossible). Set
ng = aiagpi i, where p; denotes the index of the exceptional fiber ¢;. Then,
we apply Proposition 1.12 to the manifold N 3 _with the integer ng defined as
above. Let By be a component of p~!(By) in N, where p is the finite covering
given by Proposition 1.12. Thus there exists an integer m such that the fiber
preserving map p\BN By — By induces the mng-index covering on the
fibers ¢ of By. Let 7 denote the homomorphism correponding to the covering
induced on the fibers. Thus the covering induces, via f, a regular finite covering
q over S which corresponds to the following homomorphism 6:
S)« S/ t
m(®) " 22 % 2o -

Let S be a component of the covering of S corresponding to 6. Our goal
here is to comput the genus of the orbit space, denoted by F of S. For each
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i€ {l1,..,r}, we denote by f3; the order of the element (¢;) = @; in Z/mnyZ.
Thus we get the following equalities:

B =muipoce  Bo = mpuipzay and (B, 1) = p1 (B2, p2) = po
Let 7p : F — F denote the (branched) covering induced by ¢ on the orbit

spaces of S and S and denote by o the degree of the map np. It follows
from Lemma 4.1 (applied to S) that each component of ¢~!(S) has connected
boundary. Using paragraph 3.2 we know that the genus g of F is given by the
following formula:

i=r

1 1
2¢=2+oc|r—-1—-—-— —_—
(o Sa)
Since 9S is connected, then using the above equalities, the last one implies
that:
~ 1 1
2¢>1+0|ll=——-—]>1

M1 2
which proves that Proposition 1.12 implies Lemma 6.1. Hence the remainder
of this section will be devoted to the proof of Proposition 1.12.

6.2 Preliminaries for the proof of Proposition 1.12

We assume that N3 satisfies the conclusion of Proposition 1.4. In this section we
begin by constructing a class of finite coverings for hyperbolic manifolds. This
is the heart of the proof of Theorem 1.1: we use deep results of W. P. Thurston
on the theory of deformation of hyperbolic structure. Next (in subsection 6.2.4)
we construct special finite coverings of Seifert pieces, that can be glued to the
previous coverings over the hyperbolic pieces, to get a covering of N2 having
the desired properties.

6.2.1 A finite covering lemma for hyperbolic manifolds

In this paragraph we construct a special class of finite coverings for hyperbolic
manifolds (see Lemma 6.2). To state this result precisely we need some nota-
tions. Throughout this paragraph we assume that the manifold N3 satisfies
the conclusion of Proposition 1.4.

In this section we deal with a class, denoted by H of three-manifolds with non-
empty boundary made of pairwise disjoint tori whose interior is endowed with
a complete, finite volume hyperbolic structure. Let H be an element of H and
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let 11, ..., Ty be the components of 0H . We consider H as a submanifold of the
Haken manifold N and we cut 0H in two parts: the first one is made of the tori,
denoted 717, ...,1;, which are adjacent to Seifert pieces in N and the second one
is made of tori, denoted Uy, ..., U,, which are adjacent to hyperbolic manifolds
along their two sides. For each T; (i € {1,...,l}) in 0H we fix generators
(mg,1;) of m(T;) ~Z & Z and we assume these generators are represented by
simple smooth closed curves (denoted by [; and m; too) meeting transversally
at one point and such that T; \ ([; Um,) is diffeomorphic to the open disk. The
curves (mg,l;) will be abusively called system of “longitude-meridian” (we use
notation “” as T; is not the standard torus but a subset of N?). On the other
hand we denote by P* the set of all prime numbers in N* and for each integer
ng, we denote by P, the set:

Py = {n € P* such that there is an m € N with n = mny + 1}

It follows from the Dirichlet Theorem (see [10, Theorem 1, Chapter 16]) that
for each integer ng the set Py, is infinite. The goal if this paragraph is to prove
the following result:

Lemma 6.2 For each integer ngy and for all but finitely many primes q of the
form mng + 1, there exists a finite group K, a cyclic subgroup G,, ~ Z/nZ of
K, an element ¢ € G,, of multiplicative order mng, elements 7', ...,7" in G,
and a homomorphism ¢ : m1(H) — K satisfying the following properties:

(i) foreach i € {1,...,1} there exists an element g; € K such that o(m(T;)) C
9iGng; ' = G ~ Z/nZ with the following equalities: ¢(m;) = gicg; ' and
oli) = 979"

(ii) for each j € {1,...,r} the group ¢(mi(U;)) is either isomorphic to Z/qZ
orto Z/qZ x Z/qZ.

6.2.2 Preparation of the proof of Lemma 6.2.

We first recall some results on deformation of hyperbolic structures for three-
manifolds. These results come from chapter 5 of [23]. Let  be a 3-manifold
whose interior admits a complete finite volume hyperbolic structure and whose
boundary is made of tori 17i,...,7). This means that () is obtained as the
orbit space of the action of a discret, torsion free subgroup I' of Z+(H?1) ~
PSL(2,C) on H>T (where H>T denotes the Poincaré half space) denoted by
I'/H3**. Hence we may associate to the complete hyperbolic structure of @ a
discret and faithful representation Hg (called holonomy) of 71(Q) in PSL(2,C)
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defined up to conjugation by an element of PSL(2,C). It follows from Proposi-
tion 3.1.1 of [3], that this representation lifts to a faithful representation denoted
by Hy : m1(Q) — SL(2,C). Note that since @) has finite volume, the repre-
sentation Hy is necessarily irreducible. Moreover, since Hy is faithful, then for
each component T of dQ and for each element « € 71(T"), the matrix Hp(«)
is conjugated to a matrix of the form:

(0 1 ) where A\ € C

We will show here that for each primitive element o € m1(7T'), there exists a
neighborhood W of 1 in C* such that for all z € W there exists a representation
p:m(Q) — SL(2,C) such that one of the eigenvalues of p(«a) is equal to z.

