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Abstract. Let G be a simple connected graph. The energy of a graph G is defined as sum of the absolute
eigenvalues of an adjacency matrix of the graph G. It represents a proper generalization of a formula valid
for the total m-electron energy of a conjugated hydrocarbon as calculated by the Huckel molecular orbital
(HMO) method in quantum chemistry. A coloring of a graph G is a coloring of its vertices such that no two
adjacent vertices share the same color. The minimum number of colors needed for the coloring of a graph
G is called the chromatic number of G and is denoted by x(G). The color energy of a graph G is defined
as the sum of absolute values of the color eigenvalues of G. The graphs with large number of edges are
referred as cluster graphs. Cluster graphs are graphs obtained from complete graphs by deleting few edges
according to some criteria. It can be obtained on deleting some edges incident on a vertex, deletion of
independent edges/triangles/cliques/path P3 etc. Bipartite cluster graphs are obtained by deleting few
edges from complete bipartite graphs according to some rule. In this paper, the color energy of cluster
graphs and bipartite cluster graphs are studied.
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1. Introduction

Let G be a simple undirected graph with n vertices. The energy of a graph was defined
by I. Gutman [1] in 1978 as sum of the absolute eigenvalues of the graph G. A coloring
of a graph G [2] is a coloring of its vertices such that no two adjacent vertices share the same
color. The minimum number of colors needed for coloring of a graph G is called the chromatic
number of G and is denoted by x(G).

In 2013 C. Adiga, E. Sampathkumar, M. A. Sriraj and A. S. Shrikanth [3] have introduced
the energy of colored graph. The entries of the color adjacency matrix A.(G) are as follows:
If ¢(v;) is the color of vertex v;, then

1,  if v; and v; are adjacent with c(v;) # ¢(vj);
a;j = —1, if v; and v; are non-adjacent with c(v;)=c(v;);
0, otherwise.
The characteristic polynomial of A.(G) is denoted by ¢(A:(G),\) = det(A — A.(G)).
The roots of characteristic polynomial Aj, Ag,...,\, are the color eigenvalues of A.(G).

The color energy of a graph G is the sum of absolute values of color eigenvalues of G, i.e.,
E.(G) ="/, |\i|l- For more information on energy and color energy of a graph, refer [4-10].
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Basically, cluster graphs are graphs obtained from complete graphs by deleting few edges
according to some criteria. I. Gutman and L. Pavlovi¢ [11| have studied several cluster
graphs and found their energies. Bicluster graphs are the byproduct of complete bipartite
graphs, obtained by deleting few edges from complete bipartite graphs. H. B. Walikar and
H. S. Ramane [12] have studied energy of bipartite cluster graphs. In Section 2 we compute
color energy of some cluster graphs. In Section 3 we establish color energy of bipartite cluster
graphs.

2. Color Energy of Some Cluster Graphs

DEFINITION 2.1 [13]. Let (K, )i i =1,2,...,k, 1 <k < L%J, 1 < m < n, be independent
complete subgraphs with m vertices of the complete graph K,, n > 3. The cluster graph
Kap(m, k) obtained from K,, by deleting all edges of (K,,);, ¢ = 1,2,...,k. In addition
Kap(m,0) = Kap(0,k) = Ka,(0,0) = K.

DEFINITION 2.2 [13]. For fixed integers n > 3 and 0 < k < | %], the cluster graph K, (k)
is obtained from K, by the deletion of k independent edges.

DEFINITION 2.3 [13]. For fixed integers n > 3 and 1 < m < n — 1, the cluster graph
K., (m) is obtained from K, by deleting a m-clique.

DEFINITION 2.4 [13]. Let n > 3 and 1 < k < |%] be fixed integers. The cluster graph
K, (k) is obtained from K,, by the deletion of k disjoint triangles.

DEFINITION 2.5 [13]. For fixed integers n and k, n > 3 and 0 < k < n — 1, the cluster
graph K, (k) is obtained from K, by the deletion of k edges with a common end vertex.

DEFINITION 2.6 [13]. For n > 3 and 0 < k < L%J, the cluster graph K., (k) is obtained
from K, by the deletion of k independent paths Ps.

DEFINITION 2.7. For n >4 and 0 < k < | %], the cluster graph K, (k) obtained from K,
by the deletion of k independent paths Pj.

Theorem 2.8. Forn > 3,0 < k < L%J and 1 < m < n, E.(Kap,(m,k)) =n—2m +
2k(m — 1) + /(4 — 8k)m? + (2k + n — 2)4m + (n — 2)2.

< For the cluster graph Ka,(m, k), chromatic number x(Ka,(m,k)) =n— (m—1)k. We
have

Xk ‘ Jmkx(n—mk)
A, (Kap(m,k)) = ;
(I —J)m JIm e JIm
Im I=T)m |- JIm
X = . . . )

where J is the matrix with all entries one. Consider det (A — A, (Kan(m, k))).

