BiajmkaBkazckuii MaTeMaTHIECKHH Ky pPHAJT
2021, Tom 23, Berryck 4, C. 77-88

YIOK 517.98+530.1
DOT 10.46698 /h4964-7674-7067-w

CYIIECTBOBAHUE CJIABO NIEPUOJANYECKNX MEP I'MBBCA
JJId MOJEJIM N3MHT'A HA JIEPEBE K9JIN I[TOPAJIKA TPU

M. M. Paxmarynnaes'?, 2K. JI. JTexkoHos?

! MucruryT maremarukn um. B. U, Pomamosckoro AH PV3,
V3bekucran, 100174, Tamkent, yi. Y HUBEpCUTETKAS, T;
2 HaMaHTaHCKHIL TOCYJADCTBEHHBIN YHHBEPCUTET,
V3bekucran, 160136, Hamanran, yia. Yitau, 316;
3 AHIMKAHCKUI MOCYIAPCTBEHHBINA YHUBEPCUTET,
V3b6ekncran, 170100, Anmgkan, yi. YauBepcurerckas, 129

E-mail:mrahmatullaev@rambler.ru, dehqonovjasur@bk.ru

Awnnoramusi. OHa U3 OCHOBHBIX MPOOJIEM JIjIsl TaMUJIBTOHUAHA Mojesn VI3umHra — 9TO ONMUCaHWE BCEX
OTBEYAIONINX €My TpefeabHbix Mep ['mbbca. U3BecTHo, uTto nyst momesm V3unara takwme Mepbl 06pa3yioT
HEIIYCTOE BBIMYKJIOE KOMIIAKTHOE IMOAMHOXKECTBO B MHOYKECTBE BCEX BEPOSITHOCTHBIX MeEp. 3a/1a4a MOJTHOrO
ONMCAHWST JIEMEHTOB STOr0 MHOYXKECTBa JaJjieKa OT cBoero 3asepinenusi. J[st momesm V3unra Ha mepe-
Be Kou mopsinka Tpu ObLIn M3yUeHBI TPAHC/ISIIMOHHO-WHBAPUAHTHBIE W Tepuoandeckne Mepbl ['uboca,
HO cyiabo mepuoguyeckue Mepbl ['nb6ca He GbLin M3ydeHbl. OTMETHM, YTO BCSIKAasl MEPUOIMIECKAS MEPA
I'ubbca Tak:ke siBJIsieTCst C1ab0 MEPUOUIECKOl, HO 0OpaTHOoe HeBepHO. [losTOMYy MHTEpECHO U3ydarh caabo
nepuoaudeckue Mepol ['nb0ca, He ABISONINECS IepPUOInIecKUMEU. PaboTa moCBsIneHa n3yIeHuio c1abo me-
puouuecKux (He repuouaeckux ) Mep ['m66ca s mogesu Msunra Ha gepese Kaum nopsiaka tpu (k = 3).
WzBecTHo, yTO cimabo mepuomanydeckasi mepa I'mbOca i momenu M3unra 3aBuceTh OT BHIOOpa HOpMaJib-
HOT'O JIeJIUTesisl TPYIIOBOro Ipejcrapienus pepesa Kanu. B mamnoit pabore paccmarpuBaercs OIUH U3
HOPMaJIbHBIX JIeJINTEIENl MHIEKCa YeThIpe IPYIIIOBOro MpejicTaBienus aepesa Kamu. OTHOCHTEIBHO 9TOrO
HOPMAJIBHOTO JIeJIUTENIS JJOKA3aHO CyIeCTBOBanue C1abo nepuoauaeckux (He mepuoandaecknx) mep I'nbbeca
g mojenu Msunra va nepese Kasu nopsaka tpu. Todnee, oKa3aHo, 9TO IPU HEKOTOPBIX YCJIOBUAX Ha
mapaMeTphl CyIIECTBYIOT He MeHee 4 cy1abo Iepuonndeckux (He rmepuoaudeckux) mep I'ubbca.
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1. BeBeneHue