Denote by R(71(Q)) the affine algebraic variety of representations of (@) in
SL(2,C) (ie. R(m1(Q)) = {p,p: m(Q) — SL(2,C)}) and by X (m1(Q)) the
space of characters of the representations of m1(Q). For each element g € 71(Q)
we denote by 7, the map defined by:

79 R(m1(Q)) 3 pr—tr(p(g)) € C

Let 7 denote the ring generated by all the functions 7, when g € 71(Q). Since
m1(Q) is finetely generated, then so is the ring 7; so we can choose a finite
number of elements 1, ..., v, in 71(Q) such that (7,,,...,7,,,) = 7. We define
now the map ¢ in the following way:

t: R(mi(Q)) 3 p = (771 (p); -+ Ty () € C™

which allows to identify the space of characters X (m1(Q)) with t(R(71(Q))). In
particular, if Ry denotes an irreducible component of R(m(@)) which contains
Hj, then the space Xy = t(Ryp) is an affine algebraic variety called deformation
space of QQ near the initial structure Hy. It follows from [23, Theorem 5.6], or
[3, Proposition 3.2.1], that if @ has k& boundary components (all homeomorphic
to a torus), then dim(Xy) = dim(Ry) — 3 > k. We now fix basis of “meridian-
longitude” (m;,1;), 1 <1i < k, for each torus T, ..., 7. This allows us to define
a map:
tr: Xg — Cck

in the following way: let ¢ be an element in X (7m1(Q)). The above paragraph
implies that there exists a representation H, such that t(H,) = ¢; then we set
tr(q) = (tr(Hy(m1)), ...,tr(H,(my,))) € C*. By construction this map is a well
defined polynomial map between the affine algebraic varieties X (71(Q)) and
CF. Moreover, if gy denotes the element of X equal to t(Hp), then it follows
from the Mostow Rigidity Theorem (see [1, Chapter C]) that the element g is
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the only point in the inverse image of tr(gp). Using [16, Theorem 3.13] this im-
plies that dim(X) = dim (C*) = k. Next, applying the Fundamental Openness
Principle (see [16, Theorem 3.10]) we know that there exists a neighborhood U
of qo in Xg such that tr(U) is a neighborhood of tr(gy) = (2, ...,2) in C* de-
noted by V. Let f be the map defined by f(z1,...,2x) = (z21+1/21, ..., 2+ 1/ 2)
and let W be a neighborhood of (1,...,1) in C* such that f(W) = tr(U) = V.
This proves that for each k-uple A = (A1,...,A\x) of W there exists a represen-
tation Hy of m(Q) in SL(2,C) such that for each i € {1,...,k} the matrix
Hy(m;) has an eigenvalue equal to \;.

6.2.3 Proof of Lemma 6.2

Let H be a submanifold of M? which admits a complete finite volume hyper-
bolic structure go. We denote by Hy the irreducible holonomy of 7 (H) in
SL(2,C) associated to the complete structure of H, by Ry an irreducible com-
ponent of R(m;(H)) which contains Hy and by X the component of X (71 (H))
defined by Xo = t(Ry) (see paragraph 6.2.2 for definitions). Let Uy, ...,U, be
the components of OH which bound hyperbolic manifolds of M? along their
both sides and let 77, ...,T; be the components of 9H adjacent to Seifert pieces.
For each T;, i = 1,...,1 (resp. U;, j = 1,...,7), we fix a system of “longitude-
meridian” (mg, ;) (resp. (uj,v;)). Let A be a transcendental number (over Z),
near of 1 in C (this is possible since the set of algebraic number over Z is
countable). It follows from paragraph 6.2.2 that there is a representation H,
of m(Q) in SL(2,C) satisfying the following equalities:

vp(Hy(pj)) = vj(q) = vp(Hy(v;)) =1 for je{l,..,r}
vp(Hy(m;)) = Xi(q) =X forie{l,.. 1}

where vp(A) denotes one of the eigenvalues of the matrix A € SL(2,C). Thus
we get the following equalities:

mmy=ai (S )ert mw=a () ) e

for i € {1,...,1} where A is a transcendental number over Z and where the
matrix Q1,...,Q; are in SL(2,C). On the other hand, since vp(Hy(1;)) =
vj(q) = vp(Hy(v;)) =1 for j = 1,...,r, the groups Hy(mi(U;)) are unipotent
and isomorphic to Z @ Z. This implies that:

_ 11 _ 1 n; .
Pqu(Mj)Pj1—<0 1)7 Pqu(Vj)Pj1—<0 1J> for j € {1,...,r}
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where 71, ...,7m, are in C\ Q and where the P;’s are in SL(2,C). Moreover
since 71 (H) is a finitely generated group, we may choose a finite susbet G which
generates m(H). Then consider the subring A of C, generated over Z[\| by
the following system:

Z U{entries of the matrix Hy(g) for g € G}

U{entries of the matrix Pj, Pj_l, Qi, (Qi)*l}U{)\,)\*l,ui,(,ul-)*l, nj}

It follows from the above construction that A is a finitely generated ring over
Z[\], and Z[)] is isomorphic to Z[X] since A is transcendental over Z. So
using the Noether Normalization Lemma (see [6], Theorem 3.3) for the ring A
over By = Z[\], we know that there exists a polynomial P of Z[X] and a finite
algebraically free family {z1,...,x;} over Z[\] such that A is integral over

B =27\ [ﬁ] @1y 2]

To complete the proof of Lemma 6.2 we need the following result.

