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1 Introduction

There are two mistakes in the article [5]. The rst mistake is minor | the de -
nition of a coarsening cover is slightly too general for coarse homology theories
to have the right properties. Fortunately, this problem is easily xed, and we
can still prove an existence theorem concerning coarsening covers.

The second mistake is slightly more serious. The original de nition of a gener-
alised ray is | as we show here ] actually too general to be useful. In this article
we give a revised de nition of a generalised ray that xes this mistake; the
basic philosophy of the earlier paper is still valid. However, we are forced to
amend our de nition of a coarse CW -complex to be compatible with the new
de nition of a generalised ray.

In order to keep this paper relatively short we will not restate too many of the
basic de nitions from [5]. In particular, we assume that the reader knows what
coarse spaces, coarse topological spaces, and coarse maps are. We use without
comment the product and disjoint union of coarse spaces de ned in [5], as well
as the quotient of a coarse space by an equivalence relation.
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1090 Paul D. Mitchener

Figure 1: A ray embedded in R?

2 Generalised rays

In [5] an attempt was made to generalise the de nition of the metric space
[0; 1) in the coarse category. In that paper, a generalised ray was de ned to
be the space [0; 1) equipped with some coarse structure compatible with the
topology. Itis asserted in the nal section of [5] that any generalised ray, R, has
trivial coarse K-homology (with coe cients in a C -algebra A), KXx(R;A),
and that the K-theory of the coarse C -algebra, CA(R), is trivial. However,
the following example shows that neither of these statements are true.

Example 2.1 Let R be the subset of R? shown in gure 1. Equip R with the
coarse structure inherited as a subset of the metric space R?. Then R is home-
omorphic to the half-line [0; 1), and the given coarse structure is compatible
with the topology. However, it is clear that the spaces R and R? are coarsely
equivalent. Hence:

KXn(R;A) = Kn(A)  KaCA(R) = Kn(A)
We therefore need a new, more restrictive, notion of a generalised ray.

De nition 2.2 Let R be the space [0; L) equipped with a unital coarse struc-
ture compatible with the topology. We call the space R a generalised ray if:

Let M;N R R be entourages. Then the set
M+N=Fu+x;v+y)j(uv) 2 M;(X;y) 2 Ng
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is an entourage.
Let M R R be an entourage. Then the set

M=Ff(uvV) 2R Rjx uv vy; (Xy)2Mg
IS an entourage.
Let M R R be an entourage. Then the set
f(x+ay+a)ja2Rg
is an entourage.
Note that because the coarse structure is compatible with the topology, the

subsets of a generalised ray that are bounded with respect to the coarse structure
are precisely those that are bounded with respect to the metric.

Proposition 2.3 Let R be a generalised ray. Let a 2 R. Then the map
Ta: R ¥ R de ned by the formula T,(X) = x + a is close to the identity map
1Rr.

Proof The map P, is coarse by de nition of the ray. By de nition of a coarse
structure, there is an entourage, M R R, containing the point (0;a). By
de nition of a generalised ray, the set

f(;Ta(X))  x 2 Rg

is contained in entourage, which means, by de nition, that the map T, is close
to the identity map 1g. O

It follows that a coarse ray is flasque in the sense of [3]. In particular, the
K -theory groups KnCX(X) are all trivial.

Example 2.4 We de ne the ray R4 be the space [0; 1) equipped with the
coarse structure arising from the metric. The entourages are subsets of neigh-
bourhoods of the diagonal:

D =f(Xy)2R+jjx—yj g

We shall reserve the notation R4 to denote the space [0; ) equipped with the
bounded coarse structure de ned by the metric.

Algebraic & Geometric Topology, Volume 3 (2003)
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Proposition 2.5 Let R be a generalised ray. Then every neighbourhood of
the diagonal
D =f(xy)2R Rjjx—yj g

is an entourage.

Proof Let R R denote the diagonal. Thentheset [f(0; );( ;0)g is
an entourage. By the second and third axioms in the de nition of a generalised
ray, the set

D =f(xy)2R Rjjx—-yj ¢

must also be an entourage. O

It follows from the above proposition that the ray equipped with the Cq-coarse
structure, as de ned in [9], is not a generalised ray in our sense.

