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x ã y ÍNl½�Ä
T = T (d)
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π = (1 2 . . . n) � �	�	�	�À���	�	$	/
n
* �����B��� *

σ = πs
*
1 6 s 6 n− 1

78+�- �����
0 - "���� - � |σ| ���B������$B��� σ "���
'��$

|σ| = n

(n, s)
,

���l�
(n, s) =

���B<
(n, s)

* 0#"�������� ��� - �À0 - "���� - �p� - 
�0����������{�`$����2����$�� � �2�
m
* �����n� - � - " - � -

σm(1) = 1
 |σ| = min{m : σm(1) = 1}.

� �dsBA @ r#m4s��7Eds4AtD �b 2�����
σ = πk−1 = (1 2 . . . n)k−1 * 2 6 k 6 n.

+�- �����¬0B��"l������$	$	/`�
xk
À������"����B�

c = (cij) = c(x)
æï��� -�- ��
'��������
'��$	$ - � - �2 ��	�

Ak)
$���% - �������,�j$��M0 - 
����	����%

(σ(i), i)
*

1 6 i 6 n.
+�- ��$B��� *

cσ(i)i =

{
xk, n > σ(i) > i;

dxk, σ(i) < i 6 n,
Aσ(i)i =

{
Ak, n > σ(i) > i;

dAk, σ(i) < i 6 n.

C
H!½�Û'º�ä�º�¼�È�Æ2Â�»�¼�Ï�½�Ï�Ê1¼�È�Û'º�È�¼yÐ	ä!ìM½�Ä2â6ß�Æ2Ê\æ�Ô�ê8Ðj¼�½�Þ�½ ã Ñ	¼�½ σ(i) − i = k − 1

Ã	Ä	Ð
σ(i) > iÐ

σ(i) − i = k − n− 1
Ã	Ä	Ð

σ(i) < i
Í
B

� �dsBA @ r#m4s��7EdspCBD+�b 2�����
σ = πk−1 = (1 2 . . . n)k−1 * 2 6 k 6 n.

�¦"l����0 - � - �À�2� * ��� -
σ2(1) 6= 1

æ���� - ���	
��	
����B��$B��$ - � - ��������$ - �B���,���
1
� - �l * ��� -

q =| σ |6= 2
* �	�	�

σ2 6= (1))
7¦+�- �����

Aσ(1),1A1,σ−1(1)Aσ−1(1),σ−2(1)Aσ−2(1),σ−3(1)

. . . Aσ−(q−2)(1),σ−(q−1)(1)Aσ−(q−1)(1),σ−q(1) ⊆ Aσ(1),1.

C
H!½�Û'º�ä�º�¼�È�Æ2Â�»�¼�Ï�½¬Ï�Ê1¼�È�Û'º�È�¼!Ð	äbÃ2½�»�ÆtÈ�Åt½�Ï#º�¼�È�Æ2Â�Ù2½�Þ�½!Ã	Ä	Ð2â,È�Ù2È�Ù	Ð	¾yÛ�½�â,â6ß�¼�º�Ü	Ð2½�Ù	Ù2½�Ý{ìM½�Ä'á