Ri—Rjy1, fori=12..m—1m+1m+2,...,
Step 1: Replace R; by R, = 2m —1,2m +1,...,mk — 2,mk — 1;
R,—R;,_1, fori=n,n—1,....,mk+3,mk+2.
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Then, det (A — A, (Kay,(m,k))) reduces to a new determinant, say

melxm Omflxm Omflxm Om—lxn—mk
Y1><m _J1><m _J1><m _Jlxn—mk
det(C’) = 0m—1><m 0m—1><m Zm—1><m Omflxnfmk ’
_J1><m _J1><m Y1><m _Jlxnfmk
_J1><m _J1><m _J1><m Mlxnfmk
0n73k71><m 0n73k71><m 0n73k71><m —4n—3k—1xn—mk
where Y =[11...1 A, M=[A —1...—1 —1] and

0 1 0 0]
0O 0 1 - 0
Z=O0-DI-(0-1 | ;
0 0 0 1
0 0 0 0]

Step 2: In det(C), replacing C; by

Ci+Ciq, fori=23,....m—1,mm+2m+3,...,
Cl = 2m,2m + 2,2m + 3,...,mk — 1, mk;

Ci+Ciy1, fori=n—-1n—-2....mk+1,
it reduces to
Im—1 | Om—ix1 | Om—1 Om—1x1 Om—1 Om—1x1 Om—1x1 Om—1xq
M A+m -M —m -M —-m —(n — mk) N
Om—1 | Om—1x1 | Im-1 Om—1x1 Om—1 Om—1x1 Om—1x1 Om—1xgq
-M —m M A4+m-—1 -M —m —(n — mk) N
det(C) = : : )
Om—1 | Om—1x1 | Om—1 Om—1x1 Im—1 Om—1x1 Om—1x1 Om—1xgq
-M —m -M —m -M | A+m—1|—(n—mk) N
-M —-m -M -m -M -m A—gq N
qumfl 0q><1 qumfl 0q><1 qumfl 0q><1 0q><1 Iq

where g =n—mk—1, Miyxm-1 =[12m—1] and Nyixp—p—1 =[-(n—mk—-1)...—3 =2 —1].

Step 3: On expanding the det(C') successively along the rows R;, for i =1,2,3,... .,k —1,
k+1,k+2,...,2k—1,2k+1,2k+2,... mk—2,mk—1, mk+2,mk+3,...,n—1,n, it becomes
(A = 1)m=Dk (X 4 1)7=mk=1 det(D), where

A4+m—1 —m —-m —m —(n — mk)
-m A+m—1 —m -m —(n —mk)
det(D) = : : : : :
-m -m -m A+m—1 —(n —mk)
—-m -m —-m -m )\—n+mk+1k+1xk+1

Step 4: In det(D), replacing R; by R, = R; — Rj41, for i = 1,2,...,k, we obtain

1 0 0 0 0
0 1 0 0 0
det(D) = (A +2m -1 00 s ; ;
—-m  —2m —(k=1m A+2-km-1 —(n —3k)
-m  —2m —(k—1)m —km A+mk—n+1
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Step 5: In det(D), replacing C; by C] = C; + Ci—1 +---+ Cq, for i = k,k—1,...,2, it
reduces to

1 | A F(2—=k)m—1 mk —n

det(D) = (A + 2m — 1) v R

= +2m—DF (A2 = 2m —n)A — (2m — 1)(n — 1) — (2m? — 2m)k)).
Thus,

H(A(Kan(m, k), \) = (A — 1)m=Dk() 4 1)n—mk=1
x (A+2m — DN — 2m —n)A — ((2m — 1)(n — 1) — (2m? — 2m)k)).

So, the color spectrum of Ka,(m,k) is

{1((m — 1)ktimes), —1(n — mk — 1times), 1 — 2m(k — 1times),

n—2m+ /(4 — 8k)m? + (2k + n — 2)4m + (n — 2)2
2 )
n—2m—\/(4—8k)m2+(2k+n—2)4m+(n—2)2}
5 :

Hence, E.(Kan(m, k)) = n—2m+2k(m—1)++/(4 — 8k)m2 + (2k + n — 2)dm + (n — 2)2. >

Corollary 2.9. Forn >3 and 0 < k < | %], Eo(Ky, (k) = n+2k—4+/(n + 2)? — 16k.

<1 Observe that K3, (k) is a special case of Ka,(m, k), when m = 2. Thus, by substituting
m = 2 in Theorem 2.8, the result follows. >

Corollary 2.10. For n > 3 and 1 < m < n — 1, E.(K. (m)) = n — 2+
V(n—2)2 —dm(n —m).