Kazxnoit mepe ['nb66ca conocrapisiercs omHa hasa dusndeckoii cucreMmbl. Ecim cyimecTBy-
er OoJiee oHOM Mepbl ['mbObGca, TO TOBOPSIT, YTO CyIIecTBYeT (az30Bblii mepexorn. OCHOBHAs
npobJsieMa JJIsi JAHHOIO | aMUIbTOHMAHA — OIMCAHME BCEX OTBEYAIONINX €My IIPedebHBIX
Mep ['nbbca. DTu Mepbl, B OCHOBHOM, OBLIN TPAHCJISIIIUOHHO-WHBAPUAHTHBIMU, JTUOO IEepH-
OIMYECKMMU C IIEPHOIOM JBa. boJiee Toro, Jjisi MHOIMX Mozeseil Ha gepeBe Koam mokaza-
HO, YTO MHOXKECTBO Iepuoamieckux mep ['mbbca ouenb OenHO, T. €. CyMIeCTBYIOT IIEPUO/IN-
yeckue TubOCOBCKUE MepbI ¢ 1epuoiioM jpa. B paborax [1-4| must monenu Wsuura onucans
TPAHC/IAIMOHHO-MHBAPUAHTHBIE Mepbl ['mbbca na nepese Kou. Ouumcanuio mepuognydecKux
rubOCOBCKUX Mep ISl HEKOTOPBIX MOJEJeil ¢ KOHEYHBIM YHC/IOM PaJuyca B3auMOIAEHCTBHUS
HOCBAIIEHBI paborsl [5-11].

Y1066l OJIyunTH GOJIee MMPOKOe MHOXKECTBO Iub6COBCKUX Mep, B paborax [12-15] BBee-
HbI OoJtee o0INye TOHSITHS TTeprondeckoit Mepol ['ubbca, T. e. cjaabo nepuopuyaeckue rubocoB-
CKP€ MEepbI, U JOKA3aHO CYIIeCTBOBAHUE TAKUX Mep Mg moienu Vswnara na nepese Kosum

(© 2021 Paxmarysiaes M. M., exkonos 2K. /1.



78 Paxmarymnaes M. M., /lexxkornos 2K. /1.

nopsiyika k > 4. B paborax |1, 15, 16| u3yueHbl KOHTHHYaJIbHbIE MHOYKECTBA HEIIEPUOUIECKIX
Mep ['ubbca mirst momenn Vswara Ha mepese Kamm.

B pa6ore [11]| miust mogesn Vsunra na nepese Kasm nopsiika k > 2 HaiijileHbl HOBbIE KJiac-
cbl TUBOCOBCKUX Mep, 10A00HBIX ciabo nepuogumdeckum. B paborax [17] u [18] nokasano, uro
Ha jepese Ko nopsinka k > 2 OTHOCUTEIBHO HOPMAJIBHOTO JIEJIUTE/IsI WHJIEKCA JIBA HE CYIIE-
crByIOT €1ab0 nepuoauyueckue Mepbl ['n66ca. B pabore [19] usyuensr ciabo nepuopuaeckue
mepbl ['nb6ca st Mojesn Msunra ¢ BaemuuM nosieM. A B paborax [20] u [21] usyuenst ciaabo
nepuojmyeckue Mepbl ['ubbca jist mosenu Ilorrca.

B mamnoii crarbe m3ydaiorcs ciiabo mepuogmdeckue mepbl 'mboca maaa mogenun Vsunara na
nepese Kajin nopsijika Tpu OTHOCHUTEIBHO HOPMAJIBLHOTO JICJIUTENS UHJIEKCA, YeThIpe.

CrpykTypa paboTsl: B § 2 1ar0Tcst HEOOXOIUMBIE OIIPEJIEIEHHS U IIOCTAHOBKA 3a1aH, § 3 110-
CBSIIIEH U3YUYEHUIO CYIEeCTBOBaHus cj1abo nepuogndeckux Mep ['ubbca Ha jepese Ko mopsii-
Ka TPH.

2. OnpenesieHus U IIOCTAHOBKA 3ada4u

ycrs 7F = (V,L), k > 1, — nepeBo Ksyu nopsiika k, 1. €. 6eCKOHEUHOE JIEPeBO, U3 KAXK IO
BEPIIIHBI KOTOPOTO BBIXOAUT POBHO k+1 pebpo, riae V' — mHOXKecTBO BepiuH, L — MHOXKECTBO
pebep 7F. Mzsectno, uro 7F MoxkmO npepcraBuTh Kak Gj, — cBoGogHOE mpousseenne k + 1
IUKJITTYIECKUX TPYII BTOPOTO MOPSIKA.

Hycts ® = {—1,1} u 0 € Q = & — kondurypamus, T. e. 0 = {o(x) € ®: v € V}.