â6ß�Æ2Ê@æ;>�êZæïä�ÅtÈ�»�Â>Ð2»�Ã2½�Æ2Â�ä�ß�È�¼�»�¾nß�»�Æt½�Ï�Ð2È
σ2(1) 6= 1

ê�ÐjÃ	Ä2È�Å	Æt½�Ç!È�Ù	Ð	¾pÔ�Í
B.!/103254(/767872(9 IX»�Æt½�Ï�Ð2È |σ| = 2

Ï�Ã	Ä2È�Å	Æt½�Ç!È�Ù	Ð	Ð :jÏ�½�ä�â,½�ÇÀÙ2½hÆ2Ð	å!ÂhÏh»�Æ2ß�Ñtº�È
n = 2m ã

k − 1 = m
Í

� �dsBA @ r#m4s��7Eds��¢D1�b 2�����
n
$B��������$ -�* �	�	�

n = 2m
*
k 6= m+ 1

7b+�- �����

dtAq+1
k ⊆ Ak,

���l�
q = |σ| * σ = πk−1 * 0#"�������� t 6 q − 1

7

C
H!½�Û'º�ä�º�¼�È�Æ2Â�»�¼�Ï�½4Ï�Ê1¼�È�Û'º�È�¼ÁÐ	ä�Ã	Ä2È�Å	Æt½�Ç!È�Ù	Ð	Ý ÔyÐ : ã Ã	Ä	Ðëô�¼�½�â Ù	ß�ÇÀÙ2½hä�º�â,È�¼�Ð	¼�Â ã Ñ	¼�½

σ(1) = σ−(q−1)(1) = k ã σ−q(1) = 1 ã Aσ(1),1 = Aσ−(q−1)(1),σ−q(1) = Ak. BL`äMÃ	Ä2È�Å	Æt½�Ç!È�Ù	Ð	¾)>!Ù2È�Ã2½�»�Ä2È�Åt»�¼�Ï�È�Ù	Ù2½­Ï�Ê1¼�È�Û'º�È�¼�»�ÆtÈ�Å2ß�ÚS¿¬È�È`Ã	Ä2È�Å	Æt½�Ç!È�Ù	Ð2È�Í
� �dsBA @ r#m4s��7Eds���D(�b 2�����

n
$B��������$ -�* �	�	�

n = 2m
*
k 6= m+1

71+�- �����
Ak � �B���	/1�­�#�l�����

� - �������
R = R(Ak)

*
Ak ⊆ R = R(Ak)

7
TXÆtÈ�Å2ß�ÚS¿¬È�ÈZÃ	Ä2È�Å	Æt½�Ç!È�Ù	Ð2ÈMÆtÈ�Þ�Û�½>Ï�Ê1Ï�½�Å2Ð	¼�»�¾jÐ	äMß�Ã	Ätº�ÇÀÙ2È�Ù	Ð	¾ �jÒ 	 ã »�Í�
�:�Ø�Í
� �dsBA @ r#m4s��7Eds­?BD��b 2�����Z0 - �B�

k
�'
����������,�À0 - �B���ð�#������$	/+% - �����������F������
�$	/+%À�#�l����� - 


Λ
*

�����B��� *
R � 0#" - �����! B� - ��$ - �À0 - ��� - ����� -

Λ ⊆ R ⊆ k
7Á+�- �����

R
�'
����������,�ð�����	�>� - �������������

������
�$	/+%��#�l����� - 
 * 0#"��������
R = S−1Λ

* ���l�
S � �l ��������	0	�	�	�	�����	
�$��������B��������� * 0 - " - �J�l��$	$����

�6$ - �>������
 - �é0#" - ����/+%
PR

 

PR =

{
p ∈ P : ∃ a

b
∈ R, (a, b) = 1, p|b

}
,



� <À�! 2� - ��
���� 7��¬7 * = - ��������
­� 7��¬7
���l�

P � �6$ - �>������
 - 
'���*%�0#" - ����/+%{� - �������
Λ
7

�ns�
 
SvÓCBD1�b 2�����
n � ������$ -�*

n = 2m > 4
7b+�- �����

Am+1 ⊆ R(A2)
7

C
LZâ,È�È�â

A2Am+1 ⊆ Am+2 ã dAm+2Am+1 ⊆ A2 ã ½�¼�Û	ß�Å�º d(Am+1)
2 ⊆ R2 = R(A2).