< The proof follows by noting that K., (m) = Kay,(m,1) in Theorem 2.8. >

Corollary 2.11. Forn > 3 and 1 < k < | 2|, Ec(Ky, (k) = n+4k—6+4+/(n + 4)? — 48k.
<1 The proof follows from Theorem 2.8 by noting that Ky, (k) = Ka,(3,k). >

Theorem 2.12. Forn >3 and 0 < k< n—1,

P(Ac(Ka, (F),N) = A+ 1)" 1A = (n = 4)N°
—Bn—k—=5)A —(k(n—k—1)—2)A+ 2+ k)(n— k) —4).

< Let vy, v9,...,v, be the vertices of complete graph K,. The cluster graph K, (k)
obtained from K, by the deletion of k edges with common end vertex v;, i = 1,2,3,...,n,
and x(K,, (k)) =n — 1. We have

0 Cixk Jixn—k—1
Jn—tk—1x1 | In—k—ixk | (J = Dp_p—1

where Cix; =[—1 0 0...0]. Consider det (A — A, (K, (k))).
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Step 1: Replace R; by R, = R; — R4y, for i = 2,3,...,k,k+1,...,n—2,n — 1. Then,
det (A — A, (K,, (k))) reduces to (A + 1)"~*det(C). Where

A —Cixk —Jixn—k-1
cl.., Br_1xk Ok—1xn—k—1
det(C) = O1x1 Yixk —Jixn—k-1 |»
On—k—2x1 | On—k—2xk | Bnk—2xn—k-1
—Jix1 —Jixk Yixn—k—1

where Y =[-1 —1...—1X,C=[1000] and

0 1 0 0

o 0 1 - 0
B=MX+1)I—-M\+1)|:  :

0o 00 --- 1

00 0 -+ 0

Step 2: In det(C), replacing C; by C! = C; + Cj_y, for i = 3,4,5,...,k+ 1,k +3,...,n,

we obtain,

A Jlxkfl 1 M k—n—+1
Cr i | O+ D)Ly | Op1xa Op—1xn—k—2 Ok—1x1
det(C) = | 0 N P M F—n+l |,
On—k—2x1 | On—k—2xk—1 | On—k—2 | A+DL_p_2| Op_g_ox1
-1 N —k M A—n+k+2

where Miyp—p—2=[-1 -2 —=3...—(n—k—-2)], Nixjp—1=[-1 —2 =3...—(k—1)].
Step 3: On expanding the det(C') successively along the rows R;, for i = 3,4,...,k,k +
2,...,n—2,n—1, it reduces to

A1 1 k—n+1
ot 0 0
det@ =1y "1 A_ki1l k-n+l
11 k A—n+k+2

=M ==X = Bn—k -5 —(k(n —k—1)=2A+ (2+k)(n— k) —4).
Thus,
$(Ac(Ka, (k). A) = A+ 1)"H A = (n = 4)N°
—Bn—k—=5X—(k(n—k—1)=2)A+2+k)(n—k) —4). >

Theorem 2.12. Forn >3 and 1 < k < [ %], ¢(Ac(Ke, (k)), A) = A+ 1) 22 (N2 42X —
AL — (n —4)A3 — (3n — 6k — 1)A2 + (2n — 2k — 6)A + 4(n — 2k — 1)).

< Consider the cluster graph K, (k) obtained from K, by the deletion of k independent
paths Ps. Since x(Ke, (k)) =n — k. We have

(J=Dg | (J =21 Jy Jkx (n—3k)
(J=2D) | (J=Dp | (J=Di| —Jpxn-3sk)
A (Ko (F)) =
(Fen(R)) Jo | =Dk U= | Tnximsn
Jin—siyxk | —In—3kxk | In-3kxk | (J = 1)m—3k)

Consider det (A — A, (K., (k))).
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Step 1: Replace R; by

Ri—Rijyq, fori=1,2... k—1,k+1,k+2,...,2k—1,
R, = 2k 4+ 1,2k +2,...,3k — 1,
Ri—R;—1, fori=nn—1,...,3k+2.

Then, det (A — A. (K., (k))) reduces to a new determinant, say

Xk—1xk Y 1xk Ok —1xk Ok —1x(n—3k)

Py M, —J1xk _J1><(n73k)
Yi 1xk Xk 1xk Zk—1xk Ok —1x(n—3k)

det(C) = My Py Q1xk —J1x(n—3k) ’
Ok —1xk Zk—1xk Xk—1xk Ok—1x(n—3k)
—Jixk Q1xk Py _J1><(n73k)
—J1xk —J1xk —J1xk R1><(n—3k)
On—3k—1xk | On—3k—1xk | On—3k—1xk | Xn—3k—1x(n—3k)

where ) )
o100 --- 0
0 0 1 0
B = R P
o 00 --- 1
00 0 - 0]
X:()\+1)I—()\—|—1)B, Y:2I—23andZ:I—B.AlsoP:[—1—1...—1)\],