Pacemorpum ramunbrornan momenu Msuara

H(o)=—J Y o(x)aly), (1)

(z,y)EL

e J € R, (x,y) — Gumxkaiimue coce.
M3secrno, uTo Kazkaoit Mepe I'ub6ca momenn VsuHra cOOTBETCTBYET COBOKYIIHOCTD BEJIU-
ynd h = {hy,x € Gy}, y10BIETBOPSIONIUX

he = Y f(hy,0), (2)

yeS(z)

rae S(x) — MHOXKECTBO NpAMvT nomomkos, Toukn © € V u f(x,8) = arcth(0thz), = th(Jp),
B =1/T, T >0 — remueparypa (cm. [1-4]).

Iycrs Gy /Gy = {Hy,...,H,} — daxrop rpymna, rae G — HOPMAILHBL JeuTe/b HH-
nekca r > 1. lnsa x € Gy, obosuaunm 4depes x| = {y € Gy, : (z,y)}\S(z).

OnpEAENEHUE 1. CoBokynuoctsb Benaud h = {h,,x € Gy} HasbBaercs @k—nepuodu%e—
cxot (@k—ma% nepuoduveckot), ecinu hy = h;, upu € H; (hy = hyj, upu « € H;, x| € H}),
V& € Gy. Gp-nieprogmyaeckast Mepa Ha3bIBAETCS MPAHCAAUUOHHO-UHBAPUAGHMHOT, MEPOT.

OTPEJIEJIEHUE 2. [oBOpsT, 9TO Mepa fi sSABJISIETCS @k—(matﬁo) nepuoduyeckoti, ecim oHa
COOTBETCTBYET @k—((:ﬂa6o) NEPUOJANYIECKON COBOKYITHOCTH BEJIUIHH A.

B paborax [17] u [18] mokazamo, uro Ha mepeBe Kosm mopsiika k > 2 OTHOCHTEIBHO
HOPMAJILHOTO JIe/IUTE/IsT WHIEKCa JBa HEe CYIIECTBYIOT ¢jabo mepuojamdeckne mepbl ['ubbOca.
A B pabore |11] st momesin Vzunra na nepese Ko nopsijika k > 2 Haii/ieHbl HOBbIE KJIaCCHI
rub6COBCKUX Mep, HOJ0OHBIX €1a00 nepuojndeckuM. B pabore [22] nokazano, 1o B rpymie Gy,
HE CYIIECTBYeT HOPMAJILHOTO JICJIUTE/IsI HEYeTHOTO (OTJIMYHOTO OT eJMHUIIbI) HHJjeKca. B pa-
Gore [23| nokasano cymecrBoBaHue ciaabo mepuoguueckux mep ['ubb6ca jyist Mogenu Vsunra
Ha jiepeBe Kajm mopsiika k = 2 oTHOCHTE/ILHO HOpMAaJibHOrO Jenuresis uwaaekca 4. [Tosro-
My €CTECTBEHHO PACCMOTPETDH 3aJla4dy CyIeCTBOBaHUs CJIab0 repuopuydeckux Mep ['mbbca Ha
nepese Kajin nopsijika Tpu OTHOCHUTEIBHO HOPMAJIBLHOTO JICJIUTESE UHJIEKCA, YeThIpe.
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enmpio paboThl ABJISIETCST ONMUCAHUE MHOXKECTBa CJIab0 HMEPUOANIECKHX I'MOOCOBCKUX MEpP
nast momenn VIsuHra Ha jgepeBe Kaam mopsiika TpU OTHOCHTEIBHO HOPMAJILHOTO JIEJTUTEJIS
WHJIEKCA YeThIpe.

3. Cnabo nepuoamveckKkmue Mepbl

Ormernm, uto cabo nepuojudeckue Mepbl I'nb6ca 3aBucsAT OT BHIGOpA HOPMAJIBHOIO Jie-
JIATEIsL.

Oycrs A C {1,2,...,k+ 1} u Hy = {z € G : Y ;jc 4 wa(a;) — gerno}, e wy(a;) —
qucsio OyKBbl a; B cioe & € Gy, Gl(f) = {x € Gj : |x| — yerno} n Ggl) = HsanN Gl(f) —
COOTBETCTBYIOIIMH €My HOPMAJIbHBII jesnTesb uHuekca 4.

BAMEYAHUE 1. Cpeiy Bcex HOPMAaJIbHBIX JlesinTesiell nHIeKca 4 BbIOpaHHbBII HAMEH HOD-
MaJIbHBIA JIeJINTE b Gl(:l)
CTeMy ypaBHEHHi ¢ 8 HEM3BECTHBIMHU, [IPH STOM JIJIsI IPOU3BOJILHOIO HOPMAJILHOIO JIEIATE IS
MHJIEKCA 4 YUCI0 HEM3BECTHBIX MOXKET JOCTHIATh 16.