TXÆtÈ�á
Åt½�Ï#º�¼�È�Æ2Â�Ù2½ ã Am+1 ⊆ R(A2)

Í
B

�ns�
 
Sv �¢D	�b 2�����
A � Λ - � - �2 ���� * A ⊆ k

*
R(A) � � - ����� - �6$ - �À�B�����B���y� - �2 ���� A 7 �b 2����� *�����B��� *

R1 � 0#" - �����! B� - ��$ - �S0 - ��� - ����� -�*
Λ ⊆ R1 = S−1

1 Λ ⊆ k
7b+�- �����

1)
�����	�

A ⊆ R1
* � -

R = R(A) ⊆ R1 �
2)
�����	�

rR1 ⊆ A ⊆ R1 (r ∈ R1)
* � -

R = R(A) = R1
7

C
Ô�êZ_`ß�»�¼�Â

T = 〈A〉ring ó Ã2½�Å2Û�½�Æ2Â�Ü2½�Ã2½�Æ2¾
k ã Ã2½�Ä2½�Ç¬ÅtÈ�Ù	Ù2½�È�â,½�Å2ß�ÆtÈ�â A

æï¾	»�Ù2½ ã Ñ	¼�½ T¼�º�Û	Ç!È�¾'Ï�Æ2¾	È�¼�»�¾
Λ
á�â,½�Å2ß�ÆtÈ�â�ê�ÍfGbÑ2È�Ï�Ð'Å2Ù2½ ã Ñ	¼�½ T ⊆ R1

æï¼�º�ÛòÛ'º�Û
R1 ó Û�½�Æ2Â�Ü2½#ê�Í]H¬º�ÆtÈ�È ã½�Ñ2È�Ï�Ð'Å2Ù2½ ã Ñ	¼�½ R = R(A) ⊆ R(T ) ã Ã	Ä	Ð	Ñ2È�â ã ¼�º�ÛðÛ'º�Û T ó Û�½�Æ2Â�Ü2½ ã ¼�½ T ⊆ R(T )

Ð
T óÐ'ÅtÈ�º�ÆðÛ�½�Æ2Â�Ütº

R(T ) ã »�½�ÅtÈ�Ä#Ç¬º�¿¬È�Þ�½ Λ
æï¼�º�ÛëÛ'º�Û

T
¾'Ï�Æ2¾	È�¼�»�¾

Λ
á�â,½�Å2ß�ÆtÈ�â�ê�ÍðTXÆtÈ�Åt½�Ï#º�¼�È�Æ2Â�Ù2½ ã

R(T ) = S−1
2 Λ ã T = qS−1

2 Λ ⊆ R1
Í�Gb¼�»�Ú8Å�º�æï¼�º�Û{Û'º�Û

T ⊆ R1
ê
S2 ⊆ S1

Ð
R = R(A) ⊆ R(T ) =

S−1
2 Λ ⊆ S−1

1 Λ = R1
Í

:�ê,T�½�Þ�Æ�º�»�Ù2½­Ô�êdâ6ÊëÐ2â,È�È�â
R = R(A) ⊆ R1

Í¢H¬º�ÆtÈ�È ã ¼�º�Û>Û'º�Û A ⊆ R1 ã ¼�½ rR1A ⊆ rR1R1 ⊆
rR1 ⊆ A ã ½�¼�Û	ß�Å�º rR1 ⊆ R(A)

Ð ã »�ÆtÈ�Åt½�Ï#º�¼�È�Æ2Â�Ù2½ ã rR1 ⊆ R(A) ⊆ R1
ÍdNdº�Û!Û'º�Û

R(A) ó Û�½�Æ2Â�Ü2½»�ÔJÐ
Λ ⊆ R(A),

æ
A ó Λ

á�â,½�Å2ß�Æ2Â�ê ã ¼�½ R(A) = S−1
3 Λ

ÍZRZ½­¼�º�Û�Û'º�Û
rR1 ⊆ R(A) = S−1

3 Λ,
¼�½

S1 ⊆ S3 R1 ⊆ R(A)
ÍXL Ï�Ù2½�Ï�Â>Ð	ä­Ô�ê�â6ÊçÐ2â,È�È�â

R1 = R(A)
Í
B

� �dsBA @ r#m4s��7Eds��¢D3�b 2�����
n = 2m

*
k = m + 1

7ë+�- �����
Am+1 � �B���	/1�Ó�#�l�����Ó� - �������

R = R(Am+1)
*
Am+1 ⊆ R = R(Am+1)