R=\—-1...-1 -1, M=]-1 —1...—11andQ=[-1 —1...—10].
Step 2: In det(C), replacing C; by

Ci + Cit1, fori=n—-1,n—2,...,3k+1;
o Ci+Ci1+...+C1, fori=k,k—1,...,2;
‘ Ci+Ci1+...4+Cpypq, fori=2k2k—1,... k+2;
CZ‘+CZ‘_1+...+CQk+1, fori =3k,3k—1,...,2k + 2.
We obtain
det(C)
A+ DIp—1 | Orp_1x1 21y 1 Ok—1x1 Ok —1 Ok—1x1 Or—1x1 Ok—1xgq
X N—k+1 X —k+2 X & | —(n-3h Y
211 Or—1x1 AN+ 1)1 Or—1 Or—1 Or—1x1 Or—1x1 Or—1xq
i X —k+2 X A—k+1 X —k+1 —(n — 3k) Y
o Ok—1 Ok—1x1 Ip—1 Op—1x1 | A+ 1DIp—1 | Op_1x1 Ok—1x1 Ok—1xq
X "k X k1 X X—kt1] —(n_3k Y
X % X % X y 2t q Y
Or—1 Or—1x1 Or—1 Or—1x1 Or—1x1 Or—1x1 Or—1x1 A+ 1D Ik—1xq

where g =n—-3k -1, Xyyp-1=[-1 —2 =3...—(k—1)] and Yixp_3k-1 = [-(n — 3k —
1) =3 —2 —1].

Step 3: In det(C), replacing C; by C] = (A+1)C; —2C;, for i = k+1,k+2,...,2k—1 and
j=1,2,...,k—1 and expanding det(C') successively along the rows R;, fori =1,2,... , k—1,
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3k+2,3k+3...,n—1,n, it becomes (A + 1)"~3*~1 det(D), where

det(D)
A—k+1 —-(A=1) - —(k=1DAX=-1 —(k-2) -1 .- —k —(n — 3k)
0 A +22-3 .- 0 0 0 0 0
0 0 e A3 0 0 .. 0 0
|-k =-2) =1 - —(k-1DA\-1) A—k+1 -1 - —(k—1) —(n — 3k)
- 0 A+1 0 0 A+1 - 0 0
0 0 - A1 0 0 .. 0 0
—k -(A—1) —(k—1DA=-1) —(k—=1) -1 -+ AX—k+1 —(n — 3k)
—k —-A=1) - —(k-1)(A-1) —k -1 - —k A—n+3k+1

Step 4: In det(D), replacing C; by C! = C; — Cyyy, for i = 2,3,...,k — 1 and then
expanding det(F') successively along the rows R;, fori =2,3,... k,k+2,k+3...,2k—1,2k,
it reduces to

A—k+1  2—k —k 3k —n

_ | 2=k A—k+1  1—k 3k —n

det(D) = (A 4+ 1DF1(A2 + 21 — 4)F1 ; Lk A k41 S n
—k —k —k  A—n+3k+1

= A+ DTN+ 20 )M - (n— )N
—(3n — 6k — 1)A* + (2n — 2k — 6)\ 4 4(n — 2k — 1)).

Thus, ¢(Ac(Ke, (k)),A) = A+1)""2F2(N2 22X —4)F 1N — (n—4)A% — (3n— 6k — 1) A2 +
(2n — 2k — 6)A + 4(n — 2k — 1)). >

Theorem 2.13. Forn >4 and 1 < k < [ 2], ¢(Ac(Kq, (k)),A) = (A+1)" 1 (A2 + 31—

2)FL(AZ 4+ X — )R (A3 — (n — 4)A% — (3n — 10k — 1)\ + (2n — 6k — 2).

< Consider the cluster graph Ky, (k) obtained from complete graph K, by the deletion
of k independent paths Py. Since x(Kg, (k)) = n — 2k. We have

(J = Do | (J =202k | Jokx(n—ak)
Ac (K, (k) = | (J —2D)y Xo Jokx (n—ak)
| J—akyx2k | Jn—ar)yx2k | (J = I)(n—ar)

)

O2x2 | Jax2 | -+ | Jax2
Joxa | Oax2 | --+ | Jax2
X =
L Jax2 | Jaxa | o0 | O2x2 ] ops o

Consider det (A — A (Kg4, (k))).
Step 1: Replace R; by

R R;—Rijy1, for e=1,2,...,2k—1,2k+ 1,2k +3,...,4k — 3,4k — 1;
L R, — R, 1, fori=n,n-—1,...,4k + 2.

Then, det (A — A (Kq, (k))) reduces to a new determinant, say det(C).
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Step 2: In det(C), replacing C; by

Ci+ Ciy1, for i=n—1,n—2,...,4k + 2,4k + 1;
Cl=KC;+Ci1+...+Cy, fori=2k2k—1,...,2;
Ci+Ci1+...+Cy, for i =4k, 4k —1,...,2k + 2,

a new determinant, det(D) is obtained.