Lemma 6.3 Let ng > 0 be a fixed integer. Let A be a subring of C integral
over a ring B isomorphic to Z[\] [1/P()\)] [x1, ..., k|, where X is transcendental
over Z, P is a polynomial in Z[\| and x1,...,z); are algebraically free over
Z[\] ~ Z[X]. Let ui,...,p; be elements of A. Then for all no € N and for all
but finitely many primes q = mng+1, there is a finite field F, of characteristic
¢, an element ¢ in (F,)* = F, \ {0} of multiplicative order mng, elements
1,7 in (Fg)* and a ring homomorphism € : A — F, such that:

(i) (e(N),e(ui))) C Fy =~ Z/nZ for i =1,..,1, where ((g,h)) is the multi-
plicative subgroup of A generated by g et h and where n = |Fy| — 1,

(ii) e(A\) =¢ and e(p;) =7; for i =1,...,1.

Proof of Lemma 6.3 We first prove that for all but finitely many primes
q € Py, there exists a ring homomorphism € : B — Z/qZ such that £(\) is a
generator of the cyclic group (Z/qZ)* ~ Z/(q—1)Z. We next show that we can
extend € to a homomorphism from A by taking some finite degree extension of
Z/qZ and using the fact that A is integral over B. To this purpose we claim
that for all but finitely many primes ¢ = mng + 1, there is a homomorphism

e 7\ [ﬁ] . 7/qz

where £()) is a generator of the group (Z/qZ)* and where P = ag + a1 X +
...+any X", with integral coefficients. For all sufficiently large primes ¢ we may
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assume that (¢, a0) = (¢,an) = 1. Hence for ¢ sufficiently large the projection
Z — 7./qZ associates to P a non-trivial polynomial P in Z/qZ[X] of degree
N. On the other hand it is well known that (Z/gZ)* is a cyclic group of order
g — 1, when ¢ is a prime. Thus there exists ¢(¢ — 1) = ¢(mng) elements in
Z/qZ generating (Z/qZ)*, where ¢ is the Euler function. Moreover it is easy to
prove that lim, . ¢(n) = +oco. Hence for a prime ¢ sufficiently large we get:
Card(G((Z/qZ)*)) = (¢ —1) > N > Card(?_l(O)) which allows us to choose
an element ¢ in Z/qZ generating (Z/qZ)* and such that P(¢) # 0. Hence
for all but finitely many primes ¢ = mng + 1, we may define a homomorphism
e 1 Z[N\] — Z/qZ by setting €(A\) = ¢ where ¢ is a generator of (Z/qZ)*,
which is possible since A is transcendental over Z. Since P(¢) # 0 we can
extend € to a homomorphism ¢ : Z[A[1/P(\)] — Z/qZ. Since the elements
Z1,...,x are algebraically free over Z[A], we extend the above homomorphism
to B = Z[N[1/P(N)][z1,...,zx] by choosing arbitrary images for xy,...,x;. We
still denote by ¢ : B — Z/qZ this homomorphism. Let us remark that it follows
from the above construction that A is sent to an element of multiplicative order
q—1=mng.

We next show that we can extend ¢ to A. We first prove that there is an
extension of ¢ to Blui, ..., ] in such a way that the p; are sent to non-trivial
elements. We assume that there is an integer 0 < ¢ < [ such that for all
j €{0,...,i} there is a finite field Fé of characteristic ¢ which is a finite degree
extension of Z/qZ and an extension of ¢ denoted by ¢’ : B/ = Bluy, ..., uj] —
Fé such that &’(p,) # 0 for » = 1,...,j. Since A is integral over B, there
is a polynomial Piy; = aj™ + ... +alr' X" in B[X] where aj" and a%t! are
invertible in A such that Pji1(pis1) = 0. The homomorphism &’ associates
to P41 a polynomial P; 1 which can be assumed to be irreducible in Ffl[X |
having a non-trivial root z;4; in some extension of Ffl. If P;;1 has no root
in Fi we take the field extension F;' = F![X]/(P;;1) and we set zi11 = X
where X denotes the class of X for the projection Fj[X] — Fi[X]/(Piy1).
If P;;1 has a non-trivial root z;,1 in Fé we set Fé“ = Fé. This proves,
by induction, that we can extend ¢ to Blui,...,p]. To extend ¢ to A it is
sufficient to fix images for its other generators. Since A has a finite number of
generators we use the same method as above (using the fact that A is integral
over B). Let ¢ be the homomorphism extended to A and F, be the extended
field. Since e(p;) = 7%; # 0 for @ = 1,...,1 then ¥; € F; ~ Z/nZ with n =
Card (F,;) — 1, which ends the proof of Lemma 6.3. O