7

C
T�½�Þ�Æ�º�»�Ù2½�æ;:�ê�Ð�ÆtÈ�â,â,È :¬â6ÊçÐ2â,È�È�â

A2 ·Am ⊆ Am+1 ⊆ R = R(A2). (∗)
H¬º�ÆtÈ�È ã »�½�Þ�Æ�º�»�Ù2½òÃ	Ä2È�Å	Æt½�Ç!È�Ù	Ð	Ú �

A2 ã Am ó Ü2È�Æ2Ê¦ÈÁÐ'ÅtÈ�º�Æ2Ê Û�½�ÆtÈ�Ü
R(A2)

Ð
R(Am)

»�½�á
½�¼�Ï�È�¼�»�¼�Ï�È�Ù	Ù2½ ã Λ ⊆ R(A2), R(Am) ⊆ k

Í T�½�Þ�Æ�º�»�Ù2½ Ã	Ä2È�Å	Æt½�Ç!È�Ù	Ð	Ú ×
R(A2) = S−1

2 Λ ã
R(Am) = S−1

m Λ
ÍÓNl½�Þ�Å�º�»�½�Þ�Æ�º�»�Ù2½òæ ∗ ê Sm ⊆ S2

Ð
A2 · Am ó Ð'ÅtÈ�º�ÆðÛ�½�Æ2Â�Ütº

R(A2)
ÍðTXÆtÈ�á

Åt½�Ï#º�¼�È�Æ2Â�Ù2½ ã Ð	äyæ ∗ ê�Ð{Ã	Ä2È�Å	Æt½�Ç!È�Ù	Ð	¾�×¬â6ÊçÐ2â,È�È�â

rR(A2) ⊆ Am+1 ⊆ R(A2).

Ndº�Û	Ð2âç½�É�Ätº�ä�½�â ã »�½�Þ�Æ�º�»�Ù2½�ÆtÈ�â,â,ÈF>yâ6ÊfÐ2â,È�È�â
R(Am+1) = R(A2)

Ð ã Ï{Ñtº�»�¼�Ù2½�»�¼�Ð ã Am+1 ⊆
R = R(Am+1)

Í
B

C ����� /�	B/�
K2
������
�� � 
K2 ��� 2	0�� ÍbÔ�ê <�¼�½�¼>Ã	ß�Ù	Û	¼>¼�È�½�Ä2È�â6ÊçÏ�Ê1¼�È�Û'º�È�¼yÐ	ä>Ò > ã � Ø�Í:�ê8L`äZÛ�½�â,â6ß�¼�º�¼�½�Ä	Ù2½�Þ�½�»�½�½�¼�Ù2½�å¬È�Ù	Ð	¾

[tir(α), trj(β)] = tij(αβ), i 6= j, i 6= r, r 6= j, (3)

»�ÆtÈ�Å2ß�È�¼­Ï�Û'Æ2ÚSÑ2È�Ù	Ð2È
Air ·Arj ⊆ Aij. (4)

TÓÃ2½�â,½�¿!Â�ÚíÏ�Û'Æ2ÚSÑ2È�Ù	Ð	¾hæ ��ê6Ð­ìM½�Ä2â6ß�Æ2Ê æ�Ô�ê6Ätº�»�»�â,½�¼�Ä	Ð2âÁÏ�½�ä�â,½�ÇÀÙ	Ê¦È`»�Æ2ß�Ñtº�Ð­Ðy»�½�½�¼�Ï�È�¼�»�¼�Ï�ß#á
ÚS¿!Ð2È`Ð2âð»�½�½�¼�Ù2½�å¬È�Ù	Ð	¾KJ

j < r < i =⇒ Ai+1−rAr+1−j ⊆ Ai+1−j , (5)

r < j < i =⇒ dAi+1−rAn+r+1−j ⊆ Ai+1−j , (6)

j < i < r =⇒ dAn+i+1−rAr+1−j ⊆ Ai+1−j , (7)