Step 3: In det(D), replace C; by C/ = (A+1)C; — 2C;, for i =2k + 1,2k + 2,...,4k — 1
and 7 =1,2,...,2k — 1. It reduces to det(FE).

Step 4: On expanding det(F) successively along the rows R;, for i =1,2,...,2k — 1,2k +
1,2k+3,...,4k—3,4k—1,4k+2,4k+3,. .. ,n—1,n, simplifies (A+1)""4+1 (X2 X—4)F det(F)
of order k + 2, which is shown as follows

A=2k+1 —20—1) —4(A—1) - —(2k—2) —(n — 4k)
—(2k—=2) AA—=1) XM =X+2 - A—(2k—2) —(n—4k)
—(2k—-2) —2A—1) AN —=X+2 -+ A—(2k—-2) —(n—4k)
det(F) = |—(2k=2) —2(A—-1) —4(A-1) -~ A=(2k—2) —(n—4k)
C@—2) 20-1) AG-1) e A— (k-2  —(n k)

—2k —2A—1) —4\-1) - —2k A—n+4k+1

Step 5: In det(F'), replacing R; by R, = R; — R;y1, for i =2,3,...,k, k+ 1, it reduces to

A—2k+1 2-2k 4k —n
det(F) = (A2 —3)X —2)F! 2 A+ 2 —A-1
—2k 2k A-—n+4k+1

= (A2 =3X =2 1A% — (n —4)A% — (10k — 3n + D)A + 2(n — 3k — 1)).
Thus, ¢(Ac(Kqg, (k)),\) = A4+ 1" 412 130 = 2)F 1 (A2 - X —4)F(\3 — (n — 4)\? —
(3n — 10k — 1)\ + 2n — 6k — 2). >

ExXaAMPLE 2.14.

Fig. 1. K5, Kas(2,2), Ky, (1) and K. (3).

Fig. 2. K. (1), Kas(2), Koy (1) and K, (1).
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3. Color Energy of Bipartite Cluster Graphs
DEFINITION 3.1 [12]. Let e;, i = 1,2,...,k, 1 < k < min{m,n}, be independent edges

of the complete bipartite graph K, ,, m,n > 1. The cluster graph Ka, (k) is obtained
by deleting e;, i = 1,2,...,k from K, .

P PX

Fig. 3. K33 and Kas 3(2

ExXAMPLE 3.2.

DEFINITION 3.3 [12]. Let K, , be the complete bipartite graph, 1 <r <m, 1 < s < n and
m,n > 1. The cluster graph Kby, ,(r, s) is obtained by deleting the edges of K, s from K, ;.

X4 DL

Flg 4. K33 ande332 1

ExXAMPLE 3.4.

Theorem 3.5. For m,n > 1 and 0 < k < min{m,n}, E.(Kapn(k)) = m+n—3+
V(m+n+1)? -8k

< Let U = {uj,ug,...,uk, g1, un} and V. = {v1,v9,..., 0k, Vks1,.-.,0n}
be the partites of compete bipartite graph K,,,. The cluster graph Ka, (k) obtained
by deleting independent edges e; of the complete bipartite graph K,,,, i = 1,2,...,k.
As x(Kamn(k)) = 2.

We have
(=D | ~Toxm-r) | (J=1D Tk (n—k)
—J(m— (L= Dn=r) | Jm-r)xk | Jm—k)x(n—k
A (Kay (k) = | —Ton=rpch k) | Tomtyck | Tom ) (o)
(K (k) (J = D Jhox (m—k) (I =Dk | —Tex(n-k)
Jn—tyxk | Jn=k)yx(m=k) | =Jn—k)yxk | (L =) (n=k)

Consider det (A — A. (Kam n(k))).
Step 1: Replace R; by R, = R; — Riy1, for i = uy, ug, ..., Uk—1, Wkt1, Ukt2, - - - 5 Um—1, V1,
Up—1. Then, det (A] — A; (Kamn(k))) reduces to a new determi-