Pacemorpum dakTop rpymiry Gk/Gl(:l) = {Hy, Hy, Hy, H3}, rpie

y106eH TeM, 9TO B 9TOM CJlydae U3 CHCTeMbI (2) MbI HOJIydaeM CH-

Hy = {x € Gy ) jeawz(a;) — werno, x| — quHo}7

Hy = {z € Gi, : ¥ ;c 4 wa(a;) — neuerno, |z| — uerno},
Hy = {z € Gj, : 3 ;c g wa(a;) — uerno, |z| — neuerno},
H3 = {z € Gy : }_;c 4 wz(a;) — HewerHO, |z| — HeueTHO }.
Torna B cuity (2) Glg4)—cna6o HepuoArIecKast COBOKYITHOCTh i UMEET BHL
hi, x¢€ Hs, x| € Hy,
he, x € Hy, x| € Hs,
h3, x € Hs, x| € Hy,
hy, =€ Hy, x| € Hs,
hs, x € Hy, x| € Ho,
he, x € Ho, x| € Hy,
h7z, x € Ho, x| € Hy,
hg, =€ Hp, x| € Ho,

rae hj, j = 1,8, yIoBaeTsopser cucreMe ypaBHEHMUIL:

hy = (k —14)f(h2,0) +if(ha,0),

hy = (k —14)f(h1,0) +if(hs,0),

hz = (k —i+41)f(ho,0) + (i — 1) f(h4,0),

hy = (k —i+1)f(h7,0) + (i — 1) f(h3,0), (4)
hs = (k —i+1)f(h1,0) + (i — 1) f(he, 0),

he = (k —i+1)f(hs,0) + (i — 1) f(hs,0),

hr = (k —1)f(hs,0) +if(hs,0),

hs = (k — i) f(h7,0) +if(hs,0),

31ech i = |A| — momHOCTH MHOXKECTBA A.
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Ioubsysics Tem, uro f(h,0) = arcth(fthh) = 3 1n %, 1 00O3HAYNB (v = %,
z; = e rne i = 1,4, u3 (4) noJIyHUM CJIEJIYIONIYIO CHCTEMY YDaBHeHHIi:
21 = (p(22))* 7" ((2a))',
22 = (p(21)" (9(26))",
23 = (p(22)" " ((za)) 7,
21 = (p(er)" " ((23)) 7, )
25 = (p(21))* 7 (p(26)) 1,
26 = (p(28))" " ((25)) 7,
21 = (p(28))" " ((25))",
25 = (p(21)" " (9(23))",

rae ¢(2) = 5

Banumiem cucreMy ypasaenuii (5) B Buje

.

(Z o RN 80(24)
=t (55)
2 = (p(a)b (22}

S
—~
I
—
~
|
[y

N
W~
N~—

N N N N N N N N
] . 5 & .
— —
>
S~—

©

z3 = (p(22))F

S
—~
N
[\
~— —

N
w

k

zg = (p(27))

S
N
>

k

z5 = (p(21))

i
L

S
—~
I
—
~— ~—

3S)
N
S

N
ot
.

€ 6
—_~
N
o
~— ~—

€ 6
—~
W
w oo
~— ~—
.

k

zg = (p(27))

AN TN TN TN TN N N
SRS
Y
S
S~—

S
—~
N
)
~—

Pasnenmus B 9T0i cucreme ypaBHEHUI IEepBO€ ypPaBHEHHE HA TPEThe, BTOPOE Ha, IISITOE,
IIIecToe Ha CeIbMOe, YeTBEPTOe HAa BOCHMOE, TIOJIyUYUM CJIEIYIONLYI0 CUCTEMY YpaBHEHMIL:

21 plza)
z3 ()
z _ pl(z)
z p(a)
z6 _ p(z8)
27 p(z5)
za _ plzr)
zs  p(z3)
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I/ICHOHBBYH 9TU COOTHOILIEHUA, CUCTEMY (6) MO2KHO 3allMCaTb TaK:

2 = (o)) (—)

(

2 = (p(z21)F | =

z3 = (p(22))

(%)
2)
21 = (pler)t (—) ;
2)
2)
2)

= (p(2)F (2],
25

1—1

%= ()" ()

o= () ()

5 = (p(er)" (—8)

U3 nepsoro ypasHenusi cucrembl (7) HaiijeMm 23, U3 BTOPOrO — Zz5, U3 CEIBMOIO — Zg, U3
BOCBMOI'O z4 W, IIOJICTABMB UX B BOCbMOE, CeJbMOe, BTOPOe U IIepBoe ypaBHeHus cucreMbl (5)

\

COOTBETCTBEHHO, IIOJIyYUM

a=(e(a (o)) (el
2= (o (plea)?)) (oo, 5
= (e(z (pe)t)) (o),
= (o(a" @)h)) (et

4= (s (o)) (e,
%= (o(a" (eles)!)) (oo, o
4= (o(n" (@)t)) ),
4= (o(a (e)?)) (el

Jlerko 10Ka3aTh CJIEIYIONIYIO JIEMMY.