� - �2 ��	����"���$B��
'�����	�	�n
>$�������"2 	0	0���%{$B��"����G�­��0	�2� - � - �����2���2��������$ - � - � - "�� 	

i < r < j =⇒ dAn+i+1−rAn+r+1−j ⊆ An+i+1−j , (8)

r < i < j =⇒ Ai+1−rAn+r+1−j ⊆ An+i+1−j, (9)

i < j < r =⇒ An+i+1−rAr+1−j ⊆ An+i+1−j. (10)
_Z½�Æt½�ÇÀÐ	Ï`Ï`ìM½�Ä2â6ß�ÆtÈSæ ×�ê

s = i+1−r ã t = r+1−j L�ÏSìM½�Ä2â6ß�ÆtÈ`æ 
�ê s = i+1−r ã t = n+r+1−j LÏ�ìM½�Ä2â6ß�ÆtÈ�æ�Ô���ê
s = n + i + 1 − r ã t = r + 1 − j ã ¼�½�Þ�Å�ºnâ6Ê@Ã2½�Æ2ß�Ñ	Ð2â÷Ã2È�Ä	Ï�ß�Ú æïÏ�È�Ä�à'Ù	ÚSÚMê

Ñtº�»�¼�Â¬ìM½�Ä2â6ß�Æ2Êfæ;:�ê�Í,_Z½�Æt½�ÇÀÐ	Ï¬Ï¬ìM½�Ä2â6ß�ÆtÈ¬æ � ê
s = i+1− r ã t = n+ r+1− j

L�Ï!ìM½�Ä2â6ß�ÆtÈ¬æ 	�ê
s = n+ i + 1 − r ã t = r + 1 − j

L�Ï�ìM½�Ä2â6ß�ÆtÈyæ���ê
s = n+ i + 1 − r ã t = n + r + 1 − j ã ¼�½�Þ�Å�ºâ6Ê÷Ã2½�Æ2ß�Ñ	Ð2âðÏ�¼�½�Ä	ß�Ú æïÙ	Ð	ÇÀÙ	ÚSÚMê8Ñtº�»�¼�Â�ìM½�Ä2â6ß�Æ2Ê\æ;:�ê�Í��`Ð2»�Æt½­»�½�½�¼�Ù2½�å¬È�Ù	Ð	Ý ã ½�Ã	Ä2È�ÅtÈ�Æ2¾	È�â6Ê8àìM½�Ä2â6ß�Æt½�ÝÁæ;:�ê�Ï�Ê1Ñ	Ð2»�Æ2¾	È�¼�»�¾jÙ2È�»�Æt½�ÇÀÙ2½	Í

>�ê¬VX»�Æ2Ð
n = 2 ã ¼�½�Åt½�Û'º�ä�º�¼�È�Æ2Â�»�¼�Ï�½p¼�È�½�Ä2È�â6Ê Ï�Ê1¼�È�Û'º�È�¼ÁÐ	äÁÒÕÔ ã :�Ø�Íð_Z½�ô�¼�½�â6ßëâ6ÊñÉ�ß�ÅtÈ�â

Ã	Ä2È�Å2Ã2½�Æ�º�Þ�º�¼�Â ã Ñ	¼�½ n > 3
Í¦L`ä!Ã	Ä2È�Å	Æt½�Ç!È�Ù	Ð	Ý$�­Ð � »�ÆtÈ�Å2ß�È�¼ ã Ñ	¼�½ Ak ó Ü2È�Æ2Ê1Ý�Ð'ÅtÈ�º�ÆhÛ�½�Æ2Â�Ütº

Rk = R(Ak) ã Ak ⊆ Rk = R(Ak) ã 2 6 k 6 n.
L`ä­æ;:�ê8â6ÊçÐ2â,È�È�â

A2 ·Ai ⊆ Ai+1, 2 6 i 6 n− 1.