End of proof of Lemma 6.2 Let ¢ be a prime satisfying the conclusion of
Lemma 6.3. We denote by € : A — F, the homomorphism given by Lemma 6.3.
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This homomorphism combined with the holonomy H, of m1(H) in SL(2,C)
induces a homomorphism ¢ such that the following diagram commutes.

m(H) —2~ SL(2,C)

| A

SL(2,F,)
where p is the restriction of the homomorphism ¢ : SL(2,A) — SL(2,F,)

defined by:
a b g(a) e(b)
(c d>H(5(c) e(d)
So we get the following identities:

em) =i (v )t e -ai(

o

- (11
(P(Mj)_Pj(O 1

Let G,, be the subgroup of SL(2,F,) defined by:

Gn—{6—<g 2_1 ) when EEF;}

Since F} is a cyclic group of order n, so is Gy,. To complete the proof of (i)
it is sufficient to set g; = Q,. To prove (ii), it is sufficient to use the fact that
F, is a field of characteristic ¢ and the form of the elements ¢(u;),p(v;) for
j=1,...,r. Indeed this proves that o(m(Uj)) is either isomorphic to Z/qZ or
to Z/qZ x Z/qZ depending on whether the elements 1 and £(r);) are linearly
dependant or not. This ends the proof of Lemma 6.2. O

Remark 3 Lemma 6.2 can be easily extended to the case of a finite number of
complete finite volume hyperbolic manifolds. More precisely, if Hy,..., H, de-
note v hyperbolic submanifolds in N3, we can write Lemma 6.2 simultaneously
for the v submanifolds by choosing the same prime ¢ € P, the same group
K, the same cyclic group G,, ~ Z/nZ C K and the same element ¢ € G,, of
multiplicative order mng. Hence we get the following corollary.

Corollary 6.4 Let Hy, ..., H, be v submanifolds of N3 whose interiors admit
a complete finite volume hyperbolic structure. Then for any integer ng > 1
and for all but finitely many primes q of the form mng + 1, there exists a
finite group K, a cyclic subgroup G, ~ Z/nZ of K, an element ¢ € G,, of
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multiplicative order mng, elements 7;'- in G, i=1,...,v, j =1,..,1;, and
group homomorphisms @i: 71 (H;) — K, i = 1,...,v satisfying the following
properties:

(i) for each i € {1,...,v} and j € {1,...,1;} there is an element gj» € K such
that (pHZ(m(TJZ)) C g;-Gn(g;-)*1 ~7Z/nZ,

(ii) for each i € {1,...,v} and j € {1,...,;} we have the following equalities:
Bl iy o i it [ O N

pri(my) = gje(g;) ™" and o™i(15) = g77;(g5)

(iii) for each i € {1,...,v} and j € {1,...,7;} the group (pHi(m(U;)) is isomor-

phic to either Z/qZ or Z/qZ x Z/qZ.

6.2.4 A finite covering lemma for Seifert fibered manifolds

In this section we construct a class of finite coverings for Seifert fibered man-
ifolds with non-empty boundary homeomorphic to a product which allows to
extend the hyperbolic coverings given by Corollary 6.4. We show here that these
coverings may be extended if some simple combinatorial conditions are checked
and we will see that these combinatorial conditions can always be satisfied up
to finite covering over N3. Throughout this paragraph we consider a Seifert
piece S of N3 identified to a product F x S', where F' denotes an orientable
surface of genus g > 1 with at least two boundary components. We fix two
intergers n > 1 and ¢ in Z* and we denote by « the order of ¢ in Z/nZ. Then
the main result of this section is the following.

Lemma 6.5 Let S be a Seifert fibered space homeomorphic to F x S'.
We denote by D', ..., D' Gy,...,G, the components of OF and we set d' =
[D] € m(F) and 6; = [G,] € m(F) (for a choice of base points). Let
~v(S) = {'yl,...,'yli be a finite sequence of integers. Then there exists a fi-
nite covering m: S = F x S' — § = F x S! inducing the trivial covering on
the boundary and satisfying the following property: there exists a group ho-
momorphism ¢: m(S) — Z/nZ x G, where G denotes a finite abelian group
such that:

(i) for each component T]Z = Dj- xSl (j =1,..,deg(n)) of =1 (T?) = 771 (D%) x
S!, we have p(m (TJZ)) C Z/nZ x {0} and in particular we have the equalities:
¢(t) = (¢,0) and p(d3) = (7',0), where d; = [D}] € m(F') and where t denotes
the fiber of S,

(ii) for each component U; of n=1(G; x S!) the group ker(p|ri(U;)) is the
a X a-characteristic subgroup in w1 (Uj).
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Proof Let Ny be the integer defined by Ny = v + ... ++!. Then the proof of
Lemma 6.5 is splitted is two cases.

Case 1 We first assume that Nyg = 0 (n). Then we show in this case that S
itself satisfies the conclusion of Lemma 6.5. Recall that with the notations of
Lemma 6.5 the group m1(S) has a presentation:

(a1,b1, .y g, bgydty oy d 81, ey Oyt

i=g j=l k=r
[t.d] = [t,6;] = [t,ai] = [t,b:) = L, [ i, 0] [T & [T o6 = 1)
i=1 J=1 k=1

with n > 2 and 7 > 2 (Indeed recall that N satisfies the conclusion of Proposi-
tion 1.4. In particular, N is a finite covering P: N — N’ of a Haken manifold
N’ such that for each canonical torus T of Wy and for each geometric piece
S adjacent to T in N’ the space (P|S)~}(T) is made of at least two con-
nected components). We show here that we may construct a homomorphism
w: m(S) — Z/nZ x (Z/aZ)"~! such that w({d,t)) C Z/nZ x {0} and satis-
fying the following equalities:

o w(d) = (7,0) for every i =1,...,1,

e w(t) = (¢,0) and the group ker(w|(d;,t)) is the a x a-characteristic

subgroup of (d;,t) for j=1,...,r.