Jlemma 1. Orobpakeame W mmeer cieiyroline HHBAPUAHTHBIE MHOXKECTBA:
4 4
Ilz{zeR:z1:22:z7:28}, IQ:{zGR:z1:Z7;z2:28},

13:{z€R4:z1:z2;Z7:z8}, I4:{ZER4:Z1:z8;z2:z7}.
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BAMEYAHUE 2. V3 onpenenenuit 1 u 2 cuenyer, uro B ciayuae o (wm I, j = 3,4) crabo
[IepUOUYIECKasi COBOKYITHOCTDb BEJIMIUH HE COBIIQJAET C IIEPUOIUIECKON, eCu XOTsd Obl OJTHO
U3 PABEHCTB 2] = 23, 22 = 25, 24 = 28, 26 = 27 He BBIIOJIHIETCS.

Jlemma 2. Ecym Ha mHBapuaHTHBIX MHOXecTBax I, j = 2,3,4, cymecTByioT c1abo Ire-
puojuieckue Mepbl 1'ubbca, 70 OHH SIBJSIIOTCS JIHOO TPaHCJISITAOHHO-UHBAPUAHTHBIMH, JTHOO
ciabo nepuogmdeckuMu (He HepHOIHIECKIMH).

Pacemorpum mnBapuanTHoe MHOKecTBO I3, Ilycrb 21 = 297 27 = zg. U3 (5) umeem
Zy = 26323 = z5. Beam z1 = 23, TOrma mMeeM zo = z;. I3 paBeHCTBa 29 = 25 U U3 BTO-
pOro U IATOro ypaBHEHUI cucreMsbl (5) mojyunm 21 = 2. 13 paBeHCTBA 21 = 23 U U3 IEPBOTO
U Tperbero ypasHeHuil cucrembl (5) moiyumm zo = z4. CileioBarTesibHO, 21 = 2y = 23 =
Z4 = 25 = 2§ = 27 = 2g, T. €. COOTBETCTByOINe Mepbl ['nb0ca SABISIOTCH TPAHCSITMOHHO-
WHBapuaHTHBIME. Eciu z; # 23, TO sICHO, 9TO COOTBETCTBYIOIINE Mepbl 1'mbOca sIBISIOTCS
ciabo nepuogudeckuMu. B ocranbHbIx ciydasx [, j = 2,4, JeMMa JI0OKa3bIBaeTCs aHaJI0ru4-
HBIM 0Opa30M.

Teopema 1. /[irst mozesn M3unra Bce Ggl)—(:ﬂaéo nepuoaudeckme Mepol 1'ubbca, coorBer-
CTBYIOII[HE COBOKYIIHOCTH BEJIHYHUH U3 11, SBJSIOTCS TPAHC/ISIIHOHHO-HHBADUAHTHBIMH.

< JlokazaTesbCTBO OYEBUIHO. [>

Teopema 2. Ilycte ¢ = 1. Ilpu k = 3 cymecTByIoT KpuTHIEeCKHE 3HAICHHS Oy = 2,

\/3\/46—2—\/ 402—12+/46
A = B}

a) npu a € (0,00) U (Qer, g ) cymecrsyror He Menee Tpex Ggl
Mep I'ubbca;

(=~ 0.33) rakue, uro jist Mojesn Vzunra:

)

-c/1a060 MEePHOTTIECCKHX

)

b) npu v € [ave, er]U {ac_rl CyIIIeCTBYeT He MEHEe OJHOMH G,(:l -CJ1a00 TEPUOUIECKOH MEPBI
I'ubb6ca;
(4)

¢c) npu « € (ozc_rl, +oo) cymectByioT He Menee nsatu (.~ -cj1abo nepuogudeckux mep I'nbo-
ca.