Gb¼�»�Ú8Å�º¦ÏS»�Ð'Æ2ßZÃ	Ä2È�Å	Æt½�Ç!È�Ù	Ð	¾>×!æï¼�º�Û!Û'º�Û
Ai ó Ü2È�Æ2Ê1Ý!Ð'ÅtÈ�º�Æ¬Û�½�Æ2Â�Ütº Ri

ê¢»�ÆtÈ�Å2ß�ÚS¼bÏ�Û'Æ2ÚSÑ2È�Ù	Ð	¾KJ
R2 ⊆ R3 ⊆ . . . ⊆ Rn.

QbÙtº�Æt½�Þ�Ð	Ñ	Ù2½ ã Ð	ä­æ;:�ê8â6ÊçÐ2â,È�È�â

An ·Ai ⊆ Ai−1, 3 6 i 6 n,

º!Ã2½�¼�½�â6ß
Rn ⊆ Rn−1 ⊆ . . . ⊆ R2.

Gb¼�»�Ú8Å�º
R2 = R3 = . . . = Rn. B
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?A@CB ��� �EDGFIH @ � J��1KLH�� ø � B � JMHNDI� OQP B JRH�� S��1H B H @CB ��DQTVUd� B JMDGFIHLK �GOCJLP B ø H�� DWOCJ=�GO;T�K�� OCSWJXDGFV��Ud� H�� Yd� � B KNJMJLUCZCSGKNDWUCYCJ
DGFIH @CB S B O B K ����� � O B �1K�SGKNDWUCY G = GL(n, k) DGF[T B SGK B%B n D1P B K=��\ B � T k   ø DWO,H ��� Od� OCS�OCDWO �]JLYd� � H=�%�1^m� �%���
HNDGKNUCJ
T = T (d)  ��GJLJLD ø � �1H B T`_¨� H @ ��K �WTm� ø ��� B ^QH B OCJ�� DWO`DGF k( n

√
d) DGF>H @CB T B SGK B%B n DGF>H @CB SGKNDWUCO;T�\ B � T k DGFV�GO`DQTCTø @ �1K � ø H B K�� JRH�� ø ¥ �@� Od� JLDGHLKNDWYd� ø HNDGKNUCJ §�¨�abB \;O;Tk�!FcUd� �M� � JRH�DGF 2 · [(n−1

2
)2] K B � �1H�� DWOCJ ¥ [·] ª � O,H B S B KXYG�1KLH § DGFIH @CB

��DQTVUd� B J>DGF
HLK �GOCJLP B ø H�� DWOCJ ¨dabB YVKND1P B H @ �1HV��� �;K�� OCSXDGF���Ud� H�� Yd� � B KNJ ø D�� O ø � T B  m�GO;T@��� �G��DQTVUd� B J/HLK �GOCJLP B ø H�� DWOCJV�1K B
� T B ��� JeDGFdH @CB K�� OCS�DGF���Ud� H�� Yd� � B KNJ ¨If � �
K B JLUd� HNJ[_ B K B YVKND1P B T�Z,g!H @CB �GJLJLUd��YVH�� DWO�H @ �1H�H @CB SGKNDWUCO;T�\ B � T k � J�H @CB
\ B � T�DGFdF K � ø H�� DWOCJhDGF³��YVK�� O ø � YG���+� T B ���&TVD��%��� O ¨

i�jQkmlon;pGqdr�¹ D1P B KNSGKNDWUCYCJ� +� O,H B K�� B Tm� �1H B JLUCZCSGKNDWUCYCJ� &OCDWO �]JLYd� � H=�%�1^m� �%���&HNDGKNUCJ� 
HLK �GOCJLP B ø H�� DWO# ���DQTVUd� B HLK �GOCJ �
P B ø H�� DWOCJ ¨