Example 2.6 Let R be the space [0;1). Letp;: R R ¥ Rand p2: R
R ¥ R be the projections onto the rst and second factors respecively. De ne
a coarse structure by saying that an open subset M R R is an entourage
if and only if for every point x 2 R the inverse images pl_l(x) and pz_l(x) are
precompact (this coarse structure is in fact the continuously controlled coarse
structure arising from the one point compacti cation of R).

The space R is a generalised ray.

Proposition 2.7 The spaces R4+ and R are not coarsely equivalent.

Proof The coarse structure on the space R4 is generated by a metric. We
will show that the space R is not metrisable.

Suppose that the coarse structure on the space R is generated by a metric, in
the sense that there is a metric on R such that every entourage is a subset
of some uniformly bounded neighbourhood of the diagonal. Then there is a
sequence, (My), of entourages such that every entourage M R R belongs
to some member of the sequence M.

Choose points (Xn;¥n) 2 R R such that (Xn;yn) @ Mn, Xi & Xx; for i & j,
and y; &yj for i & j. Let

L
M = D((Xn;yn)): 1)
n2N

where D((Xn;Yn));1) is the open disk of radius 1 in the metric space [0; 1)
[0; 1) (say with the product metric). Then according to the de nition of the
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coarse structure on the space R, the open set M is an entourage. But there is
no set in the sequence My, that contains M.

Therefore the coarse space R is not metrisable, and we are done. O

3 Coarse homology theories

Before we look at coarse homology theories, we should check exactly what we
mean by coarse homotopy. Actually, the notion is still essentially the same as
that of [5], but we should be careful to use the new de nition of a generalised
ray.

De nition 3.1 Let X and Y be coarse spaces. Let f;g: X ¥ Y be coarse
maps. Then a coarse homotopy linking f and gisamap F: X R ¥ Y for
some generalised ray R such that:

Themap X R ¥ Y R de ned by writing (x;t) @ (F(x;t);t) is a
coarse map.
F (x;0) = f(x) for every point x 2 X.

For every bounded set B X there is a point T 2 R such that the
function F(x;t) =g(x) ift T and x2 B.

For every bounded set B X the set
x2 X jF(x;t) 2B for some t 2 Rg
is bounded.
The last condition in the de nition of a coarse-homotopy did not appear in [5].

However, it is necessary for the homotopy-invariance arguments given in [3, 5]
and earlier papers to work. See [1, 6] for further discussion of this point.

More generally, we say that two coarse maps are coarsely homotopic if they are
linked by a chain of coarse homotopies.

We now recall the main de nition from [5].

De nition 3.2 A coarse homology theory consists of a collection of functors,
TH X, 0p27, from the category of coarse spaces to the category of Abelian groups
such that the following axioms hold:

Algebraic & Geometric Topology, Volume 3 (2003)
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Coarse homotopy-invariance:

For any two coarsely homotopic maps f: X ¥ Y and g: X ¥ Y, the
induced maps f : HX,(X) ¥ HXp(Y) and g : HXp(X) ¥ HXp(Y)
are equal.

Excision axiom:

Consider a decomposition X = A [ B of a coarse space X. Suppose that
for all entourages m X X wecan ndanentourage M X X such
that m(A)\m(B) M(A\B). Consider the inclusions i: A\B ,T A,
j: A\B,!I B, k: A, X,and |I: B ,T X. Then we have a natural
map d: HXp(X) ¥ HX,—1(A\B) and a long exact sequence:

>HX,(A\B) = HX,(A) HXp(B) =HXp(X) LHX,—1(A\B) >

where =(i;—j)and =k +1.

A decomposition, X = A[ B, of a coarse space X is said to be coarsely excisive
if the coarse excision axiom applies, that is to say for all entourages m X X
we can nd an entourage M X X such that m(A)\ m(B) M(A\B).
The long exact sequence:

is called the coarse Mayer-Vietoris sequence.

The process of coarsening, described in [4, 7], is used to construct coarse ho-
mology theories on the category of proper metric spaces equipped with their
bounded coarse structures. This process can be generalised to more general
coarse spaces as follows (see also [8]).