Qllyers k= 3,6 = 1, ag = 2, ap = %3“476’2’; 402-12v/46

¢(z) = 2% na I, uz cucrembl ypasHenuit (8) nosrydnm

(= 0.33). YuursiBasi, 4ro0

az+1
21 = ¢(¢*(21)) ©*(22), (10)
2 =p(p*(22)) *(21)
OrmernM, uro o > 0. Benem obosnauenne x = ;;:f‘l, y = ;;jfl Torga u3 (10) mommy4anm
CJIEJIYIOILY IO CUCTEMY ypaBHEHHIl:
2? = 1(y), (1)
y? =1(x),
rae (z) = ({£2) (%) OueBu,1HO, UTO 1IPH v, y0BIIeTBOPstomiedi ¥ (z) < 0 nmm (y) < 0,

cucreMa ypasHenuii (11) He umeer perenusi.
Yrobbr HaliTh ciabo nepuoantdeckyio Mepy ['nub0ca, He sIBSIONYIOCS TPAHC/ISITUOHHO-NH-
BapUaHTHON, HaJI0 HANTH KOPHU ypaBHEHUsI

2 = (V@) = 0, (12)

z? —(z) = 0. (13)
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Jlerko BusieThb, uro ypasuenus (12) u (13) cooTBETCTBEHHO PABHOCHUJIBHBI CJIELYIONIUM yDaB-
HEHUSIM:

[z +1][22 + 1] [az? — 2 + o] [2? — az + 1] [(a® + D)zt + 2a2> + 2a2 + o® + 1]
x [(a® + 1)z* — 6aa® + 4(a? + 1)2? — 6ax + o? + 1] [a*2® — (a® + )2 + 3a*2!®
+3(a® + o)z — (4a° — 50t 4+ 40®)21® — 12(0® + o)z + (16a° + 5201 + 160%)2!
— (8" + 440° + 440> + 80)z3 + (805 + 20t + 8a2)z'2 4 (8o 4 54a° + 54a® 4 8a)x!! (14)
— (40 +4005+118a" +400° +4)2'° + (82" + 540 +-540> +80) 2" 4 (82 +2a* +8a?) 2®
— (8a” + 440® + 4403 + 8a)x” + (1608 + 520t + 1602)2° — 12(a® + o®)2®
— (405 — 50t + 402)zt + 3(a® + o®)23 + 3atz? — (° + )z + oz4] =0,
(x —1)(z+ 1) (2% + 1)(az? =z + a) = 0. (15)

N3 BhIMecKa3aHHOTO, s C1ab0o mepuoantdecKux Mep ['mbbca, He sSTBISIONINXCS TPAHCISI-
IIMOHHO-UHBAPUAHTHBIMU, ITOJIYIUM CJIEIYyIONIee YpaBHEHHE:

[3:2 —az + 1] [(az + 1)zt + 202® + 20z + o® + 1]
X [(aQ + Dt — 6aa® + 4(a? + 1)2? — 6azx + o® + 1] [a4x20 —(@® + a®)z!?
+ 3028 + 3(a® + )z — (408 — 5a* 4 402)2' — 12(a° + o®)x!P
+ (16a° 4 52a* 4+ 16a%)zM — (80" + 440° + 440> + 8a)z'3 + (80 + 20 + 802)z!?
+ (807 4 540° + 540> 4 8a)x!! — (4a® 4 4008 + 118a* + 4002 + 4)2:1Y
+ (8a7 + 54a® + 540> + 8a)z” + (8a° 4 2a* 4 8a?)2® — (8a7 + 440° + 440> 4 8a)x”
+ (1608 + 5201 4+ 16a%)2% — 12(a® + o)z — (4a® — 5a* + 4a?)2?
+3(a” + a®)2® + 3a*2? — (o + o®)z + '] = 0.

(16)

Hanee, paccMorpuMm BbIpazkeHue B 1epBoil ckobke Jieoii dactu (16). OHO paBHO HyJIHO
TOTJIa M TOJBKO TOTJA, KOTJa
atva? -4
—
Jlerko nposeputhb, 4TO T12 > 0 P @ > 2 = ey
Bropyto ckobky B (16) nepermmenm B ciiemyiomenm suge: (a?+1)z*+2a23 +2az+a?+1 = 0.
OueBuHO, YTO TOC/EIHEE ypaBHEHE TP « > 0 HE MMeeT MOJIOKUTEIBHBIX KOPHE.