Then consider the group K defined by the following relations:

Jj=l k=r
K = <d1,...,dl,61,...,5T,t: t,d"] = [t,5;] =1, de =1, (H 5k> = 1>
j=1 k=1

obtained from m1(S) by killing the generators a;,b; for i = 1,...,g and adding
two relations. Denote by m: m1(S) — K the corresponding projection homo-
morphism. Then we define a homomorphism 6: K — Z x Z"~! by setting:

e 9(d") =(»',0,...,0),...,0(d" ") = (v'1,0,...,0),

e 0(01)=1(0,1,0,...,0),...,6(6,—1) = (0,...,0,1) and 6(¢t) = (c,0,...0).
Since [[;d" = 1 we get: 0(d") = —(v' + ... +471) x {0} = (' (n)) x {0}
and since [[;0; = 1 we have: 6(3,) = (0,1,...,1). Finally, if A\: Z x Z""! —
Z/nZ x (Z/aZ)"~! is the canonical epimorphism, then the homomorphism ¢

defined by the composition \of o satisfies the conclusion of Lemma 6.5. This
ends the proof of Lemma 6.5 in case 1.

Case 2 We now assume that Ng = 4! + ... + 9" Z 0 (n). So there exists
an integer p > 1 (that may be chosen minimal) such that: (xx) pNg = py! +
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Ly = (n). Let 7 : S — S be the finite covering of degree p of S
corresponding to the following homomorphism:
— <CL1> Z
m(S) = {a1) 22 — —- ~ —
B0 =2=0n =z

It follows from the above construction that this covering induces the trivial
covering on 0S. So each component T of 3S has p connected components in
its pre-image by 7. With the same notations as in the above paragraph, the
group m1(S) has a presentation:

a1, by, ..., az, bz, dby o dl o dy L d Oy, O
gr-g

*y p7 *y p7
=g k:?N ~
Haz, il Hd’ .<H5k> =1) x (&)
=1 k=1

Then we show that we can construct a homomrphism w : 71(S) — Z/nZ x
(Z/aZ)™~' such that w((dé-,t>) C Z/nZ x {0} and satisfying the following
equalities:

. w(di-) = (¥%,0) for every j =1,...,p and i = 1,...,1,

o w(t) = (g, 0) and the group ker(w\(@,t}) is the «a X a-caracteristic sub-
group of <6 t) for j=1,.

Consider now the group K obtained from 771(§ ) by setting:
K={d,...d, .. d, ...d 6é,..,o-t:

k=r
[t,d}] = Hdz =1, (H5k> =1)
k=1

Let m: 771(§ ) — K be the corresponding canonical epimorphism. We define a
homomorphism 0 : K — Z/nZ x (Z/aZ)"~! by setting:

e 0(di) =(+',0,..,0),...,0(d}) = (+',0,...,0), ...,

d H(dll) = (71707' ) ) 70(d§; 1) (v 707 70)7

e 0(61)=(0,1,0,...,0),...,0(57—1) = (0,...,0,1) and 0(t) = (c,0,...0).
Since H” i =1 we get: 0(d)) = —(py' + ...+ (p—1)7") =4 (n) and since

I 5; = 1 we have: 0(67) = (0,1,...,1). Finally if we denote by A: Z x Z"! —
Z/nZ x (Z/aZ) ! the canonical projection then the homomorphism ¢ defined
by the composition Aofor satisfies the conclusion of Lemma 6.5. This completes
the proof of Lemma 6.5. O
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6.3 Proof of Proposition 1.12

Throughout this section N3 will denote a closed Haken manifold with non-
trivial Gromov simplicial volume, whose Seifert pieces are product. Let ng > 1
be a fixed integer. We denote by Hi, ..., H, the hyperbolic components and
by Si,...,S¢ the Seifert pieces of N\ Wy. We want to apply Corollary 6.4 to
Hy, ..., H, uniformly with respect to the integer ng. To do this we first fix sys-
tem of “longitude-meridian” on each boundary component of these manifolds.
This choice will be determined in the following way: Let H be a hyperbolic
manifold and let T" be a component of OH. If T is adjacent on both sides to
hyperbolic manifolds we fix a system of “longitude-meridian” arbitrarily. We
now assume that 7" is adjacent to a Seifert piece in N denoted by S = F x S*.
We identify a regular neighborhood of T" with 7" x [—1,1], where T'=T x {0},
T =T x{-1} and Tt =T x {+1}. We assume that T is a component
of 8S and that T~ is a component of dH and we denote by hr : TT — T~
the corresponding gluing homeomorphism. Let ¢ be the fiber of S represented
in 77 and let d be the homotopy class of the boundary component of the
base F' of S corresponding to 7. Then the curves (¢,d) represent a system
of “longitude-meridian” for 71(7T") and allow us to associate to T~ C 0H a
“longitude-meridian” system by setting:

m = hT(t) and [ = hT(d)

We now give some notations: for a hyperbolic manifold H; of N, we denote by
Ti, ..., sz the components of OH; adjacent to a Seifert piece and by Ui, ..., Uﬁi
those which are adjacent on both sides to hyperbolic manifolds. For each T;,
we denote by (mé»,l;») its “longitude-meridian” system corresponding to the
construction described above.