V2. Vk—1; Vk4+1, Vk+25 - - 5
nant, say
Xi—1xk | Op—ixm—t | (= Ap—1xk | Op—1xn—k
Y1><k Jlxm—k Z1><l<: _Jlxn—k
Om—n—1xk | Xm—k—1xk Om—k—1xk | Om—k—1xn—3k
det(C) = 1k Yixm—k —Jixk —Jixn—k s
Zl><k _Jlxmfk Y1><k Jlxnfk
On—tk—1xk | On—k—1xm—t | On-r-1xk | Xnk-1xnk
_Jlxk _Jlxm—k: J1><k; len—k
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where ) )
0 1 o0
o o1 --- 0
B=|: )
o o0 o0 --- 1
000 -+ 0
X=O+DI-A+1)B,Y=[11...1Aand Z=[-1 —1...—10].
In det(C), replacing C; by
Ci+Ci1+...4+Ch, for ¢ = ug, up_1,...,us;
o Ci+Ci1+...4+C, for ¢ = v, vk_1,...,09;
! Ci+Ci1+ ...+ Ciy1, for ¢ =um,Um—1,...,Uxt2;
Ci+Ci1+...+ Ciy1, for i =wvp,vp-1,...,0%42.
We obtain
det(C)
A=DI—1 | Op—1x1 Op—1xr | Op—1x1 I Op—1x1 Ok—1xq | Or—1x1
M A—k+1 N m—k —-M —k+1 -P —-n+k
O'r><k—1 O'r><1 ()\_ 1)17“ Om—kxl O'r><k—1 O7'><1 O7‘><q O7'><1
. M k N A7 —-M —k -P —-n+k
- I Op—1x1 Op—1xr | Op—1ix1 | A=D1 | Or—1x1 Or—1xq | Ok—1x1
—-M —k+1 N -m+k M A+k—1 P —-n+k
quk—l qul quk—l Oq><1 quk—l Oq><1 ()\ — 1)Iq Oq><1
M K N | —m+ik M k P X+q

whereg=n—k—1,r=m—k—1, My 1 =1[12..
and Piypp-1=[12...n—k—1].
Step 3: In det(C), replacing C; by C! =

.k—l],Nle_k_1:[12m—k‘—1]

()\ - 1)01 - Cj, for i = V1,02, .

..,Vp—1 and

Jj = wui,ug,...,ux_1 and on expanding the det(C) successively along the rows R;, for
i = UL, U2y« oo s Up—1, U1, U425 - - -, Um—1, V1,V25 .-, Vk—1,Vk+1, Vk4+2,---,Un-1, it banhﬁeb
to (A — 1)mn=2k=1(\2 _ 2)\)k=1 det(D), where
At+k+1 m—k —(k—1) —(n—k)
_ k A+m—Fk—-1 —k —(n—k)
detD)=|_n_1)  —m—k) A+k-1  n—k
—k —(m —k) k Ad+n—k—-1

Now, replacing Ry by R} = Ry + R3 and replacing Ry by R, = Ro + Ry it reduces to

A 0 A 0
0 A1 0 A1
etD)=1_ 1) —m—k) A4k—1  n—k
ko —(m—k)  k  A+n—k—1

Replacing C3 by C4 = C3 — C and replacing Cy by C) = Cy — Cs, we obtain

A+ 2k —2 n+m — 2k
2k Atm+n—2k—-1

=AA=1)A+(m+n—-3)A+2(k —m—n+1)).

det(D) = A(\ — 1)
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Thus, ¢(Ae(Kamn(k)), ) = AEA=1)mFTn=2k=L(A—2)F=1 (A2 4 (m+n—3)A+2(k—m—n+1)).
So, the color spectrum of Kay, (k) is

{0 (k times),1 (m +n — 2k — 1 times), 2 (k — 1 times),

B=n—m)++/(m+n+1)2 -8k (3—n—m)—\/(m—|—n—|—1)2—8k}.

2 ' 2
Hence, E.(Kam (k) =m+n—3+/(m+n+1)2 -8k
Theorem 3.6. For mn > 1 and 0 < r < m, 0 < s < n, ¢(Ac(Kbpn(r,s)),\) =
A=) 3 (N34 (m+n—3)A2+(rs—2n—2m+3)A—(((n m+1)r r2)s—rs?—n—m+1)).

< Let U = {uy,ug,. .., Up,Ups1,-.. Uy} and V = {v1,v9,...,0s,V541,...,0,} be the
partites of compete bipartite graph K, . The cluster graph Kb, ,,(r, s) obtained by deleting
the edges of K, s from Ky, ,,. Since X (Kb, n(r,s)) = 2. We have

(I — J)T —Jrx(m-—r) Orxs er(nfs)
o _Jm—r><7‘ (I — J)(m—r) J(m—r)xs J(m—r)x(n—s)

Ae (Kbm n(’r S)) B Osxr Jsx(m—r) (I — J)S _Jsx(n—s)
In—sxr J(nfs)x(mfr) _‘](nfs)xs (I - ‘])(nfs)

Consider det (A — Ae (Kb, p (7, 5))).