.%'172 = (17)

Temnepp paccMOTPUM BBIpaXKe€HUE B TPETbell CKOOKe 1 Oy/ileM MCKATh BCE IMOJIOXKHUTEIbHBIE
KOPHH ypaBHEHHUsI 4-T0 MOPsIKa:

(a® + 1)zt — 6ax3 + 4(a® + 1)2® — 6oz +a*> +1=0. (18)

Ypasuenue (18) — cummerpuunoe ypasaenue. Jljisi periernst ypaBHeHMsi TAKOIO TUIIA BOC-
MIOJIb3yeMCsI CJIeNYIONIell 3aMeHOil TepeMeHHBIX:

1
Z—¢ 19
T+ =t (19)
U U3 ypaBHEHUA (18) OJIYy4YUM KBaJApaTHOE ypaBHEHUE BUJIA
6
- ———t+2=0. (20)
(a+3)

Samerum, 9TO (@ + é > 2, Tak Kak o > 0.
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[Mycrs o + é = 2, roryia ypasuenue (20) umeer pemnenusi t1 = 2, to = 1. Iz > 0 u (19)
umeeM t > 2. Ilpu t = 2 nmoyunm & = 1. 3amerum, uro perrernto £ = 1, & = 1 cooTBeTcTByET
TPaHCJISIIMOHHO-UHBapUaHTHas: Mepa ['uboca.

[TycTs o + é > 2, torga uz (20) momyunm t2 — It +2 =0, e [ < 3.

Jlerko npoBepuTh, YTO MOCIEIHEE KBAIPATHOE YPABHEHIE UMEET PEIeHUs, KOTOPbIe MEHb-
me 2 (ecom omn cymecrsyor). Ho nz (19) nveem ¢ > 2. Craemosarensuo, npn o + £ > 2
ypasHeHue (18) He MMeeT MOJI0KUTEIHLHOIO PElleHH s,

Breipaxkenue B 1ueTBepToii CKOOKe ecTh MHOrowieH 20-ro mopsijika U TOXKEe CUMMETPUIHO
OTHOCHUTEJILHO KO3 DUIUEHTOB:

atz? — (0 + o)z + 30128 + 3(a® + o)z — (4ab — 5ot + 402)216
—12(a® + ®)z'® + (16a° + 52a* + 160%)z' — (8o + 440° + 440> + 8a)z'?
+(8a5 420 4802) 212 4 (80 +540° 540> +8a)x! — (408 +40a° +118at +4002 4-4) 10
+ (8" 4 540° + 540> 4 8a)x? + (8a° 4 2at 4+ 8a?)a® — (8a” + 440° + 440> + 8a)z”
+ (16a° + 52a* 4+ 160%)25 — 12(a® + ®)2® — (4a® — 5a* + 402)z?
+3(a® + a)z® 4+ 32122 — (& + Pz +a* = 0.

(21)

BOCHOJIb3y6MCH cneayfom,eﬁ 3aMEHO IIEPEMEHHDbIX:
T+ i =¢. (22)

[Tocte 3ameHBbI ITEPEMEHHBIX U3 YPABHEHUSI (21) MOJIy9uM cJjesiytoniee ypapaHenue 10-to
IIOpsJIKa:
atel0 — (0 +a®)E? — 7a’€8 + (1205 +1203)E7 — (40 — 220 + 40°)€5 — (600° + 600°)€5

+ (4008 + 320t + 400°)¢* — (8a" — 88a° — 8803 + 8a)e® — (92a° + 1840 + 9202)¢>

+ (3207 + 960° + 960> + 320)€ — (40 + 2408 + 14a* + 240° +4) = 0.
Bsenem obo3znagenune:
g(€ a) = a*€'? — (a® + %)¢? = 7a’e® + (120° +1207)¢7
— (408 — 220" + 40%)E8 — (60a° 4 6003)E° + (40a® + 320 + 40a%)¢?

23
— (82 — 88a” — 8802 + 8¢ — (9208 + 184a* + 920°)€? (23)
+ (3207 + 960° + 960° + 3201)¢ — (4a® 4 24a° + 14a™ + 240” + 4).
Jlerko poBepuTh, uTo g(2,) < 0 mpu @ € E = (0, ) U (a1, +00).
Heiicreurensuo, npeanonoxnm g(2,a) = —4a® — 8a8 + 402a* — 8a? — 4 < 0. Orciona
TIOJTY THM

4, 1 2 1

1ot + =) +8(a® + ) 402 >0, (24)
o @

Beenem obosznagenne: a? + % =t, at + % =12 -2 Torna (24) uMeeT CJIELYIONAN BUJI;
2t? + 4t — 205 > 0. (25)

Permmus (25) u yubrrusas o + % = t, momyumm, uto E = (0, a.) U (!, +00), T e. ipu @ € E
Beinosasiercst ¢(2,a) < 0.