We now describe how the hyperbolic pieces of N allow us to associate, via
Corollary 6.4, a sequence of integers v(S) to each Seifert piece of N, in the
sense of Lemma 6.5. Let S be a Seifert piece in N, we denote by Hy, ..., H,, the
hyperbolic pieces adjacent to S along 0S and we fix a torus 77 in 95 adjacent
to Hy (say). It follows from Corollary 6.4 that there exists a homomorphism
ot m(Hy) — K such that ¢(m(Ty)) C gGng™!, where G, is a n-cyclic
subgroup of K and such that ¢!(m) = geg™!, p'(l) = g77,9~ where ¢ and 7,
are elements of G, = Z/nZ and where (m,[) denotes the “longitude-meridian”
system of 7T7. Let ¢ and ~; be representatives in Z of ¢ and %;. Then we set
71(S) = v1. Applying the same method for all tori of 9S which are adjacent to
hyperbolic components we get a sequence {y1(5), ..., T, ()} = 7(S) associated
to S, when S is a Seifert piece in N. We fix a suitable prime ¢ of the form
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mng + 1 (i.e. we choose ¢ sufficiently large) and we apply Corollary 6.4 to the
hyperbolic manifolds Hi, ..., H,. This means that for each i € {1,...,v} there
exists a homomorphism @i : 7((H;) — K satisfying the conclusion of Corol-
lary 6.4. This allows us to associate to each Seifert piece Si,...,S; an integer
sequence 7y(S1),...,7(St). So the proof of Proposition 1.12 will be splitted in
two cases.

6.3.1 Proof of Proposition 1.12: Case 1

We first assume that we can apply Lemma 6.5 for each Seifert piece S of N\Wpx
and the associated integer sequence (S) (i.e. without using a finite covering).
It follows from Lemma 6.5, that for each ¢ € {1,...,t}, there exists a group
homomorphism ¢g,: m1(S;) — Z/nZ x G; satisfying properties (i) and (ii) of
this lemma for the sequence ~(S;) with o = ¢ — 1 = mny.

It follows from [9, Lemma 4.1] or [14, Theorems 2.4 and 3.2] that for each
i€ {l,...,v} (resp. i € {1,...,t}) there exists a finite group H (resp. L;) and
a group homomorphism ¢g,: 7 (H;) — H (resp. ¢g,: m1(S;) — L;) which
induces the ¢ x g-characteristic covering on 90H; (resp. 0S;). For each i €
{1,...,v} (resp. i € {1,...,t}) we consider the homomorphism g, (resp. vg,)
defined by the following formula:

Y, = i x o, m(H;)) - K xH
sz)Si = gOSi X @Si: 7T1(Si) — (Z/nZ X Gz) X Lz

where ¢t is given by Corollary 6.4. The above homomorphisms allow us to
associate to each Seifert piece S of N \ Wy a finite covering pg: S — S.
Define the set R by R := {ps: S — S when S describes the Seifert pieces of
N} U{pg: H — H when H describes the hyperbolic pieces of N}. Since for
each Seifert piece S of N the homomorphism g sends the homotopy class of
the regular fiber of S, denoted by tg, to an element of order gmng, then to
prove Proposition 1.12 it is sufficient to show the following result.

H;

Lemma 6.6 There exists a finite covering 7: N — N such that for each
component S of N\ Wy and for each component S of r~1(S), the induced
covering r|S: S — S is equivalent to the covering corresponding to S in the
set R.

In the proof of this result, it will be convenient to call a co-dimension 0 sub-
manifold X of N a k — chain of N if X is a connected manifold made of

exactly k& components of N \ Wy . Then we prove Lemma 6.6 by induction on
k.
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Proof of Lemma 6.6 When k = 1 this is an obvious consequence of Lemma,
6.2, if the 1-chain X is hyperbolic or of Lemma 6.5, if X is a Seifert piece.
Indeed it is sufficient to take the associated homomorphism of type ¥y or ¥g.
We fix now an integer k£ < t 4 v and we set the following inductive hypothesis:

(Hy—1): for each j < k < t+ v and for each j-chain X; of N, there exists
a finite covering p;: X- — X, such that for each component S of X;\ Wy

and for each component S of p; 1(S) the induced covering pj\S S — S is
equivalent to the covering pg corresponding to S in the set R.

Let X be a k-chain in N. We choose a (k — 1)-chain denoted by Xj_1 in X}
and we set X the (connected) component of Xj \ Xx_1.