De nition 3.3 Let X be acoarse space. A good cover of X isa cover fBjji 2
Ig such that each set B; is bounded, and each set B; intersects only nitely
many others in the cover.

This di ers slightly from the de nition in [5]. For convenience, let us repeat
de nition 3.3 of [5] where we are now using the above de nition of good covers.

De nition 3.4 A directed family of good covers of X, (Ui; ij)izi, is said to
be a coarsening family if there is a family of entourages (M;) such that:

For all sets U 2 U; there is a point x 2 X such that U M;(X).

Let x 2 X and suppose that i < j. Then there is a set U 2 U; such that
Mi(X) U.
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Let M X X beanentourage. Then M M; for some i 2 1.

The reason for our slight change of de nition is that under the old de nition of
a good cover, proposition 3.6 of [5] about the functoriality of coarse homology
is actually incorrect. However, everything is ne with the new de nition. To
be precise, the following result is true.

Theorem 3.5 Let fHF'jfg be a generalised locally nite homology theory on
the category of simplicial sets. Then we can de ne a coarse homology theory
on the category of coarse spaces that admit coarsening families by writing

HXp(X) = lipnHjUij
where X be a coarse space, with coarsening family (Uj; ij). O

The proof of proposition 3.4 in [5] about the existence of coarsening sequences
is not valid with the above de nition of a good cover. However, we can prove a
di erent existence result.

De nition 3.6 Let X be a coarse space. Then X is said to have bounded
geometry if it is coarsely equivalent to a space Y where for every entourage
M Y Y, the number

supfiM(X)j j x2Yg
is nite.

Proposition 3.7 Let X be a coarse space of bounded geometry. Then X has
a coarsening sequence.

Proof Letus nda coarse space Y equivalent to X where for every entourage
M Y Y, the number

supfiM(X)j j x2Yg
is nite. We will prove that the space Y has a coarsening family.

Let fM; j i 2 Ig be a co nal family of entourages for Y (in the sense that
every entourage is contained in some entourage M;) ordered by inclusion. By
hypothesis, we have a family of good covers, fU;j j i 2 1g de ned by writing

Uy=fMi(X) jx2Yg

But it is easy to check that this family is a coarsening family. ]
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4 Coarse CW -complexes

We begin by observing that the changed de nition of a generalised ray means a
small change in the de nition of the building blocks of a coarse CW -complex.

De nition 4.1 Let R be a generalised ray. The coarse R-sphere of dimension
n is the product SX{ = (R R)"*1. The coarse R-cell of dimension n+1 is
the product DXFr;+1 =SX{ R. The coarse sphere

f(x;0) j x 2 SXRg

is called the boundary of the coarse cell DX3*!.

In particular, any generalised ray can be regarded as a coarse cell of dimension
zero. The disjoint union of two standard rays R, is coarsely equivalent to
the real line R with the bounded coarse structure coming from the metric. If
we think of a generalised ray as a ‘point at in nity’, a disjoint union of two
generalised rays appears as ‘two points at in nity’. Generalising this idea to
higher dimensions, we see that a coarse sphere is a ‘sphere at in nity’ and a
coarse cell is a ‘hemisphere at in nity’.

Praposition 4.2 Let R be a generalised ray. Then the coarse map i: R 1
(R R)" R de ned by the formula i(s) = (0;s) is a coarse homotopy-
equivalence.

Proof Let A:R R ¥ R be the coarse map that is equal to the identity
map op each ‘copy’ of the ray R in the domain. We then have a coarse map
p: (R R)" R ¥ R de ned by the formula

©;:::;0;p(Xesii;Xns8)) A

Thenthe map H: (R R)™ R R ¥ R is a coarse homotopy between the
composite i p and the identity LRy Rr- O
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Suppose we have a coarse space Y, and a coarse cell DX" with boundary
SXN1 If we have a coarse map f ¥ SX" ¥ Y, we can form a.new corse
space DX" [¢Y by taking the quotient of the disjoint union DX" Y by the
equivalence relation x  f(x) for x 2 SX". The space DX" [ Y s called the
space Y with an attached coarse cell.

De nition 4.3 A nite coarse CW -complex is a coarse space X obtained by
attaching a nite number of coarse cells to a nite disjoint union of generalised
rays.