Tak kak limg_, 400 (&, ) = 400, TO OTCIONA TOJIyYNM, 4TO ypasHenue (23) npu a € E
uMeeT XoTsi Obl OJJHO perlieHne, Koropoe Gouiblie 2. VI3 (22) nosyunm, uro ypasaenue (21) upu
a € E umeer JBa 1OJIOKUTEIBHBIX PENIEHUsI.
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Baksouenne: cucrema ypasaenuii (10) npu 0 < o < a, UMeer He MeHee TPeX HOJIOKUTE b
. 1) (1 2) (2

HBIX perennit Bua (1,1), (z:(5 ), zfl )), (zé ), zfl )); npu . < « < 2 UMeeT OJIHO MOJIOKUTEILHOE
pemmenne (1,1); npu 2 < o < a, ! nMeer He Menee Tpex HOJIOKUTEILHLIX pemnenuit Buja (1, 1),

1) 1) 2) (2 1

(’21 1 %2 )’ (Zl ) ); opu « > (- AMEET He MeHee IIATHU IOJIOYKUTEILbHLIX PeIlleHuil BUIa
@, (&1 87) (. 47). (&34, (A7) e

)

4
SAMEYAHUE 3. 1) B Teopeme 2 oxna u3 G,g -cJ1a00 MMEPUOJINIECKUX MED sIBJISETCS TPAHC-

4)_.1a6
) -C1abo mepuopuuecKuMu (He

JIAIIMOHHO-MHBapuanTHOR. Bee ocranbuble Mepbl sapisiores G
TPAHC/IAIMOHHO-UHBAPUAHTHBIMH ).

2) 3aMeTuM, YTO B J0KA3aTEJILCTBE TEOPEMBI 2 DACCMATPUBAIOTCSI PEIIeHHsI CUCTEMbI yPaB-
HeHwii (8) Ha MHBAPHMAHTHOM MHOXKeCTBe [o, Ha JPYrUX WHBAPUAHTHBIX MHOXKECTBAX 3a/a4ua
permeHmns COOTBGTCTByIOH_[I/IX cucremM ypaBHeHI/Iﬁ IIOKa OCTaeTCA OTKpI:ITOI‘/JI7 TaK KaK B 39THUX
cllydasX aHAJIM3 CUCTEM yPaBHEHUN TPYIHBIM.

3) Bamernm, uro c1abo nepuojguyeckasi Mepa ['mb6ca 3aBUCHT OT BBIOOPA HOPMAJILHOI'O

(4)

nemurenst rpynnsl Gy, B ciayuae |[A| = k + 1 coorsercrsyromuii Hopmasbueli gemurens Gy

2
COBIIQIAET C Gé )
puorueckas Mepa ['nbbca coBnajaer ¢ nepruoanieckoii, Koropasi 6pl1a usydena B pabore [5).

, 9TO ¥ €CTh HOPMAaJIbHBIN JeJINTEeIh UHJIEKCA JIBa, a B 3TOM CJlydae cJjiabo 11e-

Baarogapuoctu. ABTOpBI 61ar0apST AHOHIMHOT'O PEIIEH3EHTA, 3aMeYaHNsT KOTOPOTO YTy Ul
KaveCTBO pabOTHI.
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EXISTENCE OF WEAKLY PERIODIC GIBBS MEASURES
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Abstract. One of the main problems of the Ising model Hamiltonian is to describe all limiting Gibbs

measures corresponding to this Hamiltonian. It is well known that for the Ising model, such measures form
a nonempty convex compact subset in the set of all probability measures. The problem of completely describing
the elements of this set is far from being completely solved. For the Ising model on the Cayley tree of order three
translation-invariant and periodic Gibbs measures are studied, but weakly periodic Gibbs measures have not
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been studied yet. Therefore, it is interesting to study weakly periodic Gibbs measures which is non-periodic.
The paper is devoted to the study of weakly periodic Gibbs measures for the Ising model on a Cayley tree
of order three (k = 3). It is known that the weakly periodic Gibbs measure for the Ising model depends on
the choice of the normal subgroup of the group representation of the Cayley tree. In this paper, we consider
one normal subgroup of index four of the group representation of a Cayley tree. With respect to this normal
subgroup, the existence of weakly periodic Gibbs measures for the Ising model on a Cayley tree of order three
is proved. More precisely, the fact that under some conditions on parameters the existence of at least four
weakly periodic (non-periodic) Gibbs measures is proved.

Key words: Cayley tree, Gibbs measure, Ising model, weakly periodic measure.
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