Step 1: Replace R; by R, = R; — Ri;1, for i = 1,2 —1,r+1r+2,...,m—
1,1,2,...,s = 1,s+ 1,s+ 2,...,n — 1. Then, det (A — (Kbmn(r,s))) reduces to (A —
1)m+tn=4det(C), where

(I - X)r—1><7‘ 07‘—1><m—7‘ 0r—1><s 07‘—1><n—s
Y1><r <]1><mfr O1><s _Jlxnfs
Omfrflxr (I - X)mfrflxmfr Omfrflxs Omfrflxnfs
<]1><r lemfr _J1><s _Jlxnfs
det C = )
( ) Osflxr Osflxmfr (I_ X)sflxs Osflxnfs
O1><r _Jlxmfr lenfs <]1><nfs
_J1><r _J1><m—7‘ J1><n—s len—s
0n—s—1><7‘ On—s—lxm—r On—s—lxn—s _(I - X)n—s—llxn—s
where Y =[11...1 A, Z=[A1...11] and
0 1 0 --- 0]
0 01 0
X = Do
o 00 --- 1
000 - 0

Step 2: In det(C), replacing C; by

Ci+Ci1+...4+C, for i=nr,r—1,...,2;
Ci+Ci1+...+C1, forz'zss—l...,Q;
Ci+Ci1+...4+Crqq, for i=m,m— LT+ 2
Ci+Ci—1+ ...+ Csqa, forz:n,n—l,...,s—i—Q,

a new determinant det(D) is obtained.
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Step 3: On expanding the det(D) successively along the rows R;, fori =1,2,...,r—1,r+
Lr+2,....m—11,2....s—1,s+1,s+2,...,n—1, it becomes

A4r—1 m—r 0 —(n—s)

B r At+m—r—1 —s —(n—s)

det(D) = 0 —(m—r) A+s—1 n-—s
—r —(m—r) s A+n—s—1

Replacing, Ry by R) = R4 + Rs, we obtain

A+r—1 m—r 0 —(n—ys)

B r Ad+m—r—1 —s —(n—s)

det(D) = 0 —(m—-7r) AX+s—1 n-—s |
—-r A—1 0 A—1

Replacing Cy by C% = Cy — Cy, it reduces to

A+r—1 m-+n—r—s 0
det(D) = (A —1) r Ad+m+n—r—s—1 —$
0 r—m-—n-+s A+s—1

=A==\ 4+ (m+n—3)A"+ (rs — 2n — 2m + 3)A
—(((n+m+1)r—r2)s—r32—n—m+1)).

Thus, ¢(Ae(Kbpn(r,5)),A) = (A= 1)™T 3N+ (m+n—3)A2 + (rs —2n — 2m + 3)\ —
((m+m+Dr—rHs—rs>—n—-—m+1)). >

References

1. Gutman, I. The Energy of a Graph, Ber. Math. Stat. Sekt. Forschungsz. Graz., 1978, vol. 103, pp. 1-22.

2. Harary, F. Graph Theory, New Delhi, Narosa Publishing House, 1989.

3. Adiga, C., Sampathkumar, E., Sriraj, M. A. and Shrikanth, A. S. Color Energy of a Graph, Proceedings
of the Jangjeon Mathematical Society, 2013, vol. 16, pp. 335-351.

4. Abreu, N. M. M., Vinagre, C. T. M., Bonifdcio, A. S. and Gutman, I. The Laplacian Energy of Some
Laplacian Integral Graphs, MATCH Communications in Mathematical and in Computer Chemistry,
2008, vol. 60, no. 2, pp. 447-460.

5. Adiga, C., Sampathkumar, E. and Sriraj, M. A. Color Energy of Unitary Cayley Graphs, Discussiones
Mathematicae Graph Theory, 2014, vol. 34, no. 4, pp. 707-721. DOI: 10.7151/dmgt.1767.

6. Balakrishnan, R. The Energy of a Graph, Linear Algebra and its Applications, 2004, vol. 387, pp. 287—
295. DOI: 10.1016/j.1aa.2004.02.038.

7. Balakrishnan, R. B. Graphs and Matrices, London, Springer-Hindustan Book Agency, 2011.

8. Bapat, R. B. and Pati, S. Energy of a Graph Is Never an Odd Integer, Bulletin of Kerala Mathematical
Association, 2014, vol. 1, pp. 129-132.

9. Bhat, P. G. and D’souza, S. Color Laplacian Energy of a Graph, Proceedings of the Jangjeon
Mathematical Society, 2015, vol. 18, pp. 321-330.

10. Bhat, P. G. and D’souza, S. Color Signless Laplacian Energy of a Graph, AKCFE International Journal
of Graphs and Combinatorics, 2017, no. 2, vol. 14, pp. 142-148. DOI: 10.1016/j.akcej.2017.02.003.

11. Gutman, I. and Pavlovié, L. The Energy of Some Graphs with Large Number of Edges, Bulletin
of the Serbian Academy of Sciences. Mathematical and Natural Sciences Class, 1999, vol. 118, pp. 35-50.

12. Walikar, H. B. and Ramane, H. S. Energy of Some Bipartite Cluster Graphs. Kragujevac Journal
of Science, 2001, vol. 23, pp. 63-74.

13. Walikar, H. B. and Ramane, H. S. Energy of Some Cluster Graphs, Kragujevac Journal of Science,
2001, vol. 23, pp. 51-62.