It is clear that any nite coarse CW -complex has bounded geometry.

Let fHXpg and fogg be coarse homology theories. A map of coarse homol-
ogy theories is a sequence of natural transformations : HX, ¥ HX! that
preserves coarse Mayer-Vietoris sequences. We proved in [5] that any map of
coarse homology theories that is an isomorphism for generalised rays and one-
point spaces is an isomorphism for nite coarse CW -complexes. However, now
that we have changed our de nitions, we need to check that the argument of
[5] is still valid.

Lemma 4.4 Let : HXn(X) ¥ HX!(X) be a map of coarse homology the-
ories that is an isomorphism whenever the space X is a generalised ray or the
one point coarse space. Then the map is an isomorphism whenever the space
X is a coarse sphere.

Proof We work by induction. Let R be a generalised ray. Observe that
the zero-dimensional sphere ng is coarsely equivalent to a coarsely exci-
sive union of generalised rays, R1 [ Rz, and that the intersection R; \ R; is
bounded and therefore equivalent to a single point, +. We know that the maps

C HXn(+) ¥ HXA(+) and  : HX,(Rj) ¥ HX.(R;j) are isomorphisms. An
argument using Mayer-Vietoris sequences and the ve lemma tells us that the
map : HXn(SXZ) ¥ HXL(SXR) is an isomorphism.

Now, suppose that the map : HXp(SX3™1) ¥ HXY(SXR™) is an isomor-
phism. We can write the coarse sphere SX{ as a coarsely excisive union
D; [ Dy, where D; and D, are coarse cells, and the intersection D1 \ D5
is coarsely equivalent to the sphere ng_l. By proposition 4.2 each cell
D; is coarsely homotopy-equivalent to a generalised ray. Therefore, by the
same Mayer-Vietoris sequence argument as above, the map : HX,(SXR) ¥
HXY(SXB) is an isomorphism. O
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Theorem 4.5 Let : HXn(X) ¥ HX.(X) be a map of coarse homology
theories that is an isomorphism whenever the space X is a generalised ray or
the one point coarse space. Then the map is an isomorphism whenever the
coarse space X coarsely homotopy-equivalent to a nite coarse CW -complex.

Proof The map : HXp(X) ¥ HX.(X) is certainly an isomorphism when-
ever the space X is a coarse CW -complex with just one cell.

Let Y be a coarse CW -complex, and let DX" be a coarse cell with boundary

SX". Suppose that the map : HXn(Y) ¥ HX!(Y) is an isomorphism, and

we are given an attaching map f: SX" ¥ Y. We must show that the map
c HX (DX [£Y) ¥ HXL(DX" [£Y) is an isomorphism.

Let a2 [0; 1). The space DXJ = f(x;t) 2 DX" jt ag is a coarse cell, and
we have a coarsely excisive union:

DX" [+ Y = (DX}) [ (DX "nDXJ) [ Y)

The space (DXInDX?") [ Y is coarsely equivalent to the space Y. The in-
tersection (DX]) \ ((DX"nDXJ) [f Y) is the space DX['nDXJ', which is
coarsely equivalent to the coarse sphere SX"~1. Hence, by lemma 4.4, the de-
sired result follows from an argument using Mayer-Vietoris sequences and the

ve lemma. O

5 The Novikov conjecture

As we have already mentioned, there is a notion of a C -algebra, C,(X),
associated to any coarse space X and coe cient C -algebra A. It is proved
in [3, 5] that the sequence of functors X @ KjC,(X) is a coarse homology
theory.

We have a locally nite generalised homology theory X @ KK™"(Cy(X);A)
de ned in terms of KK -theory. We can coarsen it using the procedure described
in section 3 to de ne another coarse homology theory X @ KX,(X;A) (at least
when the space X has bounded geometry). There is a natural transformation
of coarse homology theories

: KXn(X;A) 1 KaCA(X)

called the coarse assembly map.

Lemma 5.1 Let X be a topological space equipped with a proper continuous
map t: X ¥ X such that:
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The map t is properly homotopic to the identity map 1x.

For every compact subset K X there is a natural number N such that
t"[X]\ K = ; whenever n N.