Case 1.1 We first assume that X; is a Seifert piece of N, denoted by S. Let
Hy, ..., H,, be the hyperbolic pieces of X;_; adjacent to S and let Sy, ..., Sk
be the Seifert pieces of Xj;_; adjacent to S. The hyperbolic manifold H; is
adjacent to S along tori (T7"",...,T;") € 8H; and (T0", ..., T2T) € 88 and
S; is adjacent to S along tori (Uf"f, ., Uy7) € 0S; and (Uer, W TEF) C 8S.
With these notations the fundamental group of S has a presentation:

(@101, ey g, by, dby oyl Sy dS 8Y 0L 8 60

e S 9 Yryo 5 0rg -

(Haw> Hd’ . Ha;i =1) x (t)

Where the group (t, 5i> corresponds to 7r1(UZ+) and (t, d’) corresponds to
(T} ™). We denote by hi : Z+ — T’ and by gpk UJJr — UJ’ the gluing
homeomorphlsm in N (see ﬁgure 5). Let px, ,: C X k-1 — Xg_1 be the covering
given by the inductive hypothesis. In particular, for each hyperbohc piece H;
(resp. Seifert piece S;) of Xj_; and for each component H; of py Xk (H;) (resp.
SJ of pqu(SJ)) the covering pXk_llHZ (resp. pXk_l\S]) is equivalent to pg,
(resp. ps; ) in R. Denote by ¢, (resp. 1s;) the homomorphisms corresponding
to pg, (resp. to pg;):

¢Sj = ¥s; X @Sj: 7T1(Sj) - (Z/nZ X Gz) X L
and sz :(pHi X (/SHz 7T1(Hi) — KxH

where K, H,G; and L; are finite groups. In particular, we have the following

properties (P, ):
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(a) wHi]m(T;’f) = (pHi]m(T;’*) X @Hi\m(T;’f) is a homomorphism from
m(T77) to (g8.Gn.(91)™Y) x (Z/qZ x Z/qZ) C K x H with gi € K and
YH, (m;) = (gé .E.(g;-)_l,o, 0) (where € is an element of order av = mnyg in
Gn) and g, (I5) = (9575(95) 7", 0,0) and G, (mi (1)) = {0} x Z/qZ x
Z/qZ for i=1,...,m and j =1,...,1;.

(b) the groups ker(¢gi|7rl(U;’7)) are ga x ga-characteristic in 7T1(UJZ:’7).
We consider the integer sequence yx(S) = {'y;}” of liftings in Z of {7;}”
It follows from the hypothesis of Case 1, that we can apply Lemma 6.5 to
S = F x S'; this means that there exists a homomorphism tg: m(S) —
Z/nZ x G x Lg satisfying the following equalities denoted by (Pg):

(c) the group ker(@l)5|(5§,t>) = ker(i/)g|771(U;’+)) is the chatacteristic sub-
group of index ga X gav in (5;’+,t> fori=1,...,t and j=1,...,n;.

(d) ¢slm(T;") = pslm(T;) x @slm(T;): m(T;") — Z/nZ x {0} %
(Z/qZ x Z/qZ) C Z/nZ x {0} x L; with ¢g(d) = (75,0,0), ¢s(t) =
(2,0,0) and ¢g(m(U;")) = {0} x Z/qZ x Z/qZ for i = 1,...,t and

j:1,...,ni.
R = e
y = (dy ) —>OT1’ = (I1,mq)
Al Hy
T217+ = (d%,t) _2_> T217_ e (l%,m%)
S
1 _
T31’+:(d:1)),t) ﬁ—» T3L :<l§’m£1’>)

Uit =610 et _ (for-

51

vyt =@ ) 2 (juse

Figure 5

Denote by pg: S — S the finite covering corresponding to g, by 7s the
degree of pg and by nx, , the degree of px, ,. Let T;’Jr (vesp. T,7) be
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a torus in 0S (resp. in 0H;). It follows from the construction of the cov-
erings pX]c , and pg that px, , (resp. ps) is a covering of degree n] =

[, (m1 (T3 )] = o, (U mi))| (vesp. 1" = [ws(m (T )| = s ((dit)]).

If aj’+ (resp. ozj ) denotes the number of connected components of pg (TJZ +)

(resp. of p}til(T?’_)) we can write:
'7+ 7+ ‘77 ‘7+ ‘77
nt <t =ng, ;T xahT =nx,_, and 7T =0} (1)
by properties 77;-’7 and Ps. For each component U;’f of S; (resp. U;’Jr of S),
the covering px, , (resp. ps) induces the ga x ga-characteristic covering. If

ﬂ;’Jr (resp. B;-’*) denotes the number of connected components of pg'(U. JZ+)

(resp. of p}iil(U;’_)) we can write:

o x BT =ng, o x BT =nx,_, (2)
We want to show that there are two positive integers x and y independant of
i and j satisfying the following equalities:
;I;ai.’Jr = yai.’i xﬂi.’Jr = yﬂi.’i (3)
Using (1), it is sufficient to choose x and y in such a L way that zng = = YN
which is pos51ble So we take x coples S1 S:E of S and Y coples Xk. 1> oo
)Nf _, of Xj,_1 with the coverings pl: St 8 (resp. pXk E ka1 — Xk_1)
equlvalent to pg (resp. px,_,). Then consider the space X defined by

v={ 11 S| I i

i<i<a 1<j<y

Note that it follows from the above arguments that the spaces Hz‘gz‘gx St and

ng i<y X ,f;_l have the same number of boundary components. Thus it is suf-
ficient to show that we can glue together the connected components of X via
those of (p4)~1(d9) and of (p‘Xk 1)*1(8)(;9 1) (see figure 5). To do this, we fix

a component ZIN’]ZJF (resp. Z/N’;f) of pg’( ]’+) (resp. p}i_l(f;’*)) and we pro-

ceed as before with the components of pg (U;Jr) (resp. p}i_l(ﬁ;ﬁ)). Then it

is sufficient to prove that there exist homeomorphisms E; and 453 such that the
following diagrams are consistent:

~ he ~ 7
Tt —>T" Uyt —=U;"
J J J J
T Tt — [t (7=
(4) psIT; +l lpxk—lT; ps|U; l lpxklU; ()
J“’;F‘r %J T;vi U]Zer ﬁj U;vi
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Since the coverings pglﬁi’Jr and px, 1\[7 b correspond to the characteristic
subgroup of index ga X ga in 7r1(U b ™) and 7r1(U i 7), it is straightforward that
there exists a homeomorphism ¢} such that the diagram (5) is consistent (since
for each integer n, the n X n-characteristic subgroup of 7T1(UJZ-’_) is unique).
We now fix a base point 7 (resp. 2~ = h%(z™)) in T;’Jr (resp. T]Z_) So we
have 771(TZJr o) = (d},t) and m (T;~,2~) = (I, m}). By (d), we know that

the covering pS\Tj’ corresponds to the homomorphism e defined by:
e=cixEi=s,(d), t) = s, (], t) x @s, [(d}, 1) — (Z/nZx{0}) < (Z/qZ % Z/qZ)
with equalities: ¢Sz(d;) = (@Si(dé')v @Sz(d;)) = ((7;70)7 @Si (d;)) (6)
and g, (t) = (@Si (t), Ds; (t) = ((¢,0), Ps; (t))
It follows from (a) that the covering pXk71|Z/N’;’7 corresponds to the homomor-
phism ¢&’: (l;-,m§»> — (géGn(gé)_l) X (Z/qZ x Z/qZ) defined by:
e = 5; X E; = ¢H7,|<l;7m;> = @H1|<l;7m;> X ¢H1|<l;7m;>
with equalities: ¢, (1) = (pr, (), om, (15)) = ((9575(95) " 0), 2m, (1)) (7)
and ¥, (m}) = (om,(m5), ¢, (mj5)) = ((95e(g5) ™", 0), @, (m))
where G,, ~ Z/n’Z. To prove that the homomorphism h;- lifts in the diagram
(4) it is sufficient to see that: (h;-)*(ker(z-:)) = ker(¢’). It follows from the above
arguments that ker(e) = ker(e;) Nker(g;) and ker(e’) = ker(e}) Nker(g]). We

first prove the following equality (h;)*(ker(si)) = ker(e}). Using (6) and (7) we
know that:

g;: <d§»,t> — Z/nZ with sz(d;) = 7;- and e(t) =¢

g (l]i-,m§-> — gj-Gn(g;-)*l ~ Z/nZ

with &(1) = g;7;(g))™" and e(mj) = gje(g;) ™"

Moreover, since the elements m] and l’ have been chosen such that m’ = h;- (t)
and l; h; (d;) the above arguments imply that (hz) (ker(g;)) = ker(el).
Hence it is sufficient to check that (hj).(ker(g;)) = ker(e ). Since ker(g;) (resp.
ker(g})) is the g x g-characteristic subgroup of 7r1(T; ) (resp. of m (T j’ 7)) this

latter equality is obvious. So the lifting criterion implies that there is a homeo-
morphism hj- such that diagram (4) commutes. Finally the space N obtained
by gluing together the connected components of X via the homeomorphisms
@; and hé- satisfies the induction hypothesis (Hy). This proves Lemma 6.6 in
Case 1.1.
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Case 1.2 To complete the proof of Lemma 6.6 it remains to assume that the
space X is a hyperbolic submanifold of N3. In this case the arguments are
similar to those of Case 1.1. This ends the proof of Lemma 6.6. m]

6.3.2 Proof of Proposition 1.12: Case 2

We now assume that for some Seifert pieces {S;,7 € I} in N, in order to apply
Lemma 6.5 we have to take a finite covering of order p > 1 inducing the trivial
covering on the boundary. More precisely, for each S;, i € {1,...,t}, we denote
by v(S;) the integer sequence which comes from the hyperbolic coverings via
Corollary 6.4 and we denote by ;: §Z — S; the covering (trivial on the bound-
ary) obtained by applying Lemma 6.5 to S; with v(S;). Then we construct a
finite covering 7: N — N such that each component of 7~ 1(S;) is equivalent
to the covering m;: S; — S; in the following way: for each i € {1,...,t} we
denote by 7; the degree of m;. We define the integer mg by:

mo = Lem(ny, ..., nt)

For each i € {1,...,t}, we take t; = mq/n; copies of S* denoted by S{,...,S}i
and mg copies of H; denoted by H{‘,...,Hﬂﬁo for j € {1,...,m}. Since the
map m; induces the trivial covering on 6§Z~ we may glue together the connected
components of the space:

x=\O sl I #

1<i<t 1<j<t; 1<i<t 1<j<mo

via the (trivial) liftings of the gluing homeomorphism of the pieces N \ Wy.
This allows us to obtain a Haken manifold N7 which is a finite covering of
N and which satisfies the hypothesis of Case 1 (see subsection 6.3.1). It is
now sufficient to apply the arguments of subsection 6.3.1 for the induced map
fi: My — Njp. This completes the proof of Proposition 1.12. By paragraph
6.1.1 and paragraph 6.1.2 this completes the proof of Theorem 1.1.
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