Color Energy of Some Cluster Graphs 63

Received August 13, 2020

SABITHA D’Souza,

Department of Mathethematics,
Manipal Institute of Technology,
Manipal Academy of Higher Education,
Manipal-576104, Karnataka, India,
Assistant Professor-Selection Grade
E-mail: sabitha.dsouza@manipal.edu
https: //orcid.org/0000-0002-2728-6403,;

KuLAMBI PARAMESHWARAPPA GIRIJA,
Department of Mathethematics,
Manipal Institute of Technology,
Manipal Academy of Higher Education,
Manipal-576104, Karnataka, India,
Research Scholar

E-mail: girijakp.16@gmail.com

https: //orcid.org/0000-0003-4236-602X;

HALGAR JAGADEESH GOWTHAM,
Department of Mathethematics,
Manipal Institute of Technology,
Manipal Academy of Higher Education,
Manipal-576104, Karnataka, India,
Corresponding Author,

Assistant Professor

E-mail: gowthamhalgar@gmail.com
https: //orcid.org/0000-0001-5276-2363;

PRADEEP GANAPATI BHAT,
Department of Mathethematics,
Manipal Institute of Technology,
Manipal Academy of Higher Education,
Manipal-576104, Karnataka, India,
Professor

E-mail: pg.bhat@manipal.edu

https: //orcid.org/0000-0003-2179-6207

BiamkaBkazckuii MaTeMaTHICCKHI Ky PHAJT
2021, Tom 23, Bernyck 2, C. 51-64

IBETOBAYA SHEPT'MA HEKOTOPBIX K/JTACTEPHBIX 'PA®OB

II'Cyza C.1, T'mpmmxa K. 1.1, Toyram X. JIx.!, Bxar I1. T
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576104 Manunan, Kapuaraka, Uuans
E-mail: sabitha.dsouza®manipal.edu; girijakp.160gmail.com;
gowthamhalgar@gmail.com; pg.bhat@manipal.edu

Awnnoramusi. [Iycte G — mpoctoit cBsizublit rpad. DHeprusi rpada (G ompenesnsiercst Kak cyMMa ab-
COJIIOTHBIX COBCTBEHHBIX 3HAYEHUiNl Marpuibl cMexkHocTu rpada (. Ona npejcrasiser coboil HajieXKariee
o6obmierne hbOPMyJIbI, CIIPABEIJIMBON JJIsl TOJTHON SHEPIUU T-3JIEKTPOHOB COIPSIZKEHHOI'O YTJIEBOIOPO/IA, Pac-
CUNTAHHON MeToJI0M MOJIeKyJIsipHBIX opbutaneil Xokkesst (HMO) B kBanToBoit xumuu. Packpackoit rpada G
HA3bIBAETCsl PACKPACKa €ro BepIIuH, IPU KOTOPO# HUKAKHUE JBE COCEIHUE BEPIIUHBLI HE UMEIOT OIMHAKOBBII
uBer. MUHMMAIbHOE KOJIMYECTBO I[BETOB, HEOOXOAMMOE Jjist pacKpacKu rpada (G, Ha3bIBAETCI XPOMATHIECKUM
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quciaom G u obosnadaercsa cumBosioM X (G). IlseroBas sueprus rpada G onpejesnsercs Kak cyMMa MOJyJIeit
I[BETOBBIX COOCTBEHHBIX 3HadeHuil 3HadeHus G. ["'padbl ¢ 6osIbIIM KOJINIECTBOM pebep HAa3bIBAIOT KJIACTEPHBI-
mu rpadamu. Kiracrepusiit rpad — 910 rpad, MoIydeHHbIH U3 MOJIHOro rpada IIyTeM yIajaeHus HECKOIbKO pe-
6ep B COOTBETCTBUHU C HEKOTOPBIMHE ITPABUJIaMHU. FEro MOXKHO HOJIyYnTh, YAaIiB HECKOJIBKO pebep, HHIMIEHTHBIX
Ha BEpINUHE, yJaJeHue HE3aBUCUMbIX pebep/TpeyrobHUKOB/ KUK /myTr P3 u T. 1. JIBy/I0/IbHBIE KJIACTEPHBIE
rpadbl HOTy4aloTCs yIaJleHHeM HECKOJIBKUX Pebep U3 MOJIHOIO JIBYIOJIBHOIO rpada B COOTBETCTBUU C HEKOTO-
PBIM IPaBHJIOM. B 9T0ii cTaTbe N3y4aloTCs IBETOBAs SHEPIUs KJIACTEPHBIX I'pad OB 1 J[BY/I0JIbHBIE KJIACTEPHbIE
rpadsl.

KiroueBble ciioBa: 1[BeTOBasi MaTPHUIA CMEKHOCTH, [[BETOBOE COOCTBEHHOE 3HAYEHHE, CBETOBAs SHEPIHSL.
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