The family of induced maps ft5: Co(X) ¥ Co(X) j n 2 Ng is uniformly
bounded.

Then the KK -theory groups KK™"(Co(X); A) are all trivial.

Proof We will prove that the KK -theory group KK (Co(X);A) is trivial for
every C -algebra A. The general result will then follow by Bott periodicity.
We naturally use an Eilenberg swindle.

Let (H;F) be a Kasparov cycle for the pair (Co(X);A).! Thus H is a Hilbert
A-module equipped with a faithful representation of the C -algebra Cy(X) in
the algebra of bounded linear operators L(H), and F 2 L(H) is an operator
such that the composites

(F?-=1)* (F—-F’* F*-="F

are compact (in the sense of operators between Hilbert A-modules) for all
functions * 2 Cy(X).

We have an induced map t?: Co(X) ¥ Co(X) such that the family f(t*)" jn 2
Ng is uniformly bounded, and for any given compactly supported function

2 Co(X) the composite (t?)"(?) is zero for all su ciently large n, and all

2 Co(X). By the Hahn-Banach theorem the map t” extends to a linear map
T: L(H) ¥ L(H) such that the family fT" j n 2 Ng is uniformly bounded,
and for any given compactly supported function 2 Cy(X) the composite
T"(F) is zero for all su ciently large n. Further, we can assume that the
operator T (F) is homotopic to the operator F.

We thus have a bounded operator
FL=F T(F) TF)

on the Hilbert space
Ht=H H H

If 2 Co(X) is a compactly supported function, then all but nitely many
terms in the series
F T(F) T3F)

are zero. It is now easy to verify that the pair (H1;F 1) is a Kasparov cycle.

1See for example [2] for more details concerning KK -theory.
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Let [(H;F)] be the element of the group KK(Cy(X);A) represented by the
cycle (H;F). Then certainly [(HL; T(F1))] =[(HL;F1)] and

[(H;F)]+[HYTEII =(HYF)]
Therefore [(H; F)] =0 and we are done. O

Theorem 5.2 Let X be a coarse space coarsely homotopy-equivalent to a
nite coarse CW -complex. Then the coarse assembly map

- KXn(X;A) T KaCA(X)

is an isomorphism.

Proof In view of theorem 4.5 we only need to prove the result when X is a
single point or a generalised ray. The proof given in the paper [5] when the
space X is a single point is ne. However, the proof given of this result in [5]
when the space X is a generalised ray is incorrect; we X this mistake here.

Let R be a generalised ray. According to [3] the K-theory groups KhC,(R)
are all zero since the space R must be flasque. We therefore need to prove that
the groups KX, (R;A) are all zero.

Let S be the set of natural numbers, N (including zero) equipped with the
coarse structure inherited as a subset of the ray R. Then the spaces S and R
are coarsely equivalent, and by proposition 2.5 we can nd an entourage, M,
containing the set

f@;))2N Njji—jj 19

Let (M;) be an increasing family of entourages for the space S, ordered by
inclusion, such that each entourage M; contains the enotourage M, and every
entourage is contained in some entourage of the form M;. De ne

Ui =fM;i(n) jn 2 Ng

Then the family of good covers, (U;), is a coarsening family.

Let jUjj be the geometric realisation of the nerve of the cover Uj. Then the
coarse K-homology group KXn(R;A) is by de nition the direct limit of the
groups KK™"(Co(jUij); A).

Write t(M;(n) = Mj(n + 1) for each vertex Mj(n). Then t is a map from the
set of vertices of the simplicial complex jU;j to itself. It can be linearly extended
toamap t: jUjj ¥ jUij by averaging over each simplex.

The following facts are clear from the de nition of a generalised ray.
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The map t is properly homotopic to the identity map 1x.

For every compact subset K X there is a natural number N such that
t"[X]\ K = ; whenever n N.

The family of induced maps ft5: Co(X) ¥ Co(X) j n 2 Ng is uniformly
bounded.

Therefore, by lemma 5.1 we are done. O

The applications of the above theorem to the Novikov conjecture described in
[5] still work, although we need the new de nition of a coarse CW -complex
featuring in this article.
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